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Abstract

A novel scheme to estimate the value of the underlying physical quantity and those of any

functions of the quantity from measured observable(s) contaminated with stochastic noise is

presented for any arbitrary probability distribution. The constructed estimators can either max-

imize the unbiasedness (i.e., minimize the amount of the deviation of the expectation value

from the true value buried in the measurement) or minimize the risk (=the average deviation

from the true value) depending on the relative priority of unbiasedness and risk in the data

analysis. The performance of the constructed estimators is demonstrated with computer sim-

ulations of Förster-type resonance energy transfer (FRET) measurements and also with FRET

experimental data of the agonist-binding domain of the GluA2 subunit of AMPA receptors

with agonists chloro- and iodo-willardiines, and adenylate kinase in apo form and with sub-

strates AMP-PNP and AMP. It is shown that the estimators constructed by the present method

can quantify faithfully not only the physical quantity to be monitored but also functions of that

quantity for a wide range of its value.

Keywords: noise reduction, bias elimination, photon-counting, protein dynamics

1 Introduction

Almost all observations are contaminated by intrinsic and extrinsic noise, and the measured

observable is not explicitly the physical quantity of the system one would like to see. Experi-

ments should thus meet data-driven theories.1 In the case of Förster-type resonance energy transfer

(FRET) spectroscopy the intrinsic noise originates from fluorophore fluctuations whose origins are

very diverse, arising from, e.g., photophysics such as cross talk, environmental changes around the

fluorophore in the process of measurement, and polarization of dye molecules. The extrinsic noise

contribute to background noise of the measurement originating from, e.g., readout noise from the

charge coupled devices camera and shot noise of the image intensifier.

What one actually monitors in the two-color FRET measurement is a series of photons arriving

at the detectors. The fluorescence intensity, which is the expectation value of the number of de-
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tected photons per unit time, includes information (although modified by other factors listed above)

about the efficiency of the energy transfer, which in turn depends on the donor-acceptor distance.

Thus, while properly considering the nature of stochastic noise in single-molecule measurements,

measuring the number of photons as a function of time on separate donor and acceptor channels

is expected to enable the observation of the time evolution of the interdye distance following the

conformational change of the molecules.

Thus estimation of the true value of the underlying physical quantity (e.g., the interdye distance

in FRET measurement) from the information obtained by the experiment (photon arrival times)

is of critical importance in FRET experiments. Such issues are not only the problem in FRET

experiments but also those in many fields of research. In fact, estimation theory constitutes one

of the most important branches of statistics. It deals with estimating underlying parameters from

observations contaminated with fluctuating noise. Its applications can be found in wide areas

of science such as signal processing, clinical trials, economy,2 quality regulation of industrial

products,3 and so forth. The observed quantity considered in the estimation theory is a stochastic

variable with a certain probability distribution depending on some parameters. The functional form

of the probability distribution is assumed to be known, while we do not know the particular values

of the underlying parameters appearing in the distribution function. A major goal of estimation

theory is to arrive at an estimator, which is a function of the observed quantities only and is hoped

to be close to the underlying unknown true value. There are various properties for assessing the

quality of the estimator, such as consistency, variance, efficiency or risk, and unbiasedness.2–4

An estimator, being a stochastic variable, can be characterized by its expectation value and the

probability distribution around it. The difference between the expectation value of an estimator

and the true value is called bias. When the bias is zero, the estimator is said to be unbiased. When

the sample number becomes large, the law of large numbers assures that the average value of the

estimation result converges to its expectation value, which is the correct value of the target quantity

in the case of the unbiased estimator. On the other hand, risk functions quantify how different the

estimator is from the true value considering not only its expectation but also the overall probability
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distribution of the estimator. Goodness of an estimator can mean minimum risk or unbiasedness,

depending on experimental situations. Some analytical expressions of unbiased estimators are

given in literature.3 Such estimators can readily be constructed analytically, when the probability

distribution is given by simple analytic functions such as Gaussian, Poisson, exponential, and so

forth, and the target quantity is also a simple function of the parameter such as polynomials. On

the other hand, in practical applications, we may encounter a situation where the target function

has a tricky form so that the existing analytical methods for constructing estimators do not apply,

or the probability distribution is so complicated that it is given by only numerical simulations.

In this study, we propose a numerical method to construct estimators for more general probabil-

ity distributions, especially for those found in single-molecule FRET measurements. We demon-

strate the performance of the constructed estimators with computer simulations of FRET measure-

ments and also show their applications to experimental data. The probability distribution of the

number of photons observed in each bin is given by the Poisson distribution if the observations are

put into bins with equal time width. On the other hand, a new binning procedure has been proposed

recently.5,6 To elucidate the underlying interdye distance with the same accuracy in the value, one

needs to change the size of binning to compute the fluorescence intensity (termed information bin-

ning5,6 hereafter): the size of binning tends to be relatively smaller (larger) in the region where the

change in efficiency of energy transfer is large (small) with respect to the interdye distance near

(far away from) the the Förster distance where the efficiency is one half. In the information binning

case, the probability distribution of the number of photons as well as the bin width is not the simple

Poisson distribution but can only be given by a numerical simulation. As discussed in Ref. 5, in

both binning methods, the maximum likelihood estimator (MLE) is not completely unbiased in the

sense of the theory of statistics (i.e., the deviation of the expectation value from the true value is not

equal to zero). In this article we provide not only unbiased estimators of the interdye distance from

the FRET measurements in both binning methods but also a general scheme to construct “optimal”

or “best” estimators that may naturally depend on the context such as experimental conditions and

research interests.
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2 Method

2.1 Setting of the problem

In this paper, we consider a situation where we observe some quantity denoted by y here-

after, which can be a single quantity or a collection of more than one (say, m) quantities y =

(y1,y2, . . . ,ym) (For example, in two-color FRET experiments, y can be the numbers of photons

observed in the donor and acceptor channels in a certain time range.) The probability that we

observe a particular value of y is given by a probability distribution function that depends on pa-

rameter θ , which can also be a collection of some variables θ =(θ1,θ2, . . . ,θn) (In two-color FRET

experiments, θ can be the distance between the two dye molecules attached at specific sites). The

probability distribution of the observable y with given θ will be denoted by

P(y|θ). (1)

The expectation value of any function f (y) of y, will be denoted by

Eθ [ f (y)]
def
=

∫
f (y)P(y|θ)dy. (2)

We wish to estimate a quantity g(θ) that is a function of the parameter θ , from the observed

quantity y only. Let ψg(y) be an estimator for g(θ). A bias is defined as the deviation of its

expectation value from the true value:

bias = Eθ [ψg(y)]−g(θ). (3)

As already stated in Sec. 1, the estimator is called an unbiased estimator when the bias is equal to

zero. A risk may be defined as the average deviation from the true value:

risk = Eθ

[{
ψg(y)−g(θ)

}2
]
. (4)
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We note that Eq. (4) is just one of many possible choices of risk functions.4 We adopt it here

because of the simplicity of calculation. It would however be interesting in future to formulate the

present method with other loss criteria7 like the L1 loss function, which may offer more robust

estimations against outliers. With this definition, elementary calculation shows that the risk is

given by the sum of the variance and the square of the bias:

Eθ

[{
ψg(y)−g(θ)

}2
]
=
{
Eθ
[
ψg(y)2]−Eθ [ψg(y)]

2
}

+
{
Eθ [ψg(y)]−g(θ)

}2
. (5)

In Sec. 2.2, we will present a method to construct, from the information of P(y|θ) and g(θ), an

estimator ψg that is “optimal” in the sense of bias or risk, or compromise between them.

Appendix A comments on motivation for considering estimation of a function g(θ) rather than

estimating the parameter θ and simply substituting it into the function g. In particular, estimation

of θ 2 by θ̂ 2, where θ̂ is an estimator for θ , can have positive bias (in addition to the bias in θ̂ ) due

to the error of the estimate θ̂ .

2.2 Constructing estimators

In this section we present a method to construct an unbiased estimator ψg(y) for g(θ) nu-

merically. In general, numerical treatment of a function needs some discretization of continuous

variables. Thus we take K grid points θ (1),θ (2), . . . ,θ (K) of θ and consider the unbiasedness and

the risk only on these points. If the functions are smooth and the grid points are dense enough,

this gives a good numerical approximation for the true functions. The problem of discretization of

continuous variables has been considered in the literature, for the case of a data set consisting of

multiple sample points from a unique distribution,8,9 or in the context of density estimation.10–12

Ref. 10 found that changing the number of grid points from 40 to 20 or to 80 made very little

difference in their result.

Concerning the performance of estimation, the tradeoff between the bias and the variance has
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been extensively discussed.7,13–15 In short, when one attempts to make more and more accurate es-

timation by optimizing some parameter value in the estimation algorithm, the calculation becomes

increasingly more sensitive to the input data, resulting in large variance. With the overall estima-

tion error determined both by the bias and the variance, the “optimal” estimation may be achieved

by an intermediate parameter value that makes a tradeoff between the two quantities. Following

this insight, we here propose to minimize the weighted sum of the risk and the bias:

K

∑
k=1

wk

(
bEθ (k)

[{
ψg(y)−g(θ (k))

}2
]

+(1−b)
{
Eθ (k) [ψg(y)]−g(θ (k))

}2
)
, (6)

where wk is the weight of each point for the optimization, and b ∈ [0,1] quantifies the relative

weight for the risk and the bias. The choice of the location of the grid points θ (k) and the weight

wk may be arbitrary and represents which part of the space of the parameter θ we put more pri-

ority. Likewise, the parameter b can represent our priority to the risk and the bias. Setting b = 1

and minimizing Eq. (6) provides a minimum-risk estimator. In the case where there exist unbiased

estimators, Eq. (6) with b = 0 takes the minimum value zero when ψg is an unbiased estimator.

Therefore, minimizing Eq. (6) under b = 0 gives an unbiased estimator. Another possible interpre-

tation about the parameter b is discussed in Appendix B.

Differentiating Eq. (6) with respect to ψg, setting it equal to zero, and using the definition of

the expectation value by Eq. (2), we obtain the following result (see Appendix C):

ψg(y) =∑
j

c j
P(y|θ ( j))

∑k wkP(y|θ (k))
, (7)

where the coefficients c j are given as the solution of the following matrix equation

(
(1−b)A+bW−1)c = g, (8)
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whose elements are given by

Ai j =

∫
P(y|θ (i))P(y|θ ( j))

∑k wkP(y|θ (k))
dy,

Wi j =w jδi j,

gi =g(θ (i)), (9)

where δi j is Kronecker’s delta.

The bias of the constructed estimator can be calculated by inserting Eq. (7) into the definition

Eq. (3). This results in

∆ =Ac−g, (10)

where ∆ is a column vector whose kth component is the bias at θ = θ (k) (see also Eqs. (37) and

(42) in the appendix):

∆k = Eθ (k) [ψg(y)]−g(θ (k)). (11)

When we choose b= 0, Eq. (8) becomesAc= g. Inserting this into Eq. (10) results in ∆ = 0, which

means that the estimator constructed is indeed unbiased when the free parameter b approaches zero.

Note that Eq. (8) is a matrix equation with generally nonzero off-diagonal terms as given by

Eq. (9). It has to be solved simultaneously for every component. One may think of constructing

an estimator for a single value of the parameter θ and then combine such estimators for the whole

range of interest. Construction of an estimator for a single value of the parameter, however, does

not make sense, because one would not need to estimate if only one possible value for the param-

eter is allowed. Rather, our aim here is to construct an estimator that is optimized simultaneously

for the whole range of interest. In the case of the unbiased estimator, for example, the unbiased-

ness condition ∆k = 0 must be satisfied for all k by a single estimator ψg given by Eq. (7). For

constructing such an estimator, one has to solve the matrix equation Eq. (8) simultaneously for all
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the components.

3 Numerical Demonstration

In this section, we demonstrate the performance of the estimators constructed in Sec. 2 with an

example of a two-color FRET system. In two-color FRET experiments, the fluorescence intensities

of the donor and the acceptor channels [denoted by Id(x) and Ia(x), respectively] are given by5

Id(x) =I0
d {1−ζ (x)}+χaI0

a ζ (x)+Bd,

Ia(x) =I0
a ζ (x)+χdI0

d {1−ζ (x)}+Ba, (12)

where I0
d,a is the maximum intensity of each channel, ζ (x) quantifies the efficiency of the energy

transfer from the donor to the acceptor and is given by

ζ (x) =
1

1+ x6 , (13)

with the normalized donor-acceptor distance x = R/R0 where R is the donor-acceptor distance and

R0 is called Förster distance at which the efficiency of energy transfer is one half. The coefficients

χd,a denote cross-talk between the two channels, that is, due to the spectral overlap of the donor

and the acceptor fluorescence, part of the donor photons are detected in the acceptor channel and

vice versa. The terms Bd,a give background signal for each detection channel.

Photon emission from the dye molecule is a Poisson process, where the time duration t between

adjacent photon emission events from the donor channel is statistically distributed by

P(t)dt = Id(x)exp(−Id(x)t)dt, (14)

with the fluorescence intensity Id(x) given by Eqs. (12) and (13) above, and similarly for the ac-

ceptor channel.
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Under the assumption that the donor-acceptor distance does not change significantly during a

certain time period, the time axis is divided into a set of bins and one counts the number of photons

arriving in the detectors (the donor and the acceptor channels) during each bin.

When the bin width T is constant, the method is called ‘uniform binning’. When T is chosen

differently from bin to bin in order to maintain uncertainty in x, it is called ‘information binning’.5,6

In what follows, we illustrate the use of our method presented in this paper for both uniform and

information binning cases. We check the results of estimation by numerical simulations and discuss

the role of the bias parameter b.

3.1 Uniform binning case

If the donor-acceptor distance does not change significantly during the time period T in the

uniform binning, the probability that nd photons are observed in the donor channel and na in the

acceptor channel in one bin is given by the Poisson distribution

P(nd,na|x) = ∏
k=d,a

[Ik(x)T ]
nk

nk!
exp(Ik(x)T ) . (15)

For the values of the parameters, we here take I0
d = 1000 cps, I0

a = 4000 cps, Bd =Ba = 200 cps,

χd = 0.1, χa = 0.02, and T = 10 ms, which fall into the typical range of these parameters found

in experiments (see Sec. 3.4) We consider the estimation of (x− 1) and (x− 1)2, where we have

subtracted 1 to shift the origin of x [Note that x= 1 corresponds to the Förster distance (ζ (x)= 1/2)

].

Estimators for (x− 1) and (x− 1)2 are constructed by the method presented in Sec. 2. The

grid points are taken in the range of 0.6 ≤ x ≤ 1.4 with equal spacing of 0.05. The weights wk are

all taken to be one. We take the bias parameter b = 0.001, which is expected to give an almost

unbiased estimator.

Figure 1 (a) and (b) show the estimators for (x−1) and (x−1)2, respectively, constructed by

the method in Sec. 2 as functions of nd and na, the number of photons observed in the time window
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T in the donor and the acceptor channels, respectively. The estimator for (x−1) takes larger values

for smaller na, which is reasonable because Ia(x) becomes smaller for larger x.

To check the validity of the estimators thus constructed, we calculate their expectation values

as functions of x. While in Eq. (6) the bias and the risk are considered only on the grid points of

spacing of 0.05, the expectation values are checked on a denser set of points with spacing of 0.004.

The comparisons of the expectation values and the true values of (x−1) and (x−1)2 are shown in

Figure 1 (c) and (d), respectively. It is seen that the expectation values E
[
ψ(x−1)

]
and E

[
ψ(x−1)2

]
are almost indistinguishable from their target functions (x− 1) and (x− 1)2, and the points that

were not on the grid used in the estimator construction [Eq. (6)] are successfully interpolated. This

shows that the unbiasedness condition is successfully met for all values of x in this range by the

estimators constructed with the present method.

We next compare the estimators constructed here to the maximum-likelihood estimator utilized

in previous studies.5,6 The dotted curves in Fig. 1 (c) and (d) show the expectation values of (x̂−1)

and (x̂−1)2, where x̂ is the maximum-likelihood estimator. In Fig. 1 (c), the expectation value of

(x̂ − 1) shows small deviations from the true value of (x − 1). This means that the maximum

likelihood estimator has a small bias, as previously pointed out in Ref. 5.

However, the deviation turns out to be significant for a wide range of x in the case of (x̂−1)2

[Fig. 1 (d)]. The expectation value E[(x̂−1)2] shows an appreciable deviation from the true value

(x−1)2, even in the vicinity of x = 1, where the estimator x̂ was relatively successful in estimating

x [Fig. 1 (c)]. This is because taking the square introduces another bias as follows:

E[(x̂−1)2] = E[(x̂−1)]2 +E[(δ x̂)2], (16)

where δ x̂ = x̂−E[x̂] is the variance of x̂. The derivation is the same with Eq. (33). Eq. (16) tells

that, even when E[(x̂− 1)] is close to (x− 1), there is an additional bias due to E[δ x̂2]. In other

words, the bias of (x̂− 1)2, viewed as an estimator for (x− 1)2, is given by the variance of the

MLE x̂ for x, if the bias of x̂ is negligible (E[(x̂−1)]≈ x−1 in the first term on the right hand side
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of Eq. (16)). Because we have observed relatively small bias for x̂ at least in the vicinity of x = 1,

one may imagine partially canceling this bias by subtracting the inverse of the Fisher information

J(x̂),4

J(x) = E

[(
∂
∂x

lnP(n|x)
)2
]
, (17)

because this can be an estimate (more precisely, lower bound) of the variance of x̂:

E[(δ x̂)2]≥ J(x)−1 ≥ 0, (18)

if x̂ is unbiased. From Eq. (16), therefore,

E[(x̂−1)2]≥ E[(x̂−1)2]− J(x)−1 ≥ E[(x̂−1)]2. (19)

If E[x̂]≈ x and E[J(x̂)−1]≈ J(x)−1, we then have

E[(x̂−1)2]& E[(x̂−1)2 − J(x̂)−1]& (x−1)2. (20)

In other words, the estimate (x̂−1)2−J(x̂)−1 may be closer (on average) to the true value (x−1)2

than the former estimate (x̂−1)2.

The thin solid curve in Fig. 1 (d) shows the result of this correction. Although this correction

works well in the vicinity of x = 1, it results in a significant error in the outer region, implying the

insertion of x̂ into the Fisher information J(x̂) gives a significant overestimate for the variance of

x̂. This trend can be rationalized from the fact that the inverse Fisher information J(x)−1 in this

case5 is a convex function of x and therefore

E[J(x̂)−1]≥ J (E[x̂])−1 . (21)

Figure 2 shows the comparison of the expectation values plotted against the FRET efficiency
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E. Figure 2 (c) and (d) plot the same estimators (ψ(x−1) and ψ(x−1)2 , respectively) with Fig. 1(c)

and (d), but the horizontal axis is different. Note that the range 0.6 ≤ x ≤ 1.4 corresponds to

0.117 ≤ E ≤ 0.955, so the range plotted in Fig. 2 is wider. For the estimation for E and x, both the

MLE and the present estimators are in good agreement with the true value (except for the MLE x̂

at E close to 0 or 1). On the other hand, the MLE results in overestimates for the squared values.

As was noted in the previous plot, this is due to the additional bias due to the square error of the

MLE Ê and x̂. Again, the present estimators give almost identical values with the true values for

the squared quantities.

3.2 Information binning case

Watkins et al.5,6 suggested an information-theoretic approach that determines the bin width

T according to the Fisher information evaluated in the bin. In this case, the bin width T is also a

stochastic variable because its determination depends on a specific instance of the photon sequence

generated by the Poisson process given by Eq. (14). It therefore deals with a probability distribution

of the three variables:

P(nd,na,T |x), (22)

which is the probability, under a given value of x, that the bin is assigned with the width T and nd

donor and na acceptor photons are observed in that time interval. An example of the distribution

of T only, which is given by summing up the probability for all n,

P(T |x) = ∑
nd,na

P(nd,na,T |x), (23)

is shown in Fig. 3(a) with the fixed value of x = 1 and the same parameter values used in Sec. 3.1.

From this distribution, the average value of T is calculated to be Tav = 6.8 ms. The conditional
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probability distribution of the photon numbers at given T is

P(nd,na|T,x) =
P(nd,na,T |x)

P(T |x)
. (24)

The conditional distribution at T = Tav and x = 1 as an example is depicted in Fig. 3(b). In contrast

to the simple Poisson distribution [Eq. (15)], which is single-peaked at (n̄d, n̄a) = (IdT, IaT ), the

distribution shows two islands and significantly differs from the Poisson distribution. The appear-

ance of the two islands is due to depletion of the “central” region. As the information binning

determines the bin size by scanning it from 0 to the point where the Fisher information takes a

specified value, the photon counts corresponding to the central region result in smaller bin size

than T = Tav, because the Fisher information takes a large value for such values of (nd,na). This

probability distribution (and those for all the other values of x) is used as an input to Eqs. (7)–(9)

of the present method. Note that the present method does not assume any specific functional form

for the input probability distributions.

The comparison of the expectation values of our estimators ψ(x−1) and ψ(x−1)2 to those of the

maximum-likelihood estimator x̂−1 and (x̂−1)2 for the information binning case is presented in

Figure 3 (c) and (d), respectively. In the figures, the true values of (x− 1) and (x− 1)2 are also

presented. Here, we use the same bias parameter b = 0.001 for the construction of ψ(x−1) and

ψ(x−1)2 with the same grid points and weights as in Sec. 3.1.

In Fig. 3 (c), the expectation value of (x̂− 1) shows some deviations from the true value of

(x−1). As reported for the MLE combined with information binning previously, for a range from

x = 0.8 to x = 1.2 (regarded as a range into which most choices for a pair of dye molecules were

made in practice), the bias of x̂ is small, which was characterized as an order of magnitude smaller

than the standard deviation.5

Similarly to the case of uniform binning, the estimators constructed here successfully give

the target values as their expectation values, whereas the maximum likelihood estimator exhibits

systematic errors in both functions. Again, the correction by subtracting J(x̂)−1 from x̂2 works
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relatively well in a neighborhood of x = 1 but fails outside though the deviation from the true value

is smaller than in the uniform binning case. As in the uniform binning case, our (almost) unbiased

estimator successfully predicts the mean values of x and x2 over the entire range of x and the results

are indistinguishable from the true values.

In conclusion, the maximum-likelihood estimator can cause systematic deviation from the true

value, especially enhanced for the estimation of its function. The present method for the construc-

tion of an (almost) unbiased estimator with b = 0.001 can eliminate the bias. For the estimation

of x2, in particular, the present estimator enables the estimation of x2 free from the additional bias

due to the photon-counting error as in Eq. (16) or the overestimation of the Fisher information

(Eq. (21)).

Note that the present method gives a (semi-)analytic formula for the estimator as in Eq. (7).

Only the calculation of the matrix elements in Eq. (9) needs numerical integration. Once the

coefficients are determined, the function given by Eq. (7) can be applied to every single data

point (every time bin in the same trajectory as will be explained in Sec. 3.4) performed under the

same experimental condition. This differs from the direct application of the bootstrap method,16,17

which needs resampling and simulations for every estimation, although the bias removal might in

principle be possible with the latter method.

3.3 Role of the bias parameter

We next investigate the effect of the parameter b introduced in the present method (Sec. 2).

As already stated, this parameter controls relative priority of the bias and the risk. Setting b = 0

puts all the priority to the bias, and therefore gives an unbiased estimator without considering the

variance (the risk is the sum of the variance and the squared bias, as shown by Eq. (5)). On the

other hand, b > 0 will reduce the variance at the cost of increasing the bias, and b = 1 minimizes

the risk with possibly a large bias. Figures 4 and 5 plot the error bars of the estimators with their

expectation values for the case of uniform binning and information binning, respectively. They are
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the estimators for x−1. The error bars are drawn by taking the standard deviation of the estimator:

s.d.=
(
Eθ
[
ψg

2]−Eθ [ψg]
2
)1/2

. (25)

In each of Figs. 4 and 5, four panels show the results for the maximum-likelihood estimator, and

the estimators constructed by the present method with three different values of the bias parameter

b. The estimator obtained with b = 0.001 is almost completely unbiased, but suffers from the

largest error bars of the four cases, as anticipated. The results with larger values of b exhibit some

bias, because they do not put full priority to the bias term in the optimization process [Eq. (6)]. The

results with b = 0.999 have comparable amount of bias with the maximum-likelihood estimator,

but it benefits from small error bars (smallest of the four cases). The results with intermediate

values of b [0.05 in Fig. 4 (c) and 0.5 in Fig. 5 (c)] show some “compromise” between the bias

minimization and the risk minimization. In comparison with the maximum-likelihood estimator,

its bias is slightly smaller, although not zero, and the error bars are also smaller than those of the

maximum-likelihood estimator. In summary, as expected from the interpretation of the parameter

b, the results with the smallest value of b shows the smallest bias and the largest error bars, whereas

using larger b decreases the error bars at the cost of increasing bias. In the case of two-color FRET

measurement considered here, this trend is more significant in the x values far from 1.

3.4 Demonstration with Experimental Data

In this section we demonstrate how the estimator constructed by the present method performs

with experimental data. We apply our estimator to the evaluation of the variance, which is one

important property to characterize the distribution of the observed quantity.

Here we allow for the fact that the normalized donor-acceptor distance x differs from one bin to

another in real experimental data, and we estimate the first and the second moments of the observed

distribution of x or the FRET efficiency E = ζ (x) = 1/(1+ x6). (We still need assume that the x
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does not change significantly within one bin.) Such quantities can be expressed as

∑i Tig(xi)

∑i Ti
, (26)

where the summation is taken over all the bins in the experimental data set indexed by i, the width

of the ith bin is denoted as Ti, the value of x at the ith bin is denoted as xi, and the function g(x)

can be equal to x, x2, 1/(1+ x6), or [1/(1+ x6)]2. Estimation of the quantity of Eq. (26) by using

the observed number of photons and the estimators as constructed in Sec. 2 can be validated as

follows: Let nd,i and na,i be the numbers of photons observed in the ith bin for the donor and the

acceptor channels, respectively, and let us substitute them into our estimator ψg. We have

∑
i

Tiψg(nd,i,na,i)≈ E

[
∑

i
Tiψg(nd,i,na,i)

]

= ∑
i

TiE
[
ψg(nd,i,na,i)

]
= ∑

i
Tig(xi). (27)

Here the symbol E denotes the expectation value over the photon statistics with given {xi}:

E [·]

= ∑
nd,1,na,1,nd,2,na,2,...

·P
(
nd,1,na,1,nd,2,na,2, . . . |x1,x2, . . .

)
(28)

Because the photon counting noise with a given series of {xi} is independent for different bins, the

probability in the latter equation factors

P
(
nd,1,na,1,nd,2,na,2, . . . |x1,x2, . . .

)
= ∏

i
P
(
nd,i,na,i|xi

)
. (29)
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The first (approximate) equality in Eq. (27) comes from the assumption that we have a large num-

ber of bins in the data set. and the central limit theorem asserts that practically only the expectation

value is observed over the photon statistics. The error entering in this step is due to finite num-

ber of bins. We estimate this statistical error by the bootstrap method.18 The second equality is

simply the linearity of the expectation value. The third equality holds if the estimator ψg is the

unbiased estimator constructed in the present method. Here we note that the same estimator ψg(y)

constructed as Eq. (7) as a function of the observable quantity y = (nd,na) with b = 0 is unbiased

for every value of the parameter θ = θ (k) as written by Eq. (10). In other words, the estimator is

unbiased for each value of xi:

E
[
ψg(nd,i,na,i)

]
= g(xi) (∀xi). (30)

Hereafter we use the bracket to denote the average over the bins:

〈g〉= ∑i Tig(xi)

∑i Ti
. (31)

The first example is two-color FRET data of the agonist-binding domain of the GluA2 subunit

of AMPA receptors in the presence of the partial agonists chloro- and iodo-willardiine. With a cen-

tral role in learning and memory, glutamate receptors facilitate excitatory neurotransmission in the

central nervous system.19,20 One subtype, AMPA (α-amino-5-methyl-3-hydroxy-4-isoxazole pro-

pionate) receptors are composed of four subunits, the N-terminal domain, agonist-binding domain,

transmembrane domain, and intracellular C-terminal domain, each of which has been structurally

and functionally examined both as a whole protein and as modular components of the overall

receptor.21,22 The first single-molecule analyses demonstrated that the agonist binding domain, in-

stead of existing in a single, rigid conformation in the presence of its primary agonist, occupied

a distribution of conformations,23 and more recent analyses showed that the distribution of con-

formations correlated with relative ion channel conductivities for the full receptor in the presence

of both the primary and partial agonists.24 These results indicate the importance of studying the
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spread of the conformational distribution at the single molecular level rather than a single averaged

structure. The purified, functionalized agonist binding domain of the AMPA receptor was provided

generously by the Jayaraman group at the University of Texas Health Science Center at Houston,

with all details of the experimental procedure for preparation and purification of the protein are

described in references.22–24 The functionalized proteins were studied immediately after purifi-

cation in saturated solutions of the appropriate agonist and stabilizing buffer, via immobilization

onto glass microscope coverslips as detailed in references23,24 in order to enable observation by a

confocal microscope. Briefly, the immobilization was achieved by using streptavidin molecules as

linkers between the biotin-PEG functionalized coverslips and the biotin-conjugated anti-histidine

antibody bound to GluA2 subunit.

Using sample-scanning confocal excitation/observation, single proteins were identified and

donor/acceptor photon counts were collected and recorded in uniform bins of 1 ms until both

fluorophores photobleached. The data was then processed using MATLAB and re-binned to 10 ms

to increase the signal-to-noise ratio. The FRET region and background region were identified in

each trace to extract the parameters Bd,a and Id,a(x), after which the FRET efficiency E, which we

denoted as ζ (x) in Eq. (13), was calculated for each time step, allowing averages and variances

to be calculated from the distributions of raw and wavelet denoised FRET values. Since only the

photon counts, not the photon arrival times, are recorded, we consider only uniform binning here.

Experimental data of the single-molecule FRET measurement typically consist of multiple time

series (called “trajectories”). Each trajectory has different values of experimental parameters. For

each trajectory the method of Sec. 2 is applied to construct estimators by using the parameter values

for that trajectory. The data of AMPA receptor with chloro-willardiine consists of 87 trajectories.

The range of the parameters was found to be Id =2200–12000 cps, Ia =2500–14000 cps, Bd =160–

860 cps, Ba =210-900 cps, χd =0.09–0.12, and χa = 0. The data with iodo-willardiine consists

of 228 trajectories. The range of the parameters was found to be Id =3400–36000 cps, Ia =3800–

40000 cps, Bd =300–1400 cps, Ba =290–17000 cps, χd =0.12, and χa = 0.

We calculate the average and the variance of the FRET efficiency E by three methods: (i) the
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direct estimation by Ê = na/(na +nd), (ii) using the values after wavelet denoising,23,25,26 and

(iii) by estimating E and E2 with the estimators of the present method. We use here an (almost)

unbiased estimator by setting b = 0.01. The interdye distance x, which is functionally related to E

as Eq. (13), is also estimated (i) from Ê, (ii) from the wavelet-denoised estimate of E, and (iii) by

estimating x and x2 with the present (almost) unbiased estimators.

Wavelet shrinkage for denoising the single-molecule FRET data was investigated recently.25,26

Its primary resource is the use of wavelet transformation, in which the observed time series is trans-

formed into time-dependent frequency components. Then, one determines appropriate thresholds,

and each frequency component that is less than the threshold is regarded as noise and replaced

by zero. Backward transformation then yields time series with reduced amount of noise. A key

point is to determine the threshold differently for each frequency. Several ways of determining the

threshold values and forms of thresholding were proposed. From the result of Ref. 26 the recom-

mendation is to determine the threshold value adaptively by referring to the standard deviation of

the data. It was shown that up to about 70% noise reduction can be achieved by wavelet shrinkage

with appropriate choice of thresholding methods. Here we use the hard thresholding with adaptive

threshold and cycle spinning, which is one of the best-performance combinations.26

Table 1 compares the results for the average and the variance calculated by the three methods.

The error bars are calculated by the bootstrap method.18 In both cases, the averages obtained by the

three methods are in good agreement, whereas the direct method gives significantly large values for

the variance. The latter is because the simple estimators Ê2 and x̂2 are positively biased from the

true values of E2 and x2, due to the square of the estimation errors of Ê and x̂ [see Eq. (33)]. These

biases for E2 and x2 are significantly reduced by the wavelet denoising (because of the suppressed

noise) or by the present method (because of the unbiasedness of the estimators for E2 and x2). In

the case of E for chloro-willardiine, the latter two methods are in perfect agreement, while small

differences are observed in the other cases. Note however that their confidence regions overlap. If

the difference is real, it is probably due to further reduction of the bias by the present method.

The next example is the two-color FRET measurement of adenylate kinase (AK) in apo form
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and with substrates AMP-PNP and AMP.27 AK is a ubiquitous enzyme that plays an important

role in the cellular energy balance. It catalyzes the interconversion reaction Mg2+ ·ATP+AMP 


Mg2+ ·ADP+ADP. It has played an important role in the study of the interplay among the func-

tion, structure, and dynamics of proteins.28 In the experiment, cysteine mutations were introduced

to an AK enzyme from E. coli in the Lid (A127C) and the Core (A194C) domains in order to attach

fluorophores at these sites. A (His)6 tag was also appended to the C-terminus for the sake of immo-

bilization. After expression, the protein was allowed to conjugate with the dye molecules Alexa

Fluor 555 (donor) and 647 (acceptor). Immobilization of the protein was achieved by using bi-

otinylated anti-(His)6 antibody as a linker between the (His)6-AK and a streptavidin functionalized

PES surface on quartz cover slip. Single-molecule observation of the fluorescence was performed

on a server-based confocal setup. Photon arrival times of the emission from both the donor and

the acceptor dyes were recorded by two single-photon counting APDs. As photon-by-photon ar-

rival times are recorded, they can be binned by both the uniform and information binning methods

(Sec. 3.2). The data of apo AK consist of 218 trajectories. The range of the parameters was found

to be Id =93–15000 cps, Ia =170–23000 cps, Bd =140–1100 cps, Ba =170–850 cps, χd =0.14, and

χa =0.00019–0.019. The data of AK with AMP-PNP and AMP consist of 168 trajectories. The

range of the parameters was found to be Id =1000–9800 cps, Ia =2300–20000 cps, Bd =110–1200

cps, Ba =170–1100 cps, χd =0.14, and χa =0.00019–0.019.

Table 2 shows the results of estimations obtained with information binning. Here we consider

the estimation of the average and the variance of the normalized interdye distance x by (i) the

maximum-likelihood estimator (MLE) x̂ and x̂2, (ii) reducing the bias of x̂2 by subtracting J(x̂)−1,

and (iii) estimating x and x2 by the (almost) unbiased estimators of the present method with b =

0.01. Again, the estimation of the average shows a good agreement between the two methods.

The values estimated for the variance are comparable, although the present method gives a little

larger values than the MLE in both cases. This trend is consistent with the findings in Sec. 3, in

that the MLE with the subtraction of J(x̂)−1 results in a significant underestimation of x2 from the

underlying true value of x2 at any x (see Fig. 1(d) and Fig. 3(d)).
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Next we consider the estimation with uniform binning performed on the same data sets. Here

we use the bin size of 4 ms, which corresponds approximately to the average bin size obtained by

the information binning used above. The results of estimation are shown in Table 3. In these data

sets, we have encountered not a small number of bins for which the maximum-likelihood estimator

Ê takes a value larger than one due to the statistical fluctuation, and therefore the estimator x̂ =

(1/Ê − 1)1/6 cannot be calculated. Comparison of the maximum-likelihood estimator Ê for the

FRET efficiency and the present estimators for E and E2 shows the same trend as noted before:

The average of E is in good agreement, while the variance is overestimated by the MLE due to the

additional bias. In addition, the estimation for the average and variance of x is in fair agreement

with those obtained with information binning. This supports consistency between the estimators

constructed by the present methods for uniform and information binning. (Note that, although

we use the same symbols ψx and ψx2 in Tables 2 and 3, they are different estimators since the

information binning and the uniform binning have different probability distributions.)

It is also noted that both MLE and our method are based on the assumption that the interdye

distance does not change significantly during the constant/variable time bin chosen in the uni-

form/information binning scheme. Change of distance from one bin to another makes no problem

in the application of the present method as discussed in Eqs. (26)–(30). The width of a bin is

typically on the order of 1-10 milliseconds. If the molecule has conformation dynamics faster than

this time scale, our method should also fail to capture the true values of the underlying physical

quantities unless we resort to other descriptions than binning the data, such as inter-photon time

distributions.

4 Conclusion and Outlook

In this paper, we have developed a method to construct estimators for arbitrarily given proba-

bility distributions. The construction is based on the numerical minimization of the risk, the bias,

or their weighted sum. Discretization of the parameter space reduces the minimization problem to
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a matrix equation, which can readily be solved by standard numerical methods.29 The formulation

contains two types of parameters that can be chosen arbitrarily. One is relative weight wk of the

grid points, and the other is the parameter b representing relative priority for the risk and the bias.

The performance of the constructed estimators was checked in terms of their expectations and stan-

dard deviations. The present method has been shown to produce successfully unbiased estimators,

in the case of b close to zero, and estimators with some bias but with smaller deviations from the

target function, in the case of larger b. It is expected that the estimators constructed by the present

method can quantify faithfully not only the underlying physical quantity by measurements but also

functions of that quantity for a wide range of its value.

Because of the existence of arbitrary parameters, we can choose the “best” or “optimal” estima-

tor, depending on the context like experimental conditions, research interests, and ways of analysis.

In some cases the notion of optimality may mean minimum risk, while it may be unbiasedness in

other cases. Thus our methods offers a free parameter b that regulates relative priorities of the risk

and the bias. When only one measurement is available at a time, one may want to minimize (the

mean square of) the difference between the estimated value and the true value, defined as risk in

Eq. (4). This calls for minimum-risk estimators, which can be obtained by setting b = 1. On the

other hand, when many independent measurements are available and we can take their average,

the minimization of the risk becomes less important, since the errors of the measurements cancel

out with each other and the distribution of the observable concentrates more narrowly around the

expectation value (the law of large numbers). In the latter case, the expectation value of the esti-

mator is desired to be as close to the true value as possible. This puts more and more weight on

the bias as the number of available measurements increases. From the discussion around Eq. (35),

we have stated the relation b = 1/N between the bias parameter b and the number N of available

measurements. Another possible criterion for the choice of b can be made by comparing the bias

and the standard deviation as plotted in Figs. 4 and 5. Making the bias smaller than the standard

deviation by reducing the value of b can give a useful estimator in the sense that it has significant

probability at the true value.
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Thus a key feature in the present study is the free parameter b that can be controlled accord-

ing to specific purposes. For example, if one is interested in knowing interdye distance at each

time instant in the measurement (i.e., how the single molecule behaves along the course of time

evolution) in the FRET experiment, the minimum-risk estimator (b = 1) should be used in each

single time bin. On the other hand, if one is interested in distributions or (averaged) kinetics at the

single molecule level such as the moments,30 the distribution,6 or the correlation31 (i.e., how sin-

gle molecules distribute or how the motion correlates on average), unbiased estimators are rather

appropriate since we average over the whole time series data and do not focus on the very time

evolution of single molecules. Note, however, the means and variances as extracted in Sec. 3 give

only partial information on the whole conformational distribution. It will be an interesting future

work to extend the current theory to extract higher order moments, resulting in the unbiased, entire

conformational distribution as well.

A limitation of the present method lies in the fact that we need to assume the form of the prob-

ability distribution P(y|θ). Excepting possible photophysics of the dye molecules transitioning

among different excited states, the assumption of the Poisson distribution with fixed maximum

intensity may be validated in the case of immobilized molecules. When the molecules diffuse

through an open confocal volume element, however, additional statistical noise comes from the

nonuniformity of the excitation intensity in space.32 In the latter case we cannot assume the simple

Poisson distribution as used in the present demonstrations. There still remains the possibility of

performing some calibration experiment to measure the nonuniformity of the excitation intensity

and put the measured distribution into the present method, since the present formulation works for

any functional form of P(y|θ) once it is known. In such a case, one may also apply the present

method to obtain the value of the diffusion coefficient from the experimental data. For example, a

formula for the probability distribution of the inter-photon times is given in literature.33 This func-

tion can be input into the present method. A technical problem may be that there are more than

one parameters (e.g., such as diffusion coefficient, concentration, volume profile, etc.). Then the

grid in the multi-dimensional space of the parameter θ contains a large number of points, making
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the numerical calculation more demanding. It would be interesting to investigate such aspects in

the future.

Many biological interests seek to elucidate dynamical behavior. For example the time evolution

of how molecular machinery operates at nano scale amid the perpetual sway of thermal fluctua-

tions, or how a dynamical coordination or directed process occurs along the molecular assembly

lines in mega-enzymes such as nonribosomal peptide synthetases,34,35 are both dynamical bio-

logical processes in need of characterization. In such problems, appropriate data-driven modeling

schemes should be highly required as free from any a priori assumption in modeling the machinery

as possible, and both risk and unbiasedness should be taken into account.

The local equilibrium state36,37 analysis is one of the most suitable candidates, which is re-

garded as an intermediate approach bridging minimum-risk and unbiased estimators. The local

equilibrium state analysis elucidates a sequence of local distributions of the observable by intro-

ducing a time window along the single molecule time series and construct an effective free energy

landscape if the concept is actually validated at the single molecule level. Since each time window

contains a certain small number of data points, the bias parameter b can be taken according to the

above relation b = 1/N.

The extraction of the underlying physical quantity such as the interdye distance by using the

estimators presented in this paper (whose bias parameter b is appropriately chosen) is just the first

step for the data analysis. The next step, which follows the extraction of the physical quantity

of interest, is the extraction of the underlying high-dimensional energy landscapes,36,37 reaction

networks,38–41 and multidimensional Langevin formulation from a scalar single molecule time

series by solving several problems. Such problems include degeneracy problem (i.e., the same

states on high-dimensional energy landscape may give rise to the same interdye distance). Efforts

to integrate such single-molecule time series analyses in order to explore the question of how

molecular machinery robustly functions under thermal fluctuations based on firm mathematical

foundations are now in progress.
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A Comments on the estimation of nonlinear functions of the

parameter

Here, we point out the reason for considering estimation of a function g(θ) rather than estimat-

ing the parameter θ and simply substituting it into the function g. Let θ̂ be an unbiased estimator

for the parameter θ , that is,

Eθ
[
θ̂
]
= θ , (32)

and let us take an example of g(θ) = θ 2. The expectation value of g(θ̂) is then

Eθ
[
θ̂ 2]=Eθ

[(
θ̂ −θ +θ

)2
]

=Eθ

[(
θ̂ −θ

)2
]
+2θEθ

[(
θ̂ −θ

)]
+θ 2

=θ 2 +σ2, (33)

where σ2 = Eθ

[(
θ̂ −θ

)2
]

is the variance of the estimator and we have used the unbiasedness of

the θ̂ . Since the variance σ2 is usually not zero, the quantity g(θ̂) = θ̂ 2 is not an unbiased estimator

for θ 2. Namely, a function of an unbiased estimator θ̂ , g(θ̂), cannot be unbiased in general for the

estimation of the quantity g(θ). In order to estimate g(θ), therefore, we wish to construct directly

an estimator for g(θ) rather than to estimate the parameter θ .

B Possible interpretation of the bias parameter

Here we propose a possible interpretation about the parameter b introduced in the present

paper. Let us consider a case where multiple (N) independent observations (y(1),y(2), . . . ,y(N))

are possible, and we use the average of the estimator ψg for the individual observations as our
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estimator:

ψg
def
=

1
N

N

∑
n=1

ψg(y(n)). (34)

The risk of the estimator ψg can be calculated as follows:

Eθ

[{
ψg −g(θ)

}2
]

=
1
N
Eθ

[{
ψg(y)−g(θ)

}2
]
+

N −1
N

{
Eθ [ψg(y)]−g(θ)

}2
,

(35)

where we have used the fact that the observations y(n) obey the independent and identical proba-

bility distribution. We note the similarity in form of Eq. (35) to Eqs. (2.47) and (7.10) of Ref. 7,

which was formulated for the k-nearest neighbor regression.

The form of Eq. (35) coincides with Eq. (6) by setting b = 1/N. Thus the minimization of

Eq. (6) can be interpreted as the minimization of the risk when N independent observations are

available. By the law of large numbers, the sample average converges to the expectation value with

an increase in the number of samples. Therefore, it is natural that the relative importance [(1−b)

in Eq. (6)] of the bias increases, as a larger number of samples become available (b = 1/N).
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C Derivation of Eqs. (7)-(9)

The change of Eq. (6) under infinitesimal change δψg(y) of ψg(y) is

δ

[
K

∑
k=1

wk

(
b
∫

dyP(y|θ (k))
{

ψg(y)−g(θ (k))
}2

+(1−b)
{∫

dyP(y|θ (k))ψg(y)−g(θ (k))

}2
)]

,

= 2
K

∑
k=1

wk

(
b
∫

dyP(y|θ (k))
{

ψg(y)−g(θ (k))
}

δψg(y)

+(1−b)∆k

∫
dyP(y|θ (k))δψg(y)

)
, (36)

where we have introduced the following abbreviated symbol:

∆k =

∫
dyP(y|θ (k))ψg(y)−g(θ (k))

=Eθ (k) [ψg(y)]−g(θ (k)). (37)

Eq. (36) is further rearranged into

2
∫

dyδψg(y)

[
K

∑
k=1

wk

(
bP(y|θ (k))

{
ψg(y)−g(θ (k))

}
+(1−b)∆kP(y|θ (k))

)]
. (38)

Equating this with zero for all possible δψg(y) gives

K

∑
k=1

wk

(
bP(y|θ (k))

{
ψg(y)−g(θ (k))

}
+(1−b)∆kP(y|θ (k))

)
= 0, (39)
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that is,

ψg(y) =∑
j

c j
P(y|θ ( j))

∑k wkP(y|θ (k))
, (40)

where

c j =w j

(
g(θ ( j))− (1−b)

b
∆ j

)
. (41)

Inserting Eq. (40) into the definition of ∆ j of Eq. (37), we have

∆i =∑
j

Ai jc j −g(θ (i)), (42)

where

Ai j =

∫
dy

P(y|θ (i))P(y|θ ( j))

∑k wkP(y|θ (k))
. (43)

Putting Eq. (41) and Eq. (42) together we have

bw j
−1c j =g(θ ( j))− (1−b)∑

j
Ai jc j. (44)

Putting Eqs. (40) and (44) together completes the derivation of Eqs. (7)-(9).
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Table 1: Average and variance of the distribution of the FRET efficiency in the experiment
of AMPA receptors with agonists.

Chloro-willardiine
〈E〉 〈E2〉−〈E〉2

Direct 0.77±0.007 0.090±0.080
Wavelet 0.76±0.007 0.0061±0.0020
Present 0.76±0.008 0.0060±0.0013

〈x〉 〈x2〉−〈x〉2

Direct 0.80±0.011 0.032±0.016
Wavelet 0.82±0.006 0.0062±0.0023
Present 0.80±0.011 0.0041±0.0011

Iodo-willardiine
〈E〉 〈E2〉−〈E〉2

Direct 0.72±0.020 0.087±0.022
Wavelet 0.72±0.020 0.060±0.0095
Present 0.72±0.019 0.049±0.0046

〈x〉 〈x2〉−〈x〉2

Direct 0.76±0.033 0.18±0.041
Wavelet 0.82±0.020 0.067±0.013
Present 0.84±0.017 0.039±0.0051
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Table 2: Average and variance of the distribution of the normalized interdye distance in the
experiment of AK. Calculated with information binning.

apo AK
〈x̂〉 0.93±0.024
〈ψx〉 0.95±0.025

〈x̂2〉−〈x̂〉2 0.050±0.0046
〈x̂2〉−〈x̂〉2 −〈J(x̂)−1〉2 0.040±0.0046
〈ψx2〉−〈ψx〉2 0.045±0.0046

with AMP-PNP and AMP
〈x̂〉 0.85±0.014
〈ψx〉 0.85±0.017

〈x̂2〉−〈x̂〉2 0.034±0.0020
〈x̂2〉−〈x̂〉2 −〈J(x̂)−1〉2 0.024±0.0020
〈ψx2〉−〈ψx〉2 0.031±0.0022
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Table 3: Average and variance of the distribution of the normalized interdye distance in the
experiment of AK. Calculated with uniform binning.

apo AK
〈ψx〉 0.94±0.023
〈ψx2〉−〈ψx〉2 0.043±0.0046

〈Ê〉 0.60±0.029
〈ψE〉 0.60±0.028

〈Ê2〉−〈Ê〉2 0.078±0.0065
〈ψE2〉−〈ψE〉2 0.059±0.0055

with AMP-PNP and AMP
〈ψx〉 0.86±0.014
〈ψx2〉−〈ψx〉2 0.029±0.0022

〈Ê〉 0.70±0.018
〈ψE〉 0.69±0.017

〈Ê2〉−〈Ê〉2 0.056±0.0033
〈ψE2〉−〈ψE〉2 0.040±0.0028
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Figure Legends

Figure 1 Estimators constructed by the present method and their performance for uniform binning

of two-color FRET measurement. (a) The estimator ψ(x−1) for (x− 1) as a function of the

numbers of photons detected in donor and acceptor channels nd and na. The estimator is

obtained by the present method with the bias parameter b = 0.001. (b) The estimator ψ(x−1)2

for (x−1)2 as a function of nd and na. (c) The expectation value of the estimator ψ(x−1) and

that of the maximum-likelihood estimator (x̂−1), compared with the true value (x−1). (d)

The expectation value of the estimator ψ(x−1)2 and that of the maximum-likelihood estimator

(x̂−1)2, compared with the true value (x−1)2. The results of the correction by subtracting

the inverse of the Fisher information from the maximum-likelihood estimator is also shown.

Figure 2 Expectation values of the estimators constructed by the present method (cross symbols)

are plotted as functions of the FRET efficiency E. The true values (solid curves) and the

maximum-likelihood estimators (dotted curves) are also plotted for comparison. (a) The es-

timators for the FRET efficiency E. (b) The estimators for E2. (c) The estimators for (x−1).

(d) The estimators for (x−1)2.

Figure 3 (a) The probability distribution P(T |x) at x = 1 with the same parameter values used in

Sec. 3.1. (b) The conditional probability distribution P(nd,na|T = Tav,x = 1) as a function

of nd and na. (c) (d) The expectation values of the estimators ψ(x−1) and ψ(x−1)2 and those

of the maximum-likelihood estimator (x̂− 1) and (x̂− 1)2 for the information binning case

with the true values (x−1) and (x−1)2, respectively [c.f. the uniform binning case in Fig.

1(c)(d)].

Figure 4 Performance of the maximum-likelihood estimator and the estimators constructed by the

present method with three different values of the bias parameter b for the uniform binning

case. The expectation values and the error bars of the estimators are plotted together with

the true value.
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Figure 5 Performance of the maximum-likelihood estimator and the estimators constructed by the

present method with three different values of the bias parameter b for the information binning

case. The expectation values and the error bars of the estimators are plotted together with

the true value.
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(a) (b)

(c) (d)

Figure 1: Estimators constructed by the present method and their performance for uniform binning
of two-color FRET measurement. (a) The estimator ψ(x−1) for (x−1) as a function of the numbers
of photons detected in donor and acceptor channels nd and na. The estimator is obtained by the
present method with the bias parameter b = 0.001. (b) The estimator ψ(x−1)2 for (x− 1)2 as a
function of nd and na. (c) The expectation value of the estimator ψ(x−1) and that of the maximum-
likelihood estimator (x̂−1), compared with the true value (x−1). (d) The expectation value of the
estimator ψ(x−1)2 and that of the maximum-likelihood estimator (x̂−1)2, compared with the true
value (x− 1)2. The results of the correction by subtracting the inverse of the Fisher information
from the maximum-likelihood estimator is also shown.
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(a) (b)

(c) (d)

Figure 2: Expectation values of the estimators constructed by the present method (cross symbols)
are plotted as functions of the FRET efficiency E. The true values (solid curves) and the maximum-
likelihood estimators (dotted curves) are also plotted for comparison. (a) The estimators for the
FRET efficiency E. (b) The estimators for E2. (c) The estimators for (x− 1). (d) The estimators
for (x−1)2.

40



(a) (b)

(c) (d)

Figure 3: (a) The probability distribution P(T |x) at x = 1 with the same parameter values used
in Sec. 3.1. (b) The conditional probability distribution P(nd,na|T = Tav,x = 1) as a function of
nd and na. (c) (d) The expectation values of the estimators ψ(x−1) and ψ(x−1)2 and those of the
maximum-likelihood estimator (x̂−1) and (x̂−1)2 for the information binning case with the true
values (x−1) and (x−1)2, respectively [c.f. the uniform binning case in Fig. 1(c)(d)].
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(a) Maximum-likelihood (b) b = 0.999

(c) b = 0.05 (d) b = 0.001

Figure 4: Performance of the maximum-likelihood estimator and the estimators constructed by the
present method with three different values of the bias parameter b for the uniform binning case.
The expectation values and the error bars of the estimators are plotted together with the true value.
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(a) Maximum-likelihood (b) b = 0.999

(c) b = 0.5 (d) b = 0.001

Figure 5: Performance of the maximum-likelihood estimator and the estimators constructed by the
present method with three different values of the bias parameter b for the information binning case.
The expectation values and the error bars of the estimators are plotted together with the true value.
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