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ABSTRACT

The main components of the SPICA coronagraphic instrument have initially been bar-code apodizing masks,
i.e. shaped pupils optimized in one dimension. Their free-standing designs make them manufacturable without
a glass substrate, which implies an absolute achromaticity and no additional wavefront errors. However, shaped
pupils can now be optimized in two dimensions and can thus take full advantage of the geometry of any arbitrary
aperture, in particular obstructed apertures such as SPICA’s. Hence, 2D shaped pupils often have higher
throughputs while offering the same angular resolutions and contrast. Alternatively, better resolutions or contrast
can be obtained for the same throughput. Although some of these new masks are free-standing, this property
cannot be constrained if the optimization problem has to remain convex linear. We propose to address this
issue in different ways, and we present here examples of freestanding masks for a variety of contrasts, and
inner working angles. Moreover, in all other coronagraphic instruments, contrast smaller than 10−5 can only
be obtained if a dedicated adaptive optics system uses one or several deformable mirrors to compensate for
wavefront aberrations. The finite number of actuators sets the size of the angular area in which quasi-static
speckles can be corrected. This puts a natural limit on the outer working angle for which the shaped pupils
are designed. The limited number of actuators is also responsible for an additional diffracted energy, or quilting
orders, that can prevent faint companions to be detected. This effect can and must be taken into account in
the optimization process. Finally, shaped pupils can be computed for a given nominal phase aberration pattern
in the pupil plane, although the solutions depend in this case on the observation wavelength. We illustrate this
possibility by optimizing an apodizer for the James Webb space telescope, and by testing its chromaticity and
its robustness to phase changes.

Keywords: High-contrast imaging, Apodization, Optimization, Shaped pupils, Exoplanet direct detection,
Wavefront Control, SPICA, JWST

1. INTRODUCTION

Over the last 20 years, several hundreds of planets have been detected using indirect methods∗, but only a
very few has been observed directly1–3 . That will start to change as new coronagraphic instruments become
operational. For example, two ground-based telescopes, both located in Chile, will soon be equipped with planet-
finding coronagraphic instruments, namely the spectro-polarimetric high-contrast exoplanet research (SPHERE)
instrument at the very large telescope (VLT), and the gemini planet imager (GPI) at the gemini south telescope.
The integration of SPHERE and GPI should be completed in the beginning of 2013. The main scientific objective
is the study of the close environment of nearby stars, and in particular the direct detection of Jupiter and hot
Jupite-like planets. Observations will be done in the near infrared, in the J, H and K bands. Both instruments
use a prolate apodized Lyot coronagraph (although SPHERE will in addition offer four quadrants focal phase
masks). Because of their good achromaticity, half-tone microdots apodizers4,5 have been chosen over apodizers
such as those based on high energy electron beam sensitive (HEBS) glass6 . The SCExAO7 instrument at the
Subaru telescope aims at the same objective, but it uses a different type of apodizer: phase-induced amplitude
apodization (PIAA), which has the advantage of not blocking the light while providing very good resolutions.
To directly detect Jupiter-like planets, a contrast of 10−7 is mandatory and all these instruments also include an
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extreme adaptive optics (AO) system dedicated to the correction of the phase errors in the wavefront received
by the coronagraph.

The future extremely large telescopes (the european ELT (E-ELT), the thirty meter telescope (TMT) and the
giant Magellan telescope (GMT)) will also look for exoplanets. For instance, EPICS8 , a coronagraphic instrument
for the E-ELT is currently in development. Their scientific objectives will however be more ambitious since these
planet finding instruments will be designed to look for older, smaller planets, closer to their stars. Contrasts of
10−8 and 10−9 must be achieved to image and characterize Neptune-like planets and super-Earth-like planets.
At these levels of contrast, amplitude errors must be corrected in addition to phase errors. This requires the use
of next-generation wavefront correction systems, similar for instance to the one currently developed at Princeton
University9 .

New coronagraphs will also soon be used in space. While the 6.5m James Webb space telescope (JWST) will
mostly use focal plane masks and Lyot stops (either with four quadrants phase masks in MIRI10 or band limited
masks in NIRCAM11), the 3m space infra-red telescope for cosmology and astrophysics telescope (SPICA) of the
Japanese aerospace exploration agency (JAXA) will use a shaped pupil coronagraph.

Shaped pupils are binary masks designed by maximizing the pupil transmission under constraints set on the
maximum amplitude of the electric field allowed in chosen regions of the image plane. These optimizations were
originally conducted in one dimension12–14 , and have led to different types of apodizers: ripple masks, barcode
and checkerboard masks, concentric ring masks, and star-shaped masks. The SPICA coronagraphic instrument
(SCI) uses barcode masks15,16 since they can be well adapted to a centrally obscured telescope.

Two-dimensionally optimized shaped pupils have recently been proposed17,18 . Since they take full advantage
of the shape of the aperture, these new masks often have higher transmissions (the same constraints of contrast
and angular resolution as in the one-dimensional case are chosen). Higher transmissions can result in shorter
exposure times, or a higher spectral resolution. One can also decide to improve the resolution of the coronagraph
while keeping the transmission obtained in the one-dimensional case. Improving the contrast is also possible
although the quality of the optics as well as the performance of the AO system may fundamentally place a limit
on what can be achieved.

Shaped pupils are numerically optimized, meaning that their transmission is given over an array of N2 points.
If N is high enough (usually a few hundreds), the optimization converges to a quasi-binary distribution. This
property is due to the limited angular size of the region in which the mask creates a high-contrast. It ensues
that if all the blocking areas of the mask are connected together (and to the edge of the mask), the mask can be
manufactured without using a glass substrate. Free-standing masks do not introduce any additional aberrations
in the wavefront and are completely achromatic. Despite the small size of the features usually found in these
masks (10µm or less), contrasts as high as 108 have been demonstrated in the laboratory19 . In other cases,
however, shaped pupils are not free-standing. They must therefore be attached to a substrate. This technique
is well-known since it is the same one used to manufacture the apodizers of the SPHERE and the GPI projects.

The fact that an AO system must be associated to the coronagraph implies that the coronagraph design
must be constrained by the AO system characteristics, mainly those of the deformable mirrors (DM) used in the
system. The number N of actuators sets a maximum angular distance of N/2λ/D beyond which no correction
is possible. The non-correctable surface errors of the DM induce quilting orders, additional light similar to PSF
replicas located at {±N,±N}λ/D. The shaped pupils can be designed so that these replicas do not prevent the
detection of a planet in the high-contrast regions. We propose two approaches to do that, assuming that the
quilting orders’ diffraction pattern is either identical to the PSF or by letting it differ slightly.

It is possible to optimize a shaped pupil mask to create high-contrast in spite of wavefront aberrations.
Adding a passive corrector to an AO system reduces the amplitude of the actuations of the DM surface, and can
provide a more accurate correction for most of the phase aberrations. In the case of a coronagraphic instrument
without a built-in dedicated AO system, such a passive wavefront corrector can be an efficient way to increase
the contrast level and the resolution. There are, however, limitations to how a shaped pupil can be used for
wavefront correction: a single-sided correction, a mild chromaticity, and sensitivity to changes in the aberration
pattern.
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Figure 1: Left: schematic of the aperture of the SPICA telescope. The black regions transmit light. Units along
the x and y-axes are in meters. Right: PSF of the aperture (log. scale). Axes are in units of λ/D.

(a) (b) (c) (d)

Figure 2: Sketches of the high contrast regions, and examples of PSFs for the two types of regions: square, in
(a) and (b), and rectangular, in (c) and (d). The corresponding masks are showed in Fig.4e and Fig.5e.

We present in Section 2 several new shaped pupils designed for an obstructed telescope, namely the SPICA
telescope, and we illustrate the tradeoffs between the throughput, the inner working angle (IWA) and the contrast
of the coronagraph. We also discuss the conditions that make free-standing masks more likely to be found. In
Section 3 we address the question of the additional constraints set by the AO system on the optimization of
shaped pupils. In Section 4 we propose to optimize shaped pupils constrained for specific phase aberrations and
we illustrate this idea by computing a mask for the James Webb Space Telescope and study the chromaticity of
the mask and the impact of phase changes on the contrast. Section 5 draws a conclusion to the paper.

2. SHAPED PUPILS DESIGNS FOR AN OBSTRUCTED TELESCOPE

The primary mirror of the SPICA telescope will be a circular on-axis mirror with a diameter of at least 3m,
and possibly 3.2m. The results we present here were computed for a 3m obstructed mirror, and we chose the
diameter of the secondary mirror to match the masks16,20 previously optimized by the SPICA team. For a 3m
mirror, that corresponds to a 0.6m obstruction, or a d/D ratio of 20%. The secondary mirror is supported by
four spiders in an orthogonal configuration. The thickness of the spiders is 0.08m. The pupil of the SPICA
telescope is illustrated in Fig.1. Its PSF is also shown, in logarithmic scale.

We have considered 2 different types of high contrast regions: square and rectangular. They are illustrated in
Fig.2a and Fig.2c. Three contrast levels are considered: 10−4, 10−5 and 10−6. For each contrast we characterize
the evolution of the transmission with the IWA, starting with the smallest value possible, and going up to 4λ/D.
As the free-standing property of the masks is key to their manufacturability, we show how the number and the
size of the non-connected blocking regions depends on the contrast and on the IWA. In every case, an OWA of
16λ/D has been chosen to match the maximum correction radius of the 32× 32 Boston micromachines DM that
could potentially be used in the SCI.
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Figure 3: Impact of the IWA on the transmission and the free-standing property of the masks. Top: square
high-contrast regions. Bottom: Rectangular high-contrast regions. Left: Evolution of the masks’ transmissions
with the IWA (in units of λ/D). Right: Number of isolated blocking regions in the masks as a function of the
IWA. The three levels of contrast - 10−4, 10−5 and 10−6 - are respectively represented in black, blue and red.

2.1 Impact of the IWA on the transmission and the free-standing property

As we vary the inner working angle (IWA) when designing masks we notice three qualitative transition regions
in the performance, which we label ρ0, ρ1 and ρ2 (see Fig. 3). The first one, ρ0, corresponds to the minimum
IWA for which an optimal solution can be found with a non-zero transmission. The second roughly marks the
end of the region of slow increase in transmission as we increase the IWA from ρ0 to ρ1, which can be seen in
Fig.3a and Fig.3c. Between ρ1 and ρ2 there is a sharper increase of the transmission. Finally, beyond ρ2 the
transmission resumes a slow rise.

In the case of the square regions, the difference between ρ1 and ρ2 is quite small. For instance, for the 10−5

contrast, the transmission suddenly increases from 42% to nearly 60% between ρ1 = 2.8λ/D and ρ2 = 2.9λ/D.
A similar occurrence can be observed for the 10−6 contrast, with ρ1 and ρ2 almost identical (3.53 and 3.55 λ/D).

In the case of the rectangular regions, the difference between ρ1 and ρ2 is larger than in the previous case,
and the transition between a low transmission regime and a high transmission regime is much more smooth. In
the case of the 10−6 contrast, it is even difficult to identify the two different regimes.

It can be difficult to compare the smallest IWA, ρ0, in the case of square and rectangular high-contrast
regions. Indeed, the IWA is the minimum distance between the center of the star and the high-contrast region.
In the first case it is thus measured along the diagonal, while it is measured along the x and y-axes in the second
case.

It can be noted that the values of ρ0, ρ1 and ρ2 seem to increase linearly with the logarithm of the contrast.

As can be seen in Fig.3d, for IWA smaller than ρ1, all masks are free-standing. This is only the case for
rectangular high-contrast regions, and not for masks designed for square high-contrast regions. In fact, and this
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(a) C = 10−4 ; IWA = 1.8 λ/D (b) C = 10−4 ; IWA = 2.1 λ/D (c) C = 10−4 ; IWA = 2.2 λ/D

(d) C = 10−5 ; IWA = 2.5 λ/D (e) C = 10−5 ; IWA = 2.8 λ/D (f) C = 10−5 ; IWA = 2.9 λ/D

(g) C = 10−6 ; IWA = 3 λ/D (h) C = 10−6 ; IWA = 3.53 λ/D (i) C = 10−6 ; IWA = 3.55 λ/D

Figure 4: Masks computed for the square high-contrast regions. Pupils are defined over arrays of 1000 × 1000
points. From top to bottom: 10−4, 10−5 and 10−6 contrasts. The chosen IWA correspond, from left to right, to
ρ0, ρ1 and ρ2.
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(a) C = 10−4 ; IWA = 1.7 λ/D (b) C = 10−4 ; IWA = 2.6 λ/D (c) C = 10−4 ; IWA = 2.8 λ/D

(d) C = 10−5 ; IWA = 2.2 λ/D (e) C = 10−5 ; IWA = 2.9 λ/D (f) C = 10−5 ; IWA = 3.2 λ/D

(g) C = 10−6 ; IWA = 3.05 λ/D (h) C = 10−6 ; IWA = 3.26 λ/D (i) C = 10−6 ; IWA = 3.6 λ/D

Figure 5: Masks computed for the rectangular high-contrast regions. Pupils are defined over arrays of 1000×1000
points. From top to bottom: 10−4, 10−5 and 10−6 contrasts. The chosen IWA correspond, from left to right, to
ρ0, ρ1 and ρ2.
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Figure 6: (a) Illustration of the secondary regions (in gray) in which the amplitude of the electric field must be
constrained so that no diffracted light is injected in the high-contrast regions (in white). The four red points
indicate the position of the PSF replicas in units of λ/D. In this example rectangular regions were chosen, with
an IWA and an OWA equal to 3 and 14λ/D respectively. (b) maximum contrast C1 allowed in the secondary
regions as a function of C0, for 3 values of C.

is shown in Fig.3b, there are many more isolated blocking regions in the latter case than in the former. This
may seem surprising because the square high-contrast regions could have been thought to be more optimal for
SPICA as the PSF of the original aperture has energy spreading along the x and y axes (see Fig.1). We interpret
that result as a consequence of the higher complexity of the shape of these regions.

Masks optimized for the square regions are shown in Fig.4 while masks optimized for the rectangular regions
are shown in Fig.5. In both cases, masks are shown for the three contrasts that were considered and for the
three IWA introduced before: ρ0, ρ1 and ρ2. One can see in Fig.5 that the optimal transmission apodizes the
horizontal secondary support. It is particularly noticeable in Fig.4a, Fig.4d and Fig.4g, where the masks are
similar to barcode masks.

3. CONSTRAINTS SET BY THE AO SYSTEM

Corrections of the wavefront are only possible in a restricted angular domain, and the radius of correction, for
a DM with N × N actuators, is N/2 λ/D. We assume here that the actuators are distributed on an orthogonal
grid. This is for example the case with the Boston micromachines mirrors and the Xinetics mirrors. It thus seems
only logical to optimize the apodization patterns for high-contrast regions smaller or as large as the correction
area.

Such deformable mirrors create quilting orders: faint replicas of the PSF located at ±N λ/D along the x-
axis and the y-axis of the image plane. The contrast ratio Iq of the intensity of the quilting orders with the
maximum intensity of the PSF depends on the average amplitude of the deformation between two consecutive
actuators (usually a few tens of nanometers), on the wavelength, and on the number of actuators. A conservative
estimation of Iq is 10−3.

While they are located at a distance twice as large as the size of the correction region, these replicas can
potentially send light into the high-contrast regions created by the apodizer. As a consequence, new constraints
must be added in the optimization of the apodizer.

We have studied two approaches to solve this problem. The first one designs for five PSFs in the image
plane instead of just one. The four additional PSF are located at four different points, whose coordinates are
{±N,±N}λ/D. The intensity ratio of these PSF with the original PSF equals Iq. The optimization process
simply requires the total amplitude of the sum of the five PSFs to be less than a chosen value.
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Figure 7: Comparison of three shaped pupils optimized for the same contrast level (10−5) and the same IWA
(3 λ/D). In (a) the mask was optimized without taking into account the quilting orders. In (b), the mask was
optimized to take into account the quilting orders, assumed to be equivalent to 4 faint PSF replicas located at
{±N,±N}λ/D. In (c), the mask was optimized to take into account the quilting orders, this time by constraining
the maximum amplitude of the electric field around the regions where they are located.

The second approach constrains the amplitude of the electric field in four additional regions of the image
plane, instead of adding new PSFs. Indeed, the amplitude with which the replicas fill the high-contrast region
originates from four secondary regions whose shapes are identical to the original high-contrast regions. They are
also located at {±N,±N}λ/D. If the intensity must not be greater than C in the high-contrast regions, then
we can write the following equation:

C ≥ C0 + 4× Iq · C1, (1)

with C0 the contrast for which we constrain the electric field in the original high-contrast region and C1 the
contrast for which we constrain the electric field in the secondary regions. In Fig.6 we illustrate the maximum
value of C0 and C1 for 3 values of C: 10−4, 10−5 and 10−6.

The masks presented in section 3 were not optimized with these additional constraints, but we show in Fig.7
a comparison between three masks where the first is optimized with the usual constraints, to provide a contrast
of 10−5 between 3 and 16 λ/D in rectangular high-contrast regions, while the second is optimized following the
first approach previously introduced and the last one is optimized following the second approach.

The transmissions of the three masks are different. While the first two have both a transmission close to 50%,
the transmission of the third one is 40%. This is not surprising since the constraints set in the third approach
are more conservative. Another observation is that the second mask has many more isolated blocking regions
than the first one. The transmission loss helps the third to have far fewer.

In Fig.8 we display the PSFs of the masks showed in Fig.7. Half of them are computed while taking into
account the additional replicas, while the other half do not. As expected, when the replicas are not added,
the first mask creates high-contrast, and faint aberrations can be seen when the replicas are added. On the
contrary, the second and third masks create true high-contrast regions when the replicas are added, and small
aberrations can be observed when they are not. In the case of the third mask, we have outlined in red dotted
lines the secondary regions in which we constrained the contrast. We have chosen in this case to constrain the
main high-contrast regions for a contrast of 10−5.1, for a final contrast of 10−5. This means that the secondary
regions have been constrained for a contrast of ≈ 10−3.3, as it can be computed with Eq. 1.

4. SOLUTIONS FOR NOMINAL PHASE ERRORS

Adaptive optics can compensate for most of the wavefront aberrations created by the optics of the telescope,
and in particular the primary mirror. Doing so is mandatory if a very high contrast is to be achieved. For
instance, if a DM is used with the SPICA coronagraphic instrument, a 10−6 contrast will be achievable in spite
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Figure 8: PSFs of the masks showed in Fig.7. Top row: PSFs computed without simulating the quilting orders.
Bottom row: PSFs computed with the quilting orders. The x and y axes are in units of λ/D. The contrast is
represented in a logarithmic scale.

of the projected wavefront quality of the SPICA telescope (350 nm RMS20). Otherwise, a 10−4 contrast should
be achievable. These two different values of contrast will certainly drive the science goals in different directions.
In the first case, older, fainter planets that have never been observed before could be detected and characterized.

Because of mechanical and temperature constraints, aberrations change over time. Using a DM makes it
possible to actively correct the wavefront, and it thus appears to be an ideal solution to the problem. However,
if the average wavefront is known beforehand, and if the temporal variations of the wavefront are small enough,
then a specially designed shaped pupil can be used to create high-contrast regions in spite of the aberrations. As
is the case with the wavefront correction that is obtained with a single DM, this type of optimal apodizer can
only create high-contrast on one side of the image plane. To illustrate this concept, we have optimized masks for
the James Webb Space Telescope using a publicly available estimate of the measured phase error on each mirror
segment.

4.1 Formalism of the optimization problem
We expand here the formalism developed in previous papers17,18 by considering a more general case, where a
non-zero phase is present in the pupil plane. This phase breaks all the symmetries that the aperture may exhibit,
and thus increases the complexity of the computation.

The electric field E(u, v) in the image plane is computed by taking the Fourier transform (FT) of the electric
field A(x, y)eiφ(x,y) in the pupil plane:

E(u, v) =
D2e2iπ

f
λ

iλf

∫ 1/2

−1/2

∫ 1/2

−1/2

A(x, y)eiφ(x,y)e−2iπ(xu+yv)dxdy. (2)

We assume here that A(x, y) describes the transmission of the pupil mask. The phase φ(x, y) describes the
phase aberrations in the pupil plane. Since we are aiming at a 10−5 contrast, no amplitude aberrations have
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been considered in this model. The focal length of the imaging element is denoted by f , λ is the observation
wavelength, and D is the diameter of the aperture. Finally, u and v (angular positions on the sky) are in units
of λf/D.

This integral form equation has to be transformed into a Riemann sum so that numerical computations can
be performed:

E(uk, vl) =
D2e2iπ

f
λ

iλf

Nx∑
i=1

Ny∑
j=1

A(xi, yj)eiφ(xi,yj)e−2iπ(xiuk+yjvl)∆xi∆yj , (3)

with k indexed on the set {1, . . . ,Mu} and l on the set {1, . . . ,Mv}, where Mu and Mv are the number of discrete
points in the image plane we are considering for the optimization. We assume equal sizes along the x and y
axes, as well as along the u and v axes, making Nx = Ny = N and Mu = Mv = M . Furthermore, we consider
a uniform partition in the (x, y)-plane, making ∆xi = ∆yi = 1/N for all i. When the apodizer can actually be
described as an array of pixels, then Eq. (3) is the exact amplitude of the PSF.

The complexity of the computation of this FT is N2M2, but it can be greatly reduced by computing it in
two steps, first along one axis,

Etemp(uk, yj) =
N∑
i=1

A(xi, yj)eiφ(xi,yj)e−2iπxiuk∆x, (4)

and then along the other one, using as inputs the results of the first computation,

E(uk, vl) =
D2e2iπ

f
λ

iλf

N∑
j=1

e−2iπyjvlEtemp(uk, yj)∆y. (5)

The optimization problem consists of maximizing T =
N∑
i=1

N∑
j=1

A(xi, yj)/N2, the transmission of the mask,

under the following constraints:

−10−c/2√
2
≤ <[E](uk, vl)
<[E](0, 0)

≤ 10−c/2√
2

−10−c/2√
2
≤ =[E](uk, vl)
=[E](0, 0)

≤ 10−c/2√
2

, with {uk, vl} ∈ ∆F

0 < A(xi, yj) < 1 , with {xi, yj} ∈ ∆P

(6)

where 10−c is the targeted contrast. The real and imaginary parts of the electric field in the image, <[E](uk, vl)
and =[E](uk, vl), are subject to this constraint only in a specific discovery space ∆F of the image plane. The
apodization, A(xi, yj), is also defined on a specific domain, ∆P , the initial aperture shape.

This set of constraints keeps the problem linear. A full optimization would need a quadratic constraint of
the form:

<2[E](uk, vl) + =2[E](uk, vl)
<2[E](0, 0) + =2[E](0, 0)

≤ 10−c , with {uk, vl} ∈ ∆F (7)

Since AMPL, the optimization software that we are using, cannot work with complex numbers, we have to
compute the real and imaginary parts separately. This increases the relative complexity of the computation with
respect to the symmetric case, for which the computation of the imaginary part is irrelevant.

Finally, while we do not have symmetries in the pupil plane, we do not need to compute the electric field in
both sides of the image plane (the mask can only correct the aberrations on one side of the image plane). Thus,
the number M is reduced by a factor of 2 with respect to the general case.
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Figure 9: (a): JWST pupil. (b): phase aberrations for which the mask displayed in (c) is optimized (at 3.5µm).
The axes of the first 3 images are in units of pupil diameter. The PSF is showed in (d), in logarithmic scale (and
for a wavelength of 3.5µm). Axes are in units of λ/D.

4.2 Example of a shaped pupil optimized for a given phase map

The segmented pupil of JWST is illustrated in Fig.9a. The wavefront aberrations that were used in our simulation
were computed with the WebbPSF† package developed by Marshall Perrin at STScI. Several other aberration
maps can be found in this package. The one we have used was simulated for the NIRCAM instrument and
is characterized by a root mean square deviation of 136nm. It is illustrated in Fig.9b. The phase itself was
computed for one wavelength, 3.5µm. It can be noted that the formalism developed in the previous section could
have be expanded even further by constraining the apodizer for several wavelengths, in a way similar to how an
achromatic doublet is optimized.

The optimal apodizer is showed in Fig.9c. This “rusty” mask is far from being free-standing, but it has a
quite high transmission of almost 50%. One can notice that the areas with the largest aberrations have a lower
†see http://www.stsci.edu/jwst/software/webbpsf/
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Figure 10: (a): Evolution of the contrast (in logarithmic scale) measured in the dark hole as a function of the
wavelength (in microns). The bottom blue curve corresponds to the mean of the contrast in the dark zone and
the top red curve corresponds to the sum of the mean and 3 times the standard deviation measured in the dark
zone. (b): PSF observed at 5µm. Axes in units of λ/D.

transmission than the others. This is quite logical since the larger the aberrations, the stronger their impact on
the image quality. The PSF of the mask is displayed in Fig.9d. The mask creates a rectangular dark hole with
a 10−5 contrast from 4λ/D to 12λ/D along the x-axis, and from -10λ/D to 10λ/D along y-axis.

4.3 Robustness of the solution

Two questions naturally arises: how does the contrast change with the wavelength and how does the contrast
change with changes in the aberrations?

In Fig.10a, we show the variation of the contrast with the wavelength. The contrast is estimated in two
different ways: in the first we compute the mean of the contrast in the dark zone while while in the second we
estimate the intensity of the largest speckle by adding to the previous mean value a multiple (in our case, 3) of
the standard deviation measured in the dark zone. The latter approach appears to be slightly pessimistic since
the smallest contrast value is close to, but higher than, 10−5. It however provides a good guess of what the
worst-case contrast might be.

The PSF observed at 5µm is showed in Fig.10b. The maximum contrast level of the speckles is estimated to
be close to 10−4.5. The same level can be observed for a wavelength of 2.8λ/D, making the wavelength range
for this contrast level as large as 2.2 µm.

Calculating the impact of changes in the phase map is more difficult as there are many ways the errors might
change. We have chosen to consider the effect of tip-tilt errors of each mirror segment as that is expected to be
the most significant on-orbit variation in JWST. In Fig.11b, we show how the contrast changes with an additional
random tip-tilt error independently introduced for each segment. Each measurement is made by taking the mean
value of 100 random realizations. An example of tipped-tilted phase is showed in Fig.11a. We used the same
two approaches to measure the mean contrast and the expected maximum contrast of the speckles that appear
in the dark zone. A 10−4 maximum contrast is reached for a tip-tilt close to 100 nm RMS. The estimation of
the brightest speckles appears again to be slightly pessimistic. The PSF observed for this level of tip-tilt error
is reproduced in Fig.11c.
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Figure 11: (a): Example of an additional tip-tilt error introduced in each mirror (the RMS level in this case is
100nm). The x and y axes are in units of pupil diameter. The vertical axis is in microns. (b): Evolution of
the contrast (in a logarithmic scale) with the tip-tilt error. The x-axis is in microns. The bottom blue curve
corresponds to the mean of the contrast in the dark zone, and the top red curve corresponds to the sum of
the mean and 3 times the standard deviation measured in the dark zone. (c): PSF observed at 3.5µm for an
additional tip-tilt error of 100nm RMS.

5. DISCUSSION & CONCLUSION

In this paper we have proposed new ways to design fully optimized shaped pupils for high-contrast imaging and
in particular the direct detection and characterization of exoplanets. We have first reviewed a large number
of possible apodizer designs for the SPICA coronagraphic instrument, and we have showed in particular that
free-standing solutions exist when the high-contrast regions are chosen to be rectangular. This is not the case
with square high-contrast regions, although this shape seemed more adapted to the original PSF of the SPICA
telescope. We have identified 3 particular values of the IWA for which the optimal mask presents some key
characteristics. The first, ρ0, is the minimum IWA for which a solution exists. In the case of the rectangular
high-contrast regions, the second IWA, ρ1, is the largest IWA for which no isolated blocking regions appear in the
mask. Finally, in the case of the square high-contrast regions, the transmission drops sharply for IWA smaller
than the third of these 3 IWAs, ρ2.

Not only can two-dimensional fully optimized shaped pupils be designed for any aperture, including segmented
ones and centrally obstructed apertures, but they can also be optimized to work with a wavefront control system,
or as passive wavefront correctors. In particular, as high-contrast cannot be obtained and maintained in time
without a dedicated wavefront correction system, most probably in the form of one or several deformable mirrors,
we have attempted to constrain the optimization of some masks to take into account the impact of the surface
flatness of the DM on the PSF. We have proposed two approaches that (a) assume the quilting orders created
by the DM to be faint replicas of the PSF located at {±N,±N}λ/D in the image plane, or (b) constraine the
maximum amplitude of the electric field in the image plane, around the same locations so as to prevent the
quilting orders to increase the contrast level in the dark holes. An exhaustive characterization of the deformable
mirror and its quilting orders will be required for further studies, especially if the mirror is not located in a
conjugated plane.

We have also addressed the issue of nominal phase aberrations by showing that fully optimized shaped pupils
can be designed as passive wavefront correction systems. We have developed a formalism for the optimization
problem and we have illustrated its effectiveness by optimizing a shaped pupil for the James Webb space telescope,
using a simulated phase aberration map. While only a one-sided dark hole can be created (instead of two
symmetric dark holes with a 2 DMs wavefront correction system), the mask is able to compensate for significant
phase errors. We have also showed that, while the effect of the mask is maximum for one wavelength, the change
that occurs in the contrast is moderate and, for instance, a mask designed for a 10−5 contrast at 3.5µm creates
a 10−4 contrast at 5µm. Neverthless, phase changes occur during operation and have an impact on the contrast.
We have simulated the effect of random tip-tilt errors on the contrast created by the mask and showed that
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a quasi-linear relation exists between the effective contrast that the mask creates and the tip-tilt errors of the
segments. A 10−4.5 contrast is achieved for tip-tilt errors of 50nm RMS and 10−4 contrast for 100nm.
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