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Abstract: We develop a phenomenological model of anisotropy in self-
defocusing photorefractive crystals. In addition to an independent term due 
to nonlinear susceptibility, we introduce a nonlinear, non-separable 
correction to the spectral diffraction operator. The model successfully 
describes the crossover between photovoltaic and photorefractive responses 
and the spatially dispersive shock wave behavior of a nonlinearly spreading 
Gaussian input beam. It should prove useful for characterizing internal 
charge dynamics in complex materials and for accurate image 
reconstruction through nonlinear media. 
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1. Introduction 

Many nonlinear optics experiments take advantage of anisotropic materials, as differences in 
response, e.g. between different polarizations, give another degree of freedom. This is most 
obvious in temporal cases, such as harmonic generation and parametric down conversion [1], 
in which energy transfer cannot occur unless the appropriate phase velocities are matched. 
Additionally, anisotropy also proves valuable for quasi-monochromatic beams, e.g. using 
separate polarization behavior to optically induce potentials for nonlinear beam experiments 
[2,3]. The material workhorse for these beam experiments has been the uniaxial 
photorefractive crystal, especially SBN (SrxBa1-xNb2O6), which has a preferential response 
along its crystalline c-axis. In its linear (diffraction) response, a uniaxial crystal is expected to 
have a small anisotropy δ = (no/ne)2 − 1 ~2%, but this is difficult to observe in practice. In its 
nonlinear response, such a crystal has been used primarily for self-focusing phenomena, 
driven by the appearance of bright solitons. For spatial solitons, there was much early debate 
about elliptical profiles [4], but circular solitons occur for nearly all experimental parameters 
[5–8]. Therefore, the one-dimensional (1D) theory has proven adequate [9], with a series of 
extensions to account for beam bending [10], saturation [11,12], and possible anisotropic 
boundary conditions [13,14]. For self-defocusing, however, bright beams form dispersive 
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shock waves [15,16], allowing small differences in anisotropy to manifest themselves over 
larger spatial distances. Here we show that for photorefractive self-defocusing, existing 1D 
models fail to explain the observed anisotropy. We propose a new phenomenological model 
to account for the differences. 

It is helpful first to consider the expected linear response of paraxial propagation in an 
anisotropic medium. For a Gaussian beam Ex(r⊥,0) = E0 exp(−σ2), input into a uniaxial 
crystal, the mean-square width propagates as [17] 
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where θ is the angle between the optical axis x and the transverse point of consideration, z is 
the propagation distance, k0 = 2π/λ0 is the base wavenumber for light of vacuum wavelength 
λ0, and no and ne are the ordinary and extraordinary indices of refraction, respectively. For a 
crystal such as SBN, this corresponds to an anisotropy (ellipticity) of α2 = (ne/n0)2 − 1 ~2% 
after 1 cm. This deviation is difficult to observe experimentally, particularly when there are 
nonlinear effects that can dominate the dynamics. 

The nonlinear index change of a photorefractive crystal is rather complex. The standard 
model is a three-stage process of charge transport [9]: charges 1) are photo-excited into the 
transmission band, 2) diffuse or drift in response to an applied voltage and then 3) fall into 
defect states. Taking into account saturation (due to a finite amount of charge), the end result 
for localized beams is an internal space-charge field Esc given by [11,12] 

 ,app B
SC

D D

E k T I
E

I I e I I

∇= −
+ +

 (2) 

where Eapp is an electric field applied across the crystalline c-axis, kBT is the thermal energy, e 
is the unit electric charge, and ID is the dark current generated by thermal excitation. In 
practice, the latter term is of higher order and can inhibit soliton formation [18] or introduce 
other complex dynamics [10,18,19]. 

A nonlinear index change within the crystal follows from an internal Pockels effect: 

 3
0 0 33(1/ 2) ,SCn k n r EΔ = −  (3) 

where n0 = 2.33 and r33 = 1340 pm/V is the electro-optic coefficient for SBN. Physically, 
illuminated regions maintain the base index of refraction (due to field screening) while dark 
regions acquire an index change Δn. As the background index can go up or down in roughly 
equal degrees, depending on the sign of the applied voltage, it has been assumed that the self-
focusing and self-defocusing responses are similar. This is approximately correct for solitons 
(bright and dark), which are localized intensity structures that retain a stationary transverse 
profile upon propagation, but is untrue in general. 

The three-level model cannot be solved in its general form. Instead, two main limits have 
been studied: nonlinear wave mixing of broad intersecting beams [21–25] and steady-state 
soliton solutions [11,12]. Neither limit is applicable to the dynamic expansion considered 
here. On the other hand, using the different approximations to describe the shock expansion is 
a natural starting point. A list of the most popular models based on Eq. (2) is given in Table 1. 

To further facilitate the comparison, we will use the same initial conditions as typically 
used in a spatial soliton experiment: a single Gaussian beam focused onto the input face of an 
SBN:75 crystal (Fig. 1). In this case, instead of self-focusing balancing diffraction, a spatially 
dispersive shock wave (DSW) [15] is formed as the center of the beam breaks into its tails. 
An individual DSW is effectively a nonlinear point spread function and (along with 
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individual dark solitons) is the fundamental means of energy transport in self-defocusing 
systems. 

Typical experimental results are shown in Fig. 2. The input Gaussian beam has an 
intensity of 10 mW and a FWHM of 30 µm. The applied voltage is toggled between 0 V 
(linear case) and −150 V, and the output is imaged into a CCD camera. To measure the phase, 
we interfere the output with stepped plane-wave reference beam [26]. This is necessary here, 
as the different models of the photorefractive response (Table 1) have different gradient 
terms, which manifest themselves in the phase. 

In the linear case (Fig. 2(b)), the Gaussian hump simply diffracts. There was no observed 
anisotropy, despite the predicted variation in diffraction speeds. In contrast, there is a definite 
anisotropy in the nonlinear case (Fig. 2(c)). Self-defocusing causes the central hump to blow 
itself apart, creating a spatial DSW with an ellipticity of 0.95. 

 

Fig. 1. A coherent 532 nm beam is focused with a plano-convex lens onto the input face of a 
photorefractive crystal, with the polarization and crystalline c-axis parallel. The output is 
imaged onto a CCD camera. 

 

Fig. 2. Experimental measurements of linear and nonlinear Gaussian beam propagation. Top 
row: intensity. Bottom row: phase. a), d): experimental input. b), e): linear (diffracted) output. 
c), f): a dispersive optical shock wave is formed due to the photorefractive nonlinearity. The c-
axis is horizontal in all figures. Scale bar: 50 μm. 

Because the full complex field is measured, it can be substituted as an initial condition 
into numerical beam propagation algorithms that model Eq. (2). Here, we choose the 
nonlinear Schrödinger equation: 

 21
,

2 e

n
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where it is assumed that the nonlinearity dominates the linear response [i.e. any anisotropy 
results from the second term on the right-hand side of Eq. (4)]. There are two ways of making 
the comparisons: forward propagation [27] or backward propagation [19,28]. In forward 
propagation, the experimental input is fed into a computer code, whose output is compared 
with the measured output. Backward propagation starts with the measured output and runs the 
code in reverse. For ideal behavior, both methods are equivalent. In practice, back-
propagation performs better, as the output profile is more sensitive to crystal variations and 
has finer features, e.g. higher spatial frequencies, while the input profile provides a better 
characterized and more stringent target. 

 

Fig. 3. Reconstruction of input intensity (top row) and phase (bottom row) from measured 
output for different nonlinear models. The number corresponds to the model listed in Table 1. 
1): pure Kerr nonlinearity. 2): new model using Kerr nonlinearity and anisotropic diffraction 
produces the best reconstructed input. 3): saturable nonlinearity. 4), 7): diffusion models. Scale 
bar: 50 μm. 

Table 1. Various (1 + 1)-D models of nonlinear photorefraction and their effect on 
numerical reconstruction. 

 Model Effect 

1 Δn ∝ I 
Simplest model generates ellipticity near the 
focus of the Gaussian beam. 

2 

Δn ∝ I, 
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yx

e e
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Algorithmic modification (δ-term in Fresnel 
propagation kernel) yields accurate 
reconstruction. 

3 Δn ∝ I/(I + Isat) 

Saturation provides circular reconstruction in 
intensity, but the phase reconstruction is 
distorted. 

4 Δn ∝ ∂x[log(I + Isat)] The intensity profile is distorted and the phase 
contains spurious modulations. 5 Δn ∝ ∂xI 

6 Δn ∝ I + κ∂x[log(I)]  Results are similar to 1), 1), and 3), 
respectively, but with unwanted noise in both 
intensity and phase and phase incorrect phase 
curvature. 

7 Δn ∝ I + κ∂xI  
8 Δn ∝ I/(I + Isat) + κ∂x[log(I + Isat)]  
   

A reverse propagation algorithm is performed simply by replacing the propagation 
distance z with –z in the standard split-step Fourier method [19,28]. This method is a 
nonlinear extension of digital holography and has been used successfully for both nonlinear 
imaging [19,29,30] and the characterization of potentials [31]. As an initial nonlinearity, we 
use the symmetric Kerr response, Δn = −γI, which is often used to model self-defocusing 
experiments. The coefficient γ is calculated by choosing the value that minimizes the sum-of 
squares error between the measured input intensity and the reconstructed input intensity, 
normalized by the total pixel count mxmy: 
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where mx and my are the pixel counts in the x- and y-dimensions. The result is shown in Fig. 
3(a). Even after error minimization, the reconstructed input is highly elliptical. As expected, 
the isotropic Kerr nonlinearity is not sufficient to describe photorefractive propagation. 

 

Fig. 4. Experimentally determined anisotropic correction (δ) as a function of applied electric 
field across the c-axis. 

It is perhaps more surprising that other popular models of the photorefractive response 
also do not capture the asymmetry, even though they provide highly successful descriptions 
of soliton propagation. Reconstructed inputs using the models in Table 1 are shown in Figs. 
3(c)-3(e). While some responses provide a reasonable match for the initial Gaussian intensity, 
all fail in the phase, an indication of the latter’s importance here. (Higher-dimensional (2 + 
1)-D models, such as [32], are significantly more complex, without the improvement of the 
simple modification below.) 

There are two potential causes to the noncircular profile: anisotropic corrections to linear 
diffraction [33] or to the nonlinear response [9]. As uniform bulk changes to the crystal (e.g. 
internal stress) can occur with applied voltage [34], both possibilities were considered. 
Empirically, we found that a Kerr model for Δn could be used successfully, provided that we 
add a nonlinear correction to ne in linear diffraction operator (1) as well. More specifically, 
we added an index shift δ along the c-axis for the linear propagator, which in the Fourier 
domain can be written as 
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where kx and ky are the wavevectors for the x- and y-axis (extraordinary and ordinary 
directions, respectively). For the conditions used to obtain Fig. 3(b), a fit of δ = 0.07 provided 
the best match between the reconstructed input and the experimental one (Fig. 2(a)). 

The measurements, and the form of Eq. (6), suggest that the anisotropy is due to bulk 
changes within the crystal. Indeed, similar diffractive anisotropy has been observed in 
photovoltaic crystals [34,35], which have charge redistribution without an applied voltage 
bias. The results here show that the screening nonlinearity still holds (with or without 
saturation), but the internal field that is screened is modified. This modification results in an 
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anisotropy factor δ that varies as a function of voltage (Fig. 4). Interestingly, there is a 
crossover behavior, as the two terms in Eq. (2) compete with each other. A range of intensity 
measurements, therefore, provides a means of experimentally isolating the physical 
parameters that go into the response (2). 

 

Fig. 5. Experimental results for an image of a 1951 Air Force resolution chart. Top row: 
intensity. Bottom row: phase. a), e): measured input field. b), f): linear (diffracted) output. c), 
g): nonlinear output. Note the severe distortion, especially in the intensity, as compared with 
the linear output. d), h) Reconstructed input using the new anisotropic model accurately 
recovers both intensity and phase. Scale bar: 200 μm. 

In general, the quantity δ is a nonlinear function of several parameters, including both the 
material properties and the optical signal itself. For the case of a DSW, reconstruction and 
modeling are largely unaffected by δ after several diffraction lengths, where the intensity and 
consequent nonlinearity are weak. Instead, nonlinear anisotropy strongly influences 
reconstruction in regions where the beam is strongly focused, i.e. where the local spectrum is 
large. For the DSW considered here, this occurs precisely at the input face of the crystal. 
Therefore, for different length crystals with the same properties, δ remains the same, with its 
phase effect accumulated through different propagation distances Δz. We emphasize that 
while the anisotropy can be quite large (~20%), this does not correspond to a similarly large 
change in nonlinearity; rather, the maximum response remains Δn/n0 ~5 •10−4. 

For more complex input patterns, it is tempting to treat the Gaussian results as a nonlinear 
“point-spread function” that determines the output. Although this approach is technically 
inaccurate — such propagators are intensity-dependent, spatially variable, and (usually) not 
amenable to simple superposition [29] — a single anisotropy factor δ works remarkably well 
in many cases, particularly when it is chosen to correspond to the maximum nonlinearity. An 
example of this, using a 1951 Air Force resolution chart, is shown in Fig. 5. 

In conclusion, we have introduced a phenomenological model to account for anisotropic 
behavior in the nonlinear defocusing of a photorefractive crystal. Measurements were 
obtained using two-dimensional dispersive shock waves, which here act as nonlinear point 
spread functions, and anisotropy was modeled as a voltage-dependent shift to the base index 
of refraction. Physically, this implies that the screening response is the traditional one, while 
internal stresses change the bulk properties of the crystal. The results provide a guideline for 
modeling more complex media and will help improve the accuracy of many nonlinear 
models, such as those for reconstruction of optically induced potentials [31], imaging using 
spatial nonlinearity [29,30], and the growing field of optical hydrodynamics [15, 36–38]. 
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