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Abstract: A near-field calculation of light electric field intensity inside
and in the vicinity of a scattering particle is discussed in the discrete
dipole approximation. A fast algorithm is presented for gridded data. This
algorithm is based on one matrix times vector multiplication performed with
the three dimensional fast Fourier transform. It is shown that for moderate
and large light scattering near field calculations the computer time required
is reduced in comparison to some of the other methods.
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1. Methods

1.1. Introduction

Given a target of arbitrary geometry we seek to calculate the electromagnetic field outside and
inside the target boundary [1–4]. Exact solutions to Maxwell’s equations are known only for
special geometries such as spheres, spheroids, or infinite cylinders, so approximate methods
are in general required. The discrete dipole approximation (DDA) is one such method. The
basic theory of the DDA has been presented elsewhere [5]. Conceptually, the DDA consists of
approximating the target of interest by an array of polarizable points. Once the polarizability
tensors α j are specified, Maxwell’s equations can be solved accurately for the dipole array. For
a monochromatic incident plane wave

Einc(r, t) = E0 exp(ik0 · r− iωt) , (1)

the polarizations P j of the dipoles in the target oscillate coherently. Each dipole i is affected by
the incident wave plus the electric field at location i due to all the other point dipoles

Ei = Einc,i −∑
j �=i

Ãi jP j (2)

(see [5] for Ãi j). The vector of polarizations P j must satisfy the system of equations

Pi = αi

[
Einc(ri)−∑

j �=i

Ãi jP j

]
, (3)

or, defining Ai j ≡ Ãi j +α−1
i δi j,

Einc,i = ∑
j∈target

Ai jP j . (4)

For N dipoles, Eq. (3) is a system of 3N linear equations. The polarizability tensors α j are
obtained from lattice dispersion relation theory [5–7] or other techniques [8]. The matrix Ã
depends only on the ratio of interdipole separation to wavelength. After Ã has been calculated,
Eq. (4) can be solved for P j, using iterative techniques when N � 1.

1.2. Method 1

To calculate the electromagnetic field outside and inside the target boundary one can proceed as
follows. Once the P j are obtained from Eq. (4) the electric field at location i can be calculated
from

Ei = Einc,i − ∑
j∈target

Ãi jP j , (5)

where P j are now known dipole polarizations. The interaction matrix Ãi j is spatially invariant
and depends only on the displacement between i and j. For the special case of near field cal-
culation at the dipole locations inside the target, instead of performing sums in Eq. (5) one can
immediately obtain the electric field E = Einc +Escat as

Ei(at dipole sites) = α−1
i Pi , (6)

where the 3×3 tensor αi depends only on the local refractive index m. In many applications one
is often interested in the near field outside the target. This can be evaluated directly from Eq. (5);
this method was implemented in program ddfield in version 7 of DDSCAT [9] and in ADDA
[10]. However, if the number of locations Nloc is large this method of direct summmation, with
complexity O(3Ntarget ×3Nloc), is computationally very slow.
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1.3. Method 2

It is possible to solve the near field problem by extending the target shape with pseudo-vacuum
sites such that refractive index m is set close to 1 for the vacuum sites and solving scattering
problem Eq. (3) directly. In such case

mi =

{
mtarget original target sites
mvacuum ≈ 1 for the pseudo-vacuum sites

. (7)

This gives

Pi(extended target) =

{
Ptarget original target sites
Pvacuum pseudo-vacuum sites

. (8)

E at grid sites is obtained directly from Eq. (6). The problem with such an approach is that the
iterative procedure is carried out for an extended target and that (for example, in the current
DDSCAT implementation) the refractive index of pseudo-vacuum sites can not be set exactly
to 1 as α−1

i → ∞ in such a case. Because this algorithm employs fast-Fourier transform (FFT)
techniques [11] to speed the matrix-vector multiplications, the complexity of the algorithm
is O[3Ntarget+vacuum ×M log(3Ntarget+vacuum)], where M is number of conjugate gradient iter-
ations. This can be much faster than method 1, but is burdened by the need to include the
pseudo-vacuum sites in the iterative solution of Eq. (4). This method is also mentioned in doc-
umentation of the ADDA code [8].

A requirement of the original DDA calculation is that the grid spacing d be small enough
that the structure in both E and the target be well-resolved (the usual criterion is |m|k0d < 0.5)
and therefore this grid is well-suited for sampling the near-field.

2. Method 3 - main results

It is possible to calculate the near-field sums in Eq. (5) by using just one matrix times vector
operation. To calculate E on a user-selected grid one first does a DDA calculation for the target
shape with Ntarget dipole sites to obtain the polarizations vector Ptarget. Then, using the original
lattice on which the dipoles are located, we define a rectangular volume within which we wish
to compute E. The matrix times vector calculation in Eq. (5) is performed, giving the solution

E = Einc +Escat =

{
α−1

j P j original target sites j
Einc,i −∑j∈target Ãi jP j vacuum sites i

. (9)

The algorithmic complexity is O[3Ntarget+sites× log(3Ntarget+sites)]. This method exploits the fact
that calculation of Eq. (5) can be performed efficiently using FFTs [11] provided the near-field
sites are located on the regular rectangular grid including the original target.

3. Implementation and results

We now discuss implementation of Method 3 in DDSCAT, taking advantage of efficient matrix-
vector calculation using FFTs. In addition, the matrix Ã is not explicitly stored. We perform two
calculations using DDSCAT. First we solve for the polarization P j at the original target dipole
sites. The second calculation extends the original target shape with the vacuum sites with Pi = 0
at which E is to be calculated. This gives the following extended polarization vector

Pi(extended target) =

{
Ptarget original target sites
0 vacuum sites

. (10)

This extended box-like shape forms a rectilinear grid with the total number of dipoles Next. The
grid contains all of the original sites and extended vacuum sites.
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For a sphere with diameter D = 40d the results are presented in Fig. 1. The total internal and
near field electric field intensity is shown in a rectangular volume of size 1.5D×1.5D×1.5D
(60×60×60 lattice sites) centered on the sphere. The refractive index is m = 0.96+1.01i and
size parameter x = 5. For this highly absorptive case the intensity of the total electric field is
small inside the sphere.

Fig. 1. Normalized electric field intensity |E|/|E0| inside and in the proximity of a sphere
calculated on a 60×60×60 grid, on a plane passing through the center of the sphere. The
sphere is modeled by 33552 dipoles on a grid with d = D/40. The refractive index m =
0.96+ 1.01i and x = k0D/2 = 5 (e.g., D = 796nm Au sphere and λ = 500nm). For this
highly absorptive case E is small inside the sphere. The incoming light is linearly polarized
with Einc ‖ ŷ, and propagating in the +x̂ direction.

Figure 2 compares the computational time requirements for the different methods. For each
method we show the total computational time, including iterative solution for the polarization.
All computations were performed in single precision with DDSCAT 7.2, except for the Method
1 nearfield computation, which used the program ddfield from the DDSCAT 7.1 distribution.
The polarization solution was required to converge to an error tolerance of 10−5. In Method
2, the pseudovacuum refractive index was set to 1+ 10−6. For Methods 1 and 3 we used the
PBCGST method from the Parallel Iterative Methods (PIM) package [12], which converged in
11-12 iterations. For Method 2, the PBCGST method failed to converge because of numerical
problems associated with the small polarizabiities of the pseudovacuum sites, and we instead
used the PBCGS2 method [13], which required 26 iterations.

Method 3 is about 10 times faster than Method 2. For a 90×90×90 grid, Method 3 is about
500 times faster than Method 1. The difference in computation time between Method 1 and
Method 3 is largely due to the Ntarget ×Nnearfield scaling for Method 1 vs. the N logN scaling of
Method 3, where Ntarget is the number of dipoles in the target, Nnearfield is the number of points
where the nearfield is calculated, and N = Ntarget +Nnearfield.

The computational differences between Methods 2 and 3 depend on the problem configu-
ration, i.e., the number Nnearfield of pseudo-vacuum dipoles needed for the extended problem,
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Fig. 2. Computational time required for problem of Fig. 1, with E calculated in a
1.5D×1.5D×1.5D volume centered on the sphere. Method 1 calculations were done
with ddfield from the DDSCAT 7.1 distribution. Method 2 calculations were done with
m= 1.000001+0i for the pseudovacuum. Method 3 calculations were done with DDSCAT
7.2.

the value of the refractive index used for the pseudo-vacuum dipole sites, and the conjugate
gradient method used. In the limiting case of no additional pseudo-vacuum dipoles, i.e. when
near field is only needed inside the target, the numerical complexity of Methods 2 and 3 is
the same. In the limit of very large number of pseudo-vacuum sites in comparison to occupied
target sites the time difference will be dominated by the matrix times vector multiplications.
Such difference depends on number of iterations and number of matrix times vector multiplica-
tions needed per conjugate gradient method iteration (typically between 6-12). In more realistic
cases of similar numbers of target sites and pseudo-vacuum sites, like the one presented here
(with Nnearfield/Ntarget ≈ (81/4π) ≈ 6.5) the total time for method 2 and 3 is dominated by the
solution time itself, i.e. it is proportional to MN logN. However, at least in the DDSCAT im-
plementation, the accuracy of method 2 is limited because the solution diverges for refractive
index equal to vacuum.

Also shown are timings for the two parts of Method 3: the time required to solve for Ptarget,
and the additional time required for the nearfield calculation after Ptarget has been found. For
this case, the time required to iteratively solve for Ptarget is about 5 times greater than the time
required by the subsequent nearfield calculation.

4. Summary

A new method (Method 3) for calculation of the near field in the Discrete Dipole Approximation
is presented. It exploits the fact that calculation of sums in Eq. (5) can be performed efficiently
for sites defined on a regular rectangular grid which includes the original target. The method
is consistently faster in comparison to Method 1 even for moderate amount of dipoles such as
40×40×40 dipole grid. The method is implemented in version 7.2 of the public-domain code
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DDSCAT.
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