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Abstract—We study the properties of heteroskedasticity-robust confidence
intervals for regression parameters. We show that confidence intervals
based on a degrees-of-freedom correction suggested by Bell and McCaffrey
(2002) are a natural extension of a principled approach to the Behrens-Fisher
problem. We suggest a further improvement for the case with clustering.
We show that these standard errors can lead to substantial improvements in
coverage rates even for samples with fifty or more clusters. We recommend
that researchers routinely calculate the Bell-McCaffrey degrees-of-freedom
adjustment to assess potential problems with conventional robust standard
errors.

I. Introduction

IT is currently common practice in empirical work to
use standard errors and associated confidence intervals

that are robust to the presence of heteroskedasticity. The
most widely used form of the robust, heteroskedasticity-
consistent standard errors is that associated with the work
of White (1980) (see also Eicker, 1967, and Huber, 1967),
extended to the case with clustering by Liang and Zeger
(1986). The justification for these standard errors and the
associated confidence intervals is asymptotic: they rely on
large samples for their validity. In small samples the proper-
ties of these procedures are not always attractive: the robust
(Eicker-Huber-White, or EHW, and Liang-Zeger or LZ)
variance estimators are biased downward, and the normal-
distribution-based confidence intervals using these variance
estimators can have coverage substantially below nominal
coverage rates.

A large theoretical literature documents and addresses
these small sample problems in the context of linear regres-
sion models, some of it reviewed in MacKinnon and White
(1985), Angrist and Pischke (2009), and MacKinnon (2012).
A number of alternative versions of the robust variance
estimators and confidence intervals have been proposed to
deal with these problems. Some of these alternatives focus
on reducing the bias of the variance estimators (MacKin-
non & White, 1985), some exploit higher-order expansions
(Hausman & Palmer, 2011), others attempt to improve
their properties by using resampling methods (Davidson &
Flachaire, 2008; Cameron, Gelbach, & Miller, 2008; Haus-
man & Palmer, 2011) or data partitioning (Ibragimov &
Müller, 2010), and some use t-distribution approximations
(Bell & McCaffrey, 2002; Donald & Lang, 2007). Given the
multitude of alternatives, combined with the ad hoc nature
of some of them, it is not clear, however, how to choose
among them. Moreover, some researchers (e.g., Angrist
& Pischke, 2009) argue that for commonly encountered
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sample sizes—fifty or more units a fifty or more clusters—
using these alternatives is not necessary because the EHW
and LZ standard errors perform well.

We make three specific points in this paper. First, we show
that a particular improvement to the EHW and LZ confi-
dence intervals, due to Bell and McCaffrey (2002; BM), is
a principled extension of an approach developed by Welch
(1951) to a simple, much-studied, and well-understood
problem, known as the Behrens-Fisher problem (see for a
general discussion, Scheffé, 1970). Understanding how the
BM proposals and other procedures perform in the simple
Behrens-Fisher case provides insight into their general per-
formance. The BM improvement is simple to implement and
in small and moderately sized samples can provide con-
siderable improvement over the EHW and LZ confidence
intervals. We recommend that empirical researchers should,
as a matter of routine, use the BM confidence intervals rather
than the EHW and LZ confidence intervals.1

Second, and this has been pointed out in the theoretical lit-
erature before (e.g., Chesher & Jewitt, 1987), without having
been appreciated in the empirical literature, problems with
the standard robust EHW and LZ variances and confidence
intervals can be substantial even with moderately large sam-
ples (such as fifty units or clusters) if the distribution of the
regressors is skewed. It is the combination of the sample
size and the distribution of the regressors that determines
the accuracy of the standard robust confidence intervals and
the potential benefits from small-sample adjustments.

Third, we suggest a modification of the BM proce-
dure in the case with clustering that further improves the
performance of confidence intervals in that case.

Let us briefly describe the BM improvement. Let V̂EHW be
the standard EHW variance estimator, and let the EHW 95%

confidence interval for a parameter β be β̂ ± 1.96
√

V̂EHW.
The BM modification consists of two components, the first
removing some of the bias and the second changing the
approximating distribution from a normal distribution to the
best-fitting t-distribution. First, the commonly used variance
estimator V̂EHW is replaced by V̂HC2 (a modification for the
general case first proposed by MacKinnon & White, 1985),
which removes some, and in special cases all, of the bias in
V̂EHW relative to the true variance V. Second, the distribu-

tion of (β̂ − β)/

√
V̂HC2 is approximated by a t-distribution.

When t-distribution approximations are used in constructing
robust confidence intervals, the degrees of freedom (dof) are
typically fixed at the number of observations minus the num-
ber of estimated regression parameters. The BM dof choice

1R code for implementing these confidence intervals is available at
https://github.com/kolesarm/Robust-Small-Sample-Standard-Errors.
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for the approximating t-distribution, denoted KBM, is more
sophisticated. It is chosen so that under homoskedasticity,
the distribution of KBM · V̂HC2/V has the first two moments
in common with a chi-squared distribution with dof equal
to KBM, and it is a simple analytic function of the matrix of
regressors. To convert the dof adjustment into a procedure
that only adjusts the standard errors, we can define the BM

standard error as
√

V̂BM =
√

V̂HC2 ·
(

tKBM
0.975/1.96

)
, where tK

q

is the qth quantile of the t-distribution with K dof. A key
insight is that KBM can differ substantially from the sam-
ple size (minus the number of estimated parameters) if the
distribution of the regressors is skewed.

This paper is organized as follows. In the next section, we
study the Behrens-Fisher problem and the solutions offered
by the robust standard error literature specialized to this case.
In section III, we generalize the results to the general linear
regression case, and in section IV, we study the case with
clustering. Along the way, we provide some simulation evi-
dence regarding the performance of the various confidence
intervals, using designs previously proposed in the literature.
We find that in all these settings, the BM proposals perform
well relative to the other procedures. Section V concludes.

II. The Behrens-Fisher Problem: Performance of
Various Proposed Solutions

In this section, we review the Behrens-Fisher problem,
which can be viewed as a special case of linear regression
with a single binary regressor. For this special case, there
is a large literature, and several attractive methods for con-
structing confidence intervals with good properties even in
very small samples have been proposed (see Behrens, 1929;
Fisher, 1939; and for a general discussion, Scheffé, 1970,
Wang, 1971, and Lehmann & Romano, 2005). We discuss
the form of the standard variance estimators for this case, and
discuss when they perform poorly relative to the methods
that are designed especially for this setting.

A. The Behrens-Fisher Problem

Consider a heteroskedastic linear model with a single
binary regressor,

Yi = β0 + β1 · Di + εi, (1)

where Di ∈ {0, 1}, i = 1, . . . , N indexes units, and

E[εi | Di = d] = 0, and var(εi | Di = d) = σ2(d).

We are interested in β1 = cov(Yi, Di)/ var(Di) = E[Yi |
Di = 1] − E[Yi | Di = 0]. Because the regressor Di is
binary, the least squares estimator for the slope coefficient
β1 is given by a difference between two means,

β̂1 = Y 1 − Y 0,

where, for d = 0, 1,

Y d = 1

Nd

∑
i:Di=d

Yi, and

N1 =
N∑

i=1

Di, N0 =
N∑

i=1

(1 − Di).

The estimator β̂1 is unbiased, and, conditional on D =
(D1, . . . , DN)′, its exact finite sample variance is

V = var(β̂1 | D) = σ2(0)

N0
+ σ2(1)

N1
.

If, in addition, we assume normality for εi given Di,
εi | Di = d ∼ N (0, σ2(d)), the exact distribution for β̂1

conditional on D is normal, β̂1 | D ∼ N (β1, V).
The problem of how to do inference for β1 in the absence

of knowledge of σ2(d) is old; it is known as the Behrens-
Fisher problem. We first review a number of the standard
least squares variance estimators, specialized to the case with
a single binary regressor.

B. Homoskedastic Variance Estimator

Suppose the errors are homoskedastic, σ2 = σ2(0) =
σ2(1), so that the exact variance for β̂1 is V = σ2(1/N0 +
1/N1). We can estimate the common error variance σ2 as

σ̂2 = 1

N − 2

N∑
i=1

(
Yi − β̂0 − β̂1 · Di

)2
.

This variance estimator is unbiased for σ2, and as a result,
the estimator for the variance for β̂1,

V̂homo = σ̂2

N0
+ σ̂2

N1
,

is unbiased for the true variance V. Moreover, under nor-

mality of εi given Di, the t-statistic (β̂1 − β1)/

√
V̂homo

has an exact t-distribution with N − 2 dof. Inverting the
t-statistic yields an exact 95% confidence interval for β̂1

under homoskedasticity,

CI95%
homo =

(
β̂1 − tN−2

0.975 ×
√

V̂homo, β̂1 + tN−2
0.975 ×

√
V̂homo

)
,

where tN
q is the qth quantile of a t-distribution with dof

equal to N . This confidence interval is exact under these
two assumptions, normality and homoskedasticity.

C. Robust EHW Variance Estimator

The familiar form of the robust Eicker-Huber-White
(EHW) variance estimator, given the linear model (1), is(

N∑
i=1

XiX
′
i

)−1 (
N∑

i=1

(
Yi − Xiβ̂

)2
XiX

′
i

) (
N∑

i=1

XiX
′
i

)−1

,
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where Xi = (1, Di)
′. In the Behrens-Fisher case with a single

binary regressor the component of this matrix corresponding
to β1 simplifies to

V̂EHW = σ̃2(0)

N0
+ σ̃2(1)

N1
,

where σ̃2(d) = 1

Nd

N∑
i:Di=d

(
Yi − Y d

)2
, d = 0, 1. (2)

The estimators σ̃2(d) are downward-biased in finite sam-
ples, and so V̂EHW is also a downward-biased estimator of
the variance. Using a normal approximation to the t-statistic
based on this variance estimator, we obtain the standard
EHW 95% confidence interval:

CI95%
EHW =

(
β̂1 − 1.96 ×

√
V̂EHW, β̂1 + 1.96 ×

√
V̂EHW

)
.

(3)

The justification for the normal approximation is asymp-
totic even if the error term εi has a normal distribution and
requires both N0, N1 → ∞. Sometimes researchers use a t-
distribution with N −2 dof to calculate the confidence limits,
replacing 1.96 in equation (3) by tN−2

0.975. However, there are
no assumptions under which this modification has exact 95%
coverage.

D. Unbiased Variance Estimator

An alternative to V̂EHW is what MacKinnon and White
(1985) call the HC2 variance estimator, which we denote
by V̂HC2. In general, this correction removes only part of the
bias, but in the single binary regressor (Behrens-Fisher) case,
the MacKinnon-White HC2 correction removes the entire
bias. Its form in this case is

V̂HC2 = σ̂2(0)

N0
+ σ̂2(1)

N1
, where

σ̂2(d) = 1

Nd − 1

N∑
i:Di=d

(
Yi − Y d

)2
, d = 0, 1. (4)

These conditional variance estimators σ̂2(d) differ from the
EHW estimator σ̃2(d) by a factor Nd/(Nd − 1). In com-
bination with the normal approximation to the distribution
of the t-statistic, this variance estimator leads to the 95%
confidence interval:

CI95%
HC2 =

(
β̂1 − 1.96 ×

√
V̂HC2, β̂1 + 1.96 ×

√
V̂HC2

)
.

The estimator V̂HC2 is unbiased for V, but the result-
ing confidence interval is still not exact. Just as in
the homoskedastic case, the sampling distribution of the

t-statistic (β̂1 − β1)/

√
V̂HC2 is in this case not normally dis-

tributed in small samples, even if the underlying errors are

normally distributed—and thus (β̂1 − β1)/
√

V has an exact
standard normal distribution). Whereas in the homoskedas-
tic case, the t-statistic has an exact t-distribution with N − 2
dof, here the exact distribution of the t-statistic does not lend
itself to the construction of exact confidence intervals: the
distribution of V̂HC2 is not chi-squared, but a weighted sum
of two chi-squared distributions with weights that depend on
σ2(d).

In this single-binary-regressor case, it is easy to see that
in some cases, N −2 will be a poor choice for the dof for the
approximating t-distribution. Suppose that there are many
units with Di = 0 and few units with Di = 1 (N0 � N1).
In that case, E[Yi | Di = 0] is estimated relatively precisely,
with variance σ2(0)/N0 ≈ 0. As a result, the distribution of

the t-statistic (β̂1 − β1)/

√
V̂HC2 is approximately equal to

that of (Y 1 − E[Yi | Di = 1])/√σ̂2(1)/N1. The latter has,
under normality, an exact t-distribution with dof equal to
N1 − 1, substantially different from the t-distribution with
N − 2 = N0 + N1 − 2 dof if N0 � N1.

E. Degrees of Freedom Adjustment:
Welch and Bell-McCaffrey Solutions

One popular and attractive approach to deal with the
Behrens-Fisher problem is due to to Welch (1951). Welch
suggests approximating the distribution of the t-statistic

(β̂1 − β1)/

√
V̂HC2 by a t-distribution with dof adjusted

to reflect the variability of the variance estimator V̂HC2.
To describe this adjustment in more detail, consider the
t-statistic in the heteroskedastic case:

tHC2 = β̂1 − β1√
V̂HC2

= β̂1 − β1√
σ̂2(0)/N0 + σ̂2(1)/N1

.

Suppose there was a constant K such that the distribution
of K · V̂HC2/V had a chi-squared distribution with dof equal
to K . Then, under normality, because V̂HC2 is independent
of β̂1 − β1, tHC2 would have a t-distribution with dof equal
to K , which could be exploited to construct an exact con-
fidence interval. Unfortunately, there is no value of K that
makes K · V̂HC2/V exactly chi-squared distributed. Welch
therefore suggests approximating the scaled distribution of
V̂HC2 by a chi-squared distribution, with the dof parameter
K chosen to make the approximation as accurate as possible.
In particular, Welch proposes choosing the dof parameter K
such that K · V̂HC2/V has the first two moments in common
with a chi-squared distribution with dof equal to K . Because
irrespective of the value for K , E[K · V̂HC2/V] = K , this
amounts to choosing K such that var(K · V̂HC2/V) = 2K .
To find this value of K , note that under normality, V̂HC2

is a linear combination of two chi-squared random vari-
ables. To be precise, (N0 − 1)σ̂2(0)/σ2(0) ∼ χ2(N0 − 1),
and (N1 −1)σ̂2(1)/σ2(1) ∼ χ2(N1 −1), and σ̂2(0) and σ̂2(1)

are independent of each other and of β̂1−β1. Hence it follows
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that

var
(
V̂HC2

)
= 2σ4(0)

(N0 − 1)N2
0

+ 2σ4(1)

(N1 − 1)N2
1

,

which leads to

K∗
Welch = 2 · V2

var
(
V̂HC2

) =
(

σ2(0)

N0
+ σ2(1)

N1

)2
/

(
σ4(0)

(N0 − 1)N2
0

+ σ4(1)

(N1 − 1)N2
1

)

=
(

1

N0

σ2(0)

σ2(1)
+ 1

N1

)2
/

(
1

(N0 − 1)N2
0

σ4(0)

σ4(1)
+ 1

(N1 − 1)N2
1

)
.

This choice for K is not feasible because K∗
Welch depends on

the unknown ratio of the conditional variances σ2(0)/σ2(1).
In the feasible version, we approximate the distribution of
tHC2 by a t-distribution with dof equal to

KWelch =
(

σ̂2(0)

N0
+ σ̂2(1)

N1

)2
/

(
σ̂4(0)

(N0 − 1)N2
0

+ σ̂4(1)

(N1 − 1)N2
1

)
, (5)

where the unknown σ2(d) are replaced by the estimates
σ̂2(d). Wang (1971) presents some exact results for the dif-
ference between the coverage of confidence intervals based
on the Welch procedures and the nominal levels, showing
that the Welch intervals perform extremely well in very small
samples.

BM propose a slightly different dof adjustment. For the
Behrens-Fisher problem (regression with a single binary
regressor), the BM modification is minor, but it has consid-
erable attraction in settings with more general distributions
of regressors. The BM adjustment simplifies the Welch dof
K∗

Welch by assuming homoskedasticity, leading to

KBM =
(
σ2/N0 + σ2/N1

)2

σ4/(N0 − 1)N2
0 + σ4/(N1 − 1)N2

1

= (N0 + N1)
2(N0 − 1)(N1 − 1)

N2
1 (N1 − 1) + N2

0 (N0 − 1)
. (6)

Because the BM dof does not depend on the conditional vari-
ances, it is nonrandom conditional on the regressors, and as
a result it tends to be more accurate than the Welch adjust-
ment in settings with noisy estimates of the conditional error
variances. The associated 95% confidence interval is now

CI95%
BM =

(
β̂1 − tKBM

0.975 ×
√

V̂HC2, β̂1 + tKBM
0.975 ×

√
V̂HC2

)
.

(7)

This is the interval we recommend researchers use in
practice.

To gain some intuition for the BM dof adjustment, con-
sider some special cases. First, if N0 � N1, then KBM ≈
N1 − 1. As we have seen before, as N0 → ∞, using N1 − 1
as the dof leads to exact confidence intervals under nor-
mally distributed errors. If the two subsamples are equal
size, N0 = N1 = N/2, then KBM = N − 2. Thus, if the two
subsamples are approximately equal size, the often-used dof
adjustment of N − 2 is appropriate, but if the distribution is
very skewed, this adjustment is likely to be inadequate.

F. Small Simulation Study Based on Angrist-Pischke Design

To see how relevant the small sample adjustments are in
practice, we conduct a small simulation study based on a
design previously used by Angrist and Pischke (2009). The
sample size is N = 30, with N1 = 3 and N0 = 27. The
parameter values are β0 = β1 = 0 (the results are invariant to
the values for β0 and β1). The distribution of the disturbances
is normal,

εi | Di = d ∼ N (0, σ2(d)), d = 0, 1, (8)

with σ2(1) = 1. Angrist and Pischke report results for three
choices for σ(0): σ(0) ∈ {0.5, 0.85, 1}. We add the com-
plementary values σ(0) ∈ {1.18, 2}, where 1.18 ≈ 1/0.85.
Angrist and Pischke report results for a number of variance
estimators, including some where they take the maximum
of V̂homo and V̂EHW or V̂HC2, but they do not consider the
Welch or BM dof adjustments.

We consider the following confidence intervals: first, two
intervals based on the homoskedastic variance estimator
V̂homo, using either the normal distribution or a t-distribution
with N − 2 dof, and then four confidence intervals based on
V̂EHW. The first two again use either the normal or the t-
distribution with N − 2 dof. The last two are based on the
wild bootstrap, a resampling method discussed in more detail
in the appendix. The first one of these methods (denoted
“wild”) is based on the percentile-t method of obtaining the
confidence interval. The second confidence interval (denoted
“wild0”) consists of all null hypotheses H0 : β1 = β0

1 that
were not rejected by wild bootstrap tests that impose the
null hypothesis when calculating the wild bootstrap distri-
bution (see the appendix for details). This method involves
a numerical search and is therefore computationally inten-
sive. Next are seven confidence intervals based on V̂HC2,
using normal distribution; t-distribution with N −2 dof; and
the two versions of the wild bootstrap, KWelch, K∗

Welch, and
KBM. We also include a confidence interval based on V̂HC3

(see the appendix for more details). Finally, we include con-
fidence intervals based on the maximum of V̂homo and V̂EHW

and the maximum of V̂homo and V̂HC2, both using the normal
distribution.

Table 1 presents the simulation results. For each of the
variance estimators, we report coverage probabilities for
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Table 1.—Coverage Rates and Normalized Standard Errors (in Parentheses) for Different Confidence Intervals in the Behrens-Fisher Problem

Angrist-Pischke Unbalanced Design, N0 = 27, N1 = 3, Normal Errors

I II III IV V

σ(0) 0.5 0.85 1 1.18 2

A. Coverage Rates and Median Standard Errors
Variance Cov. Med. Cov. Med. Cov. Med. Cov. Med. Cov. Med.
Estimator Dist/dof Rate SE Rate SE Rate SE Rate SE Rate SE

V̂homo ∞ 72.5 (0.33) 90.2 (0.52) 94.0 (0.60) 96.7 (0.70) 99.8 (1.17)
N − 2 74.5 (0.34) 91.5 (0.54) 95.0 (0.63) 97.4 (0.73) 99.8 (1.22)

V̂EHW ∞ 76.8 (0.40) 79.3 (0.42) 80.5 (0.44) 81.8 (0.45) 86.6 (0.55)
N − 2 78.3 (0.42) 80.9 (0.44) 82.0 (0.46) 83.3 (0.47) 88.1 (0.57)
wild 89.6 (0.73) 89.4 (0.70) 89.6 (0.69) 89.9 (0.68) 91.8 (0.69)
wild0 89.7 (0.55) 97.5 (0.75) 98.7 (0.85) 99.5 (0.99) 99.9 (1.64)

V̂HC2 ∞ 82.5 (0.49) 84.4 (0.51) 85.2 (0.52) 86.2 (0.53) 89.8 (0.62)
N − 2 83.8 (0.51) 85.6 (0.53) 86.5 (0.54) 87.4 (0.56) 91.0 (0.65)
wild 90.3 (0.76) 90.3 (0.74) 90.5 (0.73) 90.8 (0.72) 92.4 (0.73)
wild0 89.8 (0.55) 97.5 (0.75) 98.7 (0.85) 99.4 (0.99) 99.9 (1.64)
K∗

Welch 96.1 (1.02) 96.8 (0.98) 97.0 (0.95) 97.1 (0.93) 96.7 (0.87)
KWelch 93.1 (1.00) 92.5 (0.93) 92.4 (0.90) 92.5 (0.87) 93.5 (0.80)
KBM 94.7 (0.90) 96.4 (0.94) 97.0 (0.95) 97.6 (0.98) 99.1 (1.14)

V̂HC3 ∞ 87.2 (0.60) 88.6 (0.61) 89.2 (0.62) 89.9 (0.63) 92.4 (0.71)
N − 2 88.2 (0.62) 89.5 (0.64) 90.1 (0.65) 90.8 (0.66) 93.4 (0.74)

maxEHW ∞ 82.2 (0.41) 91.8 (0.54) 94.7 (0.62) 97.0 (0.71) 99.8 (1.17)
maxHC2 ∞ 86.1 (0.49) 93.2 (0.57) 95.4 (0.64) 97.3 (0.73) 99.8 (1.17)

B. Mean Effective dof
K∗

Welch 2.1 2.3 2.5 2.7 4.1
KWelch 2.8 3.8 4.4 5.1 8.6
KBM 2.5 2.5 2.5 2.5 2.5

Cov. Rate refers to coverage of nominal 95% confidence intervals (in percentages), and “Med. SE” refers to standard errors normalized by tK
0.975/t∞0.975. Variance estimators and dof adjustments are described in the text,

and wild bootstrap confidence intervals (“wild” and “wild0”) are described in section 2 in the appendix; maxEHW = max(V̂homo, V̂EHW), and maxHC2 = max(V̂homo, V̂HC2). Results are based on 1 million replications,
except for wild bootstrap-based confidence intervals, which use 100,000 replications and 1,000 bootstrap draws in each replication.

nominal 95% confidence intervals and the median of the
standard errors over the simulations. To make the stan-
dard errors comparable, we multiply the square root of the
variance estimators by tK

0.975/t∞0.975 in cases where the confi-
dence intervals are based on t-distributions with K degrees
of freedom. We also report the mean K∗

Welch, KWelch, and
KBM dof adjustments, which are substantial in these designs.
For instance, in the first design, with σ(0)/σ(1) = 0.5, the
infeasible Welch dof is K∗

Welch = 2.1, indicating that the
EHW standard errors may not be reliable: the dof correction
leads to an adjustment in the standard errors by a factor of
t2.1
0.975/t∞0.957 = 4.11/1.96 = 2.1.2 Indeed, the coverage rate

for normal distribution confidence interval based on V̂EHW is
0.77, and it is 0.82 based on the unbiased variance estimator
V̂HC2.

For the variance estimators included in the Angrist-
Pischke design, our simulation results are consistent with
theirs. However, the three confidence intervals based on the
(feasible and infeasible) Welch and BM dof adjustments
are superior in terms of coverage. The confidence inter-
vals based on the wild bootstrap with the null imposed also
perform well, although they have undercoverage somewhat
at σ(0) = 0.5 and are very conservative and wide at

2 To implement the dof adjustment with noninteger dof K , we define the t-
distribution as the ratio of two random variables: one a random variable with
a standard (mean zero, unit variance) normal distribution and the second a
random variable with a gamma distribution with parameters α = K/2 and
β = 2.

σ(0) = 2: their median length is about 45% greater than that
of BM.

An attractive feature of the BM correction is that the confi-
dence intervals have substantially less variation in their width
relative to the Welch confidence intervals. For instance, with
σ(0) = 1, the median widths of the confidence intervals
based on KWelch and KBM are 3.5 and 3.7 (and the Welch
confidence interval slightly undercovers), but the 0.95 quan-
tile of the widths are 7.1 and 6.5. The attempt to base the
approximating chi-square distribution on the heteroskedas-
ticity consistent variance estimates leads to a considerable
increase in the variability of the width of the confidence
intervals (this is evidenced in the variability of KWelch,
which has variance between 2.6 and 7.5 depending on the
design). Moreover, because conditional on the regressors,
the BM critical value is fixed, the size-adjusted power of
tests based on the BM correction coincides with that of
tests based on HC2 and the normal distribution, while, as
evidenced by the simulation results, its size properties are
superior.

By construction, the BM and Welch confidence intervals
are symmetric around the point estimate. The advantage of
imposing symmetry is that the confidence intervals can be
reported in the form of (normalized) standard errors. When
the error distribution is asymmetric, imposing symmetry
could result in worse performance of the BM confidence
intervals relative to some other methods that do not impose
symmetry, such as the wild bootstrap.
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Table 2.—Coverage Rates and Normalized Standard Errors (in Parentheses) for Different Confidence Intervals in the Behrens-Fisher Problem

Angrist-Pischke Unbalanced Design, N0 = 27, N1 = 3, Log-Normal Errors

I II III IV V

σ(0) 0.5 0.85 1 1.18 2

A. Coverage Rates and Median Standard Errors
Variance Cov. Med. Cov. Med. Cov. Med. Cov. Med. Cov. Med.
Estimator Dist/dof Rate SE Rate SE Rate SE Rate SE Rate SE

V̂homo ∞ 75.9 (0.26) 91.8 (0.41) 93.3 (0.47) 94.4 (0.55) 97.0 (0.91)
N − 2 78.2 (0.27) 92.6 (0.43) 93.9 (0.49) 94.9 (0.58) 97.3 (0.96)

V̂EHW ∞ 66.8 (0.22) 73.4 (0.26) 76.7 (0.27) 80.6 (0.30) 91.1 (0.41)
N − 2 68.2 (0.23) 75.0 (0.27) 78.4 (0.29) 82.4 (0.31) 92.6 (0.42)
wild 76.1 (0.36) 78.8 (0.36) 81.1 (0.36) 84.2 (0.38) 94.3 (0.46)
wild0 95.2 (0.44) 99.0 (0.63) 99.1 (0.72) 99.2 (0.84) 99.5 (1.37)

V̂HC2 ∞ 71.3 (0.26) 77.2 (0.29) 80.2 (0.31) 83.7 (0.33) 93.3 (0.44)
N − 2 72.5 (0.27) 78.6 (0.31) 81.7 (0.33) 85.3 (0.35) 94.5 (0.46)
wild 77.2 (0.38) 79.7 (0.38) 81.8 (0.38) 84.7 (0.39) 94.4 (0.48)
wild0 95.2 (0.44) 99.0 (0.63) 99.1 (0.72) 99.2 (0.84) 99.5 (1.37)
KWelch 79.9 (0.47) 82.2 (0.44) 84.3 (0.44) 87.1 (0.44) 95.7 (0.52)
K∗

Welch 90.1 (0.54) 95.8 (0.57) 97.2 (0.57) 98.3 (0.58) 98.9 (0.62)
KBM 87.2 (0.48) 94.9 (0.54) 97.2 (0.57) 98.8 (0.61) 99.7 (0.81)

V̂HC3 ∞ 75.4 (0.31) 80.6 (0.34) 83.2 (0.36) 86.4 (0.38) 94.9 (0.49)
N − 2 76.5 (0.33) 81.9 (0.36) 84.6 (0.37) 87.8 (0.40) 95.9 (0.51)

maxEHW ∞ 85.7 (0.30) 97.8 (0.44) 98.4 (0.50) 98.6 (0.58) 98.8 (0.93)
maxHC2 ∞ 86.9 (0.33) 98.5 (0.46) 99.0 (0.52) 99.2 (0.60) 99.3 (0.94)

B. Mean Effective dof
K∗

Welch 2.1 2.3 2.5 2.7 4.1
KWelch 4.9 7.5 8.5 9.7 14.0
KBM 2.5 2.5 2.5 2.5 2.5

“Cov. Rate” refers to coverage of nominal 95% confidence intervals (in percentages), and “Med. SE” refers to standard errors normalized by tK
0.975/t∞0.975. Variance estimators and degrees-of-freedom (dof) adjustments

are described in the text, and wild bootstrap confidence intervals (“wild” and “wild0”) are described in section 2 in the appedix; maxEHW = max(V̂homo, V̂EHW), and maxHC2 = max(V̂homo, V̂HC2). Results are based on
1 million replications, except for wild bootstrap-based confidence intervals, which use 100,000 replications and 1,000 bootstrap draws in each replication.

To investigate the importance of the assumption of the nor-
mality and symmetry of the errors, we also consider a design
with log-normal errors, εi | Di = d ∼ σ(d)Li, where Li is a
log-normal random variable, recentered and rescaled so that
it has mean zero and variance one. The results are reported in
table 2. Here the BM intervals perform substantially better
than Welch intervals. The undercoverage of the remaining
confidence intervals except the wild bootstrap with the null
imposed is even more severe than with normal errors. The
wild bootstrap intervals, however, again tend to be very con-
servative and wide for larger values of σ(0), although it is
possible that because they are allowed to be asymmetric
around the point estimate, they outperform the BM intervals
for some other error distributions not considered here.

For comparison, we also report in table 3 the results for
a simulation exercise with a balanced design where N0 =
N1 = N/2 = 15, and normal errors. Here KBM = 28 across
the designs, and since t28

0.975 = 2.05 is close to the 1.96, it
suggests that refinements are not important here. Indeed, the
actual coverage rates are close to nominal coverage rates
for essentially all procedures. For a sample size of 30 and
balanced design, the asymptotic normal-distribution-based
approximations are fairly accurate.

III. Linear Regression with General Regressors

Now we look at the general regression case, allowing for
multiple regressors and regressors with other than binomial
distributions.

A. Setup

We have an L-dimensional vector of regressors Xi and a
linear model:

Yi = X ′
iβ + εi, with E [εi|Xi] = 0,

var (εi|Xi) = σ2(Xi).

Let X be the N × L-dimensional matrix with ith row equal
to X ′

i , and let Y and ε be the N-vectors with ith elements
equal to Yi and εi, respectively. The ordinary least squares
estimator is given by

β̂ = (
X′X

)−1 (
X′Y

) =
(

N∑
i=1

XiX
′
i

)−1 (
N∑

i=1

XiYi

)
.

Without assuming homoskedasticity, the exact variance for
β̂ conditional on X is

V = var(β̂ | X) = (
X′X

)−1
N∑

i=1

σ2(Xi)XiX
′
i

(
X′X

)−1
,

with kth diagonal element Vk . For the general regression
case, the EHW robust variance estimator is

V̂EHW = (
X′X

)−1
N∑

i=1

(
Yi − Xiβ̂

)2
XiX

′
i

(
X′X

)−1
,



ROBUST STANDARD ERRORS IN SMALL SAMPLES 707

Table 3.—Coverage Rates and Normalized Standard Errors (in Parentheses) for Different Confidence Intervals in the Behrens-Fisher Problem

Angrist-Pischke Balanced Design, N0 = 15, N1 = 15, Normal Errors

I II III IV V

σ(0) 0.5 0.85 1 1.18 2

A. Coverage Rates and Median Standard Errors
Variance Cov. Med. Cov. Med. Cov. Med. Cov. Med. Cov. Med.
Estimator Dist/dof Rate SE Rate SE Rate SE Rate SE Rate SE

V̂homo ∞ 93.7 (0.28) 94.0 (0.33) 94.0 (0.36) 94.0 (0.39) 93.7 (0.57)
N − 2 94.7 (0.30) 95.0 (0.35) 95.0 (0.38) 95.0 (0.41) 94.7 (0.59)

V̂EHW ∞ 92.8 (0.27) 93.1 (0.32) 93.1 (0.35) 93.1 (0.38) 92.8 (0.55)
N − 2 93.9 (0.29) 94.2 (0.34) 94.2 (0.36) 94.2 (0.40) 93.9 (0.57)
wild 94.9 (0.30) 94.9 (0.35) 95.0 (0.38) 95.0 (0.41) 94.9 (0.60)
wild0 94.8 (0.30) 95.0 (0.35) 95.0 (0.38) 95.0 (0.41) 94.9 (0.60)

V̂HC2 ∞ 93.7 (0.28) 94.0 (0.33) 94.0 (0.36) 94.0 (0.39) 93.7 (0.57)
N − 2 94.7 (0.30) 95.0 (0.35) 95.0 (0.38) 95.0 (0.41) 94.7 (0.59)
wild 94.9 (0.30) 94.8 (0.35) 94.8 (0.38) 94.8 (0.41) 94.8 (0.60)
wild0 94.9 (0.30) 95.0 (0.35) 94.9 (0.38) 95.0 (0.41) 94.8 (0.60)
KWelch 95.0 (0.30) 95.1 (0.35) 95.1 (0.38) 95.1 (0.41) 95.0 (0.60)
K∗

Welch 95.0 (0.30) 95.0 (0.35) 95.0 (0.38) 95.0 (0.41) 95.0 (0.60)
KBM 94.7 (0.30) 95.0 (0.35) 95.0 (0.38) 95.0 (0.41) 94.7 (0.59)

V̂HC3 ∞ 94.5 (0.29) 94.8 (0.35) 94.8 (0.37) 94.8 (0.41) 94.5 (0.59)
N − 2 95.4 (0.31) 95.7 (0.36) 95.7 (0.39) 95.7 (0.43) 95.4 (0.61)

maxEHW ∞ 93.7 (0.28) 94.0 (0.33) 94.0 (0.36) 94.0 (0.39) 93.7 (0.57)
maxHC2 ∞ 93.7 (0.28) 94.0 (0.33) 94.0 (0.36) 94.0 (0.39) 93.7 (0.57)

B. Mean Effective dof
K∗

Welch 20.6 27.3 26.4 27.3 20.6
KWelch 21.0 26.0 28.0 26.0 21.0
KBM 28.0 28.0 28.0 28.0 28.0

“Cov. Rate” refers to coverage of nominal 95% confidence intervals (in percentages), and “Med. SE” refers to standard errors normalized by tK
0.975/t∞0.975. Variance estimators and degrees-of-freedom (dof) adjustments

are described in the text, wild bootstrap confidence intervals (“wild” and “wild0”) are described in section 2 in the appendix; maxEHW = max(V̂homo, V̂EHW), and maxHC2 = max(V̂homo, V̂HC2). Results are based on 1
million replications, except for wild bootstrap-based confidence intervals, which use 100,000 replications and 1,000 bootstrap draws in each replication.

with kth diagonal element V̂EHW,k . Using a normal dis-
tribution, the associated 95% confidence interval for βk

is

CI95%
EHW =

(
β̂k − 1.96 ×

√
V̂EHW,k , β̂k + 1.96 ×

√
V̂EHW,k

)
.

This robust variance estimator and the associated confidence
intervals are widely used in empirical work.

B. Bias-Adjusted Variance Estimator

In section II we discussed the bias of the robust variance
estimator in the case with a single binary regressor. In that
case, there was a simple modification of the EHW variance
estimator that removes all bias. In the general regression
case, it is not possible to remove all bias in general. We
focus on a particular adjustment for the bias first proposed
by MacKinnon and White (1985) see also Horn, Horn, &
Duncan, 1975). In the special case with only a single binary
regressor this adjustment is identical to that used in section
II. Let P = X(X′X)−1X′ be the N × N projection matrix,
with the ith column denoted by Pi = X(X′X)−1Xi and (i, i)th
element denoted by Pii = X ′

i (X
′X)−1Xi. Let Ω be the N ×

N diagonal matrix with the ith diagonal element equal to
σ2(Xi), and let eN ,i be the N-vector with ith element equal
to 1 and all other elements equal to 0. Let IN be the N × N
identity matrix. The residuals ε̂i = Yi −X ′

i β̂ can be written as

ε̂i = εi − e′
N ,iPε = e′

N ,i(IN − P)ε, or, in vector form,

ε̂ = (IN − P)ε.

The expected value of the square of the ith residual is

E
[
ε̂2

i

] = E
[
(e′

N ,i(IN − P)ε)2
] = (eN ,i − Pi)

′Ω(eN ,i − Pi),

which, under homoskedasticity, reduces to σ2(1 − Pii). This
in turn implies that ε̂2

i /(1 − Pii) is unbiased for E
[
ε2

i

]
under

homoskedasticity. This is the motivation for the variance
estimator that MacKinnon and White (1985) introduce as
HC2:

V̂HC2 = (
X′X

)−1
N∑

i=1

(
Yi − Xiβ̂

)2

1 − Pii
XiX

′
i

(
X′X

)−1
. (9)

Suppose we want to construct a confidence interval for βk ,
the kth element of β. The variance of β̂k is estimated as
V̂HC2,k , the kth diagonal element of V̂HC2. The 95% confi-
dence interval, based on the normal approximation, is then
given by

CI95%
HC2 =

(
β̂k − 1.96 ×

√
V̂HC2,k , β̂k + 1.96 ×

√
V̂HC2,k

)
.

C. Degrees of Freedom Adjustment

BM, building on Satterthwaite (1946), suggest approx-
imating the distribution of the t-statistic tHC2 = (β̂k −
βk)/

√
V̂HC2,k by a t-distribution instead of a normal



708 THE REVIEW OF ECONOMICS AND STATISTICS

distribution. As in the binary Behrens-Fisher case, the dof
K are chosen so that under homoskedasticity (Ω = σ2IN ),
the first two moments of K · (V̂HC2,k/Vk) are equal to those
of a chi-squared distribution with degrees of freedom equal
to K . Under homoskedasticity, V̂HC2 is unbiased, and thus
E[V̂HC2,k] = Vk , so that the first moment of K · (V̂HC2,k/Vk)

is always equal to to that of a chi-squared distribution with
dof equal to K . Therefore, we choose K to match the second
moment. Under normality, V̂HC2,k is a linear combination of
N independent chi-squared 1 random variables (with some
of the coefficients equal to 0),

V̂HC2,k =
N∑

i=1

λi · Zi, where Zi ∼ χ2(1),

all Zi independent,

where the weights λi are eigenvalues of the N × N matrix
σ2 ·G′G, with the ith column of the N ×N matrix G, is equal
to

Gi = 1√
1 − Pii

(eN ,i − Pi)X
′
i (X

′X)−1eL,k .

Given these weights, the BM dof that match the first two
moments of K · (V̂HC2,k/Vk) to that of a chi-squared K
distribution is given by

KBM = 2 · V
2
k

var
(
V̂HC2,k

) =
(

N∑
i=1

λi

)2/ N∑
i=1

λ2
i . (10)

The value of KBM depends on only the regressors (through
the matrix G) and not on σ2, even though the weights λi do
depend on σ2. In particular, the effective dof will be smaller
if the distribution of the regressors is skewed. Note also that
the dof adjustment may be different for different elements
of parameter β. The resulting 95% confidence interval is

CI95%
BM =

(
β̂k + tKBM

0.025 ×
√

V̂HC2,k , β̂k + tKBM
0.975 ×

√
V̂HC2,k

)
.

In general, the weights λi that set the moments of the chi-
squared approximation equal to those of the normalized
variance are the eigenvalues of G′ΩG. These weights are
not feasible because Ω is not known in general. The feasible
version of the Sattherthwaite dof suggestion replaces Ω by
Ω̂ = diag(ε̂2

i /(1 − Pii)). However, because Ω̂ is a noisy esti-
mator of the conditional variance, the resulting confidence
intervals are often substantially conservative. By basing the
dof calculation on the homoskedastic case with Ω = σ2 · IN ,
the BM adjustment avoids this problem.

If there is a single binary regressor, the BM solution
for the general case, equation (10), reduces to that in the
binary case, equation (6). Similarly, the infeasible Sattherth-
waite solution, based on the eigenvalues of GΩG, reduces
to the infeasible Welch solution K∗

Welch. In contrast, apply-
ing the feasible Sattherthwaite solution to the case with a

binary regressor does not lead to the feasible Welch solu-
tion because the feasible Welch solution implicitly uses an
estimator for Ω different from Ω̂.

The performance of the Sattherthwaite and BM confidence
intervals is similar to that of the Welch and BM confidence
intervals in the binary case.3 In particular, if the design of
regressors is skewed (e.g., if the regressor of interest has a
log-normal distribution), then the robust variance estimators
V̂EHW and the bias-adjusted version V̂HC2 based on a normal
distribution or a t-distribution with N − 2 dof may provide
substantial undercoverage even when N ≈ 100. In contrast,
the Sattherthwaite and BM confidence intervals control size
even in small samples, because any skewness is captured
in the matrix G, leading to appropriate dof adjustments.
The KBM dof adjustment leads to much narrower confi-
dence intervals with much less variation, so again that is
the superior choice in this setting.

IV. Robust Variance Estimators with Clustering

In this section, we discuss the extensions of the variance
estimators discussed in the previous sections to the case with
clustering. The model is

Yi = X ′
iβ + εi. (11)

There are S clusters. In cluster s, the number of units is
Ns, with the overall sample size N = ∑S

s=1 Ns. Let Si ∈
{1, . . . , S} denote the cluster unit i belongs to. We assume
that the errors εi are uncorrelated between clusters, but there
may be arbitrary correlation within a cluster,

E[ε | X] = 0, E[εε′ | X] = Ω, Ωij =
{

ωij if Si = Sj,
0 otherwise.

If ωij = 0 for i �= j (each unit is in its own cluster), the setup
reduces to that in section III.

Let β̂ be the least squares estimator, and let ε̂i = Yi − X ′
i β̂

be the residual. Let ε̂s be the Ns-dimensional vector with the
residuals in cluster s, let Xs the Ns × L matrix with ith row
equal to the value of X ′

i for the ith unit in cluster s, and let X
be the N × L matrix constructed by stacking X1 through XS.
Define the N × Ns matrix Ps = X(X′X)−1X′

s, the Ns × Ns

matrix Pss = Xs(X′X)−1X′
s, and define the N × Ns matrix

(IN − P)s to consist of the Ns columns of the N × N matrix
(IN − P) corresponding to cluster s.

The exact variance of β̂ conditional on X is given by

V = (X′X)−1X′ΩX(X′X)−1.

The standard robust variance estimator, due to Liang and
Zeger (1986; see also Diggle et al., 2002), is

V̂LZ = (
X′X

)−1
S∑

s=1

X′
sε̂sε̂

′
sXs

(
X′X

)−1
.

3 See an earlier version of this paper (Imbens & Kolesàr, 2012) for
simulation evidence.
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Often a simple multiplicative adjustment is used (e.g., in
STATA), to reduce the bias of the LZ variance estimator:

V̂STATA

= N − 1

N − L
· S

S − 1
· (

X′X
)−1

S∑
s=1

X′
sε̂sε̂

′
sXs

(
X′X

)−1
.

The main component of this adjustment is typically the
S/(S−1) factor, because in many applications, (N −1)/(N −
L) is close to 1.

The bias-reduction modification developed by Bell and
McCaffrey (2002), analogous to the HC2 bias reduction of
the original Eicker-Huber-White variance estimator, is

V̂LZ2 = (
X′X

)−1
S∑

s=1

X′
s(INs − Pss)

−1/2ε̂sε̂
′
s

× (INs − Pss)
−1/2Xs

(
X′X

)−1
,

where (INs − Pss)
−1/2 is the inverse of the symmetric square

root of (INs − Pss). For each of the variance estimators, let
V̂LZ,k , V̂STATA,k and V̂LZ2,k are the kth diagonal elements of
V̂LZ, V̂STATA, and V̂LZ2, respectively.

To define the dof adjustment, let G denote the N×S matrix
with sth column equal to the N-vector:

Gs = (IN − P)s(INs − Pss)
−1/2Xs

(
X′X

)−1
eL,k .

Then the dof adjustment is given by

KBM =
(∑S

i=1 λi

)2

∑S
i=1 λ2

i

,

where λi are the eigenvalues of G′G. If each unit is in its own
cluster (so there is no clustering), this adjustment reduces to
the adjustment given in equation (10). The 95% confidence
interval is given by

CI95%
cluster,BM

=
(

β̂k + tKBM
0.025 ×

√
V̂LZ2,k , β̂k + tKBM

0.975 ×
√

V̂LZ2,k

)
.

(12)

We also consider a slightly different version of the dof
adjustment. In principle, we would like to use the eigenvalues
of the matrix G′ΩG, so that the first two moments of K ·
V̂LZ2,k/Vk match that of χ2(K). It is difficult to estimate
Ω accurately without any restrictions, which motivated BM
to use σ2 · IN instead. In the clustering case, however, it is
attractive to put a random-effects structure on the errors as
in Moulton (1986, 1990) and estimate a model for Ω where

Ωij =

⎧⎪⎨
⎪⎩

σ2
ε if i = j,

ρ if i �= j, Si = Sj.
0 otherwise

We estimate σν as the average of the product of the residuals
for units with Si = Sj, and i �= j,

ρ = 1

m − N

⎛
⎝ S∑

s=1

∑
i : Si=s

∑
j : Sj=s

ε̂iε̂j −
N∑

i=1

ε̂2
i

⎞
⎠ ,

where m = ∑S
s=1 N2

s , and Ns is the number of observations
in cluster S, and we estimate σ2

ε as the average of the square
of the residuals, σ̂2

ε = N−1 ∑N
i=1 ε̂2

i . We then calculate the λ̃i

as the eigenvalues of G′Ω̂G and set

KIK =
(∑S

i=1 λ̃i

)2

∑S
i=1 λ̃2

i

.

A. Small Simulation Study

We carry out a small simulation study. The first set of
designs corresponds to the designs first used in Cameron
et al. (2008). The baseline model (design I) is the same as
in equation (11), with a scalar regressor,

Yi = β0 + β1 · Xi + εi,

with β0 = β1 = 0, Xi = VSi + Wi and εi = νSi + ηi, with
Vs, Wi, νs, ηi all normally distributed, with mean 0 and unit
variance. There there are S = 10 clusters, with Ns = 30 units
in each cluster. In design II, we have S = 5 clusters, again
with Ns = 30 in each cluster. In design III, there are again
S = 10 clusters, half with Ns = 10 and half with Ns = 50.
In the fourth and fifth designs, we return to the design with
S = 10 clusters and Ns = 30 units per cluster. In design IV,
we introduce heteroskedasticity, with ηi|X ∼ N(0, 0.9X2

i ),
and in design V, the regressor is fixed within the clusters:
Wi = 0 and Vs ∼ N (0, 2). All five designs correspond to
those in Cameron et al. (2008).

We consider the following confidence intervals: first are
two intervals based on the homoskedastic variance estima-
tor V̂homo that ignores clustering, using either the normal
distribution or a t-distribution with S − 1 dof, and next are
four confidence intervals based on V̂LZ. The first two again
use either the normal or the t-distribution with S − 1 dof.
The last two are based on the wild bootstrap, a resampling
method discussed in more detail in the appendix. The first of
these methods (denoted “wild”) is based on the percentile-
t method of obtaining the confidence interval. The second
confidence interval (denoted “wild0”) consists of all null
hypotheses H0 : β1 = β0

1 that were not rejected by wild
bootstrap tests that impose the null hypothesis when cal-
culating the wild bootstrap distribution (see the appendix
for details). This method involves a numerical search and
is therefore computationally intensive. Next, we report two
confidence intervals based on V̂STATA, using the normal dis-
tribution and the t-distribution with N − 1 dof. Finally, we
report seven confidence intervals based on V̂LZ2, using the
normal distribution; the t-distribution with S−1 dof, the two



710 THE REVIEW OF ECONOMICS AND STATISTICS

Table 4.—Coverage Rates and Normalized Standard Errors (in Parentheses) for Different Confidence Intervals with Clustering

Cameron-Gelbach-Miller Designs with Ten Clusters

I II III IV V

Five Unbalanced Hetero- Xi Fixed
Baseline Clusters Cluster Size skedasticity in Cluster

A. Coverage Rates and Median Standard Errors
Variance Cov. Med. Cov. Med. Cov. Med. Cov. Med. Cov. Med.
Estimator Dist/dof Rate SE Rate SE Rate SE Rate SE Rate SE

V̂homo ∞ 51.3 (0.06) 53.0 (0.08) 46.6 (0.06) 71.1 (0.18) 36.1 (0.06)
V̂LZ ∞ 84.7 (0.12) 73.9 (0.13) 79.6 (0.12) 85.7 (0.26) 81.7 (0.18)

S − 1 89.5 (0.14) 86.9 (0.19) 85.2 (0.14) 90.2 (0.31) 86.4 (0.21)
wild 92.5 (0.17) 89.8 (0.28) 90.2 (0.18) 92.6 (0.36) 88.7 (0.26)
wild0 94.2 (0.17) 94.0 (1.33) 93.4 (0.17) 94.3 (0.36) 94.3 (0.37)

V̂STATA ∞ 86.7 (0.13) 78.8 (0.15) 81.9 (0.13) 87.6 (0.28) 83.6 (0.19)
S − 1 91.1 (0.15) 90.3 (0.21) 87.2 (0.15) 91.8 (0.32) 88.1 (0.22)

V̂LZ2 ∞ 89.2 (0.14) 84.7 (0.17) 87.2 (0.15) 89.1 (0.29) 87.7 (0.22)
S − 1 93.0 (0.16) 93.6 (0.24) 91.3 (0.17) 92.8 (0.34) 91.4 (0.26)
wild 92.6 (0.18) 90.9 (0.29) 91.2 (0.19) 92.8 (0.37) 88.6 (0.27)
wild0 94.0 (0.17) 93.9 (1.33) 93.7 (0.18) 94.4 (0.36) 94.3 (0.37)
K∗

Satt. 96.9 (0.20) 97.7 (0.34) 97.9 (0.25) 96.2 (0.40) 96.6 (0.35)
KBM 94.4 (0.17) 95.3 (0.27) 94.4 (0.19) 94.2 (0.36) 96.6 (0.35)
KIK 96.7 (0.20) 97.1 (0.33) 97.4 (0.24) 94.7 (0.37) 96.6 (0.35)

B. Mean Effective dof
K∗

Satt. 4.0 2.3 2.9 4.6 3.4
KBM 6.6 3.3 5.1 6.6 3.4
KIK 4.1 2.4 3.1 5.7 3.4

“Cov. Rate” refers to coverage of nominal 95% confidence intervals (in percentages) and “Med. SE” refers to standard errors normalized by tK
0.975/t∞0.975. Variance estimators and degrees-of-freedom (dof) adjustments

are described in the text; wild bootstrap confidence intervals (“wild” and “wild0”) are described in section 2 in the appendix. Results are based on 100,000 replications, except for wild bootstrap-based confidence
intervals, which use 10,000 replications and 500 bootstrap draws in each replication.

versions of the wild bootstrap, KBM, KIK; and the infeasible
Sattherthwaite dof K∗

Satt. that uses eigenvalues of the matrix
G′ΩG to compute the dof correction.

Table 4 presents the simulation results. As in the simu-
lations in section II, we report coverage probabilities and
normalized standard errors for each estimator, and we also
report the mean K∗

Satt., KBM, and KIK dof adjustments, which
are substantial in these designs. The KIK dof adjustment
yields confidence intervals that are closer to K∗

Satt., which
yields slight improvements in coverage. Overall, however,
the BM and IK methods are superior in terms of coverage
to all other methods. Although using S − 1 dof rather than a
normal approximation improves coverage for V̂LZ, V̂STATA,
and V̂LZ2, the confidence intervals still have undercoverage.
The wild bootstrap with the null imposes does better than
these methods, although it results in very wide confidence
intervals in design II with only five clusters. In design III,
the unbalanced cluster size means that the distribution of
the regressor is more skewed than in design I and leads
to one less effective dof (3.1 rather than 4.1 for KIK, for
instance), and consequently to more severe undercoverage
of the standard confidence interval.

To further investigate the effect of the skewness of the
regressors, we consider additional simulation designs, which
are reported in table 5. The baseline design (design VI) is
the same as design I, except there are 50 clusters, with six
observations in each cluster. Here, as in the balanced design
in section II, the dof correction is not important, and all
methods perform well. Next, in design VII, we consider a

log-normal distribution of the regressor, Vs ∼ exp(N (0, 1)),
Wi = 0. Here, the dof correction matters, and standard meth-
ods have substantial undercoverage in spite of there being as
many as 50 clusters. Finally, we consider three designs sim-
ilar to the unbalanced designs in section II. There are three
treated states with Xi = 1, and Xi = 0 for observations in the
remaining states. In design IX, the errors are drawn as in the
baseline design, with both νSi and ηi standard normal. In
design VIII, νSi | Xi = x ∼ N (0, σν(x)), with σν(1) = 2 and
σν(0) = 1. The final design (design X) is the same, except
σν(1) = 1 and σν(0) = 2. Again, in these designs, the stan-
dard methods provide undercoverage due to the skewness of
the regressors despite the relatively large number of clusters.
In contrast, both the IK and the BM adjustments work well.

V. Conclusion

Although a substantial literature documents the poor prop-
erties of the conventional robust standard errors in small
samples, in practice many researchers continue to use the
EHW and LZ robust standard errors. Here, we discuss one
of the proposed modifications, due to Bell and McCaffrey
(2002), and argue that it should be used more widely, even in
moderately sized samples, especially when the distribution
of the covariates is skewed. The modification is straightfor-
ward to implement. It consists of two components. First,
it removes some of the bias in the EHW variance esti-
mator. Second, it uses a dof adjustment that matches the
moments of the variance estimator to one of a chi-squared
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Table 5.—Coverage Rates and Normalized Standard Errors (in Parentheses) for Different Confidence Intervals with Clustering

Fifty Clusters

VI VII VIII IX X

Baseline, Log- Three Treated Three Treated Three Treated
Balanced Normal Clusters, Clusters, Clusters,

Covariates Regressors σν(1)

σν(0)
= 2 σν(1)

σν(0)
= 1 σν(1)

σν(0)
= 1/2

A. Coverage Rates and Median Standard Errors
Variance Cov. Med. Cov. Med. Cov. Med. Cov. Med. Cov. Med.
Estimator Dist/dof Rate SE Rate SE Rate SE Rate SE Rate SE

V̂homo ∞ 80.8 (0.06) 69.8 (0.04) 43.6 (0.35) 69.9 (0.34) 86.1 (0.52)
V̂LZ ∞ 93.0 (0.08) 86.0 (0.07) 76.2 (0.82) 78.6 (0.45) 83.6 (0.52)

S − 1 93.7 (0.08) 86.9 (0.07) 77.0 (0.84) 79.5 (0.46) 84.4 (0.53)
wild 94.3 (0.09) 86.9 (0.08) 89.9 (1.52) 89.0 (0.76) 90.4 (0.71)
wild0 94.4 (0.09) 95.4 (0.12) 94.3 (1.23) 99.8 (1.12) 99.9 (2.08)

V̂STATA ∞ 93.4 (0.08) 86.5 (0.07) 76.7 (0.83) 79.1 (0.46) 84.1 (0.52)
S − 1 94.0 (0.09) 87.3 (0.07) 77.5 (0.85) 80.0 (0.47) 84.9 (0.54)

V̂LZ2 ∞ 93.7 (0.08) 89.7 (0.08) 82.0 (0.99) 83.8 (0.54) 87.4 (0.60)
S − 1 94.3 (0.09) 90.3 (0.08) 82.7 (1.02) 84.5 (0.56) 88.1 (0.61)
wild 94.1 (0.09) 86.4 (0.08) 90.6 (1.55) 90.2 (0.80) 91.3 (0.76)
wild0 94.3 (0.09) 95.6 (0.12) 94.5 (1.23) 99.7 (1.11) 99.9 (2.08)
K∗

Satt. 95.3 (0.09) 97.1 (0.11) 95.7 (2.11) 96.6 (1.07) 98.8 (1.19)
KBM 94.7 (0.09) 97.1 (0.11) 94.9 (1.95) 96.6 (1.07) 98.7 (1.18)
KIK 95.2 (0.09) 97.1 (0.11) 94.9 (1.95) 96.6 (1.07) 98.7 (1.18)

B. Mean Effective dof
K∗

Satt. 20 5.4 2.1 2.3 2.2
KBM 28 5.4 2.3 2.3 2.3
KIK 20 5.4 2.3 2.3 2.3

“Cov. Rate” refers to coverage of nominal 95% confidence intervals (in percentages), and “Med. SE” refers to standard errors normalized by tK
0.975/t∞0.975. Variance estimators and degrees-of-freedom (dof) adjustments

are described in the text; wild bootstrap confidence intervals (“wild” and “wild0”) are described in section 2 in the appendix. Results are based on 100,000 replications, except for wild bootstrap-based confidence
intervals, which use 10,000 replications and 500 bootstrap draws in each replication.

distribution. The dof adjustment depends on the sample size
and the joint distribution of the covariates, and it differs by
covariate. We discuss the connection to the Behrens-Fisher
problem and suggest a minor modification for the case with
clustering.
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APPENDIX

Other Methods

1. HC3

A second alternative to the EHW variance estimator is V̂HC3. We use the
version discussed in MacKinnon (2012):

V̂HC3 =
(

N∑
i=1

XiX
′
i

)−1 (
N∑

i=1

(
Yi − Xiβ̂

)2

(1 − Pii)
2 XiX

′
i

) (
N∑

i=1

XiX
′
i

)−1

. (A1)

Compared to V̂HC2, this variance estimator has the square of 1 − Pii in the
denominator. In the binary regressor case, this leads to

V̂HC3 = σ2(0)
N0

(N0 − 1)2
+ σ2(1)

N1

(N1 − 1)2
.

In simple cases, this leads to an upwardly biased estimator for the variance.

2. Wild Bootstrap

Although the confidence intervals based on the standard nonparametric
bootstrap (where we resample N units picked with replacement from the
original sample) have better coverage than the EHW confidence intervals,
they can still suffer from substantial undercoverage if the distribution of the
regressors is skewed or the sample size is small (see, e.g., MacKinnon, 2002,
or Cameron et al., 2008, for simulation evidence). The problem is that the
additional noise introduced by variation in the regressors adversely affects
the the properties of the corresponding confidence intervals. Researchers
have therefore focused on alternative resampling methods. One that has been
proposed as an attractive choice is the wild bootstrap (Liu, 1988; Mammen,
1993; Cameron et al., 2008; Davidson & Flachaire, 2008; MacKinnon,
2002, 2012).

There are several ways to implement the wild bootstrap. Here we focus
on two methods based on resampling the t-statistic. We describe the two
methods first in the regression setting and then in the cluster setting.

Suppose that we wish to test the hypothesis that H0 : β� = β0
� . Let β̂

be the least squares estimate in the original sample, let ε̂ = Yi − X ′
i β̂ be

the estimated residuals, and let V̂ be a variance estimator, either V̂EHW, or
V̂HC2, or V̂HC3. Let t̂ = (β̂� − β0

�)/
√

V̂ denote the t-statistic.
In the wild bootstrap, the regressor values are fixed in the resampling.

For the first method, the value of the ith outcome in the bth bootstrap
replication is redrawn as

Yi,b = X ′
i β̂1 + Ui,b · ε̂i,

where Ui,b is a binary random variable with pr(Ui,b = 1) = pr(Ui,b =
−1) = 1/2, with Ui,b independent across i and b. (Other distributions for
Ui,b are also possible; we focus on this particular choice following Cameron
et al., 2008.) The second method we consider “imposes the null” when
redrawing the outcomes. In particular, letting β̃(β0

�) denote the value of
the restricted least squares estimate that minimizes the sum of squared
residuals subject to β� = β0

� . Then the ith outcome in the bth bootstrap
replication is redrawn as

Yi,b = X ′
i β̃(β0

�) + Ui,b · (Yi − X ′
i β̃(β0

�)).

Once the new outcomes are redrawn, for each bootstrap sample (Yi,b, Xi)
n
i=1,

calculate the t-statistic as

t1
b = β̂b,� − β̂�√

V̂b

if using the first method or as

t2
b(β

0
�) = β̂b,� − β0

�√
V̂b

if using the second method, where V̂b is some variance estimator. We focus
on a symmetric version of the critical values. In particular, over all the
bootstrap samples, set the critical value to q0.95(|t1|), the 0.95 quantile of
the distribution of |t1

b | (or q0.95(|t2(β0)|) if using the second method). Reject
the null if |t̂| is greater than the critical value.

The first method does not impose the null hypothesis when redraw-
ing the outcomes or calculating the critical value, so that q0.95(|t1|) does
not depend on which β0

� is being tested. Therefore, to construct a 95%
confidence interval, we simply replace the standard 1.96 critical value by
qwild

0.95 :

CI95%
wild =

(
β̂� − q0.95(|t1|) ×

√
V̂, β̂1 + q0.95(|t1|) ×

√
V̂

)
. (A2)

We denote this confidence interval as “wild” in the simulations. For the
second method, the confidence interval consists of all points b such that the
null H0 : β� = b is not rejected:

CI95%
wild0 =

{
b : |β̂� − b|/

√
ˆ̂
V ≤ qwild

0.95(t
2(b))

}
.

We denote this confidence interval as “wild0” in the simulations. Because
constructing this confidence interval involves testing many null hypotheses,
the method is computationally intensive. The wild bootstrap standard errors
reported in the tables are defined as the length of the bootstrap confidence
interval divided by 2 × 1.96.

For the cluster version of the wild bootstrap, the bootstrap variable Us,b

is indexed by the cluster only. Again the distribution of Us,b is binary with
values −1 and 1 and probability pr(Us,b = 1) = pr(Us,b = −1) = 0.5. The
bootstrap value for the outcome for unit i in cluster s is then

Yis,b = X ′
isβ̂ + Us,b · ε̂is

for the first method and

Yis,b = X ′
isβ̃(β0,�) + Us,b · (Yis − X ′

isβ̃(β0,�))

for the second method that imposes the null, with the covariates Xis

remaining fixed across the bootstrap replications.

https://www.mitpressjournals.org/action/showLinks?doi=10.1162%2FREST_a_00552&crossref=10.1093%2Fbiomet%2F38.3-4.330&citationId=p_28
https://www.mitpressjournals.org/action/showLinks?doi=10.1162%2FREST_a_00552&crossref=10.1016%2F0304-4076%2886%2990021-7&citationId=p_23
https://www.mitpressjournals.org/action/showLinks?doi=10.1162%2FREST_a_00552&crossref=10.2307%2F3002019&citationId=p_25
https://www.mitpressjournals.org/action/showLinks?doi=10.1162%2FREST_a_00552&crossref=10.1080%2F01621459.1971.10482315&citationId=p_27
https://www.mitpressjournals.org/action/showLinks?doi=10.1162%2FREST_a_00552&crossref=10.1080%2F01621459.1971.10482315&citationId=p_27
https://www.mitpressjournals.org/action/showLinks?doi=10.1162%2FREST_a_00552&crossref=10.2307%2F1912934&citationId=p_29


This article has been cited by:

1. Ylva Fredriksson Kaul, Kerstin Rosander, Helena Grönqvist, Katarina Strand Brodd, Lena Hellström-Westas, Claes von Hofsten.
2019. Reaching skills of infants born very preterm predict neurodevelopment at 2.5 years. Infant Behavior and Development 57, 101333.
[Crossref]

2. Cong Cao, Markus Pauly, Frank Konietschke. 2019. The Behrens–Fisher problem with covariates and baseline adjustments. Metrika
28. . [Crossref]

3. Keith Finlay, Leandro M. Magnusson. 2019. Two applications of wild bootstrap methods to improve inference in cluster‐IV models.
Journal of Applied Econometrics 91. . [Crossref]

4. Julia Schulte-Cloos. 2019. The effect of European Parliament elections on political socialisation. Journal of European Public Policy
26:7, 1094-1111. [Crossref]

5. Justin Esarey, Andrew Menger. 2019. Practical and Effective Approaches to Dealing With Clustered Data. Political Science Research
and Methods 7:3, 541-559. [Crossref]

6. Sarah Price, Anne Spencer, Antonieta Medina-Lara, Willie Hamilton. 2019. Availability and use of cancer decision-support tools: a
cross-sectional survey of UK primary care. British Journal of General Practice 69:684, e437-e443. [Crossref]

7. Nikolaus Axmann, Torben Fischer, Kevin Keller, Kevin Leiby, Daniel Stein, Paul Wang. 2019. Access and Adoption of Hybrid Seeds:
Evidence from Uganda. Journal of African Economies 42. . [Crossref]

8. James G. MacKinnon. 2019. How cluster‐robust inference is changing applied econometrics. Canadian Journal of Economics/Revue
canadienne d'économique 28. . [Crossref]

9. Bruce E. Hansen, Seojeong Lee. 2019. Asymptotic theory for clustered samples. Journal of Econometrics 210:2, 268-290. [Crossref]
10. Daniel McNeish. 2019. Effect Partitioning in Cross-Sectionally Clustered Data Without Multilevel Models. Multivariate Behavioral

Research 9, 1-20. [Crossref]
11. James G. MacKinnon, Matthew D. Webb. Wild Bootstrap Randomization Inference for Few Treated Clusters 61-85. [Crossref]
12. Nelson B Villoria. 2019. Technology Spillovers and Land Use Change: Empirical Evidence from Global Agriculture. American Journal

of Agricultural Economics 101:3, 870-893. [Crossref]
13. Andreas Hagemann. 2019. Placebo inference on treatment effects when the number of clusters is small. Journal of Econometrics .

[Crossref]
14. Antoine A. Djogbenou, James G. MacKinnon, Morten Ørregaard Nielsen. 2019. Asymptotic theory and wild bootstrap inference with

clustered errors. Journal of Econometrics . [Crossref]
15. Heather Congdon Fors, Kenneth Houngbedji, Annika Lindskog. 2019. Land certification and schooling in rural Ethiopia. World

Development 115, 190-208. [Crossref]
16. Rob J.M. Alessie, Viola Angelini, Gerard J. van den Berg, Jochen O. Mierau, Laura Viluma. 2019. Economic conditions at birth and

cardiovascular disease risk in adulthood: Evidence from post-1950 cohorts. Social Science & Medicine 224, 77-84. [Crossref]
17. Rodney J. Brown, Bjorn N. Jorgensen, Peter F. Pope. 2019. The interplay between mandatory country-by-country reporting,

geographic segment reporting, and tax havens: Evidence from the European Union. Journal of Accounting and Public Policy 38:2,
106-129. [Crossref]

18. Z. J. Lin, M. S. Li, T. Y. Ji, L. Liu, X. Y. Yang, Y. L. Li. Stochastic Economic-Emission Dispatch with Confidence Interval Constraint
565-570. [Crossref]

19. Jesus Gonzalez-Feliu, Iván Sánchez-Díaz. 2019. The influence of aggregation level and category construction on estimation quality for
freight trip generation models. Transportation Research Part E: Logistics and Transportation Review 121, 134-148. [Crossref]

20. James E. Pustejovsky, Elizabeth Tipton. 2018. Small-Sample Methods for Cluster-Robust Variance Estimation and Hypothesis Testing
in Fixed Effects Models. Journal of Business & Economic Statistics 36:4, 672-683. [Crossref]

21. Federico A. Bugni, Ivan A. Canay, Azeem M. Shaikh. 2018. Inference Under Covariate-Adaptive Randomization. Journal of the
American Statistical Association 113:524, 1784-1796. [Crossref]

22. Rob Alessie, Viola Angelini, Jochen O. Mierau, Laura Viluma. 2018. Economic downturns and infant health. Economics & Human
Biology 30, 162-171. [Crossref]

23. Alberto Abadie, Matias D. Cattaneo. 2018. Econometric Methods for Program Evaluation. Annual Review of Economics 10:1, 465-503.
[Crossref]

24. Stanislav Anatolyev. 2018. Almost unbiased variance estimation in linear regressions with many covariates. Economics Letters 169,
20-23. [Crossref]

https://doi.org/10.1016/j.infbeh.2019.101333
https://doi.org/10.1007/s00184-019-00729-2
https://doi.org/10.1002/jae.2710
https://doi.org/10.1080/13501763.2019.1620841
https://doi.org/10.1017/psrm.2017.42
https://doi.org/10.3399/bjgp19X703745
https://doi.org/10.1093/jae/ejz019
https://doi.org/10.1111/caje.12388
https://doi.org/10.1016/j.jeconom.2019.02.001
https://doi.org/10.1080/00273171.2019.1602504
https://doi.org/10.1108/S0731-905320190000039003
https://doi.org/10.1093/ajae/aay088
https://doi.org/10.1016/j.jeconom.2019.04.011
https://doi.org/10.1016/j.jeconom.2019.04.035
https://doi.org/10.1016/j.worlddev.2018.11.008
https://doi.org/10.1016/j.socscimed.2019.02.006
https://doi.org/10.1016/j.jaccpubpol.2019.02.001
https://doi.org/10.1109/GTDAsia.2019.8715979
https://doi.org/10.1016/j.tre.2018.07.007
https://doi.org/10.1080/07350015.2016.1247004
https://doi.org/10.1080/01621459.2017.1375934
https://doi.org/10.1016/j.ehb.2018.07.005
https://doi.org/10.1146/annurev-economics-080217-053402
https://doi.org/10.1016/j.econlet.2018.05.003


25. Michal Kolesár, Christoph Rothe. 2018. Inference in Regression Discontinuity Designs with a Discrete Running Variable. American
Economic Review 108:8, 2277-2304. [Crossref]

26. Anitha Seetha, Emmanuel S. Monyo, Takuji W. Tsusaka, Harry W. Msere, Frank Madinda, Tiyamika Chilunjika, Ethel Sichone,
Dickson Mbughi, Benson Chilima, Limbikani Matumba. 2018. Aflatoxin-lysine adducts in blood serum of the Malawian rural
population and aflatoxin contamination in foods (groundnuts, maize) in the corresponding areas. Mycotoxin Research 34:3, 195-204.
[Crossref]

27. Angus Deaton, Nancy Cartwright. 2018. Understanding and misunderstanding randomized controlled trials. Social Science & Medicine
210, 2-21. [Crossref]

28. Max Tabord-Meehan. 2018. Inference With Dyadic Data: Asymptotic Behavior of the Dyadic-Robust t -Statistic. Journal of Business
& Economic Statistics 28, 1-10. [Crossref]

29. James G. MacKinnon, Matthew D. Webb. 2018. The wild bootstrap for few (treated) clusters. The Econometrics Journal 21:2, 114-135.
[Crossref]

30. Frank Nagle. 2018. Open Source Software and Firm Productivity. Management Science . [Crossref]
31. Dalton Conley, Rebecca Johnson, Ben Domingue, Christopher Dawes, Jason Boardman, Mark Siegal. 2018. A sibling method for

identifying vQTLs. PLOS ONE 13:4, e0194541. [Crossref]
32. Coady Wing, Kosali Simon, Ricardo A. Bello-Gomez. 2018. Designing Difference in Difference Studies: Best Practices for Public

Health Policy Research. Annual Review of Public Health 39:1, 453-469. [Crossref]
33. Matthew Embrey, Guillaume R Fréchette, Sevgi Yuksel. 2018. Cooperation in the Finitely Repeated Prisoner’s Dilemma*. The

Quarterly Journal of Economics 133:1, 509-551. [Crossref]
34. Eimear Crowe, Michael Daly, Liam Delaney, Susan Carroll, Kevin M. Malone. 2018. The intra-day dynamics of affect, self-esteem,

tiredness, and suicidality in Major Depression. Psychiatry Research . [Crossref]
35. Guillaume Basse, Avi Feller. 2018. Analyzing Two-Stage Experiments in the Presence of Interference. Journal of the American Statistical

Association 113:521, 41-55. [Crossref]
36. Slawa Rokicki, Jessica Cohen, Günther Fink, Joshua A. Salomon, Mary Beth Landrum. 2017. Inference With Difference-in-Differences

With a Small Number of Groups. Medical Care 1. [Crossref]
37. Marianna Battaglia, Lara Lebedinski. 2017. The curse of low expectations. Economics of Transition 25:4, 681-721. [Crossref]
38. P. Owen. 2017. Evaluating Ingenious Instruments for Fundamental Determinants of Long-Run Economic Growth and Development.

Econometrics 5:3, 38. [Crossref]
39. Jan Paul Heisig, Merlin Schaeffer, Johannes Giesecke. 2017. The Costs of Simplicity: Why Multilevel Models May Benefit from

Accounting for Cross-Cluster Differences in the Effects of Controls. American Sociological Review 82:4, 796-827. [Crossref]
40. James G. MacKinnon, Matthew D. Webb. 2017. Wild Bootstrap Inference for Wildly Different Cluster Sizes. Journal of Applied

Econometrics 32:2, 233-254. [Crossref]
41. S. Athey, G.W. Imbens. The Econometrics of Randomized Experiments a 73-140. [Crossref]
42. Michael Leung. 2017. Dependence-Robust Inference Using Randomized Subsampling. SSRN Electronic Journal . [Crossref]
43. Bruce Hansen, Seojeong Lee. 2017. Asymptotic Theory for Clustered Samples. SSRN Electronic Journal . [Crossref]
44. Daniel K. Fetter. 2016. The Home Front: Rent Control and the Rapid Wartime Increase in Home Ownership. The Journal of Economic

History 76:4, 1001-1043. [Crossref]
45. James G. MacKinnon. 2016. Inference with Large Clustered Datasets. L'Actualité économique 92:4, 649. [Crossref]
46. Jan Paul Heisig, Merlin Schaeffer, Johannes Giesecke. 2015. Multilevel Modeling When the Effects of Lower-Level Variables Vary

Across Clusters. A Monte-Carlo Comparison of Mixed-Effects Models, Cluster-Robust Pooled OLS and Two-Step Estimation. SSRN
Electronic Journal . [Crossref]

47. Joshua Benjamin Miller, Adam Sanjurjo. 2015. Surprised by the Gambler's and Hot Hand Fallacies? A Truth in the Law of Small
Numbers. SSRN Electronic Journal . [Crossref]

48. Matthew Embrey, Guillaume R. Frechette, Sevgi Yuksel. 2015. Cooperation in the Finitely Repeated Prisoner's Dilemma. SSRN
Electronic Journal . [Crossref]

https://doi.org/10.1257/aer.20160945
https://doi.org/10.1007/s12550-018-0314-5
https://doi.org/10.1016/j.socscimed.2017.12.005
https://doi.org/10.1080/07350015.2017.1409630
https://doi.org/10.1111/ectj.12107
https://doi.org/10.1287/mnsc.2017.2977
https://doi.org/10.1371/journal.pone.0194541
https://doi.org/10.1146/annurev-publhealth-040617-013507
https://doi.org/10.1093/qje/qjx033
https://doi.org/10.1016/j.psychres.2018.02.032
https://doi.org/10.1080/01621459.2017.1323641
https://doi.org/10.1097/MLR.0000000000000830
https://doi.org/10.1111/ecot.12134
https://doi.org/10.3390/econometrics5030038
https://doi.org/10.1177/0003122417717901
https://doi.org/10.1002/jae.2508
https://doi.org/10.1016/bs.hefe.2016.10.003
https://doi.org/10.2139/ssrn.3036626
https://doi.org/10.2139/ssrn.3099187
https://doi.org/10.1017/S0022050716001017
https://doi.org/10.7202/1040501ar
https://doi.org/10.2139/ssrn.2703431
https://doi.org/10.2139/ssrn.2627354
https://doi.org/10.2139/ssrn.2743269

