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We derive the explicit Hamiltonian of twisted bilayer graphene (TBG) with Coulomb interaction
projected into the flat bands, and study the symmetries of the Hamiltonian. First, we show that all
projected TBG Hamiltonians can be written as Positive Semidefinite Hamiltonian, the first example
of which was found in [I]. We then prove that the interacting TBG Hamiltonian exhibits an exact
U(4) symmetry in the exactly flat band (nonchiral-flat) limit. We further define, besides a first
chiral limit where the AA stacking hopping is zero, a new second chiral limit where the AB/BA
stacking hopping is zero. In the first chiral-flat limit (or second chiral-flat limit) with exactly flat
bands, the TBG is enhanced to have an exact U(4)xU(4) symmetry, whose generators are different
between the two chiral limits. While in the first chiral limit and in the non-chiral case these
symmetries have been found in Ref. [2] for the 8 lowest bands, we here prove that they are valid for
projection into any 8nmax particle-hole symmetric TBG bands, with nmax > 1 being the practical
case for small twist angles < 1°. Furthermore, in the first or second chiral-nonflat limit without
flat bands, an exact U(4) symmetry still remains. We also elucidate the link between the U(4)
symmetry presented here and the similar but different U(4) of [I]. Furthermore, we show that our
projected Hamiltonian can be viewed as the normal-ordered Coulomb interaction plus a Hartree-
Fock term from passive bands, and exhibits a many-body particle-hole symmetry which renders the
physics symmetric around charge neutrality. We also provide an efficient parameterization of the
interacting Hamiltonian. The existence of two chiral limits, with an enlarged symmetry suggests a

possible duality of the model yet undiscovered.

I. INTRODUCTION

Twisted bilayer graphene (TBG) near the magic an-
gle 8 ~ 1.1° hosts flat electron bands, and exhibits re-
markable interacting phases including correlated insula-
tors, Chern insulators and superconductors [IHIT1]. Both
transport [4HI5L 24H27] and scanning tunneling micro-
scope [16H23] experiments show the correlated insulators
and Chern insulators originate from strong many-body
interactions. Extensive theoretical studies have been de-
voted to understanding the electron interactions in TBG
[1, 2, 53H104]. Kang and Vafek [I] first proposed that, by
projecting in a non-maximally-symmetric Wannier basis,
a non-negative interaction Hamiltonian can be obtained,
whose ground state at v = £2 electrons per unit cell
(with respect to charge neutrality) is an exactly solvable
insulator with some mild approximation. A U(4) symme-
try was also identified for the TBG interaction [I} 2] [73]
(both Refs. [1l 2] identified a U(4), which we show here
to be similar but different), which was shown to enlarge
into a U(4)xU(4) symmetry in the chiral limit wg = 0
[2]. However, these symmetries were proposed only for
the 8 lowest bands (2 bands per valley-spin) around the
charge neutrality point, which applies for the first magic
angle; while the TBG theoretically and experimentally
exhibits, for example, 32 low-energy ”active” bands (8
bands per valley-spin) around charge neutrality at lower
angles 6 = 0.45° [30].

In this paper, we derive the explicit TBG Hamiltonian
Coulomb Hamiltonian projected within any number of

8Nmax (2Nmax Per spin per valley, nmax > 1) particle-hole
symmetric low-lying moiré bands. For the first magic
angle, the number of bands where the projection makes
sense is 8 (2 per spin-valley) moiré bands in momentum
space; for smaller angles, the number increases. We show
the exact projected Coulomb interaction Hamiltonian
can always be written into a Kang-Vafek type [I] non-
negative form, which we hereby call Positive Semidefinite
Hamiltonian (PSDH). The projected Hamiltonian we de-
rived can be understood as the normal-ordered Coulomb
interaction in the active bands plus a Hartree-Fock po-
tential from the passive bands. Furthermore, the pro-
jected Hamiltonian has a many-body particle-hole sym-
metry, which ensures that all the physics are particle-hole
symmetric about charge neutrality, in agreement with
the overall picture of the experimental observations. We
then study the TBG symmetries in the flat band limit.
We prove the existence of not one but two (first and sec-
ond) chiral limits defined by zero hopping at either AA
or AB/BA stackings. We prove that the projected TBG
Hamiltonian in the nonchiral-flat limit has an exact U(4)
symmetry, which breaks to a U(2) x U(2) when kinetic
energy is added (nonchiral-nonflat case). This symmetry
is enhanced into an exact U(4) xU(4) symmetry in either
the first chiral-flat limit or the second chiral-flat limit.
The U(4)xU(4) symmetry for the first chiral limit, and
for projection into two low-lying active bands was ob-
tained in Ref. [2], but we here extend it to any number of
projected bands, as well as to a second chiral limit. In the
first chiral-nonflat limit or the second chiral-nonflat limit,
a kinetic term is also considered, and the bands are not



flat; however, we show that an exact U(4) symmetry still
remains. All these symmetries, in all limits, are shown to
be not only valid for the 8 active bands at the first magic
angle [2], but also for the projected Hamiltonian within
any number of particle-hole symmetric bands. This is
relevant at smaller twist angles: in Ref. [30] it was exper-
imentally and theoretically found that 32 bands (8 bands
per valley/spin) contribute to the low energy physics. Be-
sides, for Hamiltonian projected in the lowest 8 bands (2
bands per spin per valley), we reveal that the Hamilto-
nian in the first or second chiral limit can be enhanced
into a stabilizer code Hamiltonian under certain assump-
tions. Furthermore, we elucidate the similarities and dif-
ferences between the U(4) symmetry of Kang and Vafek
[1] and the U(4) in the current paper. The explicit form
and symmetries of Hamiltonian here greatly simplify the
study of TBG many-body states, as we will discuss in
Refs. [109] and [110].

II. BISTRITZER-MACDONALD MODEL AND
COULOMB INTERACTION

We first present a short overview of the Bistritzer-
MacDonald (BM) model [3] to define our notations. The
reader might refer to Refs. [107, [108] for a in-depth dis-
cussion. For convenience, we also provide a detailed sum-
mary in App.|Al To begin, we assume chs,l denotes the
creation operator of the spin s =1, electron at momen-
tum p in the graphene sublattice « = A, B and layer
I = £ (denoting top and bottom) of TBG, where p is
measured from the I" point of the graphene Brillouin zone
(BZ) of layer I. The low-energy physics of TBG is con-
centrated at the two graphene valleys K, K’ (which we
denote as valleys n = £) at momenta p = £Kj in layer ¢,
respectively [3]. We further define q; = CJ, "(K_ —K)
(j =1,2,3), where Cj, is the 3-fold rotation about z axis
(see Fig. [I(a)). The kinetic Hamiltonian of TBG is then
given by the continuum model [3] [T08] as

Hy = Z Z Z [hg,)cz' (k)]aB CL,Q,n,a,ka,Q',n,B,m

keEMBZ nafBs QQ’
(1)

where n = £ and s =1,/ are the valley and spin in-
dices, and the momentum k is measured from the cen-
ter (I'ps point) of the moiré BZ (MBZ). The momenta
Q,Q’ € {Q,Q_} as shown in Fig. [I[b), where we have
defined Q+ = 9y + q1, and Qy is the moiré reciprocal
lattice generated by reciprocal vectors bar; = q3 — q;

(j = 1,2). The electron basis CL Qo5 15 defined as
Csz,,.lJrka,oc’s,n-l if Q € Q;. The detailed kinetic term
hg?Q/ (k) at valley n = + is given in App. In partic-
ular, there are two parameters wy and w; 1n the single-
particle Hamiltonian hg?Q, (k) which correspond to the
interlayer hoppings at AA and AB/BA stacking centers,

valley K
K. Moiré BZ

FIG. 1. Illustration of the relation between the graphene
BZs of two layers and the moiré BZ (MBZ). Blue solid and
red empty circles represent Q1 and Q_, respectively.

respectively (see Eq. (A7):
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AB/BA hopping. 2)

Generically, wg < w; due to the lattice relaxation and
corrugation [I08] [TT2HIT5].
The Coulomb interaction term in TBG takes the form

(for details, see App.

A 1
Hr =55 > Via+G)op_q-cdpgra ; (3)
ot GeQ, qeMBZ
where
1
dpgra = Z (Cirei»q,Q—G,n,a,sckaﬂ%aas_§5Q705G70)

n,a,8,k,QEQ 1+
(4)
is the total electron density at momentum q + G rel-
ative to the charge neutral point (CNP) of the uncou-
pled twisted bilayer graphene without interlayer cou-

plings (which has a density <CI(+q Q-G Ck,Qm.a,s) =
%5(1705(;70), and Q¢ is the total area of TBG. The inter-
action coeflicient

tanh(£|ql/2)
¢lal/2

is the Fourier transform of the Coulomb potential with
dielectric constant e screened by top and bottom gates
at distance ¢ away, where Us = e?/ef (see App. .
Typical TBG experiments have a screening length £ ~
10nm [9, [10], and dielectric constant € ~ 6 as estimated
from the hBN substrates. This yields a Ug ~ 24meV.

Due to the absence of spin-orbit coupling, the total
Hamiltonian

V(a) = n€*Ug ()

.ZEI = I;[O + I:I[ (6)
of TBG has the spinless symmetries
[CSZaIA{]:[Cbz,IA{]:[TvIA{]:Ov (7)

where Cj, is the 3-fold z-axis rotation symmetry sat-
. . 1 ;
isfying Cscl gy a,sCo = (€"7/*)5acl, 100, quns,0
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FIG. 2. The single-valley TBG band structure at 6 = 1.05°

(with exact PH symmetry P) for (a) the nonchiral-nonflat
limit with wo = 0.8wpm and w1 = wawm, (b) the first chiral
limit with wo = 0 and w1 = wewMm, and (c) the second chiral
limit wy = wpm and wy = 0, where wpm = 110meV is the
hopping in the original Bistritzer-Macdonald TBG model[3].
In particular, in the second chiral limit, the band structure is
a perfect metal where all bands are connected (proof given in
Ref. [108]).

Cs, is the 2-fold z-axis rotation symmetry satisfying
C2ZCI(7Q777704,SC2_Z1 = (Um)ﬁaCT_k7_Q,_mB7S, and T is the
anti-unitary time-reversal symmetry satisfying TiT 1 =
—1¢ and Tcch,Q,n,a,sT_l = ctk,fQ,fn,a,s' Besides, each
graphene valley exhibits a charge U(1) symmetry and
a spin rotational SU(2) symmetry, leading to a global
U(2)xU(2) symmetry of two valleys (see App. (A 3).

There also exists a unitary single-particle particle-hole
(PH) transformation P [45, [108] which anti-commutes
with Hp in Eq. (see App. ) and commutes with
H; in Eq. :

{Pa]fIO}:O7 [Paﬁl]:07 (8)

where P is defined by PCLQ,n,a,sP71 = CQcik,iQ,’r],OL,S’

with (@ = £1 for Q € Q4. In particular, [P,H;] =0
can be seen by noting that dpqtqg in Eq. satisfies
PépgicP™' = 6p_q—c. We note that an antiunitary PH
transformation P = PC5,T can also be defined, which is
adopted in some literature |2, [108].

III. PROJECTED HAMILTONIAN

We denote the eigenstates and eigenvectors of
hg?Q, (k) in Eq. as €, (k) and uqany (k) (which are
spin independent), where the integer n # 0 is the band
index so defined that n > 0 (n < 0) labels the |n|-th
conduction (valence) band of valley 7.

Near the first magic angle § =~ 1.1°, the lowest conduc-
tion and valence bands (n = +1) of 2 spins and 2 valleys
of TBG form 8 extremely flat bands which are energeti-
cally isolated from the higher bands (Fig. Pfa)). There-
fore, it is appropriate to project the Hamiltonian into the

8 flat bands for low-energy physics at the first magic an-
gle. At higher magic angles, the number of low energy
bands increase; for instance, around the second magic
angle 0 ~ 0.5° [3], the lowest conduction and valence
bands form 32 (8 per spin/valley, |n| < 4) low energy
bands [30]. In this case, the projection of Hamiltonian
into more PH symmetric bands is needed for studying
low energy physics. Therefore, to keep our discussions
generic, we consider the projection into a set of 8nyax
number of PH symmetric low-energy bands |n| < nmax
with any nmax > 1. As we will show, since the sym-
metries Co,, T, P which we will study are closed within
each pair of bands +n, it is sufficient to focus on the 2-
dimensional band space of each pair of bands +n when
examining the symmetries of the projected Hamiltonian.

The projection of the kinetic Hamiltonian Hy in the
set of bands |n| < npax bands is thus (which we denote
by Hy without hat)

HO = Z Z enm(k)CL,n,n,ka,"%S ’ (9)

"ﬂl <Mmax kns

where CLn,n,s =2 Qna uQann(k)cLQ,n,a,s gives the band
basis of electrons, and +np.x are the highest/lowest
bands we project into. Meanwhile, the projection of
Coulomb interaction H; in the flat bands can be writ-
ten as (denoted by H; without hat, see App. |C2)

1
2Qt0t

, > 0a-cOua. (1)

qeEMBZ GeQq

where

Oac=>_ >,

kns [m|,|n|<nmax

VV(a+GMD, (k,a+G)

1
X <p£7q7m,n,s - 25q,05m,n> .

(11)

Here we have defined the coefficient called the form fac-
tors (overlaps):

Mvgy)n (k7 q + G) = Z uafG,amn (k + q)uQ,ann (k)7
a,QeQ+
(12)
T

"’] _ . .
and py o = Chtqumn,sCknan,s 1S the density opera-

m,n,s
tor. The form factors (overlaps) M,(,?)n (k,q+ G) was
shown to exhibit properties such as exponential decay in
the magnitude of G in Ref. [I07]. As such, only |G| =0
and |G| = |bys,| momentum vectors will contribute to
Ogq,G, all other G leading to exponentially smaller form

factors (overlaps). We now note that O_q g = O;C;,
such that O_q,_cOgq,c is a positive semidefinite opera-
tor for any q, G. Thus the interaction Hamiltonian Hj,
being a sum of positive semidefinite operators, is also
positive semidefinite. We call such Hamiltonians posi-
tive semidefinite Hamiltonians (PSDH).



Below, we investigate the symmetries of the projected
Hamiltonian H = Hy + H; in various different limits.
Without loss of generality, we will consider the subspace
of a particular pair of PH symmetric bands n = £ng with
1 < np < Nmax, since all the single-particle symmetries
we will be discussing are closed within the band pair n =
:|:TLB.

Hereafter we shall use (%, 7%, s to denote the identity
matrix (¢ = 0) and Pauli matrices (a = x,y,2) in the
energy band n = +np, valley n = £+ and spin s =7
,4 bases, respectively. In particular, when ng = 1, our
discussion applies to the projected Hamiltonian in the
lowest 8 flat bands near the first magic angle.

IV. SYMMETRIES IN THE GENERIC
NONCHIRAL-NONFLAT CASE

The projected Hamiltonian H = Hy + Hj; pre-
serves all the discrete TBG symmetries C3,, Cs,, T
(see App. . Moreover, the projected Hamiltonian re-
spects the global U(2)xU(2) spin-charge rotational sym-
metry of two valleys, which has 8 group generators
Sab = Zk(sab)m,msm,n’,S’clt,m,n,sckm,n’,s’ (a = 0,2z and
b=0,x,y, z, repeated indices are summed automatically
hereafter). Within each band pair n = £ng, the matrices

5% are given by

0b — C(JTOSb7 Szb — COTZSb,

We note that s?* has no nonzero matrix elements be-
tween different pairs of PH symmetric bands ng # nj.
Also, note that the operators S preserve the electron
momentum k.

Another k-preserving transformation is given by the
combined unitary operator Co, P (P is the PH transfor-
mation), which acts as

(022 )ck ,Q, n,a, 5(02Z ) !

and thus satisfies

(b=0,z,y,2). (13)

= (Q(02)paCl g nse (14)

(Co,P)? = 1. Since
(Co,P)Ho(Co,P)~! = —Hp, the single-particle band
energies satisfy €, ,(k) = —e_p _,(k), and the eigen-
state wavefunctions satisfy (qQ(0:)galiQanny(k) =
(B (k)] —n,—ninntiQ,5,n,—n(k), where B=(k) is
the unitary sewing matrix of Co, P. This implies

(CozP)ef 1 (Co=P) ™ = B (1) o gyl o

(15)
Using the explicit form of B¢2-F(k), one can prove that
[C2:P,0q,c] = 0 (see App. , and thus

{Cs.P,Hy} =0, [C2.,P,H;]=0. (16)
Therefore, Cs, P is a commuting symmetry of H; but not
Hy.

Furthermore, there is a many-body charge conjugation
symmetry P, defined by Cs,PT followed by the inter-
change of annihilation and creation operators, namely,

PCCL1n7n75P51 = (Co.PT)cknp,s(Co PT)™! (see App.
C4). By showing that P.OqcP;' = —Oqg, one
can prove that the projected Hamiltonian within bands
[n| < nmax satisfies (see Eq. (C33]) in App. |C4)

P.(Ho + Hp)P, ' = Ho + Hy. (17)

In particular, P, maps a many-body state from filling v
to —v, where v is the number of electrons per moiré unit
cell relative to the CNP. Therefore, P, ensures that the
eigenstates of the projected Hamiltonian H = Hy+ H; is
PH symmetric about v = 0, in agreement with the (big
picture) experimental observations.

We note that H; in Eq. is not normal ordered.
We can rewrite Hy =:Hy: +AHr + Ey, where :Hy: is the
normal ordered 4-fermion interaction, AH7 is a quadratic
fermion term and E; is a constant. One can then show
that AH; = 3 (Hyp Y — Hyp ™), where HY . is
the Hartree-Fock potential in the projected bands con-
tributed by all the occupied bands below filling v (see
App. , and the factor of 4 comes from 2 spins and
2 valleys. Note that HY; sums over all the bands be-
low filling v, instead of only the projected active bands
(see derivation in App.|C5|). Therefore, AH; can be un-
derstood as the mean field Hartree-Fock potential from
the remote bands projected away symmetrized about the
CNP. We note that :H;: alone does not have the P,
symmetry, and thus AHj is indispensable as an effective
background Hartree-Fock potential.

V. U(4) SYMMETRY IN THE
NONCHIRAL-FLAT LIMIT

In the limit of exactly flat [n| < nmax bands, we have
Hy =0, so the projected Hamiltonian is simply H = Hj.
By Eq. , C5, P becomes a symmetry of H. Note that
C5, P preserves the electron momentum k, thus is a local
unitary symmetry. Accordingly, the Cs, P symmetry and
the spin-charge U(2)xU(2) symmetry together generate
a global U(4) symmetry of the Hamiltonian H = Hj. To
see this, we define an operator

y0 _ Z Z [BC2ZP

k,s nn/nn’

with sewing matrix B2:¥ (k) of Cy,P. It can be proved
that [S¥°, H;] = 0 (see App. . Note that S¥° is iden-
tical to Cs5, P when acting on single-electron states. For
many-body states, one can show that Coy, P = einS*’/2
(up to a phase factor). With the 8 generators S 5% of
U(2)xU(2) (b=0,x,y,z), we can define another 8 oper-
ators 57 = —1[S¥0, §%%] and S¥b = £[S®0, §?b]. The 16
operators S then satisfy the Lie algebra of U(4):

Z fa;) ('d
e )

where f abied are U(4) group structure constants defined
Zef ab cd eSf

)}nnyn’n’CL,rL,7;,sck,n/7n’,s (18)

Sab SCd (a'ab:o7$7yvz) (19)

by [r%s?, 7'5]



It is useful to fix the gauge of wavefunctions to obtain
an explicit form of S?. We do this by requiring

(CQZ )ck n,n, s(CQZT)_l = cL,n,n,s ’ (20)

which imposes (04)asuqQ,8,n.4(k) uaa,mn (k).

(02)apuq.pinn(kK) = UQ any(kK) = u—qamn—n(-k). A
consistent k-independent gauge for Cs, P is then

(CQZ )Ck n,n, s(C2ZP)_1

In addition, we require a k-space continuous gauge
(which is crucial for the useful bases Egs. and (28))
defined below to have well-defined Berry curvature, see

Sec. :

i T
Clll_r&) |un,7] (k + Q)unm (k)

= _Sgn(n)ncic,fn,fn,s' (21)

—n,n(k + q)u—n 7]( )| =0.
(22)

Under this gauge, we can rewrite the 16 U(4) genera-

tors as S = 3", (5@

0,z,y, z), where the matrices sab
bands n = +np read

Sab _ {gOTOSb, CyTbe
We note that s has no nonzero matrix elements between
different pairs of PH symmetric bands ng # nf;. Mean-
while, the form factors (overlaps) MT(,:])H k,q+G) =

[M (k,q+ G)]mn,ny are gauge fixed into the following
matrix form in the band and valley basis (App. |C 3):

T _
)m,n,smm',s/ck,m,n,sckmm’,s/ (CL, b=
within each PH pair of

, CUrYs, (078"} (23)

3
M (k,q+G) =Y Ma;kq+G), (24)
§=0

where a;(k,q+ G) are real Nmax X NMmax matrices, and
we have defined My = (%70, My = (7%, My = (Y70,
and M3 = (*77 in the space of each pair of band basis
n = +np (1 < np < Npax), all of which are real matri-
ces. Here Mja; means the Kronecker direct product of
matrices M; and o;.

We note that we could further fix the gauges of the
k non-preserving symmetries Cs,, T and P in a k-

independent way in consistency with Eqgs. (20522) (see

App. - and Eq. ( - Under a further gauge fixing

ngck o, SC’Q_Z = Lkon,—n,s> ONE Can show that the func-
tions «;(k,q + G) (0 < j < 4) satisfy the conditions
in Egs. (C24)) and (C25)). In particular, these conditions

require

aO(k?G) = Qg ( k G)
aj(k,G) = —a;j (-k,G) ,
at ¢ = 0 (see App. .

With the gauge fixing of Egs. (20H22), we can define a
new basis within the pair of bands n = £ngp as

(j=1,2,3) (25)

o Lo
d(nB) k7nB7T]7S + ZeYCkainB;’]“S

k,ey,n,s \/§ ’

(ey = £1) (26)

which we show in App. have well-defined Berry cur-
vatures. The reason for the notation ey = £1 is because
this basis is the eigenbasis of the Pauli matrix ¢, with
eigenvalue ey in the 2-dimensional energy band basis of
n = £npg. We shall call the basis the irrep basis, for
the reason below.

At each k and Chern number ey, as shown in App.
the 4 irrep basis creation operators d1(< . )Tn . of val-
eys 7 = £ and spins s =7, form the basis of a funda-
mental U(4) irreducible representation (irrep), where the
generators S® have 4 x 4 representation matrices

s“b(ey) = {TOSb, ey s, eyrYst, Tsz}. (27)

This can be seen by observing that dfcnfg s diagonal-
izes the matrix (¥ in Eq. (23)) with the eigenvalue being
ey. Note that the two 1rreps 5% (ey) with ey = +1 dif-
fer by a unitary transformation 77, namely, a « valley
rotation about z axis. Despite of this difference by a uni-
tary transformation, the two irreps s%°(ey) are both the
fundamental irrep of U(4). In Young-tableaux accepted
notations, we shall denote the fundamental irrep of U(4)
as [1]4, and the trivial identity irrep of U(4) as [0]4 (see
App. and see [109] for a detailed explanation of
the Young tableaux notations). An electron with a fixed
ey = +1 and k thus occupies a U(4) irrep [1]4.

For ng = 1, namely, for the lowest conduction and
valence bands n = 41, we denote the basis in Eq.
in simplified notations without upper index as

t ot
Jt _ Cktims TYY O 1
k,ey,m,s \/Q ’

which will be extensively used for solving the projected
Hamiltonian within the lowest 8 flat bands in Refs. [I09-
ITT]. As proved in [108] (see also similar discussions in
[2, [74]) and briefly reviewed in App. if a pair of en-
ergy bands n = £np are disconnected with other bands,
the irrep band we defined in Eq. will carry a Chern
number ey ez ., where ey, is the Wilson loop winding
number of the two bands n = +ng. Due to the nontriv-
ial topological winding number e = 1 in the n = +1
bands [45 48, (50, 76, 116} [117], the irrep basis dj. s
in Eq. of all k for each fixed ey, n, s form the ba51s
of a Chern band of Chern number ey = +1 (see proof in
details in Ref. [108], see also a brief review in App. [B3),
provided the n = £1 energy bands are gapped from the
higher bands (which is true near the first magic angle).

For this reason, we shall call dL ey s (within the n = £1
energy band space) the Chern band electron basis, or sim-
ply the Chern basis. We note that our Chern basis in Eq.
is (adiabatically) equivalent to the Chern bands de-
fined in Refs. [2] [74].

If the |n| < nmax bands are gapped from higher bands,
but are connected among themselves, we would expect

the net Chern number of the nyax irrep basis df("ffn s

(1 < np < Nmax) to be equal to ey (see App. -

(ey = +1) (28)



VI. U(4)xU(4) SYMMETRY IN THE (FIRST)
CHIRAL-FLAT LIMIT

The symmetry of flat-band TBG is enhanced when
wy = 0 < w;p in Eq. 7 which is known as the chi-
ral limit [39). In this paper we shall also call it the
first chiral limit, to distinguish with the second chiral
limit defined below in Sec. [VIIIl In this first chiral
limit, there is a unitary chiral transformation C' act-
ing as CCLQ%WSC’*1 = (Jz)ﬂacL,Q,ﬁﬁ,S’ which satis-
fies CﬁOC_l = —ﬁo and C? = 1. Therefore, the en-
ergy band eigenstates satisfy e, ,(k) = —e_p »(k), and
(02)Bauq.ann(k) = [Bc(k)}—n,n;nanﬁ—nm(k)a where
BY(k) is the unitary sewing matrix of C. This implies
Cclt,n,n,sc_l = [Bc(k)]*n;n?nﬂclt,fn,n,s'

When projected into the flat bands |n| < npax, by
Eq. 7 one can prove that [C, Oq,c] = 0, and thus

{Cv HO} =0 ) [C7 HI} =0. (29)

Therefore, in the first chiral-flat limit where Hy = 0 and
thus H = Hj, the chiral transformation C' becomes a
symmetry. Note that C' preserves the electron momen-
tum k, thus is a local unitary symmetry.

We can then define a Hermitian operator

S/zO _ Z Z [BC(k)]nn’n/n/CL77l,n7ka,n’,n’,s ) (30)

k,s nn/nn’

which commutes with H;. Note that S’%9 is identical to
C when acting on single-electron states. For many-body
states, one can verify that C' = eimS*0/2 (up to a phase
factor). Its commutations with the 16 U(4) generators
5% in Eq. yield another 16 new operators 5%, and
one can prove that S and S?° form the 32 generators
of a U(4)xU(4) group (App. [D3). This can be seen
explicitly under the gauge fixing of Eqgs. and ,
for which the only k-independent gauge choice (up to
a global sign) for C is CCLW%SC’*1 = z'sgn(n)ncL_nm,s
(App. . We note that this gauge choice is also con-
sistent with the k-independent gauge fixings of Cs,, T
and P in Eq. . The 16 new generators can then be
expressed as §'% = Ek(slab)m,n,s;n,n',s’Cl,m,n,sck,n,n’,s’
(a,b = 0,2,7,2), where s'® within each pair of bands
n = +np are given by
s'0 = {¢¥r0sP (Or®sb, (Orvst, ¢¥rist). (31)

We note that s’*® has no nonzero matrix elements be-
tween different pairs of PH symmetric bands ng # nj.
We can further linear combine S% and S’* into oper-

b o_ b _
ators SE* = 37, (s& )m,n-,S;nm’,S’Cl,m,n,sck,nm’,S’ (a;b =
0,z,y, z), where

saib = (CO + Cy) T /2 . (32)
One can then verify that

ab,cd
(S0, S = beyeq, 3 fopISEL L (ey = £1)  (33)
ef

6

where fea}”Cd are the U(4) structure constants in Eq. .

Therefore, each set of S (ey = +1) generates a U(4)
group, leading to a total U(4)xU(4) symmetry. We note
that the nonchiral-flat U(4) in Eq. is not one of the
two U(4)s with fixed ey here, although it is a subgroup
of the first chiral-flat U(4)xU(4) here.

The 4 irrep band (Chern band if ng = 1) basis creation
operators df(nfy)lrng (of valley-spin flavors n = +,s =1,])
at a fixed k and ey in Eq. occupy a fundamental
irrep of the U(4) generated by ng;, and a trivial identity
irrep of the U(4) generated by S (ey = +1). The
corresponding representation matrices of Sib are

58 = (1+ey)r%"/2, (34)

which can be derived by replacing matrix ¢° (¢) by its
eigenvalue 1 (ey) in the irrep band basis dl((”fﬁfns If we
use ([A1]4, [A2]a) to represent a U(4)xU(4) irrep which is
the tensor product of an irrep [A;]4 of the first U(4) and
an irrep [Az]4 of the second U(4), we see that the irrep
basis dl((nf)lfns at a fixed k occupy an irrep ([1]4,[0]4),

while the irrep basis dl((nf)lTn s

(04, [1]a)-
Furthermore, in App. we proved that (see Eq.
(D30)) the C' symmetry restricts

at a fixed k occupy an irrep

a1k, g+ G)=a3k,q+G)=0 (35)

in Eq. . This makes Oq,c in Eq. (11) diagonal in
index ey in the basis df:fyn . (see Eq. (D45)), thus the
number of electrons in the n,,x irrep bands (particularly,

Chern band if nyax = 1) with a fixed ey is conserved.

VII. U(4) SYMMETRY IN THE (FIRST)
CHIRAL-NONFLAT LIMIT

We now turn to the first chiral-nonflat case which is
in the first chiral limit wy = 0 (thus Eq. holds),
but does not have exactly flat bands (Hy # 0). Since
the chiral symmetry implies €, ,(k) = —e_, ,(k), the
projected kinematic term in Eq. within each pair of
bands n = £ng can be rewritten as

HE™ =3 € (R)CT05) s 5y s

k

(36)
As a result, Hy only commutes with 16 out of the 32
U(4)xU(4) generators S and S'% in Egs. and
. We denote these 16 generators commuting with Hg
as 59 = Zk(gab)mmysmm’ﬁ’Cl,m,n,sck,nm’ﬁ’7 where 5%

within each pair of bands n = £ng read
590 = (07t | (a,b=0,z,y, 2). (37)
They form the 16 generators of a U(4) group. In par-
ticular, the representation matrix 50 of generator S*°



TBG limit Hp | wo | w1 | symmetry |PH/chiral
nonchiral-nonflat |# 0> 0|> 0{U(2)xU(2) —
nonchiral-flat =0/>0[>0 U(4) Co, P
(1st) chiral-flat [=0|=0{|>0{U(4)xU4)| C2.P, C
(1st) chiral-nonflat|{# 0{=0[> 0 U(4) 1CCs, P
2nd chiral-flat  [=0[> 0[=0[{U(4)xU(4)| C2. P, C’
2nd chiral-nonflat |#£ 0|> 0= 0 U(4) 1C"Cy, P

TABLE I. Symmetries in different limits. The last column
are the contributing PH and chiral symmetries.

at each k is given by the sewing matrix of iCCs, P,
and thus S*° is identical to iCC,.P when acting on
single-electron states. For many-body states, one has
iCCo, P = ™5™"/2 (up to a phase factor). Therefore, in
the first chiral-nonflat limit with Hy # 0, there is a global
U(4) symmetry generated by S @b which is reduced from
the U(4)xU(4) symmetry of the first chiral-flat limit. We
note that this first chiral-nonflat U(4) here (Eq. (37)) is
different from the nonchiral-flat U(4) (Eq. (23).

Since S is proportional to ¢° in the band basis, the
energy band creation operators cfkmm . in each band n

at a fixed k occupy a fundamental irrép [1]4 of the first

chiral-nonflat U(4) group. Equivalently, the irrep band

(Chern band if ng = 1) creation operators df("fyné

fixed ey, ng and k also occupy a fundamental U(4) ir-

for

rep [1]4. For the irrep of either clt,nm’s or d"t the

~ k,ey,n,s’

representation matrices of S% are given by
5(n) = 3 (ey) = 75" (a,b=0,2,9,2).  (38)
Note that the representation matrices 54°(n) (or 5%°(ey))
are independent of n (or ey). This is in contrast to the
nonchiral-flat limit, where the representation matrices of
Seb for ey = +1 differ by a unitary transformation 7, (al-

though ey = %1 therein still give the same fundamental
nonchiral-flat U(4) irrep, see Eq. (27)).

VIII. U(4)xU(4) SYMMETRY IN THE SECOND

CHIRAL-FLAT LIMIT

We find that there exists a second chiral limit w; =0 <
wo where the continuous symmetry of TBG is largely en-
hanced, similar to the situation in the first chiral limit
discussed in Secs. [VI] and [VII} Although this limit is
far from the experimental reality of the TBG samples,
its existence suggests the possibility of a possible hid-
den duality in the BM model and its interactions. For
w; = 0 < wp, we can define a second chiral transfor-
mation C’ satisfying C’2 = 1 and C'HyC'~!' = —H,,
which acts as C’cLQ nasC = (Uz)ﬁaCQCLQ,n,ﬁ,s with
(q = %1 for Q € Q.. This new chiral symmetry has
unusual commutation relations with the 2-fold rotation
Cs,, time-reversal T' and with the unitary particle hole
symmetry P (see App. and Ref. [108] for details).

It also satisfies (see App. [D 5)):

{C',Hy} =0, [C",H{] =0, (39)
similar to the first chiral symmetry C' (Eq. ) Note
that the second chiral symmetry C’ preserves electron
momentum k. In the second chiral-flat limit with w; = 0
and Hg = 0, similar to the first chiral-flat limit, we can
define a symmetry

S/le — Z Z [BC (k)]’ﬂn,n,ﬂ/CI{,n,n,Sck’nl’n/’m (40)

k,s nn/nn’

where BC'(k is the sewing matrix of C’. Together with
S in Eq. 7 it generates a U(4)xU(4) group with 32
generators S’2° (see App. . Under the gauge fixings
of Egs. and (21)), and a further gauge fixing for C’
as C/CL7n7n7sC’*1 = isgn(n)nc;r(,_n s (which is consistent
with the continuous condition (22f), see App. , we
find S = Zk(Slﬁb)m,n,smm’,#Ck,m,n,sckmm’,S’v where

5’2 within each pair of bands n = +np read

st = (O ¢Y) T2 (41)
Again, we note that s/¢® has no nonzero matrix elements
between different pairs of PH symmetric bands np # nj.

It is worthwhile to mention that, due to the unusual
commutation relations of C’ with Cy,, T and P which
flip k, one cannot further fix the sewing matrices of Cs,,
T and P into a k-independent form as in Eq. . In-
stead, the sewing matrices of these k flipping symmetries
have to be k-dependent, for instance, given by Eq.
in App. [D5D] This is closely related to the topologically
protected double degeneracies at Cs,-invariant points of
the MBZ, as proved in Ref. [10§].

In this second chiral-flat limit, the 4 irrep band basis
creation operators dgfyns (n==4,s="7,1) at a fixed k
and ey in Eq. occupy a fundamental irrep of the
U(4) generated by ng/b, and a trivial identity irrep of the

U(4) generated by S’® (ey = #+1). The corresponding

ey
representation matrices of S/? are

s = (1+ey)r%/2, (42)
which can be see by substituting matrix ¢ (¢¥) by its
eigenvalue 1 (ey ) in the irrep band basis df("fY)Tns There-

fore, the irrep basis df(n_‘i)lTn , at a fixed k occupy an ir-

rep ([1]4, [0]4) of the second chiral-flat U(4)xU(4), while
the irrep basis df:f)ltw
([0]a, [1]a)-

Furthermore, in App. we proved that (see Eq.
(D66))) the C” symmetry restricts

at a fixed k occupy an irrep

a1k,g+ G)=a3k,g+ G) =0 (43)
in Eq. .

However, with wy = 0 < wy, there is barely an angle
where a set of low energy bands become flat, and it is



proved in Ref. [108] that all the energy bands are topo-
logically connected into a perfect metal (see Fig. 2fc),
App. and Refs. [I08] [118]). This makes the second
chiral-flat limit less related to experimental realities, al-
though it can possibly be achieved by artificial patterning
of the moiré lattice to enhance AA hopping. Besides, we
note that for the lowest PH band pair of ng = 1, the
“Chern band basis” dLeY’n’S in Eq. no longer have
a well-defined Chern number, since the n = +1 bands
are connected with all the higher bands.

We also note that although the representation matri-
ces in the two chiral limits in Eqgs. and are the
same, their physical operations are different, since they
are generated by the sewing matrices of the first chiral
symmetry C and the second chiral symmetry C’, respec-
tively.

IX. U(4) SYMMETRY IN THE SECOND
CHIRAL-NONFLAT LIMIT

With the TBG bands in the second chiral limit poorly
flat, the second chiral-nonflat limit where wy, = 0 < wy
and Hy # 0 gives a more physical limit, which may be
realized by artificial patterning of moiré lattices. In this
limit, similar to the first chiral-nonflat limit, we can prove
that (see App. a U(4) symmetry remains, which is
generated by the remaining ¢{C’'Cs, P symmetry. The 16
U(4) generators are a subset of the generators S8 in
the second chiral-flat limit (Eq. (41))), which we denote

Qrab _ slab slab
by S =3 4 (8" )monsin.n' ' Che.m g, s G575 Where 8
within each pair of bands n = +ng are given by

§’ab — COTaSb . (44)

This simply gives the spin-valley rotations without af-
fecting the space of energy band indices n. Accordingly,
either the energy band basis clT(n ns OF the irrep band

basis d\"®)f

k.ey,n,s
damental U(4) irrep, with the representation matrices of

§’ab given by

at a fixed k and n or ey occupy a fun-

§'%(n) = 5% (ey) = 1s° (a,b=0,2,y,2). (45)

X. THE STABILIZER CODE LIMIT

Generically, the projected interaction Hamiltonian Hj
in Eq. cannot be analytically diagonalized, since
generically [Oq.c,Oq.a'] # 0 for q # q’' or G # G’ (see
Eq. (C16)), and thus the terms O_q,_gOq,c in H; are
non-commuting.

However, in the case we are only projecting into the
lowest 8 bands with n = £1 (namely, nymax = 1), there
is limit which we call the stabilizer code limit, where the
Hamiltonian becomes similar to (but not strictly identical
to, see App. a stabilizer code Hamiltonian with all
of its terms mutually commuting. The stabilizer code

1st chiral-nonflat - nonchiral-nonflat = 2nd chiral-nonflat
U(4) U(2)xU(2) U(4)

i / i

1st chiral-flat nonchiral-flat 2nd chiral-flat
U4)xuU(4) U(4) U(4)xU(4)

wy /W, =0 Wy /W,y =00

v v

stabilizer code stabilizer code
k-independent form factors k-independent form factors

FIG. 3. The relations between the symmetries of projected
Hamiltonian within any set of PH symmetric bands of full
spin-valley flavors in various limits. The arrows point along
the directions along which the symmetry groups are enhanced
into a larger one.

limit is defined in either the first chiral-flat limit (with
first chiral symmetry C') or the second chiral-flat limit
(with second chiral symmetry C’), where Eq. or
is satisfied, and the condition is that the form factors
M(k,q+G) in Eq. are k-independent for any q, G.
In this limit, As we proved in App. [E] one would have
[Oq,¢,Oq.c’] = 0. Thus, all the terms O_q _cOq,c in
the Hamiltonian H = H; in Eq. will be commuting:

[0-q-¢0q.6,0-q,-c'Oq.c/] =0 . (46)

This stabilizer code-like Hamiltonian have all of its many-
body eigenstates exactly solvable, which will be solved in
a separate paper [109].

XI. DISCUSSION

We have demonstrated that for the projected Hamil-
tonian with Coulomb interaction in the lowest 8npjax
(2nmax per spin-valley) bands of any nmax > 1, there
exists various different limits where a global U(4) or
U(4)xU(4) symmetry emerge. For npayx, there exists a
stabilizer code limit for the Hamiltonian in either the first
or the second chiral flat limit, where all the terms in the
Hamiltonian are mutually commuting. Our conclusions
are summarized in Tab. [[] and Fig. [3] Near the first
magic angle, the low energy physics is expected to be
governed by the projected Hamiltonian with ny.x = 1.
A projected Hamiltonian within higher number of bands
could be a good approximation at higher magic angles,
where more than 2 bands per spin-valley can become flat.

The U(4) symmetry in the nonchiral-flat limit in
Eq. and U(4)xU(4) symmetry in the first chiral-
flat limit in Eq. that we prove here agree with those
discussed in Ref. [2] for the lowest 8 flat bands near the
first magic angle. We note that, however, we show the
symmetries are generic for the projection into any num-
ber of PH symmetric bands with full spin-valley degrees
of freedom. Besides, we have identified a second chiral



limit, which also enjoys a U(4)xU(4) symmetry in a sec-
ond chiral-flat limit. We have also derived the explicit
irrep band basis of the symmetries in all the different
limits. Furthermore, we showed that under a strong con-
dition, the projected Hamiltonian in the lowest 8 bands
in the first or second chiral-flat limit becomes similar to a
stabilizer code Hamiltonian, thus allowing one to exactly
solve all the many-body eigenstates, which we will study
in Ref. [109].

A U(4) symmetry in the flat band limit is also dis-
cussed in Ref. [I], which is constructed based on a non-
maximally-symmetric Wannier basis. (These Wannier
functions break the C5,T and C5,T P symmetries, which
protect the fragile topology [45H47] and stable topol-
ogy [108] in TBG, respectively.) The U(4) symmetry
in Ref. [T] is closest to our first chiral-nonflat U(4) sym-
metry that we introduce in Eq. since they have the
same generators 7%s” (a,b = 0,z,y, z). However, Ref. [I]
does not assume the CCsy, P symmetry but requires the
flatness of the two bands, which is in contradict with
our first chiral-nonflat U(4), which assumes the CCs, P
symmetry and does not require flat bands. The reason
Ref. [I] needs flat bands is the absence of exact CCy, P
symmetry. We show in App. [F] that, if the CC5, P sym-
metry is imposed to the Wannier functions, then the two
U(4) symmetries become the same and do not require the
flatness of bands.

The TBG interacting Hamiltonian, symmetries, and
gauge fixings we derived here provide a solid ground for
future theoretical studies. In the various limits we dis-
cussed, the many-body eigenstates of TBG should fall
into irreps of U(4) or U(4)xU(4) groups. Besides, the

generic PSDH form of the projected interaction H; in
Eq. allows us to look for ground states of the Kang-
Vafek type in the flat band limit. We will study the
ground states and excitations of TBG in these limits an-
alytically and numerically in separate papers [T09HITI].
The existence of several limits with identical large contin-
uous symmetry groups (but different generators) of the
BM interacting Hamiltonian, as shown in Fig. [3|suggests
the presence of a yet to be found duality of this model.
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Appendix A: Review of the Single-particle Hamiltonian

The quantitative and symmetry aspects of the single-particle Hamiltonian of TBG are discussed in details in Refs.
[107, T08]. For completeness of a self-contained presentation, here we briefly review the notations and conclusions for
the single-particle Hamiltonian.

1. Bases

We denote the fermion operator in the plane wave basis of graphene layer [ as cf w.s- Here p is measured from
the T point of the monolayer graphene Brillouin zone BZ, o = A, B represents the AB sublattice, s =1, | is the spin
index, and | = + is the layer index. We define K, as the K point in the top layer graphene BZ, and K_ as the K
point in the bottom layer graphene BZ. K and K_ differ by a twist angle 6 (Fig. [l). For concreteness, we assume
K is along the direction with an angle —16/2 to the p, axis. Each graphene layer I contains two valleys K and K’ at
momenta nK;, where n = + denotes graphene valleys K and K’, respectively.

For later use, we define the 2D momenta

V3 o1 V3 o1
_77_§)T 5 qs = ng(h = kO(i _7)T

e S

q1 = (K* - K+) = ke(oa ]-)T ) qz2 = C3zq1 = k@(
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where kg = [K_ — K| = 2|K|sin(8/2) for twist angle . We can then define the moiré BZ (MBZ) for the TBG
moiré lattice, which is generated by the moiré reciprocal vectors

by =aq3—qy, by2=q3—qz . (A2)

2. Single-particle Hamiltonian

When the twist angle between the two graphene layers is small (§ ~ 1°), an approximate valley-U(1) symmetry,
and an approximate moiré translation symmetry emerges. Accordingly, the single-particle Hamiltonian is decoupled
between two valleys n = =£.

To concentrate on the low energy physics of the two valleys, we define Q¢ = Zby;1 + Zbjo as the triangular moiré
reciprocal lattice sites generated by the moiré reciprocal vectors by;1 and bass in Eq. . We then define two shifted

momentum lattices Q4 = q1 + Qo and Q_ = —q; + Qo. We then define the low energy fermion operators CJIL,QJLQ’S
at valley n and Q € Q4 as
A QeQ
CL = ¥<++k—Q,aa5’+ ’ Y
| )
Q+.a,s k- Qe
r QeQ
Cch Q _ J"-K_+k-Q,a,s,— i .
Q,—,a,s C_K++k—Q7ax37+ Q S Q_

where k takes value in the MBZ, and k = 0 is chosen at the center (I'y; point) of the MBZ. In practice, we always
take a finite cutoff for Qg 4 _; the largest Q in Q4 should have a norm much smaller than |K,|. We denote the
number of points in Qp 1 _ as |Qo,4,—|-

The single-particle Hamiltonian of TBG for small twist angle 0 is given by [3, 107, [108]

Ho= 3 33 [hgla 0] chanastcanss (A5)

kEMBZ nafBs QQ’

where hg')Q, (k) is the first-quantized momentum space Hamiltonian at valley 1 in the sublattice space, and Q, Q' €

Q4. At valley K (n = +), we have

3
hoy (k) = vp(k — Q) - odqq + Y Ti0q.q'4q, » (A6)

j=1
where vp is the graphene Fermi velocity, and the matrices

2m(j — 1)

. 2m(j—1)
3 + oy sin 7] . (A7)

T; = woog + wy [az cos 3

Here 0p and o = (0,,0,) are the 2 x 2 identity matrix and Pauli matrices in the space of sublattice indices, while
wg > 0 and wy > 0 are the interlayer hoppings at the AA and AB stacking centers of TBG, respectively. Generically,
in realistic systems wy < w; due to the lattice relaxation. In the absence of lattice relaxation, one has wy = ws.

At valley K’ (n = —), we have

3
hao (k) = 0:h o (-K) 0w = —vp(k — Q) - 0" dq.q + Y _(0:T50.)0q.q'+q, - (A8)

Jj=1

where 0 = (04, —0y).

3. Symmetries

Here we summarize the symmetries of TBG, which can be found in Ref. [45] and expanded on in Ref. [T08].
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1. Discrete symmetries. Since graphene has zero spin-orbit coupling (SOC), we can define a set of spinless symme-
tries for TBG. In TBG, there are spinless unitary discrete rotational symmetries Cs,, C3, and Cs,, and the spinless
anti-unitary time-reversal symmetry 7', which satisfy

(Cs., Ho] = [Ca., Hy| = [Cae, Ho) = [T, Ho) = 0 . (A9)

We denote the action of a spinless symmetry operator g on the fermion basis CLQ%%S as

ch{,Q,n,a,sg_l = Z [D(g)]Q'U'57Qnacj}k,Q’,n/,ﬁ,s ) (AlO)
Q'n'B

where D(g) is the representation matrix of the symmetry operation g in the space of indices {Q, 7, a}, and gk is the
momentum after acting g on momentum k. In particular, Co.k = Tk = —k. The representation matrices for the
discrete symmetries of TBG are given by

in2to,
[D(Cs:)]Qr s,.ana = 6Q7,¢5.Q0n (€ ) ga. (A11)
[D(C22)]l@m 8.0 = 0Q7,¢2.Q0,—1(02) ga: (A12)
[D(Ca:)lQm s.qna = 0Q/,~QOy'—n(0z)ga (A13)
[D(T)]a/ 8.Qna = 6Q.~Qdn',—n5.a, (Al4)

Moreover, T is anti-unitary, so TiT ! = —i.

In particular, the combined symmetry C5,T does not change k, i.e., C5,Tk = k, and the representation matrix is
[D(C2:T)]qr s.ana = [D(C2:)D(T)] @y 8.Qna = 6@/, 4(02),a- (A15)

2. U(2)x U(2) spin-charge rotation symmetry. The graphene has zero (negligible) spin-orbit coupling (SOC). Since
the single-particle Hamiltonian of TBG has two decoupled valleys n = +, and the SOC is zero, the electron SU(2)
spins of each valley can be rotated freely. Each valley also has a charge U(1) rotation symmetry. This leads to a
global U(2)xU(2) symmetry. The 8 generators of the U(2)xU(2) symmetry are given by

Seb = Z(Ta)m]’ (Sb)ss’CLQ’U’Q)SCk,Q,n’,a,s/ ) (a=0,z, b=0,7,9,2), (Al6)
k

where we have defined 7% and s* (a = 0,x,y, z) as the 2 x 2 identity and Pauli matrices in the valley and spin spaces,
respectively.

3. Particle-hole (PH) transformation P. In addition to the above symmetries, TBG also has a unitary particle-hole
(PH) “symmetry” [45], which satisfies the anti-commutation relation

{P,Hy}=0. (A17)
The action of P is given by
PCI{,Q,n,a,sP_l = Z [D(P)]Q’W’B,QnacT—k,Q/,n’,ﬂ,s ) (A18)
Q'n'p
with the representation matrix
[D(P)]Qm s.Qna = 0Q/,~Qdy mIp.0lQ » (A19)

where (q = %1 for Q € Qu, respectively. Note that P transforms creation operators to creation operators (rather
than annihilation operators), and maps sites Q € Q4 into —Q € Q+. Since P flips the single-particle Hamiltonian

Hy, it is not a commuting symmetry of TBG, but only reflects a relation between the positive and negative energy
spectra. Furthermore, the PH transformation P satisfies

P? =1, [P,C3.] =0, {P,Cs,} =0, {P,Cs.} =0, {P,T} =0, [P,Cy.T] = 0. (A20)
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4. Eigenstates
The solutions to the single-particle Hamiltonian Hy in Eq. |i allows us to define the energy band basis

k ;1,8 Z UQq; ”77 Ck ,Q,n,as (A21)

where uQa;ny (k) is the eigenstate wave function of energy band n of the first quantized single-particle Hamiltonian

hg)Q/ (k) in valley n. It satisfies

Z [h’Q Q’ ( )]aﬁuQ’ﬁ;nn(k) = €n,n(k)uQa;nn(k) s (A22)
Q.8

where €, , (k) is the single-particle energy of eigenstate uqa;nn(k). Note that the wave function uqa;ny, (k) and energy
€n,n(k) are independent of spin s, because of the absence of SOC. In each valley and spin, we shall use integers n > 0
to label the n-th conduction band, and use integer n < 0 to label the |n|-th valence band (thus n # 0). The lowest
conduction and valence bands in each valley-spin flavor is thus labeled by n = +1.

Since CL b, Quas — L s for reciprocal vector byy; (i = 1,2), we generalize the eigenstate wave function
to momenta k outside the MBZ by the embedding relation for shlftlng momentum k by a reciprocal vector by;:

UQasny (K +bami) = uq-bys,amn (k) - (A23)

+

s = Clenns- Besides, due to

This ensures our energy band basis is defined periodically in the MBZ, namely, cli b
the Cy, symmetry and PH symmetry P, the energy spectrum satisfies

€nn(k) = €n,—n(—k) , enn(k) = —€_p (k). (A24)

The single-particle Hamiltonian can then be rewritten in the energy band basis as

Hy = Z Z enn(k cknnscknné (A25)

k nns

Appendix B: Gauge Fixing and the Chern Band Basis

knns
explicit form of the interaction Hamiltonian in App.[C3] We will also define a Chern band basis, whose gauge fixing

was shown in Ref. [I08], using the energy band basis.

In this appendix, we fix the gauge for the energy band basis o in Eq. 1' so that we we are able to obtain an

1. Sewing matrices

The discrete symmetries in App. [A3] yield certain relations among the eigenstate wave functions related by these
symmetries. For the purpose of gauge fixing, here we will discuss these relations among eigenstate wave functions for
operators Cy,, T and P.

For notation simplicity, we denote the wave function uqa;nn(k) as a column vector un, (k) in the space of indices
{Q, a}. Furthermore, when a representation matrix D(g) of an operation g (defined in Egs. to acts on a
wave function w,,, (k), we denote the resulting wave function in valley 7 for short as [D(g)]yn tnsy (k), the components
of which are given by >3,/ [D(9)Qan,q'gn'tq g;ny (k). Namely, we suppress the indices {Q, a} of the representation
matrix D(g) for short.

When g¢ is a symmetry operator satisfying [IEIO, g] =0 (or {ﬁo,g} =0), if up,y (k) is an eigenstate wave function at
momentum k, the wave function [D(g)];, tny (k) (an additional complex conjugation is needed if g is anti-unitary)
must also be an eigenstate wave function at momentum gk at the same (or opposite) single-particle energy. For
symmetries Co,, T and P, this allows us to define the sewing matrices BY(k) in the band and valley space connecting
the symmetry related eigenstates by

[D(C2z)]nn’um7’(k) = Z[BCZZ (k)]mmnn’umn(_k) ’ (Bl)

m



[D(T)] gy iy (k) = Z[BT(k)]mn,nn’umn(_k) ) (B2)
[D(P)] sy iy (k) = Z[Bp(k)]mn,nn’umn(_k) . (B3)

For non-degenerate wave function (k) in valley 7/, since Cy, and T' commute with the Hy and flips the valley 7,
while P anti-commutes with Hjy and preserves the valley n, we generically have

2z

iS22 (k il
[BCZZ (k)] man,nnr = On,—y Om,ne P 1) ) [BT(k)]mn,nn’ = Oy, O € o o ’ (B4)
[BY ()], = 5n,n’5*m,newf’"/(k) :

Accordingly, the action of a symmetry operator g on the energy band fermion operators (defined in Eq. (A21)) is
given by

909 = DB o Chpc s - (B5)
mn
Since the three symmetries satisfy the relations
C3,=1,T*=1, P>=-1,{P,Cy.} =0, {PT}=0, [C2.,T] =0, (B6)
With the above notations, the symmetries Cs,,T and P allows us to define
B (—k)B“*: (k) = BT (—~k)BT*(k) = -BY(-k)BY (k) =1,  BP(-k)B%*(k) = —B“:(—k)BF (k) , 7)
BP(~k)BT(k) = ~BT(-k)B"*(k),  BT(~k)B%*(k) = —B% (~k)B" (k) ,

where B9*(k) stands for the complex conjugation of matrix B9(k), and I is the identity matrix in the n,n space.
More discussions on the sewing matrices can be found in Ref. [I08].

The combination of the three symmetries yields two independent symmetry operations C5,T and C5, P which do
not change k. Note that Co,T is anti-unitary, and Cs, P is unitary. Their sewing matrices are defined by

[D(Cz) D(T) iy (k) = D [BT (W) it (k) (B8)
[D(P)D(C2Z)]nn’unn’ (k) = Z[Bc2zp(k)]mn7nn’umn(k) : (B9)

For non-degenerate eigenstates at momentum k (non-degenerate within one valley), they are given by

, 109227 (k - 1022 F (k
[BC ZT(k)}mmnn’ = On,n/Om e Py () ) [BC P(k)}mnmn’ = 0—py'O—mne oy 30 ) (B10)

where by definition we have wgf;,T(k) =l (k) + gogfjn,(—k), and wgf;,P(k) = gogfnz,(k) + ¢} s (=k). The sewing
matrices of C5,T and Cy, P are subject to the constraint that

(Co.T)? = (Co.P)* =1, [Co.T,Co, Pl =1, (B11)
thus they satisfy
BszT(k)BszT*(k) _ [BCQZP(k)]2 =1, BszP(k)BngT(k) — BszT(k)BszP* (k) ) (B12)

2. Gauge fixing

We will now gauge fix the wave functions and sewing matrices of the k preserving symmetry operations C5, T and
Cy.P. By Egs. (B10) and (B12)), we are able to choose the following k independent choices for the sewing matrices:

[BszT(k)]mn,nn’ = 67]77]’5m,n ’ [BCQZP(k)]mmnn’ = —sgn(n)n/(s,n’n/&fm’n : (Bl?))
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Accordingly, the symmetry actions on the band basis fermion operators are given by

(C2ZT)CI<,n,n,s<C2ZT)_1 = cl,n,n,s ? (CQZP>CL,n,n,s(C2ZP)_1 = _Sgn(n)nci,fn,fn,s : (B14)

This, however, does not yet fix the entire phases of the energy basis at momentum k, since the sewing matrices
in Eq. are invariant under the unitary transformation of wave functions un, (k) — sgn(n)nun,,(k) at each
individual k. To further fix this gauge freedom for different k € MBZ, we start by choosing a momentum k = kg
where eigenstates within one valley are nondegenerate, and choose a fixing of the band basis at kg satisfying Eq. .
We then fix the band basis of bands +n at other k # kg by requiring

Frn Ot @ X0) = i, (e @)t (K) = L, (k- @ (1) (B15)

—n,n
to be a continuous function of k and q, and satisfies

lim f,,(k+q,k)=0 (B16)
q—0

for all k. Meanwhile, we require the wave functions uy, (k) at all k to satisfy Eq. @ . This fixes the relative
sign between wave functions u,, , (k) and u_, ,(k) in a way that is continuous in k. Note that we do not require the
wave function u, (k) itself to be globally continuous in k of the entire MBZ, which is impossible when the band n is
topological. However, locally u,,,(k) can always be chosen to be continuous in k, provided w,, , (k) is non-degenerate
at momentum k. We will see the importance of condition in App. again.

We also note that, we could alternatively define the continuous condition between the same n but opposite 1 bands

uf, (K + Q)up, (k) — ul (kK + q)un,,n(k)‘ = 0. Together with Eq. (B13)), this is equivalent to condition

n,—

as limg0

(IB16]).

In particular, we see that all the sewing matrices in Eq. are closed within each pair of bands n = £ng for
any ng > 1. The same is true for all the sewing matrices we will consider in this paper, which are either commuting
or anti-commuting with the single-particle Hamiltonian Hy. Within the space of each pair of PH symmetric bands
with band indices n = +npg, if we use ¢* and 7* (a = 0, x, y, z) to denote the identity and Pauli matrices in the energy
band n = +np space and the valley space, respectively, the sewing matrices in Eq. can be rewritten as

B T(k)=(7°,  B%P(k) =Y. (B17)

We also mention that for ng = 1 (i.e., within the lowest conduction and valence bands n = £1 per spin per valley)
when k is at Kj; or K}, point of the MBZ, bands n = +1 and n = —1 are degenerate. In this case, we still choose
the eigenstate basis at K or K}, point such that Egs. and are satisfied.

Lastly, we note that we can further fix the relative gauge between wave functions at momenta k and —k by fixing
the sewing matrices of C, and P. In particular, for k not at the P-invariant momenta, which are I'y; and the three
equivalent M}, in TBG, one can choose the sewing matrices of Cs,, T" and P between each pair of bands n = +np as

B%:(k)=¢7", BT(k) =7, BF(k)=-iVr7. (B18)

which are consistent with Eq. . As proven in the next subsection, with the gauge condition Eq. , the sewing
matrix B (k) must have additional minus signs, i.e., B (k) = i¢¥77, at an odd (even) number of the four P-invariant
momenta if the the two bands n = £npg have an odd (even) topological winding number protected by C5,T; and at
the other odd (even) P-invariant momenta B (k) are —i(¥7%, same as those at generic momenta. Accordingly, the
sewing matrices B2+ (k) and BT (k) also have the additional minus at momenta where B* (k) has the minus sign. In
this work, we choose B (kr,,) = —i¢¥7* and BF (kyy,,) = i¢Y7*. It should be noticed that Eq. is incompatible
with the second chiral symmetry, which we explain in Sec. [D5]

For the purpose of this paper, we will use the gauge conditions in Egs. and for gauge fixing of the
interaction Hamiltonian in App. [C]

3. The Irrep band basis and Chern band basis

After we have gauge fixed the wave functions as shown in Egs. (B17) and (B16), we have defined a new basis
dmt iy Eq. within the band space of each pair of PH symmetric bands n = 4+ng, which we call the irrep

k.ey ,n,s
basis:

i LT
d(nB)T JE— ck7nB7T]7S + ZeycksinB’n’s

k,ey,m,s = \/5 ?

(ey = £1). (B19)
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In particular, for ng = 1, we call them the Chern band basis within the lowest two bands (in each valley-spin flavor),
which we denote for simplicity as dl(ji s = dL ey s 83 given in Eq. , where ey = 1. This basis will be useful
when we discuss the symmetries in various limits in App

In this appendix, we briefly show that the basis d(nB . defines a band with well-defined Berry curvature, and for
a fixed ey, n, s gives a band with Chern number

Celms = €ve2ms (B20)

where ey ,,; € Z is the Wilson loop winding number of the two bands n = +ng, provided the pair of bands n = £ng
are disconnected with other bands. More details can be found in Ref. [10§].

The wave functions of the Chern band basis in Eq. (B19)) are given by (denoted by wave functions with a prime)

I (k) _ u-‘-nBﬂ(k) + ieyu—7lB,U(k)
€y ,nB,"N ﬂ :

Due to the condition in Eq. 1D we know that limg_0 uLnB’n(k + Q) Ugng,p(k) = limg0 utnB,n(k + Q)u—py (k).
Therefore, we find the Chern band wave functions satisfy the continuous condition

(B21)

1.
(}lll)n |u6y ng, n(k + q) Uer VB, n(k)| = 5 cllll)% |u3—nB,n(k + q)UJrTLBﬂ](k) + eYelYuT—nB,n(k + q)u*nBﬂ?(k” = 56Y,6/Y7 <B22)

This continuous condition (which is due to condition (B16])) allows us to define a continuous Berry curvature for the
Chern band wave function uf, (k).
Y ome,
We first focus in the valley n = + sector. The sewing matrix for C3,T restricted in valley n = + is given by
B:T(k) = ¢° (see Eq. (B17)). Under this gauge, according to [47], the non-abelian Berry’s connection [A(k)],nn =

iu;#(k)@kunﬂr(k) will take the form

Ak) = (_Z.aol(k) ia(()k)) (B23)

in the energy band basis u, (k) of n = £ng. The sign of wave functions w, 4 (k) is fixed in such a way that a(k)
is globally continuous in the BZ excluding the Dirac nodes between the two bands +£np (recall that we assume the
bands +np are disconnected from other bands, thus there can be Dirac nodes between them only if ng = 1), which
is always possible [47]. In particular, this way of sign fixing is consistent with Eq. -, since the vanishing of the
diagonal Berry’s connection requires limg_0 [u],, ok + Q)un ,(K)| = 6mn-

It is known that the Wilson loop winding number of two bands isolated from other bands is given by the Euler
class [47]:

— 2
€2nn = 5 ZéD dk - a(k) = o~ /MBZ_& N P’k Q(k) , (B24)

where D; is a sufﬁaently small region containing the ith Dirac point in the BZ, and Q(k) = Vi x a(k).

With Eq. 1 , we can derive the Berry connection of the irrep band basis dl
as

A:iy (k) /LueTy ng, +( )akuey nge, Jr(k)

1 . .
= 2l g (0t () + ey ()t () = eyl ()00t 1 () T ()it ()

= eya(k) . (B25)

k.ey 4,5 ab k away from Dirac points

Furthermore, the Berry curvature can be shown to be non-divergent at the Dirac points between the two bands
n = +np (see proof in [108} If ng > 1, there are no Dirac points between bands n = £ng). Therefore, by Eq. (B24)),

carries a Chern number given by Eq. 1)

d(nB)T , into d(nB)T s (see Eq. ) Since Cs, does
in the MBZ is simply

we find the irrep basis dk o + s

Further, note that the C5, symmetry maps the irrep basis

not change the Chern number, we conclude that the Chern number of the irrep ba31s d]((f

given by Eq. -

yS
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In particular, for the lowest two bands ng = 1, the bands are topological and carry a winding number e; = 1
[45H47). Therefore, for the Chern band basis (the irrep basis with ng = 1) dT_k ey.—.s» We have Chern number

Cey,n,s =€y, (B26)

thus the name “Chern band basis” within the lowest two bands (see [I08] for a more careful treatment at the Dirac
points at CNP, which does not change the conclusion).

For ng > 1, if the two bands n = £np are isolated from other bands, they will be trivial, and thus ey, = 0 for
np > 1 [45H47]. Therefore, they will have Chern number C78, = 0.

ey ,n,S

Now we show that if es,,, is odd, then the sign of the sewing matrix BY (k) must be k-dependent: for n = +,
BF (k) can be chosen as —i¢Y at all the momenta except one or three of the P-invariant momenta, where B (k) must
be i¢Y. To see this, we assume BY (k) = —iyx(k)(¥, where x(k) = +1, and transform it into the Chern band basis

Eq. (B21). We obtain

BY ()=l . (~K)D(PWL, ., (k) = —ix(K)ey ., o - (B27)
Therefore, P leaves each branch of the Chern band basis, which has the Chern numbers ez, , ey, invariant. iP can
be equivalently thought as an inversion symmetry for each Chern band since it squares to 1 and changes k to —k.
The “inversion” eigenvalues of the Chern band ey are given by x(k)ey for k being the P-invariant momentum. Due
to the relation between Chern number and inversion eigenvalues, we have

(~1)e2rs = [ x(K), (B28)
K

where K indexes the four P-invariant momenta. Therefore, the right hand side must be -1 (1) if e3 ,,,, is odd (even),
implying x(K) = —1 at one or three (zero, two, or four) of the four P-invariant momenta. The sign of BY (k) in the
other valley 7 = — can be obtained from the constraint between B“2:" (k) and B” (k).

In the case when a pair of bands n = £np are not isolated, the Chern number C7'2 . is not clearly well defined.
We leave this question for future studies.

Appendix C: Interacting Hamiltonian with Coulomb Interaction

In this appendix, we write down the interaction Hamiltonian of TBG for the Coulomb interaction with screening
from the top and bottom gates.

1. Low energy interaction

We denote the (screened) Coulomb interaction in TBG between two electrons of distance r as V(r). Usually, TBG
samples in experiments feel the Coulomb screenings from the top and bottom gates. Here we assume the TBG has a
top gate plate and bottom gate plate which are distance £ away in the z direction. The screened Coulomb interaction
is then given by

= = (=n"
Vir)="U n:z—oo m ) (C1)

where Ug = €2/ (€£), with € being the dielectric constant, and r = |r|. We call £ the screening length, which is usually
around 10nm and comparable to the moiré lattice constant. For € =~ 6 from typical hBN substrates, and £ ~ 10nm,
we have Ug ~ 24meV. Using the 2D Fourier transformation formula that

/ d2q ) e—&q-&-iq'r _ /oo dq /271- dee—§q+iqrc059 — /277 de 1 — ¢ dz
2 ; (2
(2r) q o 0 o £ —ircosf 21=1 &2 —ir(22 +1)/2

1 1
:ﬂ\/ﬁ’ (€>0),

(C2)
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FIG. 4. The interaction V(q) as a function of £q given by Eq.

we find the Fourier transformation of the Coulomb interaction (C1) is

” —zqr

n=—oo

e—Inléd’ +i(a’—q) r e—Inléd’
_27r§Ufz/d2/ e H——27T§U§Z/d2 A (a-d) ()" = (C3)
- e“"'gq tanh (£q/2)  2me? tanh (£q/2)
= 27¢U, -1)" = (7€%U, = ,
3 gnzz_w( ) (r€2Ue) t02 - p
where ¢ = |q/, and we have used the formula >0 e~I"lz =1 — 1+ ¢ " —tanh (%). Note that V(—q) = V(q). The

function V(q) with respect to (q is plotted in Flg.
The Coulomb interaction of the 2D TBG electrons can be written in the momentum space under the graphene

; T
plane wave basis as Cpoovs,l B8

N 1 1 1
— T
HI - QQtot Z Z V( ) < p+q,a s, l P,a,s,l — 26(1,0) (Cp/q,al’sl’l/Cp/7a/,s/7l/ — 26(170) s (04)

p,p’,a€GBZ a,a’,s,s’,l,l’

where p,p’,q takes values in the microscopic graphene BZ and ; is the total area of TBG. Note that we did
not normal-order the interaction Hamiltonian H; in Eq. , and have subtracted a 5q o term in the two brackets

of fermion operators. Normal-ordering or removing the term 2(5q,0 only shifts H; by a chemical potential term of

the form sz,a,s,l Cl,a,s,lcp,a,&la
in Eq. , the Hamiltonian H; is symmetric about the filling of the charge neutral point (CNP). In particular,
this chemical potential shift allows us to easily obtain a many-body PH symmetric projected Hamiltonian, as we will
derive below and discuss in more details in App.[C4] The derived many-body PH symmetric projected Hamiltonian
is the most appropriate one, as it effectively properly includes the Hartree-Fock contributions from the passive bands
(App. [C5).

The low energy physics of TBG is concentrated at microscopic electron momenta p around the two valleys +£K;.
Since V(q) decays quickly when ¢ > 1/¢, and in TBG |K;| > 1/, we can ignore the terms in Eq. with |q| ~ |K]
connecting two valleys. After this approximation, at low energies we can assume p and p + q (p’ and p’ 4+ q) belong
to the same graphene valley, namely, only intra-valley scattering is preserved. Rewriting the fermion operators using
Eqgs. and 7 we can rewrite the low energy interaction Hamiltonian as

which does not change the general physics. However, the advantage of the form

\ 1
Hr = 20 Z Z V(g + G)op_q-cipgta (C5)
ot GeQ, qeMBZ
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where

1

5Pq+G - Z Z Z <Ck+q Q-G,n,a,sk,Q,n,a,s 2501,05(470) : (06)

n,a,s keMBZ Qe Q¢

Physically, dpq+c is the Fourier transform of the total electron density at momentum q + G relative to the filling of the
graphene CNP (since the CNP of TBG when the two layers are decoupled is at half filling <C;r<+q Q-G SCk,Qun,ans) =
£64,00G,0 in both graphene layers).

2. Projected Hamiltonian

We now project the TBG Hamiltonian into the lowest 8n,.x bands |n| < npax in each spin and valley. When
the twist angle ¢ is close to the magic angle 6, ~ 1.1°, a reasonable rOJected Hamiltonian is with np.x = 1. To
distinguish with the unprojected Hamiltonians Hy and H; in Egs. and which have a hat, we denote the
projected kinetic and interaction Hamiltonians as Hy and Hj (w1thout a hat), and the total prOJected Hamiltonian
as H = H() + HI.

From Eq. we can easily write down the projected kinetic Hamiltonian into |n| < npmax bands as:

Z Z Z €nn(k cknnscknm' (Cn

[n|<nmax 15 kEMBZ

To find the projected interaction Hamiltonian, we first note that due to Eq. (A21)), the density operator in Eq. (C6)
can be written as

" 1
6,0G+q - Z Z Z ((Z uQ—G,a;mn(k + q)uQ,a;nn(k)CL+q7m,n,Sck,n,n,s> - 25q,06G,0>

nas k QeQ. mn
1

:ZZ Z ZU*Q*G,a;mna{ + q)uQ&Y?T”](k) (cir(Jrq,m,n,sckxn’n-,S - 26(1’0677”1) ’ (CS)
nas k QeQ4 m,n
where from the first line to the second line we have used the completeness relation
dg,0 = Z UB—G,a;nn(k)uQ,anm(k) (C9)
nn
We then define the form factor (overlap) matrix as given in Eq. (12), which we reprint here for convenience:
M7(7:7,)n (k7 q + G) = Z Z uafG,a;mn (k + q) uQﬂ;”"} (k) . (ClO)
a QeQx

We note that if k + q is outside the first BZ, it must be brought into the first BZ using the embedding relation in
Eq. (A23]). This further simplifies Eq. into

1
0pG+q = ZZ 2(k,a+G) <0k+qm n,sCk,mm,s 2501-,057”“) . (C11)

kns m,n
We can then define a projected density operator 67)G+q by restricting |m|, |n| < nmax in Eq. 1)
_ 1
Para=Y. D, 7 (k.a+G) <ck+q o sClmns — 25%05%) , (C12)

kns |m|,|n|<nmax

and substitute dpg +q into Eq. 1) to obtain the projected interaction Hamiltonian H; in the n = £+1 bands. To
simplify the form of the interaction Hamiltonian, we define a set of operators

L 1
Oqc =VV(a+G)oparqa=>., . VVia+GMY, (kaq+G) (pﬁ,q,m,n,s - 25q,o<5m,n> ;o (C13)

kns |m|,|n|<nmax
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and the electron density operator within the flat bands

_
pk,q,m,n,s - Ck+q,m,n,sck,n7n’5 . (014)

We can then write the projected interaction Hamiltonian as

1
Hr = > 0_q-cOqc|, (C15)
2Qtot
qEMBZ GeQ,
as given in the main text Eq. . In particular, we have
[Oq7G7 Oq’,G’} = Z \/V(G + q)V(G/ + q/)pﬁ,q-i-q’,m,n,s X
k,m,n,n’,n,s (016)
(M2 (+d s+ G MY, (kd +G) = M, (ka+G) MY, (k+a,q +G)|

which in general does not vanish if q # q’ or G # G’. Therefore, different terms in the interaction Hamiltonian Hj
do not commute.

3. Gauge fixing of the interaction

Eq. 1} give the generic definition of the coeflicient Mg')n (k,q+ G). Here we fix the form of this coefficient
under the gauge fixing of Eq. (B17)). Under this gauge, the following constraints must be satisfied:
(I) Hermiticity condition:

which is trivially satisfied by the definition in Eq. (C10)).
(IT) The C5,T symmetry yields the real condition

M, (k,a+G) =Y > [D(Co.T)ttmy(k + @)lq-c.a[D(Co-T)us,, (K)]q.a

o QeQy
= Z Z u*Q,@;nn( uUQ-Ga mn k + q Z Z uQ—i—G a;nn )uQa,mn (k + q)
a QeQ4 a QeQy
=MD" (k,q+G) . (C18)

(IIT) Due to the combination operation Cs, P, which has the sewing matrix D(Cs,P) = (¥7¥ in each pair of bands

n = tnp (Eq. (B17)), we have

M (ka+G) =Y 3 [D(CouP)uly(k + @)lg-c.alD(CosPlun, (K)q.

a QeQy
= Z Z (Cy)mm’u*QfGa,m’,fn(k + q)uQﬂ;n'ﬁn(k)(Cy)n’n
a QeQ4
=[¢*MT(k,q + G)¢]mm, (C19)

where we write Mé?,{ in short as a matrix M in the band space, and ¢® means the Pauli matrix within each pair
of bands +n.
(IV) For momenta k and k + q not at M), points, due to the Cs, symmetry, which has the sewing matrix

B(C3,)(k) = (7% (Eq. (B18)), we further have
MM (k q+G)=M"(-k,—q - G). (C20)

For the case where k is at M, and k-+q is not at My, the sewing matrices are given by —B2=(k) = B2 (k+q+G) =
i¢%7% due to the discussion in appendix hence the above condition changes to

MMk, q+G)=-M""(-k, —q— G). (C21)
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For the case where k is not at My; and k + q is at M}, the M matrix also satisfies Eq. for the same reason.
For the case where k is at My and q = 0, the sewing matrices are given by B“?=(k) = B%:(k + G) = —i¢°7® and
hence the M matrix satisfies Eq. (C20)).

We can generically parameterize M), ,(k,q) as

Mg+ Gl = Y > (Cmalm)paar(ka + G) (C22)

a=0,2,y,2 b=0,z

where only b = 0, z are allowed, since M/, . (k,q + G) is diagonal in valley n. We have assumed aq(k,q + G) are
Nmax X Nmax Matrices, and is tensor produéted with (* in each pair band basis n = +np and the valley Pauli matrix
7%, Condition (IIT) requires M to be commutative with (7Y in the band and valley indices, which restricts M matrix
to decompose into four terms

’ M(k7 q + G) = COTOQO (ka q-+ G) + CITZal(kv q + G) + iCyTOOQ (k7 q + G) + CZTZO@ (kv q + G) ‘ (C23)

We note that if nmax = 1, a,1,2,3(k, g+ G) are simply numbers, while if nmax > 1, a@g1,2,3(k, g+ G) will be matrices.
Condition (II) requires M}, ,(k,q+ G) to be real, thus ag 1 23(k,q + G) are all real (matrix) functions. We denote
the matrix coefficient of o;(k,q + G) in Eq. (C23|) as M;. Besides, Condition (I) requires

(1) |aak,a+G)=al(k+q,-q—G) fora=0,1,3, axk,q+G)=-al(k+q,—q-G). (C24)

Finally, for k and k + q not at M, points, Condition (IV) requires

(2) ’aa(k, a+ G) =a.(-k,—q—G) fora=0,2, a.k,q+G) =—a,(-k,—q—G) fora=1,3. ‘ (C25)

In particular, the combination of Egs. (C24)) and (C25)) implies that at g = 0, we have
aok,G) =0of (-k,G),  a;(k,G)=—0a] (-k,G), (j=1,2,3). (C26)

It is worth noting that, even though Eq. is derived with assumption that k and k 4+ q are not at the My,
momentum, it is also true for k at My, and q = 0 because the Condition IV (Eq. ), from which Eq. (C25)) is
derived, is true for k at My and q = 0. Therefore, Eq. (C26), which is the combination of Eqgs. and (C25) at
q = 0, is true for k over the whole BZ.

4. Many-body charge conjugation symmetry of the Projected Hamiltonian

The full projected Hamiltonian H = Hy + H; has a many-body charge-conjugation symmetry, which ensures that
all the physical phenomena is PH symmetric about the filling of the charge neutrality point (CNP) at v = 0.

We define the many-body charge conjugation P. as the single-particle transformation C5, TP followed by an inter-
change between electron annihilation operators ¢ and creation operators ¢!, namely,

PechnmsPe = oty s BT ()l oK), PecienmsPet = i S B Wy - (C27)

Under the gauge fixings of (Eq. lj and (Eq. ), one has Bffnz,TnI; = Brlr)m’,nn = (—iCYT?) myt ,nn (Eq. 1)

within each pair of bands n = +ng. We now show P, is a symmetry of the projected Hamiltonian.
Because of the relation €, ,(k) = —e_, ,(—k), the kinetic Hamiltonian is invariant under P, up to a constant:

P.HyP ' = Z Enyn(k)cfk,fn,nctk,—n,n = Z e,n,,,(—k)c1L_l{7_7L7T,c,1<7,,L,77 + const. = Hy + const. (C28)

k,nn,s k,nn,s
Next, we note that the projected density operator 57)01 Lq in Eq. 1} satisfies

_ _ \ 1
Pc(qu-i,-GPc l= Z Z(CJMTI(k7q+ G)Cy)mn (C—k—q,m,n,sch’nm’s - 26q706mn>

nmns k

1
= Z Z(CUMU(k’ q + G)Cy)mn <_CJr_k7n7n7sckq,m,n,s + 26q,06mn>

nmns k

1
- Z Z(CQMW(,k tq,q+ G)Cy)mn (CL-i-qmm,ka,mJ],s + 25q,05mn> (029)

nmns k



26

Due to Egs. (C23]) and (C25) we have

M) (kq+G) =Y Y ML (- —q—G)CY, (C30)
m’'n’
and hence
_ B 1
PedpgiaPe 1_ Z ; nok—q,—q—G) (CLf-q,n,n,ka,mmvs + 26q705mn> . (C31)
nmns
Due to Eq. (C17), M/, (k —q,—q— G) = M/, (k,q + G), thus
_ B 1 —
PebpgrcPe' = > Y M}, (k.q+G) ( et sCns 5q05mn) = —pgra- (C32)
nmns k

Therefore, according to Eq. (C13), we have P.OqgP. ' = —Oq.c, and thus the projected interaction in Eq. (C15)
has the charge-conjugation symmetry [P, H;] = 0. In total, we have

PHP'=H— > Y enyk)=H (C33)

[n|<nmax k1,8

for H = Hy + H;, where we have used the fact that €, ,(k) = —e_, ,(—k) in Eq. (A24]) due to the single-particle PH
symmetry P. Note that P. maps a many-body state at filling v to filling —v, where v is the number of electrons per
moiré unit cell relative to the CNP. Therefore, one expects the TBG ground states at ¥ and —v to be PH symmetric.

5. Contributions from the passive bands in the Projected Hamiltonian: Hartree-Fock Potential

We note that the projected interaction Hamiltonian H; in Eq. (C15)) is not normal ordered. We can rewrite Hj
into normal-ordered part and some quadratic fermionic terms as

H; = H™ + AH® + AH® 4 const. . (C34)

where H7°™ is the normal ordered Hamiltonian, and H M) and AH®). are specified shortly below. By defining
interaction parameters

U (@K1 = 3 V(G M), (K, —a— G) MY, (ko + G) (C35)
GeQp

we can rewrite each term as

1 (n'n)
norm __ § § § : / T
HI - 20 Umn ymn q’kk) Ck—i—qmnsck’—qm n', 1 s/Ck' 0’ ' ,s' Che,nym,s (CBG)
tot qkk’/’eMBZ nn’ss’ m,n;m’ ,n’

AHW = - o) 0K e ernns s €37
29%:2 mnzm, mimimn ) Chmn,s Chomin. (C37)
and
(nm) §
A 2Qtot Z Z Z Um/"/ smm/ q’ k’k - q) Clc,m7177sck,n/,7],s s (038)

k,q 17,8 m,n’;m’

where we have used the fact that U( ) (q;k'k) =T, (nn ), (—q; kk’) which trivially holds by exchanging the two

m n’;mn mn;m’n’

M matrices in the definition . By summing over only |m/|,|n| < nmax, Hr gives the projected Hamiltonian.

In the following, we prove that H}l) and H}Q) can be heuristically understood as the Hartree and Fock potential
of the higher passive bands |n| > nmax which are projected out. We emphasize that the difference between the Hj
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and its normal-ordered version is not just a simple chemical potential shift, contrary to the unprojected interaction
Hamiltonian Hj.

We first note that the full interaction Hamiltonian H; before projection is simply given by Egs — with
summation over all band indices m,n,m’,n’. We now derive the Hartree-Fock Hamiltonian of the full Hamiltonian

Hi at filling v = —4npax (number of electrons per moiré unit cell relative to the CNP). The occupied single-particle
bands at ¥ = —4n.x produce a mean field
<CL,m,n,ka',nm',S’> = 6(*nmax - m)ék,k’ém,nén,n/és,s’ ) (039)

where we define O(z) = 1if x > 0, and ©(x) = 0 if + < 0. We shall use the property of interaction parameter
U(n ) (q; K'k) = sgn(mn)U(77 L (q; K'k) = sgn(m’n’)U(_77 n)/ (q; K'k) = U(m’) (—a; kk’), which can

m’/n’;mn m/n’;—m,—n —m/’—n’;m,n mn;m’n’

be verified by the properties of the M matrices through Eq. 1)1| We then find the Hartree term

y—— 1 n'n
HH Arme — 2040t E E E [26(7nmax - m/) - 1]U7S1’m2;mn (0; k/k) C;rf,m,n,sckvnﬂﬁs
e}

kk’ nn’ss’ m,n;m’

- 2S)1t0t Z Z Z U?S”L?Z/wz?,mn (0’ klk) Cz7m,n7sck,n,n,s y

kk’ nn’ss’,m,n |m/|<nmax

(C40)

and the Fock term

_ 1
=—4nmax .
Hy= i = oo 3 [ > O ttmax — mYUST, o (@k+ K) € Chtgnins
O

k,q n,s m,n/;m’

+ Z 6(_nmax - m)U7(rL’r]/7ZBL7mn (q7 k + q, k) cl}m/’n’sck,n,n,s

m’ ,n;m

1
B 2Qt t Z Z Z 6(_nmax - m/) [Uf:/zl);mm/ (q; k+ q, k) + Ufr?':rlt)/;m/n (_q; k, k+ C1) :| C]Tngq,m,n,sck-l-q,n,n,s

k,q n,s m,n’;m/’

1
SEE w0 ) DID DILLC ST UE S T S

k,q n,s m,n’;m/’

(C41)
Similarly, one can show the Hartree term at v = 4ny,,x are given by
HZ[:4nmax — _HIITI:74nmax , (042)
and the Fock term at v = 4n.x:
_ 1
Hy=tmemes = — NN N 20 (nax + 1 —m U (@ kK — Q) ef o Chans - (C43)

2ot k,q 1,8 m,n';m’
Therefore, when projected into the lowest 8nyax bands (2nmax per spin-valley), we find for the difference between our
particle-hole symmetric Hamiltonian and its normal-ordered version:

_ _ I -
1 v=—4Nmax __ v=4Nmax 2) v=—4Nmax V=4Nmax
AHWY = HY = —HY : AH® = 3 (HF — HY ) : (C44)

Note that the interaction satisfies the orthonormal condition ) , ylm (a:k,k—q) = Y g V(a+ G)dpn, so

m/n;mm/’

under the single-particle PH transformation P which takes PCLMW,SP’1 = —Sgn(m)ncT_k’_mm’s, we have

_ 1
v=—4Nmax p— .
PHY, Pl=— T E g E 20(—Nmax — m')sgn(mn)U,(yml);mm, (q;k,k — q) Cik,fm,n,sc_ka_nﬁhs

k,q 1,8 m,n/;m’

1
_QQt t Z Z Z 2®(nmax + 1+ ml>U1Sf7L7’?Zz);mm’ (q; k7 k- (l) CL,m,n,sck,nJhS

k,q 1,5 m,n’;m’

1
_QQtot Z Z Z 2[1 - Q(nmax +1- m/)]Uvsy’ZL);mm’ (q’ ka k— q) CLymm’ka,n,n,s

Q /. ’
k., 17,8 m,n’;m

— v=4Nmax § : T
- _HF — MV ck,m,n,sckvm,ﬂ,s ’

k,m,n,s

(C45)
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where we have used the PH symmetry of interaction Ur(nm7 ) (q;k, k') = sgn(mnm/n’)UgZ ) _ o (—a; =k, —K').

nym’n’ ,—n;—m/,

The constant py is defined by py = ﬁ Zq ¢ V(q+ G), which is a coefficient of a chemical potential term.

6. U(2)xU(2) spin-charge rotational symmetry

In Eq. we have given the generators of the U(2)xU(2) symmetry of the single-particle Hamiltonian Hy from
the spin-charge rotational symmetry in each valley. Here we show that the projected interaction Hamiltonian also
respects the U(2)xU(2) symmetry. Hereafter, with the understanding that we assume the gauge fixing given by Egs.
and (We note that Eq. is only used for defining the irrep band basis in Eq. , which will
be useful in the discussion of nonchiral-flat U(4) irreps in Sec. ), we shall use (%, 7%, s® to denote the identity
matrix (e = 0) and Pauli matrices (a = z,y, z) in the each pair of bands n = +np, valley n = + and spin s =1,
bases, respectively.

When projected into the 8n,., flat bands of |n| < nyay, the 8 generators S% (a = 0,z, b = 0,2,y,2) of the
U(2)xU(2) symmetry in Eq. take the form

59 = Z (Sab)m,n,s;nm"S'CLm,n,sck,nJI”S’ ) (@=0,2, b=0,2,y,2), (C46)

k,m,n,s;n,n’,s’
where the matrices within each pair of bands n = £ng are given by
s% = (9700, 57 = (Or%sb, (b=0,z,y,2). (C47)

In particular, S and S** give the global spin-charge U(2) rotations and the valley spin-charge U(2) rotations,
respectively.

It is easy to see that both S and S?* are diagonal in valley 7, and only acts on spin s. Since the operator Oq,c
defined in Eq. is diagonal in valley 1, and all the coefficients are independent of spin s, we conclude that

[Oq,GaSOb] = [Oq,GmSZb] =0. (048)

Accordingly, the interaction H; in Eq. (C15) respects the U(2)xU(2) symmetry, and so does the full projected
Hamiltonian H = Hy + Hj.

Appendix D: Enhanced symmetries in various limits

In this appendix, we will show that the U(2)xU(2) symmetry (Eq. (C46]) of the full Hamiltonian H = Hy + Hj is
enhanced into higher symmetries in various limits of TBG. Since all these higher symmetries involve the U(4) group,
we first briefly review the algebra of the U(4) group.

1. Brief Review of the U(4) group

The U(N) group is defined by all the N x N unitary matrices U satisfying UTU = I, where Iy is the identity
matrix. The matrices U are generated by all the linearly independent N x N Hermitian matrices, thus the total
number of generators is N2. In particular, for the U(4) group, the 16 generators can be represented by the tensor
product of two sets of 2 x 2 identity and Pauli matrices 7* and s* (a = 0,z,y, z) as

sgb =79 | (a,b=0,z,y,2) . (D1)
We denote their commutation relations as

(56", 56 = fop sy’ (D2)
Then f:]lc”Cd are the group structure constants, which are the same for all representations of U(4) group.

The set of all the 4 x 4 matrices U defines the 4-dimensional fundamental irreducible representation (irrep) of the
U(4) group, the representation matrices of the generators are exactly given by Eq. (D1]). There is also a 1-dimensional
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trivial identity irrep, in which the representation matrices of all generators si® = 0. We shall use the following notation
to denote the fundamental irrep and trivial identity irrep of the U(4) group:

U(4) fundamental irrep: 14, U(4) trivial identity irrep: [0]4 . (D3)

We will not explain the meaning of these notations, except that we mention they are consistent with the Young
tableau notations for U(4) irreps we explain and adopt in Ref. [109].

2. U(4) symmetry in the nonchiral-flat limit
a. The symmetry

We now assume the magic angle TBG is in the nonchiral-flat limit, where the projected kinetic Hamiltonian in
Eq. (C7) becomes exactly Hy = 0, while both wy > 0 and w; > 0 in Eq. . In this case, the total projected
Hamiltonian is H = H;. We will show that there is an enhanced U(4) symmetry.

To see this, we first show that C5,P is a symmetry of H = H;. With the sewing matrix of Cs,P given by
B%:P (k) = ¢¥7Y in (Eq. )7 we have

1

(C2:P)0qc(Co-P) ' =>" > /V(g+G)MY), (k,q+G) ((022 )k s Clos (Coz P) 7L — 25%057”,”)

kns m,n==%1

1
:Z Z VV(ia+G) (CyM( M (k,q+ G)¢Y ]mnckJrqnwS kn’ns—2M,(,;7,)n(k,q+G)5q,06m,n)

kns [ml,|n|<nmax

1
= Z Z Via+ G)M »(k,a+G) (CkJrq m.n,sCk,n,m,s 25%05771771) =0q,G ;

kns |m|,|n|<nmax

(D4)

where we have used Eq. - Therefore, we have [Cs, P, Oq,c] = 0, and thus the interaction Hamiltonian H; in

Eq. (C15) satisfies
[Cao.P,Hf] =0 . (D5)

Besides, since [Cs., Ho] = 0 and {P, Hy} = 0, we have {C5.P, Hy} = 0, which implies €, , (k) = —e_,, (k). If we
want to have [Cy, P, Ho) = 0, we would have to require €, ,(k) = e_, _,(k), which is only possible when €, ,(k) = 0,
namely, only in the exact flat band limit with projected kinetic term Hy = 0.

The C5, P symmetry allows us to define the following operator as a commuting symmetry of the projected Hamil-
tonian H = Hy:

¥ = Z Z [BC%P(k)}"??v”"’]'C;rc,n,n,sckan/#f)' s Z Z Cy rm n 'r]'ck n,n, sCk,n/ n' s (Dﬁ)

k,s nn/nn’ k,s nn/nn’

where we have used the gauge fixing of Eq. (B17)), and (¥ only acts within each pair of bands n = +ng. We note that

when S¥° acts on single-electron states CL n.n.s|0) where [0) is the vacuum, it is the same as the operation of Ca. P
To see this is a symmetry, we note that

SY =D (€Y, M, q+ G)]) oy Ol s Chein s = 0 (D7)

k,s nn'nn’

where we have used the fact that the M (k,q + G) matrix commutes with (¥7¥ from condition (C23)), a result of the
Cs, P symmetry. Therefore, SYV is a commuting symmetry of the interaction Hamiltonian H; in Eq. (C15]), namely,

(S0 H;) =0 . (D8)

Recall that H; has a U(2)xU(2) symmetry with 8 generators S and S** (b = 0,z,y,2) in Eq. (C46). The
commutators of S¥° in Eq. (D6) with the 8 U(2)xU(2) generators then yields 16 Hermitian operators in total:

5 = Z (Sab>mﬂ7,8;n,n’,S’CL,m,n,ka’n,n’,S’ ) (a,b=0,2,y,2), (D9)

k,m,n,s;n,n’,s’
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where within each pair of bands n = £+ng

More specifically, the new generators are given by

Sazb [SyO’ SZb] , Syb — %[Szo’ Szb] ) (Dll)

o
2
It is then easy to see that the 16 operators S satisfy the commutation relations of U(4) generators:

a c b,ed qe
5,57 = fepeds s (D12)
where f:})’Cd are the U(4) structure constants defined in Eq. 1) Therefore, we find in the nonchiral-flat limit, the

projected interaction Hamiltonian H; has an enhanced U(4) symmetry.
The Cartan subalgebra of the U(4) generators in Eq. (D10]) can be chosen as

Cartan: 090, (0702, (Or7sY (OrFs (D13)

We note that although we proved the symmetry of SYC under the fixed gauge (B17)), the definition of S¥0 =
D ks Doy [BCQZP(k)]m,,n/,,/anm,Sckm/m/7s in Eq. is gauge invariant. This can be seen by noting that under

+

a gauge transformation ¢, _

e_i¢ﬂr=ﬁ+i¢n’,'r)’ [BCQZP(k)]

— eiPnm cL s the sewing matrix elements change according to [BE2=P (K)] gy —

nn,n'n’-

b. The single-electron irreps

The k-independent representation matrices of Eq. (D10]) at each momentum k can be decomposed into fundamental
U(4) irreps. This can be done by transforming into a new basis where (¥ is diagonalized. This turns out to be exactly

the irrep band basis d"?)! = L(61T<,+ma,n,s ) we defined earlier in Eq. (see also Ref. [108]). For

+ieycl
k,ey,n,s V2 Y, —np,n,s
ng = 1, ey = £1 gives the Chern number of the band basis. The single-electron state in irrep band ey

a1 o) (D14)

k,ey,n,s

has eigenvalue (¥ = ey. It is then easy to see that the representations of the U(4) generators S for the single-electron

state (D14)) are given by

5P(ey) = {7°5°, ey7®st, eyrVst, 77s°}). (D15)

Therefore, the single-electron state 1) for a fixed ey, or equivalently the irrep band fermion operator dL ey s

a fixed ey, occupies a fundamental irrep [1]4 of the U(4) group. However, we note that the ey = +1 and ey = —1

irreps differ by a 7 valley rotation €7 /2 about the z axis.
(nB)T

k,ey,n,s’

for

For many-body Fock states created by multiple d. the U(4) representation is given by the tensor product of

the U(4) fundamental irreps [1]4 of each dinffns Such tensor product representations can be further decomposed into
U(4) irreps, which we will not discuss here, but in our upcoming paper of the many-body states of the PSDHs[T09].

3. U(4)xU(4) symmetry in the (first) chiral-flat limit

In this appendix, we demonstrate that by setting wo = 0 < w; (the chiral condition), and set the projected kinetic
Hamiltonian Hy to zero (flat condition), the system has a unitary U(4)xU(4) symmetry. We call this limit the first
chiral-flat limit.
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a. The chiral symmetry at wo = 0

In the first chiral-flat limit, since wy = 0, the single-particle Hamiltonian of TBG acquires an additional unitary
chiral symmetry C', which satisfies the anti-commutation relation with the full single-particle Hamiltonian Hy in

Eq. :

{C,Hy} =0. (D16)
The action of C' is given by
CCI(,Q,’I],OC75071 = Z [D(O)]Q/UIB»QTI()‘CI(,Q/,”]/7ﬁ75 5 (Dl?)
Q'n'p
with the representation matrix
[D(C)] iy s.Qna = 6q,Q0y n(02)8,a - (D18)

Note that C preserves the electron momentum k. Since C flips the single-particle Hamiltonian ffo, it is not a
commuting symmetry of TBG, but only reflects a relation between the positive and negative energy spectra. The
transformation C' satisfies

Cc? =1, {C,Cy.} =0, [C,T] =0, [C,P] =0, {C,Cy. T} =0, {C,Cy. P} =0. (D19)

b.  The full symmetry

When transformed into the energy band basis, the chiral symmetry C' implies

enn(k) = —€-ny(k) , (D20)
[D(C)]y thriry (k) = Z[Bc(k)]mn,nn’umn(k) ) (D21)
where
(B () = 8O (D22)
This implies the transformation
Oy wC 7= S BE) oy s (D23)
mn

By the relations {C, C5.T} = {C, C5. P} = 0, the sewing matrix of C' satisfies
BE() BT (k) = ~BO=T(k)BO (k) BE(k)B*" (k) = B (1) B(K) (D24)

Under the gauge fixing of Eq. (B17)), we have B> (k) = (7%, and B®2:F (k) = ¢¥7Y. The only k-independent gauge
for sewing matrix of C' in con31stency with Egs. (D22)) and (D24]) within each pair of bands n = +np is then (up to
a global minus sign)

B (k) = ¢¥r* . (D25)
In particular, this k-independent gauge fixing (D25)) of C' automatically ensures the continuous gauge fixing condition

(B16)), which is crucial for defining the irrep band basis in Eq. . To see this, note that Eq. (D25]) tells us that
U_p n(k) = isgn(n)nu, ,(k) for band n = +ng, and thus we have

fan(k+a,k) =

ujlm(k + q)u"ﬁi(k) 7n n(k + q)u_ 777 ‘ - ‘un n k + q)un ﬂ(k)[l - Sgn 2 2 ‘ =0 (D26)

for any k and q, satisfying Eq. (B16).
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We also note that this gauge fixing of C is consistent with the gauge fixings of both C5, and P separately in
Eq. (B18). Basically, the relations {C,C5.} = 0 and [C, P] = 0 requires

BY(—k)B“: (k) = —B“*(k)B (k) , BY(—k)BY (k) = B (k) B¢ (k) , (D27)

which is satisfied by Eq. .

For the projected Hamiltonian H = Hy 4+ H;, we now show that C' is a symmetry of the interaction Hamiltonian
Hy, and further constraints the matrix M (k,q + G) in Eq. (C23). To see this, we note that with the relation
due to C' symmetry, the definition of M (k,q + G) in Eq. (C10|) satisfies (written as a matrix in the n, n space)

ALQ) k,q+G) = E: zz: UG- G.aimn (K + Q) uQ ainy (k)

a QeQ4
=Y > luby, (k+a) DN (O)la-c.a[D(Cuny (K)q.a (D28)
a QeQ4
= [Bc(k + q)T]’mUvmlﬁl Z Z ua—G,a;m’n’ (k + q) UQ#XW'U' (k) [Bc(k)]n/ﬂlﬂ”l ?
a QeQ4
or in matrix form,
M(k,q+G) =B (k+q) M(k,q+ G)B(k) . (D29)

We note that Eq. (D29)) is independent of gauge fixings. If we take the gauge fixed form of M (k,q+ G) in Eq. (C23)),
and the gauge fixing of C in Eq. (D25)), we find M (k,q + G) has to commute with (¥7%. Thus when there is the
chiral symmetry C, the gauge fixed M (k,q + G) has to take the form

[ M(k.q+G) = ("rag(k,q + G) +i¢"’as(k,q + G). (D30)

In particular, the functions ay(k,q 4+ G) = as(k,q+ G) = 0.
By Egs. (D23)) and (D29)), it is easy to see that

1

COqcC™'=>" > VV(a+G)MY,(k.q+G) <Ccﬂ+q,mwck,n,,],sc—l - 25%05%)

kns m,n==x1

1
= Z Z VV(ia+G) <[Bc(k +a) M(k,q+ G)BC(k)]mn;nnCI(—s-q,m,n,kavnm,s - ng])n k,qa+G) 5q705m,n>

kns m,n==%1
1
= Z Z vVia+G) M(n) (k,a+G) (ck+qmns Ck,n,m,s — 25q705m,n> =0q,G -
kns m,n==%1
(D31)
Therefore, [C, Oq,c] = 0, and accordingly the projected interaction H; satisfies
[Ca HI] =0 ) (D?)Q)
implying C' is a symmetry of Hj.
The C symmetry allows us to define the following operator as a commuting symmetry of Hy:
S/ZO Z Z BC "n"n/cknnscknlﬂl S _Z Z Cy ]"W"W/Cltnnsckn'm s (D33)

k,s nn/nn’ k,s nn/nn’

where we have gauge fixed its representation by Eq. (D25). We note that when S¥° acts on single-electron states

an 1.5/0) where [0) is the vacuum, it is the same as the operation of C. To see this is a symmetry, we note that
15,0, Z Z [¢V7%, M(k, q + G)]),p iy climm’sck,n,m,,s =0. (D34)
k,s nn/nn’

Therefore, S’*° is a commuting symmetry of the interaction Hamiltonian H; in Eq. (C15)), namely,

[0, H;]=0. (D35)
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Note that S"*% does not commute with the single-particle Hamiltonian Hy unless €, , (k) = €_ , (k). Due to Eq. ,
this is only possible when €, ,(k) = 0, namely, in the exact flat band limit Hy = 0.

Recall that H; already has a U(4) symmetry generated by S in Eq. . The commutation of S% with §’0
then produces another 16 Hermitian operators:

5eb = Z (smb)m,nxsmﬂ7'75'C;(c,m,n,sck;nmﬂs’ ) (a,b=0,2,y,2) , (D36)

k,m,n,s;n,1’ s’
where for each pair of bands n = £ng
g = {CyTosb, COrzs, (Orvsh, Cyrzsb}, (a,b=0,2,y,2) . (D37)

In summary, the single-particle representation matrices of all the generators S% and S’*® can be reorganized into

{¢"7%", (7"}, (a,b=0,2,y,2) . (D38)

It is more convenient to linear combine the U(4)xU(4) generators as

Sib = Z (Sl:ltb)mmys;n,n/,S’Clt,m,n,sckmm/ﬁ’ ) (D39)

. ’ ’
k,m,n,s;n,n’,s

where we define

1
Sib = i(coicy)TaSb s (a,b:(),l”,y,z)- (D4O)

In this form, it is easier to see that the 16 generators Sj‘_b generates one U(4), the 16 generators S?° generates another
U(4), and [S?°, S°] = 0. Therefore, in total they give a U(4)xU(4) symmetry in the first chiral-flat limit.

We note that the U(4) group in the nonchiral-flat limit in Eq. is a subgroup of the U(4)xU(4) group in the
first chiral-flat limit in Eq. , but it is not one of the two tensor-producted U(4) groups.

The Cartan subalgebra of the first chiral-flat U(4) x U(4) generators in Eq. can be chosen as:

Cartan of first Chiral U(4) x U(4) :
COTOSO, COTOSZ, COTZSO, 4-07_252’ <y7_0507 CyTosz’ CyTZSO, CyTZSZ (D41)

c. The single-electron irreps

The irreps of the U(4)xU(4) group can be obtained by the tensor product of the irreps of the first U(4) and the
second U(4), respectively. We shall use

([A1]as [A2]a) (D42)

to represent a U(4)xU(4) irrep which is the tensor product of an irrep [A1]4 of the first U(4) and an irrep [A2]4 of the
second U(4).
At each momentum k, the k-independent representation matrices in Eq. can be decomposed into U(4)xU(4)
irreps. This can be done again by transforming into a new basis where (Y is diaaulized7 which is exactly the irrep
2

band basis df(nffns = %(CLHLB%S + ieychnB’n’s) we defined earlier in Eq. (

number of the band basis. The single-electron state in irrep band ey

6), where ey = +1 gives the irrep
a2 . 10) (D43)

has eigenvalue (¥ = ey. It is then easy to see that the representation matrices of the U(4)xU(4) generators S¢° for
the single-electron state (D43)) are given by the 4 x 4 matrices

1
s = 5 (LEey) T8 . (D44)

Therefore, the single-electron state 1} for a fixed ey, or equivalently the irrep band fermion operator BT for

k,ey,n,s

a fixed ey, occupies an irrep of the U(4)xU(4) group. The U(4)xU(4) irrep of dl({"f_)ﬁns is given by ([1]4, [0]4), while
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the U(4)xU(4) irrep of dIc,—l,n < 18 ([0]4, [1]4), where we recall that [1]4 and [0]s are the 4-dimensional fundamental
irrep and the 1-dimensional trivial identity irrep of U(4) group, respectively.
We also note that the operator Oq, g in the first chiral limit can be rewritten under irrep band basis as

n' 1
Opc= 3 VIAGT QM. (oat Qo 3 (d&f.ifey,n,sdiffﬁ,n,s - 6q,06n3,nf3) . (D)

2
k,ey ,n,s 7,8
where
Mey (k7 q-+ G) = Qo (ka q-+ G) +ieyag (k7 q-+ G) . (D46)

Therefore, the interaction H; in Eq. is diagonal in the index ey .
(nB)t

k,ey,n,s’

For many-body Fock states created by multiple d the U(4)xU(4) representation is given by the tensor

product of the U(4)xU(4) irreps ([1]4,[0]4) or ([0]4,[1]4) of each dfﬁnffns Such tensor product representations can
be further decomposed into U(4)xU(4) irreps, which will be discussed in a separate paper [109].

4. U(4) symmetry in the (first) chiral-nonflat limit

We have seen that the first chiral-flat limit has a U(4) xU(4) symmetry in the projected Hamiltonian H = H;. Here
we show that if wg = 0 < w; but Hy # 0, which we define as the nonchiral-flat limit, there is still a remaining U(4)
Symimetry.

a. The symmetry

When Hy # 0, namely, when €,,(k) is not constantly zero, we have H = Hy + H;, and neither C5.P nor C' is a
commuting symmetry of H. However, their combination C'Cs, P is still a commuting symmetry, namely,

[CCQZP, H] = [CCQZP, Ho] + [CCQZP, H]] =0. (D47)

Therefore, the symmetry is still enhanced compared to the nonchiral-nonflat case. This can be most easily seen as
follows: among the 32 generators in Eq. , only those with a single-particle representation matrix proportional
¢0 is still a symmetry when Hy # 0. This is because the kinetic Hamiltonian in the first chiral limit (denoted by HS' )
can be written as

Hy = H+ = ZE‘n‘,77(k)(CZTOSO)m,n,s;n,n’,s/CLm)n)ka,n,n’,s/ ) (D48)
k
where we have used the constraint e, ,(k) = —e_, ,(k) due to the chiral symmetry C. It is then clear that the

generators in Eq. (D38|) proportional to ¢¥ will flip the pair of single-particle bands n = £np, and do not commute
with Hy. Therefore, we are left with 16 generators commuting with H = Hy + H;. We redefine their notations as
follows:

St = Z (gab)m7n78;n,n’,S’CL,m,n,sckmm’,S’ ) (D49)

. ’ ’
k,m,n,sin,n’ ;s

where for each pair of bands n = +ng

59 = | (O0ragh, (a,b=0,z,y,2) . (D50)

They form the generators of a U(4) symmetry group. In particular, (°7%s° is the sewing matrix of iCCy, P.

We note that this U(4) symmetry group in the first chiral-nonflat limit is different from the U(4) symmetry group
in the nonchiral-flat limit (Eq. ) Here the generators Sab are simply the full unitary rotations in the valley-spin
space, while the band space is not transformed.
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b. The single-electron irreps

Since the generators in Eq. (D50)) is proportional to ¢°, any fixed band basis of all valleys and spins form a
fundamental U(4) irrep. For example, we still consider the single-electron state in the irrep band basis

a1t oy (D51)

k,ey,n,s

For a fixed k and ey, the states in Eq. (D51) occupies a fundamental irrep [1]4 of the first chiral-nonflat U(4), and
the representation matrices of the generators are given by

Tasb ) (a7 b = 07 x? y7 Z) (D52)
for either ey = 4+1. Similarly, the many-body Fock states created by df{"fgfn,s are given by the tensor product of the

fundamental irreps [1]4 of each i)t [109].

k,ey,n,s

5. U(4)xU(4) symmetry in the second chiral-flat limit

We now consider an opposite limit where w; = 0 < wg, which we define as the second chiral limit. Although this
limit is far from experimental reality, and the band structure contains no flat bands over the full MBZ (but they are
flat in some directions of the MBZ) and is a perfect metal (see Fig. [2| proof is given in Ref. [I0§]), the interaction
Hamiltonian enjoys a enhanced U(4)xU(4) symmetry of different physical origin from the first chiral limit. One
cannot help but hope there is some hidden duality in the TBG problem.

a. The second chiral symmetry

When w; = 0, we can_define a second chiral transformation C’, which anti-commutes with the full single-particle
Hamiltonian Hy in Eq. (A5):

{C',Hy} =0. (D53)
The operation of C is given by
C'efqnasC™ = D ID(CNawsantiqy s - (D54)
Q'n'p
with the representation matrix
[D(C)]@ws.Qne = $@dQ .0y .4 (0:)p.a » (D55)

where (g = 1 for Q € Q4. Note that C’ preserves the electron momentum k. Since C’ flips the single-particle

Hamiltonian Hy, it is not a commuting symmetry of TBG, but only reflects a relation between the positive and
negative energy spectra. The transformation C” satisfies

c"? =1, [C',Cy.] =0, {c",\ 1} =0, {C', P} =0, {C',Cy. T} =0, {C',Cy.P}=0. (D56)

b.  The full symmetry

When transformed into the energy band basis, the second chiral symmetry C’ implies

€nn(k) = —€_np(k) , (D57)

[D(C) ]yt (k) = Z[BC, (K)Jmp i teanny () 5 (D58)

m
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where

[BC/ (k)]mmn’ﬂ’ = 5n,n’5—m,neiw2""l(k) (D59)

This implies the transformation

C/CLn,n’,sC/_l = Z[BC (k)]mn,nn'ch’n’s : (DGO)

mn
By the relations {C’, Co, T} = {C’",C2, P} = 0, the sewing matrix of C’ satisfies
BY (k)BT (k) = -B>T(k)B“*(k), B (k)B>:"(k) = —B“**"(k)BY (k) . (D61)

Note that this constraint for the sewing matrix of C’ is exactly the same as that for C' in Eq. (D24). Therefore,
within each pair of bands n = £ng, if we impose the gauge fixing of Eq. (B17)), we similarly find the only consistent
k-independent gauge for sewing matrix of C’ is (up to a global minus sign)

B (k) = (V77 . (D62)

This k-independent gauge fixing (D62)) of C’ also automatically ensures the continuous gauge fixing condition (B16]),
which is crucial for defining the irrep band basis in Eq. . This is because Eq. (D62) tells us that u_,, , (k) =
isgn(n)nuy, , (k) for band n = £ng, which implies

fam(K+q, k) =

(@t () =l O+ @ ()] = [ (6 @ ()11~ sn(n)?7?] =0 (D63)
for any k and q, satisfying Eq. (B16)).

However, the gauge fixing of C’ in Eq. (D62) is inconsistent with the k-independent gauge fixings of both Cs, and
P separately in Eq. (B18)). This is because [C’, C2,] = 0 and {C’, P} = 0 requires

BY(~k)B (k) = B (k)B“ (k) ,  BY(-k)B"(k) = B"(k)B (k) , (D64)

which is, however, not satisfied by the simultaneous gauge fixings of Egs. and . If we fix the sewing
matrix of C’ to be k-independent as given in Eq. , the sewing matrices of C3, and P have to be k dependent.
In this appendix we shall choose the gauge fixing of Eq. and give up the separate gauge fixing of C5, and P in
Eq. , since only their combination Cy. P is used for the U(4) symmetries discussed here.

However, we note that if a momentum k is Cs, invariant (the I'p; point and the 3 My, points in MBZ), the above
gauge fixing problem appears to imply the absence of well-defined sewing matrices of C5, and P. In fact, this is
because at w; = 0, the TBG band structure is protected to be doubly degenerate at Cs, invariant momenta, which
leads to a perfect metal (see Fig. [2| and see [TI08] for proof). Therefore, the pair of bands n = +np are connected
with the other bands at I'y; and My, points, where the projection within the two bands n = +ng is ill-defined.
The sewing matrices of C3, and P at such (5, invariant momenta can only be written down when the additional
degenerate states at these momenta from other bands are included. We shall not discuss this matter here, since we
will not use the sewing matrices of C5, and P in this appendix.

Nevertheless, we note that one could fix the gauge of C5, and P in a simple k dependent way, provided k is not a
C5, invariant point. First, we divide all the Cs,-non-invariant k points into two sets Iy, KCy related by Cs,, namely,
C5,K1 = Ks. For instance, K1 and Ko can be two half-MBZs related by C5,. Then we can fix the sewing matrices of
Cy, and P (and T given that Cs, and Cy,T are fixed) at Cy,-non-invariant k within each pair of bands n = +ngp as

B2 (k) = (=1)7¢%7 | BT (k) = —(-1)1¢%* | BF (k) =i(-1)7¢¥r* , (for k € ;). (D65)

Since the gauge fixed sewing matrix of C’ in Eq. (D62) is exactly the same as that of C' in Eq. (D25]), we can follow
a similar derivation as that from Eqs. (D2§]) to (D40]), which gives us the following.

First, ¢’ is a symmetry of H; satisfying [C’, H;] = 0, and the M (k,q + G) matrix is restricted to have the form

(M(k.q+G) = "rap(k.q + G) +i¢"ras(k.q + G). | (D66)

The Hermitian condition of the M(k,q 4+ G) (Eq. (C17)) requires that

aok,q+G)=0al (k+q,-q—G), ask,q+G)=—al(k+q,—q—G). (D67)
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For q = 0, the B2+ (k) sewing matrix implies M"(k, G) = M ~"(~k, —G) and hence

ao(k7 G) = ao(—k, —G)7 Oég(k, G) = Oég(—k7 —G) (D68)
Combining the above two constraints, we obtain
Cko(k, G) = Ckg;(—k, G)a a2(ka G) = _ag(_kv G) (D69)
Second, the C’ symmetry yields a U(4)xU(4) symmetry with generators
S/iab = Z (S/ilb)m,n,s;n,n’,s’Cme’SCk,n,n’,s’ » (D7O)

. ’ ’
k,m,n,sin,n’ ;s

where we define

1
Slng = §(CO + Cy),]_asb , ((l, b=0,z,y, Z) (D71)

We note, however, although these generators take the same gauge-fixed form as those in the first chiral-flat limit
(Eq. (D71))), their physical origins are different: here the U(4)xU(4) generators are generated by the sewing matrix
of the second chiral symmetry C’, while in the first chiral-flat limit, the U(4)xU(4) generators are generated by the
sewing matrix of the first chiral symmetry C.

c. The single-electron irreps

We have shown that under the gauge fixings (B17) and (D62)), the U(4)xU(4) generators of the second chiral-
flat limit is exactly the same as that of the first chiral-flat limit. Therefore, exactly parallel to the first chiral-

flat limit, the single-electron irreps in the second chiral-flat limit are given by the irrep band basis dl((an)TnS =
%(CLHF"Bﬂ%s + ieycL_an’s) we defined earlier in Eq. , where ey = +1 gives the irrep number of the band basis.
The single-electron state

Al 10) (D72)
with a fixed ey and k occupies a U(4)xU(4) irrep of ([1]4,[0]4) if ey = +1, and ([0]4,[1]4) if ey = —1. The
representation matrices of the U(4)xU(4) generators S¢° for the single-electron state 1D are given by the 4 x 4
matrices

1

s = 5 (1+ey)T%" . (D73)

t = qM1 when ng = 1 no longer give a

However, in this second chiral limit, we note that the basis dk’ey’mS Key s
well-defined Chern band in the MBZ with a definite Chern number as illustrated in Sec. [B3] since the lowest two
bands n = £1 are gapless with the higher bands when w; = 0 (see Fig. . Neither are the bands flat, possibly giving

rise to interesting, gapless phases.

6. U(4) symmetry in the second chiral-nonflat limit

If w; = 0 < wo, taking into account the kinetic term Hy # 0, we are still left with a U(4) symmetry. We call this
limit the second chiral-nonflat limit. Since the U(4)xU(4) generators in the second chiral-flat limit are exactly the
same as those in the first chiral-flat limit, the case here is mathematically exactly the same as the first chiral-nonflat
limit in App. Therefore, we conclude that the second chiral-nonflat limit has a remaining U(4) symmetry with
generators given by

qlab ~lab T
57 = > (5" ) sina s’ Che gy, s Cleman ' (D74)
k,m,n,s;n,n’,s’

where within each pair of bands n = £ng

g/ab = COTaSba (a7 b= Oa Z,Y, Z) 5 (D75)

under the gauge fixings of Egs. (B17)) and (D62)). The only difference is that here the U(4) symmetry is generated by
the sewing matrix of iC’Cy, P, which reads (977 s°.
This second chiral-nonflat limit is more physical, since when w; = 0 < wy, the bands are never too flat (Fig. .
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Appendix E: The stabilizer Code Limit

The projected interacting Hamiltonian in Eq. is generically a quantum Hamiltonian, where the terms
O_q,-c0gq,c do not commute, since the commutator [Oq,a,Oq ,a/] given in Eq. (C16]) does not vanish for generic

form factors (overlaps) Mr(,?)n (k,q+ G). Thus, although it gives a PSDH, which allows us to find exact ground states
at certain fillings in the flat band limit (for which H = H;) as we will demonstrate in a separate paper [109], it is
impossible to analytically solve all the many-body eigenstates of H = Hj.

However, in the case where we are projecting only into the 8 lowest n = £1 bands (i.e., nmax = 1), in the first (or

second) chiral-flat limit wg = 0 (or wy; = 0) and Hy = 0, if we further has Mg')n (k, g + G) being independent of k,
we would have [Oq g, Oq,c’] = 0. We call this limit the stabilizer code limit:

stabilizer code limit = 1st/2nd chiral-flat limit + k-independent form factors M (k,q + G). (E1)
Indeed, Eq. (D30) or , and our k-independent assumption lead to a k-independent form factor matrix
M(k,q+G)=M(0,q+G) = ("m’a9(0,q + G) +i(*7°2(0,q + G). (E2)

In particular, if nmax = 1, both ap(0,q+ G) and a3(0,q+ G) are not matrices but just numbers, thus they commute
among each other. Therefore by Eq. (C16]), we have

[Oq.c,0q.c'l x M(k+dq',9+G)M(k,qd +G') - Mk+q,qd +G)Mk,q+G)=0. (E3)

This yields a Hamiltonian similar to a stabilizer code Hamiltonian

1
H=H;= > 0-q-c0qa (E4)
2Sltot
qeMBZ GeQy
where all the terms commute:
[0_q,-c0q,¢,0—q,—~c¢Og,c'] =0. (E5)

Therefore, all the terms O_q,_gOgq,c can be simultaneously diagonalized, which makes all the many-body eigenstates
of the Hamiltonian exactly solvable. Note that Eq. [E4] is not strictly a stabilizer code Hamiltonian since the terms
O_q,—-c0gq,c do not have a spectrum equal to 0 or 1 (moreover their spectrum depends on q and G). Nevertheless,
Eq. has the crucial feature that makes the spectrum of a stabilizer code solvable (namely a sum of commuting
operators), thus its name.

As we will prove in Ref. [109], the Hamiltonian H = H; in the stabilizer code limit is an extended Hubbard model
with extended interactions and zero hoppings. Therefore, although far from physical, the stabilizer code limit provides
a Hubbard-model understanding of the TBG physics, as suggested by the recent experimental observations [20] 21].

We will solve the stabilizer code limit Hamiltonian in Ref. [109].

Appendix F: Comparison with the U(4) symmetry of Ref. [I]

In this appendix, we discuss the interaction Hamiltonian of Ref. [I], and compare with ours. In Ref. [1], Kang and
Vafek were the first to show the appearance of a U(4) approximate symmetry in their Hamiltonian, which is a type
of PSDH obtained by projecting into a Wannier basis.

1. The Wannier gauge

The s =1 sectors are related by an SU(2) rotation. Thus we only need to construct Wannier functions in the
s =7 sector, the Wannier functions in the s =] sector can then be symmetrically generated. Before we introduce the
Wannier functions, let us first write the Bloch states of TBG as linear combintations of plane waves

1 i )
[Vi,nm) = Vo Z ZUQ,a;nn(k)e Q) (R+t)|Ra), (F1)

Qe+ Ra
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where summations over R, « are limited to sites in the top layer (bottom layer) graphene for Q € Q, (Q € Q_),
|Ra) is the atomic orbital at R+ t,, and N is the number of unit cells in each of the two graphene layers. Generally,
the Wannier functions are linear combinations of the Bloch states

1 —ik- o i 7
‘wRAI7M777> = \/Tij\/[ Z e KR W)k,u,n>7 |¢k,,u,n> = Z |¢k,n,n>Wn],u(k)7 (F2)
k

n==+1

where Ny is the number of moiré unit cells and W (k) at each k is a two-by-two matrix. We denote the center of the
Wannier function |wr,, u,n) as Ras + tar,,, with Ry = liayn + lape being a moiré lattice and tas,, (1= 1,2) the
sublattice vectors. Here we take the unit cell basis as a1 = (0,—1) and ape = (‘f 1). Notice that the Bloch states

202
are periodic in momentum space, so the transformation coefficient is e 'R —ik (RAty)

rather than e The sewing
matrices of |¢)k ) are defined as

an v’ (k) = <1ng,u,77|9|1;k,u,n’>~ (F3)

The two bands in each valley have a fragile topology protected by C3,T symmetry and a stable topology protected by
the PC5, T symmetry [I08]. Thus, in order to obtain the Wannier functions, we have to abandon smooth Cs,T gauge
and smooth P gauge of ij wn)- 1t is possible to choose smooth gauge for the remaining symmetries g = Cs,, Cay, T
since they do not protect a topology. According to Kang and Vafek [44], the two Wannier states (u = 1,2) in each
valley locate at the honeycomb lattice, i.e., tar1 = %aM,l + %aM)g = (%, 0), and tpr2 = —tar,1, and one can choose
the Wannier functions to satisfy

in2m
C§z|wRM,u,n> ="’ |wR’1\4,u,77>7 (RGW +tam = Céz(RM + tM,u))’ (F4)
CQy‘wRM#A n nyua ‘wRMﬂ/ n’ % (Rg\/[ +tu = C2y(RM + tM,H))a (F5)
T‘wRMMﬂ?) = |wRM,H,—77>7 (FG)

where «* is the first Pauli matrix in the moiré sublattice space, and 7% is the first Pauli matrix in the valley space.
Kang and Vafek’s |wq,2,3.4) are our |Wr,, 1,4)s [WRa1,—)s [WRa2,—)s |[WRy 2,4k ), Tespectively. Here we have used
C%, to represent the 27/3 rotation microscopically centered at honeycomb vertex of graphene. In this work, We use
(s, to denote the 27/3 rotation microscopically centered at the honeycomb center of graphene. One should notice
that the C%, eigenvalues, which are e at Ty, are different from the Cy, in the BM model, which are 1 at I'y; [45].
We will discuss the relation between Cs, and C%, in the end of this subsection.

The sewing matrices of Cs,,Cay, T on |tk , ) can be obtained from the actions of Cs,,Cyy, T on the Wannier
functions. We have

- 1 , ;
C:/’)zwk7u7n> B Z e/ Rt Cz/’)z|WRM,uw> Z HeRar ‘WRIM;MW>
Nar R RM
:em%r 1 zk (% 1R/I+C3z ta,—tm, “)|WR/ >

Vo 2
M
:ein%’rei(Cézk—k)tM% "IZC” k,p 77> (F?)
3z )
where Ry, = C%_ (Rar + tar,) — tar,,. Thus the Cf, sewing matrix is
B (K) = 80,8y €1 (OO0 (F8)

We also have

- 1 .
Coy e pun) :\/TiM Z RN Coy [wR g i) = Z% T \/7 Z MR wgr )
n’ M

. z Z ik-(Co 'Ry 4+C5  ear 0 —tar, )
= E V8.0, ?777 e 2y “VM 2y 2 |wR§w >
/ \ !

R

= Z Y, T |¢C2y k,p,m’ s (F9)
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where Coytar, = tar, and Ry, = Coy(Rar + tar,u) — tar,. Thus the Cyy sewing matrix is

ng

Bﬂﬁ,l/fy/(k) = rYﬁVT*:'r]’ . (FIO)

For the time-reversal, we have

~ 1 , ~
Tlrpm) = == Y€ T |wr p,—) = [-ieu,—n)- (F11)
1 \/WRZM Hy=n my=n
Thus the time-reversal sewing matrix is
T T
BF“77V77/ (k) - 6/"‘”7-7],7]/' (F12)

In this gauge, the Cy.T sewing matrix B“2:T (k) and the P sewing matrix B(")(k) must have be discontinuous at
some momenta due to the topology protected by Cy,T and/or PCy,T of the two lowest bands. Correspondingly, in
the Wannier basis the C2,T and P representations must be non-local. Usually, an Wannier function at r (r # 0)
would be transformed to another Wannier function at —r under C5,7T or P. In the non-local case, the Wannier
function at r (r # 0) will be transformed to a linear combination of all the Wannier functions in the whole 2D space
under Cy,T or P. Any tight-binding model in this Wannier representation that have finite-range hopping will break
the C5,T and the P symmetries.

Re-choice of Cs, center We find that the C%, operation, which is a 27/3 rotation at the honeycomb vertex of
graphene, is the 27/3 centered at honeycomb center of graphene followed by a microscopic translation, i.e., C§, =
{1] — a; }C3,. Here a; is the lattice basis of single layer graphene. The microscopic model of TBG cannot have both
C!, and C3,. For example, we choose the twisting center at the honeycomb center, then Cj5, is an exact symmetry
but C%, is only an approximate symmetry; however, the microscopic error of C%, should be negligible, diminishing
at small angle. The translation —a; will leads to factors ¢ and "% for the two valleys K and K’, respectively.
Thus the representation matrix of C%, in the BM model is given by

%

D(Cil’)z) = ei%ﬁ‘rzD(C?)Z)) (FIS)
where D(Cs,) is given by Eq. (A11]). Thus Cs, acts on the Wannier functions as
Csz|[WR s ) = ‘wR}Wu,n>» (R + tar = Cs:(Ras + tar,))- (F14)

It follows that the C5, sewing matrix is

B2 (1) = B0 Co TR0 (F15)

Notice that the Cy, axis of Kang and Vafek’s model is same as ours, so we do not need to change the Cy, sewing
matrix.

2. Interaction

Now that we have implement the Kang and Vafek Wannier symmetries, we transform their interaction [I] into
momentum space. Let us denote the fermion annihilation operator of the Wannier states as cr,, u,5,s- Then the
Kang-Vafek interaction has the form

Vo
H; = ?ZORMORM? (FIG)
R
1
Or,, = gQRM + kTR, (F17)

where Rjs sums over all the lattice vectors (honeycomb centers), and Qr,, and Tgr,, are given by

_ E E T )
QRJW - CRM*Fd]yj‘j*tMY[j],[j],T],SCRMJ’_dAI,j_tﬂl,[j]7[]]7”787 (FIS)
ns €0
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1 1) tny of
TR, = Z Z ( Yo e ! CRart+dar g1 —tar, ).l m,s Rartdar g —tar, ), [5]ms + h.c.) : (F19)
1,5 jeO
Here j sums over the six hexagon vertex around the triangle site Ry, [j] = j mod 2 is the sublattice index, ¢ is
a phase factor. The vectors are given by da1 = tar1, dyma =ty = —tar, dayj+2 = Cs.dar;. To match our

convention of Wannier functions, we have decomposed the position (Ras +day,;) of the operator CLM—&-dM,j —tar o llms
into a lattice vector Ras + das,; — tas,;) and a sublattice vector ty ;1. @Rr,, is the total charge on the six vertices of
the honeycomb centered at Rys. Twr,, is a hopping-like term where each term annihilates an electron at the vertex j
and create an electron at the vertex j 4+ 1 or j — 1. The phase factor associated with the hopping is e if j = 1,3,5
and is —e=7"7 if j = 2,4,6. & is a factor determining the strength of the hopping-like term and is estimated as 0.16 in
Ref. [1]. (x is originally denoted as o in Ref. [I]. We changed the notation to avoid confusion with the a;(k,q+ G)
function (Eq. (C23)) in this manuscript.) We can write Og,, as

Z Z 3 RM+dM =t 10]mss CRar+dar;—tar, 1,975
n,8 ;€O

i—1 i I=lpy Jr
TR ((71)j el “Ras+dur, j+1—tam, 1)l +1]m,8 CR v +dwr g —tar, 1, [9],m,5 + h.c. ) (F20)

Now we apply the transformation

1 —iq-Rys
ORM = mze 4 Oq (F21)

such that the interaction can be written as our interaction form (already present in Vafek and Kang)

Hr =3 NM Z 0_qOq. (F22)

We transform the three terms, i.e., the Qr,, term, the first term in Tgr,, term, and the second term in Tr,,, in Or,,
one by one. First we have

iRny-q 1 — E ZRM ‘q E E
Oq N Ze O 3N CRM+dM gt l0]mss CRa+darj—tar):[)m

Ry 1,8 j€Q
E iRy-q E E E —i(Rar+dar,j—tar, 1) P i(Rar+dar, i —tar,[57) k T
SN e (& I 7 € I p[j]nsk[J]"]S
M 1,8 ;€O pk
== o Cr[flms = o c (F23)
73 k+q,[j],n,s k,[5],ms = k+aq,pu,n,s K 11,8
ns jeO k uns k
Second we have
E ZRM -q E E j 1 7, —1)7~ 17719 T
q NM CRoay+du g1—ta sl +1]m,s CRar+dar;—tar ):la] s
R 5 j€Q
E eiRy-a E E J 1 1 —1)7" "9 E e*l (Rar+darj+1—tar [j+1]) Pl i(Rar+darj—tar, 1)k T
p [+1],m,s C,[j],m,s
7,5 j€Q rk
_ 1)1 ,i(=1)7 " e —i(dar 41—t j41)) (k+q) Ji(dar, i —tar, 1)k T )
=K E E (=1)""e E e j e N5y g4 1]m,5Ck Ll (F24)
7,8 jeQ k
We split the summation -, ~into 3 ,_; 55 and >, ¢, then
Oc21 —k 2 : 2 : emﬁ 2 :eZ(*d]VI,j+l+tM,2)-qel(djvl,j*tJVI,l*dj\l,j+1+t1v1,2)-kcil—(+q727n7sck1177’]75
n,s j=1,3,5 k
_ —ind i(—dnrj+1+tar,1)-ai(daj—tar,2—darjr1+ta1) kT
K E E e E el it )dei(dar it ) Chetq1.,5CK,2,,5¢ (F25)

n,8 j=2,4,6 k
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Since tar;1 = —tar2 and das j4+3 = —dar j, the phase factors of the second term are the complex conjugations of those

of the first term, thus we can rewrite Ofl as

2 _ iny t —ind, * T
Oq = HE : § :e Tw(k, q)ck+q,27n,sckalv’775 —e MW (k’q)ck+q,1,n,sckv2a"as
ns k

with

w(k7 q) _ E ei(—dM,j+1+tM,2)'qei(dM,j—tM,l—dM,_7‘+1+tM,2)'k.

J=1,3,5

Now we list all the involved vectors in the phase factors (tar,1 = das1, tare = dara):

j=1, —dp 1 +dupa = —anme, darj —dwm —daj +dva = —aue.
Jj=3, —dps,j+1 +dara =0, dar; —dars —darjr1 +dara = —ay — anoe.
Jj=15, —d 1 +darg = —a; —apyo, d; —dy —du 1 +dye = —ap1 — 2apm.

Thus we have

w(k7 q) = e tam2qp—ian2k e~ Hamitanms)k + e~ Harntawms)-qgi(am —2anmz) k.

Since the third term in Ogr,, is the Hermitian conjugation of the second term, we have

2T _KZZ( "W (k, q)cLQnsck alnste o w*(k, q)CTklnka q2n5>
[ —ind, *
=k Z Z ( e’ wk+q,— )CI(+q,2,n,sck’1,n,8 +e "MW (k +q, _Q)CL+q,1,n,ka,2m,s>

We define

Bk, q) = w(k,q) —w(k +q,—q).|

Thus Og + Of’l can be written as

2 3 in® —in®
Oq + Oq = Z Z e Bk, q)c;r(+q¢27n,sck,1m7s —e "B (k, q)C;chrq,Ln,sck,?,n,s-
ns k

Now we write the total O4q operator as

ZZ chk+q#n9k””5’

where M is
M"(k,q) = 7° — iry*Rele” B(k, q)] + irny"TIm[e™ B(k, q)].
We can also express M as a 4 by 4 matrix (in the sublattice and valley spaces) as

M(k,q) =7"7° — iky?Re[(cos 97° + isin 977)B(k, Q)] + iky"Im|[(cos 97° + i sin 977) B(k, q))

=270 —ikyY1Re[cos ¥8(k, q)] + iry” T Tm[cos 9B (k, q)] + iry’7 Im[sin ¥B(k, q)] + iy 7°Re[sin 9B (k, q)].

(F26)

(F27)

(F28)

(F29)

(F30)

(F31)

(F32)

(F33)

(F34)

(F35)

(F36)

(F37)

With this, we have brought the Kang-Vafek interaction to the same form as our momentum-space interactions.
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3. The Kang-Vafek U(4) symmetry

It is obvious that the Kang-Vafek interaction have spin-valley U(2)xU(2) symmetry, whose generators are
FYTS Y ’YTS ) a:07x7y7z' (F38)

Now we show that it indeed has a U(4) symmetry. Our proof is the momentum-space version of the original proof
[1]. We introduce two matrices

¥ = 4"7%cos ¥ + vY7* sin ¥, Y = —4"7r7sind + Y70 cos ¥, (F39)
and rewrite the M matrix as
M(k,q) = 7°7° + iXIm[B(k, q)] + ikXYRe[B(k, q)]. (F40)

One can verify that {3%,%%} = 0. We then apply a k-independent gauge transformation ¢'57°7" such that
BV T R e—iEY T = ~*79 and BV TIN5 = ~¥79. After the transformation, M becomes

M(k,q) =2"7" +iry"r"Im[B(k, q)] — iry""Re[B(k, q)]. (F41)
Therefore, the M matrix is invariant under the U(4) generators
0_ab

7T57 a’b:()?x?y”z' (F42)

This gauge transformation seems equivalent to setting ¥ = 0 [I]. However, after the gauge transformation, the sewing
matrices might change.

4. Relation between Kang-Vafek U(4) and the C3;P-implied U(4) symmetry

Let us first fix the Co, P gauge of the Wannier functions. According to Eq. (A20)), we have

(Co.P)* =1, [Cs.,C5.P] =0, [Cyy, Co, P] =0, {T,Cy.P} =0, (F43)

and hence
(BEP()? =1, B (9B (k) = B (Ck) B (k) (Fa4)
B%v(k)B“**F (k) = B (Cy k) B (k), BT (k)B“*"*(k) = —-B“*"(-k)B" (k) (F45)

Since both T and C5, TP (the charge-conjugation) are local in real space, as shown in App. C5, P must also
be a local operator in real space. Thus we want C3, P to be local in the Wannier representation. However, this is
incompatible with the crystalline and time-reversal symmetries. In order to be local in the Wannier representation,
C5, P must leave the center of each Wannier function invariant and hence will be k-independent. Since C5, P does
not change the sublattice, the sewing matrix B¢2:¥ (k) should be diagonal in the sublattice index and thus does not
contain y%¥ terms. Since Cy, P changes valley, it must not contain 7° and 7. Thus B“2:¥ can only have four possible
terms, i.e., Y*7%Y. All the four terms commute with B®3:(k), which only contains the terms v%*7°. In order to
commute with B (k) (y*7%), only 7°7% and v*7Y are possible. However, both commute with T = 7K, whereas
Eq. shows that Cs, P anti-commutes with 7. Thus a local representation of C5, P is not compatible with the
C3;,Cay, T symmetries. In other words, Co.P in the Wannier representation that respects Cs,, Cay, T symmetries
must be non-local.

The above analysis leads to two conclusions: (i) our charge-conjugation symmetry must be non-local in the Kang-
Vafek Wannier representation, (ii) Kang and Vafek U(4) symmetry, which is local in the Wannier representation, is
not equivalent to the Co, P-implied U(4) symmetry, which is non-local in their Wannier representation.
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5. Kang-Vafek U(4) as our U(4) chiral-nonflat limit symmetry

We now ask: is the Kang and Vafek U(4) consistent with our U(4) implied by the Cs, PC? We assume that the
Kang and Vafek model (at least approximately) preserves the Cy, PC' symmetry. Here C' is the chiral symmetry

D(CO)(I)DNC) = ~h(K), D(C)qaqa =dq.qohw. C>=1. (F46)

Commutations between C' and T, Cs, Cay, C2, P are

[T,C]=0, [C5,0]=0, [Cs,C]=0, {C,Cs.P}=0. (F47)
Thus we have
(Cy.PC)* = -1, [C3.,Co,PC] =0, [Cy,, Ca, PC] = 0, {T,C5.PC} =0, (F48)
and hence
(B%=P€(k))? = -1, B9 (k)B"°(k) = B9 (C3.k) B+ (k) (F49)
B9y (k)BY:PC (k) = BYP9(Cy, k) B> (k), BT (k)B“"%* (k) = —B“"%(—k)B” (k) (F50)

We try to find a k-independent solution, which means Cy, PC' is local in the Wannier representation. Since Csy, PC
preserves the sublattice (local) and changes valley, B“2:7¢ can only have four terms i7%*7%¥  each of which squares
to -1. All the four terms commute with C3, (v%*). Two terms commute with Cs, (7*7%): iv°7%, iv*7%. And the two
terms also anti-commute with 7. Therefore, there are two solutions of B¢2=FC:

RBC2-PC(1) _

i, BO2PC@) — 2y, (F51)

If we can understand M (Eq. (F36])) as the inner product of periodic part of Bloch wave functions, i.e.,

My, (k, q) ~ V(@) (it q,unltirn), (F52)

then M must commute with B¢2:FC. Applying B€>>PC¢(1) and B®-P¢(2) to Eq. (F37), we obtain ¥ = 0,7 and
¥ = +7, respectively. For ¢ = 0,7, the U(4) generators are

AO7as?, a,b=0,2,y, z; (F53)
for = +7, the U(4) generators are
~ETTYsY, 07070, a=0,z,y, 2. (F54)

Now we show that the two representations Egs. and are equivalent. Under the gauge transformation

0
(7;) i22>’ Eq. (F54) becomes Eq. (F53) and B¢3=, B BT remain unchanged.

To summarize: (i) The Cy,PC can be chosen as local in the Wannier representation. (ii) If Kang and Vafek’s model
does not have an exact Cy, PC symmetry (which remains to be checked), then, if we continuously recover the Cy, PC
symmetry, their U(4) continuously changes to our U(4) implied by the Cs, PC symmetry; this U(4) is implied by the
chiral, non-flat limit. Hence we conjecture that the Kang and Vafek U(4) is also invariant to the addition of some
kinetic terms. (iii) The U(4) symmetry implied by C.PC is also local in the Wannier representation because the
U(2)xU(2) part is already local, and the additional generator is just the Cy, PC' operation.

If we impose the C'Csy, P symmetry to the Kang and Vafek’s tight-binding model, their U(4) symmetry would become
the chiral-nonflat U(4) symmetry, since the two U(4) symmetries share the same generators 7%s° (a,b = 0, z, v, 2).
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