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The exponential growth or decay with time of the out-of-time-order commutator (OTOC) is one widely used
diagnostic of many-body chaos in spatially extended systems. In studies of many-body classical chaos, it has
been noted that one can define a velocity-dependent Lyapunov exponent, λ(v), which is the growth or decay rate
along rays at that velocity. We examine the behavior of λ(v) for a variety of many-body systems, both chaotic and
integrable. The so-called light cone for the spreading of operators is defined by λ(n̂vB (n̂)) = 0, with a generally
direction-dependent butterfly speed vB (n̂). In spatially local systems, λ(v) is negative outside the light cone
where it takes the form λ(v) ∼ −(v − vB )α near vB , with the exponent α taking on various values over the range
of systems we examine. The regime inside the light cone with positive Lyapunov exponents may only exist for
classical, semiclassical, or large-N systems, but not for “fully quantum” chaotic systems with strong short-range
interactions and local Hilbert space dimensions of order one.
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I. INTRODUCTION

One central goal of quantum statistical mechanics is un-
derstanding whether and how isolated quantum systems un-
dergoing reversible unitary time evolution are able to bring
themselves to thermal equilibrium [1–3]. These questions
have recently been brought to the forefront following remark-
able developments both in experiments (particularly in cold
atomic gases [4–7]) and theory (particularly on the topics
of many-body localization [8–13], quantum chaos, and new
perspectives from holography [14,15] relating the physics
of information scrambling in black holes to thermalization
in other many-body systems [16–25]). We now understand
that while memory of the initial conditions is never lost
under unitary dynamics, it can get “scrambled” or “hidden”
in experimentally inaccessible nonlocal correlations—leading
to an effective decoherence that can bring local subsytems to
thermal equilibrium. Indeed, one major upshot of this set of
developments has been a crisp formulation of the meaning of
“thermalization” in closed quantum systems in terms of the
late time values of local observables. By contrast, an equally
precise formulation of many-body “quantum chaos,” and if
and how it is distinct from thermalization, is still an active
area of research and debate.

One useful window on many-body quantum chaos is pro-
vided by the spreading of initially local operators. In the
Heisenberg picture, an operator O0 initially supported at the
origin evolves into an operator O0(t ) = U †(t )O0U (t ) with
appreciable support on a region that grows with time t . The
out-of-time-order commutator (OTOC) [18,19,21–24,26–46]
is a simple measure of the footprint of the spatially spreading
operator:

C(x, t ) = 1
2 〈[O0(t ),Wx]†[O0(t ),Wx]〉, (1)

where Wx is a local operator at position x and the expectation
value is taken in a chosen equilibrium ensemble. If x is away
from the origin, then at early times Wx either exactly or
approximately commutes with O0(t ) and the OTOC is either
zero or exponentially small in x. However, as the operator
O0(t ) spreads, C(x, t ) grows to become of order one inside
a “light cone” that is bounded by a “front” that propagates in
all directions. (We assume the two operators are normalized
so that the long-time average of the OTOC is one.) We focus
here on systems where the front propagates ballistically at
a nonzero butterfly speed vB (touching briefly on strongly
disordered systems in which operators spread subballistically
[12,47–50]). In these systems, the OTOC increases rapidly as
the front approaches x and saturates to a constant after the
front has passed. We note that vB will typically depend on the
orientation of the front [43], unless spatial symmetries prevent
this.

The OTOC has been studied intensely as an early-to-
intermediate time diagnostic of quantum chaos in a variety
of quantum models whose time evolution is generated by
either a time-independent Hamiltonian [19,21–24,29–39] or
by Floquet dynamics [40,41] or by a random unitary cir-
cuit [18,42–46]. This diagnostic is natural since a classical
limit of the OTOC, with the commutator becoming a Poisson
bracket, measures the sensitivity of a classical observable at
(x, t ) to an infinitesimal perturbation of the initial conditions
at the origin. In classical chaotic systems, this sensitivity
grows exponentially at late times, at a rate set by a Lyapunov
exponent, Ccl ∼ eλLt , characteristic of the “butterfly effect.”1

1We note that the usual definition of the classical Lyapunov ex-
ponent involves averaging the logarithm of the factor by which
perturbations grow over initial states and perturbations. This is subtly
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Analogously, an exponential growth with time in C(x, t )
has been widely used as a metric for quantum chaos. Since the
OTOC is bounded in the quantum setting (due to unitarity),
extracting a quantum Lyapunov exponent requires a small
parameter ε such that the OTOC scales as ε at early times:
C ∼ ε eλLt . This furnishes a parametrically large timescale
t∗ ∼ 1

λL
ln( 1

ε
) over which the OTOC can grow exponentially

before becoming of order one. In the absence of such a
small parameter, the OTOC grows to become of order one in
some microscopic order one timescale instead of showing an
extended period of exponential growth, leaving no room to
define a Lyapunov exponent [28]. Indeed, all known quantum
examples that show an exponential growth at intermediate
times work in either a large-N or “semiclassical” weak scat-
tering limit, where the small parameter ε is either set by 1/N

or a weak scattering rate [19,21–24,29,31–33,38]. Some rep-
resentative examples of such systems include (i) models that
are (or are thought to be) holographically dual to black holes
[19,21,22], including the Sachdev-Ye-Kitaev (SYK) model
[24,25] and chains of coupled SYK dots at large N [29],
(ii) large-N gauge theories [23,31,33], and (iii) weakly inter-
acting disordered systems whose low-temperature dynamics
are described, to leading order, via a semiclassical weak scat-
tering theory of quasiparticles [32]. Additionally, in spatially
local systems, a small parameter ε can be defined for x away
from the origin, since it takes a time linear in the separation
between operators t∗ ∼ |x|/vB for a large commutator to
build up.

We note that even in systems with a large t∗, there can exist
parametrically longer timescales for thermalization, whence
our characterization of the OTOC as an intermediate time
diagnostic of quantum chaos that is distinct from probes
of thermalization at the longest times. These longer times
can include, for example, a Thouless time tth ∼ L2 probing
the slow hydrodynamics of diffusive conserved densities or,
alternatively, a timescale set by the inverse energy level spac-
ing, which probes level repulsion (a conventional late-time
diagnostic of quantum chaos) and scales exponentially with
the volume of the system tδ ∼ exp(V ).

Here we present a description of the intermediate-time
behavior of the OTOC that encompasses many-body quan-
tum, classical, and semiclassical chaos within a single frame-
work described by velocity-dependent Lyapunov exponents
(VDLEs) λ(v) [26,51–53]. These characterize the growth (or
decay) with time of the OTOC along rays x = vt , and this
framework more completely elucidates the spatiotemporal
structure of quantum chaos in spatially extended systems (cf.
Fig. 1). We define the butterfly velocity vB in terms of VDLEs
and explain the conditions necessary for C(x0, t ) to display
simple-exponential growth with time for fixed x0. We find that
a careful definition of quantum chaos requires examining the
behavior of the OTOC both inside and outside the ballistic
operator front defined by |x| = vBt . This allows us to sharply
delineate the differences in the behavior of the OTOC between

different from the classical analog of the quantum OTOC where the
commutator/Poisson bracket is averaged before taking the logarithm.
It is worth exploring in future studies whether or not this difference
in definitions has any qualitative consequences [34].

FIG. 1. Schematic illustration of velocity-dependent Lyapunov
exponents λ(v) along rays |x| = vt in a 1D system. The color scale
encodes λ(v), which is positive inside the light cone for v < vB

in classical and semiclassical/large-N quantum systems, but is ill-
defined inside the cone in “fully” quantum thermalizing spin systems
that do not see an extended period of exponential growth for v < vB .
All local systems have negative λ(v) < 0 for v > vB following Lieb-
Robinson, and λ(v) smoothly interpolates from positive to negative
in semiclassical/large N systems, passing through zero at vB . The
OTOC C(x0, t ) for a fixed position x0 and increasing time (green
arrow) cuts through rays with different λ(v)’s and thus will not show
a simple-exponential-in-time growth unless λ(v) scales linearly with
v (5).

classical/semiclassical/holographic/large-N models and more
generic “fully” quantum thermalizing spin systems.

More precisely, only classical and semiclassical/large-N
quantum theories have positive VDLEs for v < vB , i.e., ex-
ponential growth of the OTOC inside the ballistic light cone
|x| < vBt . By contrast, “fully” quantum thermalizing spin
systems with strong short-range interactions and small local
Hilbert space dimensions (i.e., away from semiclassical or
large-N limits) lack such a positive exponential growth regime
inside the light cone since such models do not generically have
any small parameter ε to prevent the OTOC from saturating
on some order one timescale. On the other hand, if at early
times one starts well outside the light cone at fixed large
x0, then spatially local systems do have a large range of
growth of the OTOC before the front reaches x0. However,
even here, the OTOC does not show any extended period
of simple-exponential-in-time growth in many fully quantum
systems (both integrable and nonintegrable) since the operator
front not only propagates ballistically, but also broadens with
time in such systems [43,44]. As a result of this front broad-
ening, fully quantum systems can lack a well-defined positive
Lyapunov exponent even outside the ballistic front where a
small parameter ε does exist.

Additionally, all spatially local systems display negative
VDLEs for v > vB : these quantify the exponential decay
of correlations with time along rays outside the ballistically
propagating front. The existence of negative VDLEs out-
side the front follows simply from spatial locality and Lieb-
Robinson type bounds, and these apply even in nonchaotic in-
tegrable systems that display ballistic operator spreading [54].
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We posit that the most useful definition(s) of many-body
“quantum chaos” should extend to generic thermalizing spin
systems and distinguish between integrable and nonintegrable
cases. The combination of (i) the lack of a positive λ(v)
regime in the OTOC for v < vB in fully quantum chaotic
systems and (ii) many qualitative similarities between the
early to intermediate time (presaturation) growth of the OTOC
between quantum chaotic and integrable systems suggests that
exponential growth in the OTOC may not be best suited as
an intermediate time diagnostic of quantum chaos in a fully
quantum setting away from semiclassical limits. We note,
however, that the saturation behavior of the OTOC for chosen
pairs of operators may contain signatures of integrability (on
times t∗ � t � tδ that are still intermediate). This has so far
only been explored in certain cases including free-fermions
[39] and conformal field theories [23,30], and warrants further
study. The existence of other quantities [37] better suited
as an intermediate time diagnostic of quantum chaos is an
open question (one interesting quantity is the operator en-
tanglement of a spreading operator, which at least in some
integrable systems [55–57] grows much slower than in chaotic
systems [36,58].) In all, our results clarify and synthesize
several disparate results in the literature, and also provide a
useful framework for future studies.

II. UNIVERSAL FRAMEWORK

We start by describing our general framework and the
concept of VDLEs. To the best of our knowledge, VDLEs
first make an appearance in the original incarnation of the
Lieb-Robinson (LR) bound [26], which stated that for local
observables A,B in a local quantum system

lim
t → ∞
|x| > vt

||[A(x, t ), B(0, 0)]||eμ(v)t = 0, (2)

for all v > vLR , with μ(v) > 0 a positive increasing function.
The Lieb-Robinson velocity vLR is the minimum speed for
which (2) holds, and it defines an intrinsic speed of spreading
or group velocity for the system. The norm of the com-
mutator decays exponentially with time outside the ballistic
“light-cone” |x| = vLRt , and the function μ(v) bounds the
exponential decay rate along different rays |x| = vt > vLRt

outside the cone. This velocity-dependent decay rate [which
formally is the supremum of all μ(v) for which (2) holds] is
the analog of the VDLE as defined below. This formulation
of the LR bound, in terms of μ(v), emphasizes that the
spatiotemporal structure of operator spreading is organized
along rays of fixed velocities in spacetime, a nuance that more
recent restatements of the bound [59–61] miss by dropping
the reference to μ(v).

Building on LR and following work on classical chaos
[51–53], the velocity-dependent Lyapunov exponent λ(v)
quantifies the exponential growth or decay with time of the
OTOC along rays of a given velocity via

C(x, t ) ∼ eλ(v)t for x = vt, (3)

and λ(v) will in general also depend on the ensemble one is
considering (e.g., the temperature for a system with a con-
served energy). One of the goals of this work is to elucidate
the form of λ(v) for various physical systems of interest, and

to understand when the OTOC exhibits such an exponential
growth/decay.

First, note that the LR bound (2) implies that in all local
quantum systems, even nonchaotic ones, the OTOC decays
exponentially with a negative VDLE λ(v) outside the light
cone defined by the propagating operator front, i.e., for v >

vB . In this language, the butterfly speed vB (n̂) along a spatial
direction n̂ can be defined as the maximum speed v for which

λ(vn̂) = 0, (4)

and this physical propagation speed is upper-bounded by vLR

[62]. For simplicity, we will assume full rotational symmetry
in the formulas below. In this case vB is simply a constant,
and is equal to the propagation speed of the front. In the
absence of rotational symmetry, a subtlety is that we must
distinguish between vB (n̂) and the speed ṽB (n̂) at which a
front perpendicular to n̂ propagates, but the two speeds are
simply related.2

Next, in chaotic classical and semiclassical/large N many-
body systems, the OTOC also grows exponentially with time
(at least for a parametrically long timescale) along rays v <

vB as a result of the chaotic growth of local perturbations
inside the light cone corresponding to a positive λ(v). This be-
havior of λ(v) in the different regimes is summarized in Fig. 1.
On the other hand, fully quantum models like spin-1/2 chains
do not see an extended period of exponential growth inside
the light cone—in such models, the negative λ(v) for v > vB

outside of the light cone continuously approaches zero as v →
v+

B without extending to a positive λ(v) regime inside the light
cone [Fig. 2(c)]. A similar behavior, but with some universal
differences in the form of λ(v) near vB , also occurs in nonin-
teracting and integrable systems, both classical and quantum.

We now comment on the implications of these results for
the behavior of C(x0, t ) at fixed x0 and increasing t (arrow
in Fig. 1). For large x0, one is initially outside the light cone
and approaches it with increasing t , which certainly results
in a growth of the OTOC. However, as Fig. 1 shows, this
vertical cut passes through rays at different speeds v, each
with a different decay rate λ(v). Thus, in general, unless
λ(v) varies linearly with v for v → v+

B one does not see a
simple exponential growth with time in C(x0, t ) just outside
the operator front. For v larger than and near vB , if we assume
that λ(v) continuously approaches zero at vB as a power law
with exponent α, λ(v) ∼ −(v − vB )α , as is the case in all the
models we are aware of, then

C(|x0| = vt, t ) ∼ exp(−c(v − vB )αt )

∼ exp

(
−c

(|x0| − vBt )α

tα−1

)
, (5)

which is only a simple exponential in time for α = 1.

2Here, ṽB (n̂), with a tilde, denotes the normal propagation speed
of a straight front whose normal is parallel to n̂. In Ref. [43], this
was denoted vB (n̂), but here we use vB (n̂) to denote the speed at
which an initially local operator spreads away from the origin in
the direction n̂. These differ because in the absence of rotational
symmetry the operator’s front is not in general perpendicular to
the radial vector, but they are related by a geometrical construction
known from classical droplet growth [43,79,80].
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FIG. 2. Schematic illustration of λ(v) for the different models
considered here. (a) In classical and semiclassical weak-scattering
systems, λ(v) smoothly interpolates from positive to negative, pass-
ing through zero at vB . (b) In large N holographic models and chains
of coupled SYK dots, the OTOC has a simple exponential form
C ∼ εe2πT (1−v/vB )t at low T and leading order in 1/N . For cases
(a) and (b), λ(v) scales linearly with v near vB : λ(v) ∼ (v − vB ),
corresponding to α = 1 and a simple exponential in time growth for
C(x0, t ) near vB . (c) λ(v) in fully quantum thermalizing systems with
d < 4 and in integrable models. In these cases, a negative λ(v) for
v > vB smoothly approaches zero as v → vB+ with exponent α > 1
due to broadening of the operator front. As a result, these models do
not show a simple exponential in time growth in C(|x0|, t ) outside
the front. (d) In higher dimensions (d > 4), the KPZ model capturing
the dynamics of operator spreading in chaotic quantum systems has
a flat phase which may allow for α = 1 and a simple exponential
growth in C(|x0|, t ) outside the front. Cases (c) and (d) do not show
an extended period of exponential growth inside the light cone due
to the absence of additional small parameters ε, and hence these do
not have a well-defined λ(v) for v < vB .

For chaotic classical/semiclassical/large-N models in
which λ(v) smoothly interpolates from negative to positive
and passes linearly through zero at vB [Figs. 2(a) and 2(b)],
the leading term in the Taylor expansion of λ(v) near vB

scales linearly with (v − vB ) which is α = 1, thus giving the
known exponential growth with time in C(x0, t ) for these
cases for v ∼ vB both inside and outside the front. However,
for fully quantum systems with no additional small parameters
ε, there is no positive λ(v) regime for v < vB , and λ(v) can
instead can vanish at vB with exponent α > 1 [Fig. 2(c)]. This
happens whenever the front of the operator broadens with time
(see below). In this case, there is no simple exponential in time
growth of C(x0, t ) even outside the operator front.

The relation between α and the width of the (broadening)
front follows from an assumption about matching of scaling
forms of a standard kind. Let δx = |x| − vBt . If the front
broadens like tβ with β > 0, then in the “typical” regime
where δx is of order tβ , we expect that the OTOC may be
written as a scaling function of δx/tβ . The last line of (5)
resembles such a scaling form f (δx/t

α−1
α ) with

β = α − 1

α
. (6)

The expression (5) is, however, valid in a different “large
deviation” regime in which δx ∼ O(t ) since it applies to v >

vB . Nevertheless, the simplest assumption (which holds in all
cases we are aware of) is that as v → v+

B the “large deviation”
scaling function smoothly matches the tail of the “typical”
scaling function for the front region, giving the above relation
between exponents. For example, a diffusively broadening
front, β = 1/2, corresponds to α = 2. We will discuss this
matching in more detail below when considering OTOCs in
random circuit models. We now turn to various examples
of OTOCs in classical, quantum, and semiclassical/large N

systems and examine them through this new lens.

III. CHAOTIC CLASSICAL SYSTEMS

The concept of the velocity-dependent (or “convective” or
“co-moving”) Lyapunov exponent was introduced for spa-
tially extended classical chaotic systems in Refs. [51–53].
Here, we will use a somewhat different definition in order
to match to the classical limit of the quantum OTOC. The
average growth or decay rate λ(v) of an infinitesimal initial
disturbance δu(x0 = 0, t0 = 0) to a state parameterized by
continuous local degrees of freedom u(x, t ) is computed
in a moving frame with velocity v by calculating |∂u(x =
vt, t )/∂u(0, 0)|2 and averaging over the thermal equilibrium
ensemble of initial states:

〈|∂u(x = vt, t )/∂u(0, 0)|2〉 ∼ eλ(v)t . (7)

In these classical chaotic systems, λ(v) typically has both a
positive and a negative regime, and passes smoothly through
zero at a classical butterfly velocity, as illustrated in Fig. 2(a).
This has also recently been explored for a chaotic classical
spin chain [63] with similar results, and we expect qualita-
tively similar behavior in higher d.

One way to think about the classical λ(v) is by expressing
the derivative ∂u(x = vt, t )/∂u(0, 0) as a sum over paths
in spacetime from (0,0) to (x, t ) [64–66]. For illustrative
purposes, let us discretize time in integer steps: then by the
chain rule of differentiation,

∂u(x, t )

∂u(0, 0)
=

∑
y1,...,yt−1

W (0, y1, . . . , yt−1, x), (8)

where the amplitude W (0, y1, . . . , yt−1, x) for the path
(0, 0), (y1, 1), . . . , (x, t ) is a product of local “weights”
∂u(yi+1, i + 1)/∂u(yi , i) describing how strongly the pertur-
bation is communicated from site yi to site yi+1 (against the
background of a given chaotic configuration). By locality, this
weight will be small if |yi+1 − yi | is large. The exponent
λ(v) is a measure of how the total weight of paths grows or
attenuates with time when their coarse-grained velocity is v. It
can also be viewed as a “free energy” in a statistical ensemble
of such paths.3

3The expression on the left-hand side of (7) becomes a “partition
function” for two paths. The local weights ∂u(yi+1, i + 1)/∂u(yi , i )
depend not only on yi+1 and yi but also on the configuration
u(yi, i ). The chaotic time dependence of u(yi , i ) means that the
configurational average has a similar effect to averaging over weakly
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IV. THERMALIZING QUANTUM SPIN MODELS

Next, we consider the case of “fully” quantum thermalizing
spin models. While exact analytic results for the OTOC are
generally not available in these settings for Floquet systems
or for time-independent Hamiltonians, recent work has shown
that local random unitary circuit models provide a controlled,
analytically tractable setting that captures many of the univer-
sal aspects of quantum chaos in thermalizing quantum spin
systems [43–46,67]. References [43–46] have furnished an
emergent hydrodynamical picture relating the dynamics of the
spreading operator front to stochastic classical surface growth
models in one and higher dimensions. From the mapping to
noisy surface growth problems, the universal aspects of the
front dynamics is captured by the Kardar-Parisi-Zhang (KPZ)
equation in (d − 1) spatial dimensions [43]. This gives a front
that not only propagates ballistically with speed vB , but also
broadens in time as tβ with β = 1

2 , 1
3 , 0.241 ± 0.001 in d =

1, 2, 3, respectively. This leads to a scaling λ(v) ∼ −(v −
vB )α with α = 1

1−β
> 1, and hence no simple exponential in

time growth in C(x0, t ) (5).
Starting with 1d, in a qubit chain model whose dynamics

are given by a random unitary local circuit, the (left and right)
operator fronts can each be described by a spatial probability
distribution for a fictitious biased random walker, and this
biased diffusion results in fronts that propagate ballistically
with speed vB , but also broaden diffusively with the front
width scaling as

√
t in time [43,44]. The behavior of the

averaged OTOC at long times (with no additional structure
or conservation laws, and reflection symmetry on average) is,
in the “typical” regime, |x| − vBt ∼ O(

√
t ), near the front

Crc
1d (x, t ) ∼ 1

4

[
1 + erf

(
vBt + x√

2Dt

)][
1 + erf

(
vBt − x√

2Dt

)]
,

(9)

where D is the diffusion constant of the fictitious walker
(not to be confused with the diffusivity of any conserved
observables that are transported within the system) and the
superscript rc refers to “random circuit.” Outside the front in
the large deviation regime, but for v close to vB , the exact
microscopic probability [43,44] for the random walker to
travel an improbably large distance vt leads to

Crc
1d (x, t ) ∼ exp

[
− (|x| − vBt )2

2Dt

]
= exp

[
− (v − vB )2

2D
t

]
,

(10)

corresponding to a negative VDLE:

λ(v) ≈ − (v − vB )2

2D
. (11)

Note that the large deviation form (10) matches smoothly
onto the tail of typical OTOC (9) in the regime vBt � (|x| −

correlated randomness in the weights. Since we are averaging the
“partition function”, rather than its logarithm, this is an annealed
average, and −λ(v)t is an annealed “free energy” for the pair of
paths. The quenched free energy, in which we take the logarithm
before averaging, would give the more conventional definition of the
Lyapunov exponent [64–66].

vBt ) � √
2Dt , consistent with our discussion below (5). This

qualitative form for λ(v) is depicted in Fig. 2(c), with no
positive λ(v) regime inside the front.4

As an aside, note that if we view the mapping of the opera-
tor dynamics to the 1d diffusion process in terms of the world-
line of the random walker, −λ(v) can be viewed as the
“free energy” cost per unit time for this worldline “string”
when it is stretched to have speed v. This is reminiscent
of the relation between λ(v) in classical systems and paths
in spacetime which we reviewed above, although the two
statistical ensembles of paths are quite different. [The random
circuit calculations also suggest that the negative λ(v) outside
the front is related to the “entanglement line tension” [58] for
the second Renyi entropy.5]

While thermalizing Hamiltonian spin chains do not show
simple exponential in time growth for C(x0, t ), we have
numerically checked that a negative λ(v) decay regime con-
sistent with (11) can be found for such systems, as discussed
above. Hamiltonian spin chains also allow λ(v) to be defined
for arbitrarily large v (in contrast to local quantum circuits,
and relativistic field theories, where there is a strict “light
cone” beyond which even exponentially weak signaling is
impossible). A naive perturbative argument suggests that as
v → ∞ the VDLE will scale as

λ(v) ∼ − v ln v, v → ∞. (12)

Turning to 2d, the behavior of the OTOC near the front
follows from a mapping to a cluster growth problem: C(x, t )
is proportional to the probability that site x has been in-
corporated inside a growing cluster in a fictitious stochastic
growth process [43]. If the effects of lattice anisotropies can
be neglected (i.e. in the presence of rotational invariance6)

4Inside the light cone there is a large deviation form governing con-
vergence to the saturation value: Crc

1d (x, t ) ∼ 1 − exp [− (v−vB )2

2D
t].

The exponent here is the continuation of λ(v) outside the front.
However, in the higher dimensional examples, the large deviation
form inside the front scales with a distinct power of t , td in d spatial
dimensions [68]. In the presence of additional conserved densities
(like energy or charge), the late time saturation of the OTOC is a
power-law in time instead of exponential [45,46].

5In random circuits, related random walk pictures underlie the
calculation of both the OTOC and the second Renyi entropy [43,44].
In these random systems this yields a relation between λ(v) and
the “entanglement line tension” defined in Ref. [58], specifically the
line tension E2(v) for the second Renyi entropy. This motivates the
conjecture, for nonrandom systems, that λ(v)|cont = −seq(E2(v) −
v), where seq is the thermal entropy density. The left-hand side
denotes the analytic continuation of λ(v) from v > vB to values
v < vB . In random circuits, we must distinguish different kinds
of averages. The line tension extracted from a calculation of e−S2

determines λ(v) for the average OTOC C(x, t ) by the above formula.
It is natural to expect that the line tension determined by the more
natural direct average S2 determines λ(v) for the typical value of
the OTOC, exp ln C(x, t ). The average and typical values of the
OTOC are parametrically close in the region close to the front, but
they may differ significantly in the far-front regime where both are
exponentially small.

6In some circuit models in d > 1 (which do not have continuous
spatial rotation symmetry), some sections of the operator’s front
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the Tracy-Widom distribution F2 is expected for the “typical”
scaling:

Crc
2d (r, t ) ≈ 1 − F2

(
r − vBt

ct1/3

)
, (13)

where r is a radial coordinate in 2d and c is a constant.
Large deviations of the KPZ growth process [68–70] have
been studied extensively. A fluctuation in which a point on
the boundary of the cluster travels beyond the mean position
by (v − vB )t requires O(t ) rare events, so that Crc

2d (r, t ) ∼
e−t |λ(v)| as expected. The large deviation form has been calcu-
lated explicitly in various classical growth models and shown
to match smoothly onto the tail of the typical Tracy Widom
distribution (13) [68]:

λ(v) = −4(v − vB )3/2

3c3/2
. (14)

The 3d case is similar but with a different exponent β =
0.241 ± 0.001 [71,72] and scaling form F ( r−vB t

tβ
) [73,74]. It

has been numerically verified [69,75], that the tail of this
distribution for large argument decays with exponent 1

(1−β ) ,
consistent with the expected matching.

The width tβ of the operator front decreases with increas-
ing spatial dimension corresponding to reduced quantum fluc-
tuations in the operator front for higher dimensions, and the
exponent α = 1

1−β
decreases towards one, bringing the form

of C(x0, t ) outside the front closer to a simple exponential in
time (5). In fact, for d > 3, the KPZ equation has a flat phase,
suggesting that fronts with α = 1 may be possible without
fine-tuning for fully quantum systems in d > 3, see Fig. 2(d).
A simple exponential growth with time would then occur in
the OTOC outside the front. Again, this would not continue
into a positive λ(v) regime inside the front due to the lack of a
small parameter ε when v < vB [Fig. 2(d)]. In an appropriate
regime, the “traveling combustion wave” picture of Ref. [38]
also yields a form with λ(v) = 0 inside the lightcone and
linear behavior α = 1 outside the lightcone.

V. INTEGRABLE MODELS

We now turn to nonchaotic integrable systems where our
presentation will be quite brief. These have no positive λ(v)
regime, neither in the classical setting nor in the quantum
one. Consider first a translationally invariant free fermion
lattice system in 1d with quasiparticles of momentum k and
dispersion εk . The OTOC between two local fermion densi-
ties is readily understood by considering the spreading of a
local wave-packet in first quantized notation: ψ (x = vt, t ) =∫

dk
2π

ei(kv−εk )t . The butterfly velocity vB is the maximum group
velocity vB = maxk ( ∂εk

∂k
) and this defines a kB . Considering

v ≈ vB at late times t and doing a saddle point approximation
gives ψ (x, t ) ∼ 1

t1/3 Ai( x−vB t
ct1/3 ) where Ai is the Airy function

and this form follows because εk has an inflection point at vB :

can be “glued” to the strict lightcone defined by the discrete time
circuit [43]. This is a peculiar case where vB (n̂) = vLC(n̂) for some
directions n̂ in space, so that no nontrivial λ(v) can be defined for
these directions of v.

∂2εk

∂k2 |kB
= 0, and hence evaluating the integral requires going

to cubic order in the expansion of εk near kB . Thus, for this
noninteracting fermion system,

λ(v) ∼ −(v − vB )3/2 (15)

for v > vB , which smoothly approaches zero as v → v+
B with

α = 3/2. The same argument (with the same exponent) holds
in any dimension d. Likewise, a calculation of λ(v) outside
the light cone in a noninteracting transverse field Ising model
again gives α = 3/2 for OTOCs involving both the transverse
and the longitudinal spin operators [76]. This is noteworthy
because, although the Ising model maps to free fermions, the
longitudinal spin carries a nonlocal Jordan-Wigner string in
the fermion language. Thus, growth of the OTOC outside the
light cone in free fermion systems is qualitatively similar to
the case of nonintegrable spin chains, although the two can be
distinguished by the value of α—except in 2d where by (14)
the exponents happen to be the same (coincidentally, since
the mechanisms for front propagation are different). We note,
however, that the late-time behavior of the OTOC (inside the
light cone) is operator dependent and can decay to zero in
noninteracting models [39] signaling a lack of chaos.

On the other hand, recent work on interacting integrable
models in 1d has shown that these have operator fronts that
propagate ballistically but spread diffusively so that α = 2,
coinciding with the value in chaotic 1d systems [77]. In
interacting integrable systems, operators spread through the
ballistic propagation of quasiparticles, as in free systems, but
with generalized dispersion and momentum relations. The
operator front moves with a velocity that is locally set by
the fastest quasiparticle velocity as in the noninteracting case.
However, in interacting integrable systems, this velocity also
depends on the density of the other quasiparticles, so equilib-
rium density fluctuations cause the front to follow a biased
random walk, and therefore to broaden diffusively. Thus,
although the mechanisms for operator spreading are distinct
in interacting integrable and nonintegrable cases, these coarse
grained measures of the operator front do not distinguish
between the two.

VI. SEMICLASSICAL/LARGE N MODELS

We now turn to cases where a large-N /semiclassical weak-
scattering limit is used to produce a regime of exponential
growth [positive λ(v)] of the OTOC inside the light cone, with
α = 1 near vB [Figs. 2(a) and 2(b)].

The OTOC can be explicitly calculated in various holo-
graphic [19,21,22,24,29] and field theoretic [23,33] models
at large N (which includes the case of a chain of coupled
SYK dots [29]) and in weak coupling models [31,32]. In
several of these models, the OTOC takes a simple exponential
form C(x, t ) ∼ εeλ0(t−|x|/vB ) with λ(v) = λ0(1 − v/vB ) scal-
ing linearly with v. In particular, in the SYK chain model
[29], it is found that over a range of v that includes vB , λ0

is at the chaos bound of 2πT . At low |v| � vB , there is also
a small regime where λ(v) is slightly below this bound, as
illustrated in Fig. 2(b) [29]. Another common scaling form
for the OTOC, particularly in weakly scattering, weakly dis-
ordered models looks like C(x, t ) ∼ eλ0t e−x2/(4Dt ) [32]. This
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corresponds to λ(v) = λ0 − v2/(4D), which defines vB =√
4Dλ0 [Fig. 2(b)]. λ0 must again obey the chaos bound, and

both λ0 and vB tend to zero with decreasing temperature.
The cases described above with a positive λ(v) that is

linear near vB are presumably only valid strictly in the limit of
large N or the semiclassical limit, and once quantum effects
are fully included in models that are not strictly in such a
limit, the long-time behavior of λ(v) just outside of the light
cone but close to vB will be as we discuss above for fully
quantum models, assuming that the scaling forms that have
been conjectured on the basis of random circuits are indeed
generic. For finite N , the positive λ(v) is then “only” an
intermediate time behavior, thus making λ(v) less sharply
defined in this regime. As N is reduced to of order one,
this intermediate regime may no longer have a well-defined
positive λ(v) within the light cone.

VII. DISORDERED THERMALIZING SYSTEMS

To end, we briefly consider disordered systems where op-
erator spreading can be sub-ballistic. In disordered 1d chains
that are on the thermal side of the many body localization
transition (but close to this transition) operator spreading
is hindered by weak links with a power-law distribution of
timescales [48–50]. Varying the strength of disorder yields
various regimes, including a regime with finite vB where
λ(v) ∼ −(v − vB )α and α � 2 varies continuously with dis-
order, and a strong disorder regime with vB = 0 and λ ∼
−|v|α .7

VIII. SUMMARY

Many-body quantum chaos is a rich subject in its infancy
where many ideas for characterizing notions of “chaos” and
“scrambling” are still being developed. In this work, we
introduce the framework of velocity dependent Lyapunov
exponents λ(v) for many-body quantum chaos, and use it to
more completely characterize the intermediate time behavior

7Let the probability distribution for weak-link “waiting times”
be P (τ ) ∼ τ−a−2. At weak disorder (1 < a), the broadening of
the operator’s front [50] is diffusive, as in the clean system. At
intermediate disorder (0 < a < 1) the front broadens more strongly,
giving λ(v) ∼ −(v − vB )(a+1)/a . For strong disorder (−1 < a < 0),
the butterfly speed vanishes: in this regime λ(v) ∼ −|v|1−|a|. In the
disordered system, the definition of λ(v) depends on whether we
consider, e.g., the mean or the typical value of the OTOC, but this
should not change these exponents.

of the OTOC in a variety of different models. We find that
the spatiotemporal structure of the butterfly effect is organized
along rays |x| = vt with fixed speeds v, with local systems
having an intrinsic (possibly direction dependent) spreading
speed vB defined by λ(vB ) = 0. In the quantum setting, only
models with a small parameter inhibiting OTOC growth for a
long time (for example 1/N or a weak scattering rate) display
an extended period of exponential growth inside the lightcone,
i.e., a time regime during which we may define positive
VDLEs λ(v) for v < vB . “Fully quantum” models with small
local Hilbert space dimensions and local interactions do not
display an extended period of exponential growth for v < vB .
In such models, the OTOC saturates to an order one value
in some order one time after the front reaches a particular
position.

On the other hand, outside the light cone, locality guaran-
tees a negative λ(v) regardless of the chaos properties of a
system, taking the form λ(v) ∼ −(v − vB )α just outside the
light cone. This gives exponential “Lyapunov-like” growth
only if α = 1. This is prevented by front broadening for low-
dimensional spin systems, which leads to α > 1. More studies
of the growth and saturation of the OTOC in interacting
integrable systems, as well as chaotic ones, to confirm the
similarities and differences in exponents and scaling forms
is an important direction for future work. In all, our work
delineates some of the challenges associated with using the
intermediate time behavior of the OTOC as a general di-
agnostic for many-body quantum chaos. Whether one can
find other more useful intermediate-time metrics for chaos,
that both extend to “fully” quantum systems and are distinct
from late-time diagnostics of thermalization, remains an open
challenge.

Note added. While we were completing this manuscript,
a study [78] conjecturing the form of the OTOC in Eq. (5)
appeared on the arXiv. Instead, our work derives this form
within a broader universal framework of velocity-dependent
Lyapunov exponents.
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