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This paper explores the state-to-state transition-probability-control landscape for n-level open quantum systems
governed by the Lindblad equation. For generic two-level systems, we show analytically that the control landscape
does not possess critical points in the space of square-integrable control fields. Numerical simulations show that
for a given target state the transition probability reaches its highest value at a particular finite time, and the
corresponding control contains temporal subpulses, similar to that for the time optimal control of analogous
closed quantum systems with unbounded controls.
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I. INTRODUCTION

Manipulating quantum systems with electromagnetic fields
is a goal of interest in many domains ranging from the
control of chemical reactions [1–3] to quantum computing [4].
Increasing numbers of control experiments are proving to
be effective for manipulating quantum systems [5–7]. The
quantum control landscape J [u], defined as the physical
observable as a functional of control field u, was introduced as
a basis to understand the observed ease of finding effective
controls over quantum phenomena [8]. By analyzing the
landscape critical points where δJ/δu = 0, it was found under
specific assumptions that no suboptimal local maxima or
minima should exist for closed controllable n-level quantum
systems [9–13].

Due to interaction with the environment, state manipulation
for open quantum systems is more complex to analyze than
for closed systems. Markovian (i.e., Lindbladian) dynamics is
an extreme situation in this regime. In this case the dissipation
or relaxation processes irreversibly bring the system to an
equilibrium point, which cannot be fully compensated for by
means of coherent control [14], thus increasing the difficulty
of the control task [15]. Nonetheless, several studies using
numerical optimization techniques have shown that good
quality control can often still be achieved for various control
objectives in open quantum systems [16–20]. An analysis of
the landscape structure for open quantum systems may reveal
whether local traps exist that could hinder the search effort.
To this end, some work has been performed to investigate
the landscape of open quantum systems in the context of the
Kraus maps [21,22], showing that no traps are present if any
two states of the system can be connected through a set of
Kraus operators. However, little is known about the existence
and nature of landscape critical points for open systems in the
space of control fields.

This paper explores the state-to-state transition-probability-
control landscape for open quantum systems. Specifically, we
formulate the landscape critical point analysis for general n-
level open quantum systems with Markovian dynamics. A
gradient-based search algorithm (D-MORPH [23]) is adopted to
numerically explore the control landscape. As an illustration,
we investigate the landscape for two-level systems starting at

one point on the Bloch sphere and aiming to come close to
another point on the sphere. Theoretical analysis will show
starting from the north pole (as the initial state) on the Bloch
sphere and targeting another point on the sphere that critical
points of the control landscape do not exist in L2([0,T ],R)
for two-level open systems. An exception occurs for the target
being the south pole, and in that case, the only critical point
is for the zero field. Moreover, in contrast to closed systems,
for which the transition probability generally can reach 1.0 by
suitable controls (provided that the terminal time T is large
enough), the maximum of the transition probability for open
systems is always less than 1.0 and depends on T . For very
small T the system will not have sufficient time to respond to
the field, and for very large T the dissipation process will take
over the dynamics. Operating at both extremes prevents the
system from achieving the best attainable performance. Thus,
an optimal terminal time Topt exists such that the transition
probability reaches its highest value at Topt. The corresponding
optimal control consists of temporally short subpulses, similar
to that for the time optimal control of closed systems with
unbounded controls [24].

The remainder of the paper is organized as follows.
Section II describes the control landscape for general n-level
open systems driven by the Markovian master equation, and
we present the search algorithm for numerically exploring
the landscape. Section III examines the case of a two-level
open system, and proves analytically that no critical point
exists on the state-to-state transition probability landscape. In
Sec. III, we also present extensive simulation results exploring
the nature of the optimal terminal time Topt and the behavior
of the corresponding optimal control. Finally, Sec. IV gives
some concluding remarks.

II. GENERAL FORMULATION FOR n-LEVEL SYSTEMS

This section gives a general formulation for exploring
the transition-probability-control landscape for n-level open
quantum systems with Lindblad dynamics. We first describe
the n-level model, define the critical points of the control
landscape, and finally present the D-MORPH algorithm for
numerical exploration of the landscape.

033420-11050-2947/2013/88(3)/033420(9) ©2013 American Physical Society

http://dx.doi.org/10.1103/PhysRevA.88.033420


YANG, CONG, LONG, HO, WU, AND RABITZ PHYSICAL REVIEW A 88, 033420 (2013)

A. Model for n-level open quantum systems

Under Markovian conditions, the evolution of an n-level
quantum system interacting with its environment can be
described by a quantum dynamical semigroup satisfying the
Lindblad master equation [25]:

iρ̇ = [H (t),ρ] + D(ρ), (1)

where units are chosen such that h̄ = 1. The time-dependent
Hamiltonian H (t) consists of free H0 and control HC(t) terms,
i.e.,

H (t) = H0 + HC(t). (2)

Within the electric dipole approximation, the control Hamil-
tonian has the form HC(t) = u(t)μ, where the dipole moment
operator is μ, and u(t) is the scalar field serving as a control.
The Lindblad term is

D(ρ) = i

n2−1∑
j=1

1

2
{[Lj ,ρL

†
j ] + [Ljρ,L

†
j ]}

= i

n2−1∑
j=1

(
LjρL

†
j − 1

2
L
†
jLjρ − 1

2
ρL

†
jLj

)
, (3)

where Lj ,j = 1, . . . ,n2 − 1 are the Lindblad operators.
The Lindblad master equation (1) can be conveniently

recast with superoperator formalism. Let the n × n matrices
iX1, . . . ,iXm,m := n2 − 1 be orthogonal generators of su(n)
that satisfy

(i) tr (Xl) = 0, (ii) tr(XlXj ) = 2δlj , (iii) X
†
j = Xj . (4)

The anticommutator and commutator are defined respectively
as follows [26]:

{Xl,Xj } := XlXj + XjXl = 4δlj

n
In + 2

m∑
k=1

gljkXk, (5)

−i[Xl,Xj ] := −i(XlXj − XjXl) = 2
m∑

k=1

fljkXk, (6)

where gljk := 1
4 tr({Xl,Xj }Xk) and fljk := 1

4i
tr([Xl,Xj ]Xk).

Hence a density operator can be written in the form:

ρ = I/n + 1

2

m∑
l=1

xlXl, (7)

where xl = tr(Xlρ), a real number, is an element of the
coherent vector x

x := (x1,x2, . . . ,xm)� (8)

belonging to the coherent-vector space B(Rm) ⊂ Rm. It is
evident from Eq. (7) that tr(ρ) = 1 and tr(ρ2) � 1. It is
known that B(Rm) is convex and contained in a ball of radius√

2(n − 1)/n. Although only pure states lie on the surface of
the ball, not all points on the surface are physical states, except
for the two-level case [26].

Substituting Eq. (7) into Eq. (1), it is found that the evolution
of the coherent vector x(t) can be written as

ẋ(t) = f (x(t)) + u(t)g(x(t)), x(0) = x0, (9)

where the drift term f (x(t)) = (LH0 + LD)x(t) + f0 and the
control term g(x(t)) = Lμx(t) are m × 1 column vectors. The

superoperators LH0 , Lμ, and LD are m × m matrices whose
elements are given by

(LD)lr = −δlr

n
tr

m∑
j=1

Lj
†Lj − 1

2

m∑
j=1

m∑
k=1

glrktr(XkLj
†Lj )

+ 1

2

m∑
j=1

tr(XlLjXrL
†
j ), (10)

(LH0 )lr =
m∑

k=1

flrktr(XkH0), (Lμ)lr =
m∑

k=1

flrktr(Xkμ),

(11)

and the inhomogeneous source term f0 is a m × 1 column
vector:

f0 =
⎛
⎝1

n
tr

m∑
j=1

[Lj ,L
†
j ]X1,

1

n
tr

m∑
j=1

[Lj ,L
†
j ]X2, . . . ,

1

n
tr

m∑
j=1

[Lj ,L
†
j ]Xm

⎞
⎠�

. (12)

B. Control landscape and control critical points

The optimal control goal here is to steer the coherent vector
x(t) from an pure initial state x0 to a final state x(T ) as close
as possible to a target pure state xf at a specified time T . The
objective functional to be minimized is given by

J̄ = ‖xf − x(T )‖2, (13)

where ‖x‖2 = xT x is a vector norm. To compare with the
transition probability of the analogous closed system, consider
the objective

J = 1 − n

8(n − 1)
‖xf − x(T )‖2, (14)

which is maximized when the distance between x(T ) and
the target xf is minimized. The constant n

8(n−1) is introduced
such that the range of the objective functional lies between
0 and 1. The control problem can be stated as follows:
consider the dynamical equation (9), and search for a control
u ∈ L2([0,T ],R) to maximize J at a given final time T , i.e.,

max
u∈L2([0,T ],R)

J [u]. (15)

The objective functional J [u] is referred to as the control
landscape, defined as a functional of the time-dependent
control u. This functional is highly nonlinear with respect to
u. The critical points (extrema) of the landscape correspond to
controls at which the first-order functional derivative of J [u]
with respect to the control field u(t) is zero for all time, i.e.,

δJ [u]

δu(t)
= 0, ∀t ∈ [0,T ]. (16)

Using the chain rule, one obtains

δJ

δu(t)
=

〈
∇J (x(T )),

δx(T )

δu(t)

〉
, (17)
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where ∇J (x(T )) is the gradient of J with respect to the
coherent state vector x(T ), and the inner product on Rm is
defined as 〈v , w〉 = v�w.

Given a control u, let x(·) be the corresponding trajectory.
Thus, the infinitesimal functional relationship between δu(t)
and δx(t) may be obtained by linearizing Eq. (9) at (x,u)

d

dt
δx(t) = [∇f (x(t)) + u(t)∇g(x(t))] δx

+ g(x(t))δu(t), δx(0) = 0. (18)

The fundamental equation of δx is

Ṁ(t) = [∇f (x(t)) + u(t)∇g(x(t))] M(t), M(0) = I, (19)

resulting in the solution for δx(T ),

δx(T ) = M(T )
∫ T

0
M(−t)g(x(t))δu(t)dt, (20)

thus, rendering the functional derivative as

δx(T )

δu(t)
= M(T )M(−t)g(x(t)). (21)

Therefore, a control u is a critical point of the landscape if

δJ

δu(t)
= ∇J (x(T ))M(T )M(−t)g(x(t)) = 0, ∀t ∈ [0,T ].

(22)

For computational purposes, we introduce the adjoint vector
p(t) defined as

p(t) := ∇J (x(T ))M(T )M(−t), (23)

which satisfies

ṗ(t) = −p(t)[∇f (x(t)) + u(t)∇g(x(t))],

p(T ) = ∇J (x(T )). (24)

We then have

δJ

δu(t)
= p(t)Lμx(t) := φ(t), (25)

which can be obtained by integrating Eq. (9) forward and then
Eq. (24) backward with a given control u(t). This formulation
does not require integration of the matrix equation (19).

C. D-MORPH algorithm

One main goal of this work is to assess whether traps are
encountered when climbing the landscape for open quantum
systems. Global search algorithms (e.g., genetic algorithms)
may step over traps, making them inappropriate for assessing
the topology of control landscape. For this reason a gradient-
based D-MORPH search algorithm [23] is used in this work to
ascend the control landscape.

Within D-MORPH, the control field u(t) is parametrized by
a morphing variable s resulting in u(s,t) ∈ L2([0,T ],R),∀s.
Thus, the change in the landscape value J [u(s,.)]
corresponding to a differential change ds is given by

dJ ≡ ( dJ
ds

)ds, where

dJ

ds
=

∫ T

0
dt

δJ

δu(s,t)

∂u(s,t)

∂s
. (26)

To ascend the landscape, it is necessary that dJ
ds

� 0, which
can be assured by the relation

∂u(s,t)

∂s
= δJ

δu(s,t)
. (27)

Equation (27) defines a gradient flow in the control space,
and can be solved numerically by a forward Euler method (or
other high-order integration procedures, if necessary) over the
s domain, i.e.,

u(s + �s,t) = u(s,t) + δJ

δu(s,t)
�s,

where, for each s, the value of δJ
δu(s,t) is computed according to

Eq. (25).
In Sec. III, we explore the transition probability landscape

for a generic two-level open quantum system, considering the
identification of an optimal terminal time Topt that allows for
reaching the closest distance to the intended pure target state.

III. ILLUSTRATION: TWO-LEVEL OPEN
QUANTUM SYSTEM

In this section, we consider the case of a generic two-level
system. After introducing the model, we prove that no critical
points with nonzero fields exist for the system when attending
to make a pure state transition. Finally, we numerically find
the optimal target time Topt, and discuss the behavior of the
corresponding optimal control field. Arbitrary (dimensionless)
units are used throughout this section.

A. Model system and analysis

The Lindblad equation of the controlled two-level system
is

ρ̇ = −i[H0 + HC(t),ρ] + 1

2

3∑
j=1

([Ljρ,L
†
j ] + [Lj ,ρL

†
j ]),

(28)
where HC(t) = u(t)μ. The Hamiltonian and Lindblad opera-
tors are chosen as [27]

H0 =
(

− 1
2 0

0 1
2

)
, L1 =

(
0 0√

γ21 0

)
,

(29)

L2 =
(

0
√

γ12

0 0

)
, L3 =

(√
2� 0

0 0

)
,

where γ12,γ21, and � are positive real constants describing the
interaction with the environment. γ12 and γ21 are responsible
for population relaxation whereas � is the pure dephasing rate.
The dipole operator can be decomposed as

μ = cos ϕσx + sin ϕσy, (30)

where ϕ is the azimuthal angle with respect to the x axis
in the equator plane of the Bloch sphere, and σx := ( 0 1

1 0 ),
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σy := ( 0 −i

i 0 ) are Pauli matrices. In the two-level case, X1,X2,

and X3 in Eq. (7) can be chosen as σx , σy , and σz = ( 1 0
0 −1 ),

respectively. As a result, the coherent vector in Eq. (8) for the
density matrix is the well-known Bloch vector

x = (x,y,z)T := (tr(σxρ),tr(σyρ),tr(σzρ))T ,

governed by the dynamical equation

ẋ(t) =

⎛
⎜⎝−�12 1 0

−1 −�12 0

0 0 −γ+

⎞
⎟⎠

︸ ︷︷ ︸
LH0 +LD

x(t) +

⎛
⎜⎝ 0

0

γ−

⎞
⎟⎠

︸ ︷︷ ︸
f0

+u(t)

⎛
⎜⎝ 0 0 −2 sin ϕ

0 0 2 cos ϕ

2 sin ϕ −2 cos ϕ 0

⎞
⎟⎠

︸ ︷︷ ︸
Lμ

x(t), (31)

where γ+ := γ12 + γ21,γ− := γ12 − γ21, and �12 :=
1
2 (γ12 + γ21) + �̂.

The free Hamiltonian LH0 will induce a rotation around
the z axis at a constant angular velocity equal to one, while
the effect of the control Hamiltonian u(t)Lμ is an arbitrary
rotation around the axis whose azimuthal angle is equal to ϕ.
The optimization goal for the two-level system is defined as

max
u∈L2([0,T ],R)

J [u] := 1 − 1
4‖xf − x(T )‖2, (32)

where without loss of generality the initial state is chosen as
x0 = (0,0,1)T , i.e., the north pole, x(·) is the trajectory of the
system in Eq. (31) corresponding to the control u, and the
target state xf is some point on the Bloch sphere. The latter
pure state target is expected to be unreachable in the presence
of the Markovian environment, and the practical objective is
to approach xf as close as possible. A detailed analysis of
the critical point condition is given in the next section. By
means of the D-MORPH algorithm, the control field u(t) starts
out at s = 0 with u(0,t) and progresses to drive a trajectory
up the control landscape J [u(s,.)] in steps s → s + ds [i.e.,
u(s,t) → u(s + ds,t)] until the stopping criterion in Sec. III B
is met.

1. Critical points of the state-to-state transition
probability landscape

In this section, we show that the critical condition (16)
for system (31) cannot be satisfied in the space of square-
integrable control fields L2([0,T ],R), unless the target is
chosen to be the south pole, and in the latter case, the only
critical point is the zero field (u = 0).

Let u correspond to a critical point of the transition
probability landscape for the optimization problem Eq. (32)
and x(·) be the associated trajectory. According to Eq. (24), the
adjoint vector p(t) := (p1,p2,p3) ∈ R3 fulfills the dynamical
equation:

ṗ1 = �12p1 − p2 + 2u sin ϕp3,

ṗ2 = p1 + �12p2 − 2u cos ϕp3, (33)

ṗ3 = −2u sin ϕp1 + 2u cos ϕp2 + γ+p3,

and satisfies the terminal condition

p(T ) = ∇J (x(T )). (34)

By Eq. (25), we have

φ(t) = p(t)Lμx(t) = 0, for t ∈ [0,T ]. (35)

The initial condition p(0) can be derived from Eq. (35)
evaluated at t = 0, i.e.,

φ(0) = p(0)Lμx(0) = 0, (36)

φ̇(0) = −p(0)[LH0 + LD,Lμ]x(0) + p(0)Lμf0 = 0. (37)

Equations (36) and (37) imply that

sin ϕp1(0) = cos ϕp2(0),

[2(�12 − γ+ + γ−) sin ϕ + 2 cos ϕ]p1(0)

= [2(�12 − γ+ + γ−) cos ϕ − 2 sin ϕ]p2(0),

which hold if and only if p1(0) = p2(0) = 0. Therefore,
the initial state of the adjoint vector p(t) is of the form
p(0) = [0,0,p3(0)]. As the adjoint vector is defined up to
a multiplicative constant, we can choose, without loss of
generality, p(0) = (0,0,1). Taking the second derivative of
Eq. (25) with respect t according to Ref. [28], the control
field u is determined in feedback form as a function of p(t)
and x(t) by the following expression:

u(t) = −p(t)[LH0 + LD,[LD + LH0 ,Lμ]]x(t) − p(t)(2(LD + LH0 )Lμ − Lμ(LD + LH0 ))f0

p(t)[Lμ,[LD + LH0 ,Lμ]]x(t) − p(t)L2
μf0

. (38)

Substituting this expression for u into Eqs. (31) and
(33) along with the initial conditions x(0) = (0,0,1)T and
p(0) = (0,0,1), the pair [x(t),p(t)] is uniquely determined. By
Eqs. (22) and (24), the corresponding control u is a critical
point of the landscape if p(T ) is parallel to ∇J (x(T )) [i.e., the
terminal condition (34) becomes p(T ) ‖ ∇J (x(T )), as p(0)
is normalized]. This additional requirement is not necessarily
satisfied, depending on the location of the target state on the
Bloch sphere. In fact, by explicit integration, it is not difficult

to check that the pair [x(t),p(t)] corresponding to the zero field
(u = 0) is given by

x(t) =
(

0,0,e−γ+t + γ−(1 − e−γ+t )

γ+

)�
, p(t) = (0,0,eγ+t ),

and satisfies p(t)Lμx(t) = 0 for t ∈ [0,T ]. By uniqueness,
u = 0 is the only candidate for being a critical point of the
state-to-state transition probability landscape, and we verify a
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posteriori that the corresponding denominator in (38) does not
vanish. Moreover, the zero field is indeed a critical point if and
only if the target state is chosen to be (0,0, − 1). Therefore, we
conclude that critical points of the pure state-to-state transition
probability landscape do not exist in L2([0,T ],R) for two-level
open systems unless the target is the south pole, and in the that
case, the only critical point is the zero field. Moreover, in the
latter case, the zero field is intuitively not a solution to problem
(32) as an intense and short pulse will make the system rotate
around the x axis and drive it closer to the south pole. This
conclusion raises the question of the existence of solutions for
problem (32), which we clarify in the next section.

2. Discussion on the existence of control solutions

In this section, we introduce the concept of reachable set to
discuss the existence of solutions for the objective functional
J [u] in Eq. (32). The reachable set at time T of the control
system (31) is defined as

RT := {x(T ),u ∈ L2([0,T ],R)},
where x(·) is the trajectory of system (31) starting from the
north pole and corresponding to the control u. In other words,
RT is the set of all the states that can be reached at time T

under the action of some square-integrable control field. Then,
the optimal control problem (32) is equivalent to the following:

min
x∈RT

‖xf − x‖2. (39)

It is not difficult to show that the reachable set RT is not
closed [29]. Therefore, the problem in (39) may not have
solutions, as with (32). In fact, the result obtained in the
preceding paragraph on the nonexistence of critical points in
L2([0,T ],R) reveals the nonexistence of solutions for problem
(32) in L2([0,T ],R). Let us consider a slightly modified
problem:

min
x∈Cl(RT )

‖xf − x‖2, (40)

FIG. 1. (Color online) The objective functional J with respect to
the number of iterations starting with 100 random initial controls.
The target state is xf = (1,0,0)�.

FIG. 2. (Color online) Schematic illustration of convergence to
the boundary of a point in the reachable set RT . The ‘+’ signs
represent the final point of the trajectories corresponding to different
values of simulation accuracy expressed in terms of the gradient value
e := ‖δJ/δu‖. The two-dimensional surface in the figure represents
the boundary of RT .

where Cl(RT ) denotes the closure of RT in R3, i.e., Cl(RT ) ⊃
RT . The existence of solutions for problem (40) is guaranteed
by the compactness of Cl(RT ) [30]. As the target xf does not
belong to RT , it is intuitively clear that the minimal distance
between xf and Cl(RT ) is achieved on the boundary RT . Note
that the boundary of Cl(RT ) does not belong to RT , but can be
approximated by sequences of points in RT . In other words,
there exist sequence of control fields in L2([0,T ],R) capable
of driving the final state of the corresponding trajectories to the
boundary of RT . This phenomenon is confirmed numerically
in Sec. III B1.

FIG. 3. (Color online) The objective functional J with respect to
final time T . An optimal value Topt is evident with detail shown in the
expanded view.
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(a) (b)

(c)

FIG. 4. (Color online) The optimal trajectory (red) for xf = (1,0,0)�(open red circle): (a) three-dimensional view; (b) y-z view; (c) x-y
view. The optimal time is Topt = 1.52 and J = 0.98218. The optimal trajectory: AB is a fast rotation around the x axis where the control is
positive and strong so that the decay and free Hamiltonian can be neglected. The points B and C are very close to (0,1,0), CD is free evolution
on the equator, rotating around the z axis.

B. Numerical results and discussion

This section numerically explores the control landscape
(32) for the two-level open quantum system (31) using the
D-MORPH algorithm. The dissipation rates are chosen as γ12 =
γ21 = � = 0.1 so that the f0 in (31) vanishes, forming a special
case of the unital Lindbladian [31]. Several values of ϕ were
chosen to perform simulations, and it is observed that the
numerical results are not sensitive to the choice of angle ϕ.
Therefore, we will illustrate the case ϕ = 0, i.e., the control
corresponds to the rotation around the x axis, cf. Eq. (30).

The initial control at s = 0 is chosen as

u(0,t) = exp

(
− (t − T/2)2

2σ 2

) 3∑
m

am sin(ωmt + ϕm),

t ∈ [0,T ], (41)

which is composed of three sinusoidal components, each is
weighted by am > 0 and characterized by a carrier frequency
ωm and a random phase φm ∈ [0,2π ],m = 1,2,3. In the
optimal control simulations, the parameters σ,am,ωm are
chosen randomly on the intervals [1,5], [1,20], and [1,10],
respectively. The D-MORPH algorithm is used to perform
optimization simulations subject to the stopping criterion:

e < 10−3, where e =
√∑N

j=1 ( δJ
δu(tj ) )

2√
�t, N = T

�t
, with

�t being the time step.

1. Optimization of J for a fixed final time T

Here we consider the target state is xf = (1,0,0)� and
T = 2. The target state is aligned with the applied field
in the x direction, thereby demanding that the control field

and free evolution under H0 work together to best approach
the objective. Using a time step of �t = 0.002, the initial
magnetic field u(0,t) is discretized into 1000 time grid points.
The magnetic field is allowed to vary freely over its time
points u(s,tj ),j = 1,2, . . . ,1000 throughout the integration
(iterations) over the parameter s.

Figure 1 presents the objective functional J with respect
to the number of s iterations for 100 random initial controls.
It was found that the magnitude of J asymptotically reaches
the same maximum value of 0.9728 for each different initial
control, as the gradient δJ/δu approaches zero, and the optimal

FIG. 5. (Color online) The initial control and optimal control for
xf = (1,0,0)�. The points A, B, and C refer to those in Fig. 4
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(a) (b)

(c)

FIG. 6. (Color online) The optimal trajectory (red) for xf = (0.6,0, − 0.8)�(open red circle) (a) three-dimensional view; (b) y-z view;
(c) x-y view. The optimal time is Topt = 0.62, with J = 0.9962. CD is free evolution on the equator, rotating around the z axis.

controls starting from different initial controls are distinct.
Figure 2 presents a schematic illustration of convergence
to the boundary of the reachable set RT as discussed in
Sec. III A1. With the posed target xf just beyond reach,
the search trajectory converges to the closest member of the
reachable set.

The finding that all the trajectories in Fig. 1 converge to the
same final state regardless of the initial controls, using the local
D-MORPH algorithm, suggests that the set Cl(RT ) is trap free
consistent with the analysis in Sec. III A1. The optimization
was taken out to tolerance e = 10−4 and the Hessian δ2J

δu(t)δu(t ′)
was also evaluated. The Hessian had two negative eigenvalues
−2.62 and −0.12 with the remaining eigenvalues essentially
zero (i.e., the largest was 8.8 × 10−4). The Hessian spectrum
is consistent with that predicted for the top of the landscape
for a closed two-level system, although a formal analysis for
the open system remains to be done. Further investigation is
needed to fully characterize the boundary of the reachable set,
which in general depends on all of the variables in the Lindblad
equation and the control time T .

2. Optimal target time

A controllable closed system can be steered from an pure
initial state to any target pure state provided that the terminal
time T is large enough. For open quantum systems, there is a
point beyond some value of T when the state decays toward the
center of the Bloch sphere due to the presence of dissipation.
This section numerically explores the maximum value of the
transition probability landscape as a function of the terminal
time T . In particular, we desire to locate the optimal time Topt

at which the objective functional J [u] takes on its maximum
value.

As an illustration, we first chose T ranging from 0.5 to 3
with a step size of �T = 0.1, and the target state is (1,0,0)�.
Optimal control simulations were performed with 50 random
initial controls, and for each T all 50 curves reached the same

maximum as in Fig. 1. The value of J as a function of T is
displayed in Fig. 3, and J was found to reach its maximum
value at T ≈ 1.5. By further discretizing T from 1.44 to 1.6
with a much smaller step size of �T = 0.02, it was found
that the optimal time Topt is close to 1.52 corresponding to
J = 0.98218. In the following, this procedure is performed to
find the optimal terminal time for different target states and
dissipation rates.

3. Behavior of optimal controls and corresponding trajectories

In this section, we investigate the behavior of optimal
controls for T = Topt and the corresponding trajectories. We
will find that the optimal control consists of short temporal
subpulses. The structure of the optimal pulses is related to the
target state and dissipation rates.

First, we consider two target states xf = (1,0,0)� and xf =
(0.6,0, − 0.8)�, which are located on the equator and on the

FIG. 7. (Color online) The initial control (blue line) and optimal
control (red line) for xf = (0.6,0, − 0.8)�. The points B, C, D, and
E refer to those in Fig. 6
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(a) (b)

(c)

FIG. 8. (Color online) The optimal trajectory (red) for γ− �= 0 with the target state being xf = (0.6,0, − 0.8)�(open red circles):
(a) three-dimension view; (b) y-z view; (c) x-y view. The optimal time is Topt = 0.6, with J = 0.9936. The red circle represents the target state
xf = (0.6,0, − 0.8)�. The difference from Fig. 6 is that BC is no longer on the equator.

southern hemisphere of the Bloch sphere, respectively, and the
dissipation rates are chosen as γ12 = γ21 = � = 0.1.

Figure 4 presents the optimal trajectory of the state for xf =
(1,0,0)�, and Fig. 5 displays the corresponding initial control
(blue) and optimal control (red). It is evident that the short
intense subpulse at the beginning of the time interval makes
the state rotate by ∼ π/2 around the x axis( i.e., see the arc AB
in Fig. 4, which is almost on the sphere since the dissipation and
free Hamiltonian can be neglected over this very short period
of the intense pulse). The points B and C stay close to (0,1,0).
The arc CD corresponds to free evolution around the z axis. To
assess the BC part of the pulse, we also performed further tests
by using a smaller stopping criterion e = 10−4 and a smaller

FIG. 9. (Color online) The initial control (blue line) and optimal
control (red line) with the trajectory in Fig. 8 for γ− �= 0. The
difference from the case in Fig. 7 is that the control connecting two
pulses is not zero.

time step. As a result, the points B and C got even closer to
(0,1,0) and the AB subpulse became still shorter and larger
in the resulting optimal control (not shown). Moreover, the
maximum of J is 0.98224 at Topt = 1.52. Finally, the optimal
control is u = 0 when the initial state is set to be (0,1,0)�
for the optimization procedure. Thus, we conjecture that the
optimal point on the boundary of the reachable set can be
attained by a Dirac δ impulse followed by free evolution, and
the observed short pulse in Fig. 4 is an approximation of the
Dirac δ impulse.

Figure 6 presents the optimal trajectory of the state for xf =
(0.6,0, − 0.8)�. Figure 7 displays the corresponding initial
control (blue) and optimal control (red). The optimal control
(Topt = 0.62) is composed of two subpulses located at the
beginning and the end of time interval. The two pulses are
separated by a long period when the field is essentially zero,
which is responsible for the free state evolution on the equator.

Second, we examine how the dissipation rates influence the
structure of the optimal control. Here, we consider the case
of γ12 = 0.3, γ21 = 0.1, and �̂ = 0.1, corresponding to �12 =
0.3,γ+ = 0.4, and γ− = 0.2. The target state xf = (0.6,0, −
0.8)� is the same as that in Fig. 6. Figure 8 presents the
optimal state trajectory, and Fig. 9 shows the corresponding
initial control (blue) and optimal control (red). It is found
that the optimal control also consists of two short subpulses
located at the beginning and the end of time interval. However,
the control that connects the two pulses is not zero, in contrast
to the case of γ− = 0 shown in Fig. 6, since in the current
case, the nonzero control in the BC interval is needed to balance
out the effect of γ− in the slow evolution.

We observe from Figs. 5, 7, and 9 that the each optimal
control for Topt has the character of temporally short subpulses,
similar to that for minimal time control of an analogous closed
single-spin system with unbounded control [24]. For weakly
dissipative quantum systems, the solution for the optimal
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control problem in Eq. (32) should be similar to the one for the
closed system. Correspondingly, the behavior of the optimal
trajectory has similar character to that for the closed system,
and the optimal time is close to the minimal time for the closed
system. For example, for the case of Fig. 4, if the Lindblad term
is not present, the minimal time should be π/2, which is larger
than Topt = 1.52 for the open system since the Lindblad term
has the deleterious effect at moving the state toward the center
of the Bloch sphere.

IV. CONCLUSION

This paper explored the transition-probability-control land-
scape for open quantum systems described by the Lindblad
equation. In particular, we investigated analytically and nu-
merically the optimization of the transition probability for two-
level open quantum systems. Theoretical analysis shows that
the transition-probability-control landscape going from the
north pole to any target (except at the south pole) on the Bloch
sphere has no critical points when dealing with unbounded
controls; in the case that the target is the south pole there
exists only one critical point corresponding to the zero field.

Moreover, it was shown numerically that an optimal terminal
time Topt exists such that the transition probability reaches
the highest value on the control landscape at Topt, and the
corresponding optimal control is comprised of short subpulses.

An important future goal is the theoretical analysis of the
reachable set for a two-level open system (31) in order to pro-
vide a better understanding of the numerical results presented
in Sec. III B. An additional topic is state-to-state optimization
with bounded controls along the lines of Refs. [32,33]. Finally,
the general analytical and numerical framework presented in
this paper for exploring the control landscapes of the pure state-
to-state transitions can be extended to the study of the control
landscapes involving mixed state transitions and targeted
unitary transformations, including beyond two-level open
quantum systems.
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