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Abstract

We study the problem of optimally liquidating a financial position in a discrete-time model with
stochastic volatility and liquidity. We consider the three cases where the objective is to minimize
the expectation, an expected exponential and a mean-variance criterion of the implementation
cost. In the first case, the optimal solution can be fully characterized by a forward-backward
system of stochastic equations depending on conditional expectations of future liquidity. In the
other two cases we derive Bellman equations from which the optimal solutions can be obtained
numerically by discretizing the control space. In all three cases we compute optimal strategies for
different simulated realizations of prices, volatility and liquidity and compare the outcomes to the
ones produced by the deterministic strategies of Bertsimas and Lo and Almgren and Chriss.

Key words: Optimal trade execution, implementation cost, discrete-time stochastic control, Bell-
man equation, stochastic volatility, stochastic liquidity.

1 Introduction

We consider the problem of optimally liquidating a given number of shares of a financial asset in
a discrete-time model with stochastic volatility and liquidity. It is assumed that every transaction
causes a permanent and temporary impact on the price, and the goal is to find strategies that minimize
the expectation, an expected exponential or a mean-variance criterion of the implementation cost.

The optimal trade execution problem was addressed by Bertsimas and Lo (1998) in a model where
the asset price process follows a discrete-time random walk and transactions cause a permanent price
impact that is linear in the amount of shares traded. In this framework the strategy with the minimal
expected execution cost turns out to have constant speed. In a further fundamental contribution,
Almgren and Chriss (2001) added a temporary price impact from which the asset recovers in the next
period and derived the best deterministic strategy with respect to a mean-variance criterion. Since it
takes the variance into account, it is risk averse and executes faster than the constant speed strategy.
Almgren and Lorenz (2007, 2011) investigated strategies that are allowed to react to price changes.
Schied et al. (2010) studied the optimal execution problem for an agent with expected exponential
utility in a continuous-time model with Lévy noise and found the continuous-time analog of the
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Almgren–Chriss strategy to be optimal. Forsyth (2011) and Gatheral and Schied (2011) considered
a continuous-time model in which the unperturbed price process is a geometric Brownian motion.
Resilience of price impact with different decay kernels has been studied in Gatheral et al. (2012),
Alfonsi and Schied (2012) and Obizhaeva and Wang (2013). Bayraktar and Ludkovski (2011) and
Moazeni et al. (2013) modeled stochastic price impact with a Poisson process. The purpose of
this paper is to extend the Almgren–Chriss model by allowing the volatility and liquidity to be
stochastic. It is most closely related to Walia (2006) and Almgren (2012). Walia (2006) assumed
the volatility and liquidity to follow a Markov chain and minimized one-step mean-variance criteria
with dynamic programming methods. Almgren (2012) studied the continuous-time analog in which
the volatility and liquidity follow correlated diffusion processes. For a detailed literature review we
refer to Gatheral and Schied (2013).

We consider a stochastic volatility and temporary price impact and assume that prices, volatility
and liquidity are observable. To keep the model tractable, we make Markov assumptions. If the
objective is to minimize the expected implementation cost, we allow volatility and liquidity at each
time to depend on the last realization of volatility, liquidity and price innovation. The optimal
strategy is given by the solution of a forward-backward system of stochastic equations. It generalizes
the constant speed strategy of Bertsimas and Lo (1998) and changes the position in every step by a
fraction that depends on conditional expectations of future liquidity terms. The volatility and the
price innovations affect the strategy only through their codependence with the liquidity. In the case
of an expected exponential or mean-variance criterion, volatility and liquidity are assumed to follow
a coupled Markov chain that is independent of the price innovations. In the expected exponential
case we derive a Bellman equation that can be solved numerically by discretizing the control space.
It turns out that it is enough for the optimal strategy to observe volatility and liquidity. The mean-
variance case is more complicated. First, since conditional variances do not iterate, a direct dynamic
programing approach does not work. Second, the optimal strategy depends on past realizations of
volatility, liquidity and price innovations. To simplify the problem, we first only allow strategies that
just observe volatility and liquidity. After that we solve the full problem in which strategies can react
to changing volatility, liquidity and prices. In both cases we introduce an auxiliary quadratic cost
minimization problem and deduce the associated Bellman equation. In our numerical experiments
the optimal restricted strategy has practically the same performance as the fully optimal strategy and
the optimal strategy for the expected exponential criterion with appropriately chosen risk aversion
parameter. In the presence of stochastic volatility and liquidity they all significantly outperform the
deterministic Almgren–Chriss strategy corresponding to the long term time-averages of volatility and
liquidity. They are related to the strategies of Walia (2006) and Almgren (2012). The difference is
that Walia (2006) and Almgren (2012) minimize a local mean-variance criterion, while in this paper
the objectives are global.

The structure of the paper is as follows. In Section 2 we introduce our model of price behavior
and trading impact. In Section 3 we study the risk neutral case. Section 4 treats the expected
exponential case and Section 5 the mean-variance case. Section 6 concludes. All proofs are given in
the Appendix.
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2 The model

We consider the problem of liquidating an asset position of X ∈ R+ shares until a given time
T ∈ R+. We divide the interval [0, T ] into N subintervals of length ∆t and decide at every time
tn−1 = (n− 1)∆t how many shares yn to sell in the interval (tn−1, tn]. We assume that the orders yn
are executed by a tactical program that submits a combination of limit and market orders to obtain
an optimal price, and that this results in an execution price of

S̃n = Sn−1 − ηnyn, (2.1)

where Sn follows the dynamics
Sn = Sn−1 + σnξn − cyn. (2.2)

We think of Sn as a fixed convex combination of the bid and ask price: Sn = λSbn + (1− λ)San. For
λ = 1/2, Sn is the mid price. But depending on the particular asset to be traded it could be closer to
the bid or ask. (ξn) is a sequence of independent normally distributed random variables with mean
0 and variance ∆t. (σn) is a stochastic volatility. c ∈ R+ is a constant describing a permanent price
impact and (ηn) a stochastic liquidity process modeling temporary price impact.

We suppose that Sn, σn, ηn are observable and denote the filtration they generate by Fn. Sn and
S̃n can be observed directly. If yn > 0, ηn can be deduced from (2.1). Otherwise, it has to be inferred
from the bid-ask spread. σn has to be estimated from (2.2) or by a separate statistical procedure
using more frequent observations. The proceeds from selling the asset shares are

∑N
n=1 ynS̃n. We

describe a liquidation strategy in terms of remaining shares xn = X −
∑n

i=1 yi and call it admissible
if the following conditions are satisfied:

x0 = X, xn−1 ≥ xn, xN = 0, (xn) is predictable with respect to (Fn).

This means that each yn must be non-negative and Fn−1-measurable such that
∑N

n=1 yn = X. An
admissible strategy is completely specified by xn for 1 ≤ n ≤ N − 1. We denote the set of all
admissible strategies by A.

The implementation cost is the difference between the initial value and the proceeds: C(x) :=
XS0 −

∑N
n=1 ynS̃n. Since xN = 0, it can be written as

C(x) =
cX2

2
+

N∑
n=1

(xn−1 − xn)2
(
ηn −

c

2

)
− xnσnξn.

In the next three sections we try to find strategies that minimize the expectation, expected exponen-
tial and a mean-variance criterion of C(x). In all three cases one can drop the constant cX2/2 from
C(x) and work with the quadratic form

Q(x) =

N∑
n=1

(xn−1 − xn)2
(
ηn −

c

2

)
− xnσnξn (2.3)

without changing the optimal solution.
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Parameter Symbol Value

Initial stock price S0 172 $/share

Initial position X 35,000 shares

Duration T 100 minutes

Number of subintervals N 100

Length of subintervals ∆t 1 minute

Permanent impact c 2.5× 10−7

Volatility states σlow, σmed, σhigh 3.51× 10−3, 3.3× 10−2, 1.172× 10−1

Liquidity states ηlow, ηmed, ηhigh 10−6, 5× 10−6, 25× 10−6

Table 1: Parameter values

If the objective is to minimize the expectation of Q(x), the dynamics of (Sn, σn, ηn) can be
chosen slightly more general than for non-linear criteria. We always assume that ξn is independent of
σ(Fn−1, σn, ηn), (σn, ηn) takes values in a finite subset V ⊆ R2

+, and η̃n := ηn− c/2 > 0. In Section 3
we suppose that conditioned on Fn−1, the distribution of (σn, ηn) just depends on (σn−1, ηn−1, ϕn−1),
where ϕn−1 is defined as ϕn−1 := ϕ(σn−1ξn−1) for a positive integer k and a measurable function
ϕ : R→ {1, . . . , k} (e.g. ϕ(s) = 1 for s < 0 and ϕ(s) = 2 for s ≥ 0). It follows that (σn, ηn, ϕn) is a
Markov chain with finite state space V k := V ×{1, . . . , k} and time-dependent transition probabilities

pvwn−1 := P [(σn, ηn, ϕn) = w | (σn−1, ηn−1, ϕn−1) = v] , v, w ∈ V k.

This covers models in which (σn, ηn) may depend on the last price innovation. In Sections 4 and 5
we assume that (σn, ηn) is a Markov chain with state space V which is independent of the sequence
of innovations (ξn). Its transition probabilities are given by

pvwn−1 := P [(σn, ηn) = w | (σn−1, ηn−1) = v] , v, w ∈ V.

A typical liquidation problem has a duration of 1–6 hours. For our numerical simulations we used
the parameter values of Table 1 and assumed (σn), (ηn), (ξn) to be independent such that (σn), (ηn)
are time-homogeneous Markov chains with transition matrices

pσ =

 0.9349 0.0434 0.0217
0.7164 0.2239 0.0597
0.4400 0.4800 0.0800

 and pη =

 0.50 0.30 0.20
0.15 0.80 0.05
0.05 0.05 0.90

 .

We estimated the volatility parameters from 20 days of TAQ data for Panera Bread. The liquidity
parameters are built around those of Almgren and Chriss (2001). We always used σlow and ηlow as
starting points for the chains (σn) and (ηn).

3 Risk neutral objective

In the risk neutral case the objective is to find an admissible strategy x that minimizes the expectation
of Q(x). In this section (σn, ηn, ϕn) is assumed to be a Markov chain with finite state space V k :=
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V × {1, . . . , k} ⊆ R2
+ × N and transition probabilities

pvwn−1 := P [(σn, ηn, ϕn) = w | (σn−1, ηn−1, ϕn−1) = v] , v, w ∈ V k.

Due to the special form of Q(x), it is enough for an optimal strategy to observe the process
(σn, ηn, ϕn), n ≥ 0. Therefore, the goal is to minimize Ev0[Q(x)], where for every possible state
v of the Markov chain (σn, ηn, ϕn), Evn denotes the conditional expectation E[. | (σn, ηn, ϕn) = v].
The following theorem gives the optimal value and best strategy for this problem.

Theorem 3.1. One has
min
x∈A

Ev0[Q(x)] = X2av0, (3.1)

and the unique optimal liquidation strategy is given by

x∗n|x∗n−1, (σn−1,ηn−1,ϕn−1)=v = x∗n−1
Evn−1[η̃n]

Evn−1[η̃n] +
∑

w∈V k pvwn−1a
w
n

, n = 1, . . . , N − 1, (3.2)

where the coefficients avn satisfy the backwards recursion:

avN−1 = EvN−1[η̃N ], avn−1 =
Evn−1[η̃n]

∑
w∈V k pvwn−1a

w
n

Evn−1[η̃n] +
∑

w∈V k pvwn−1a
w
n

, n ≤ N − 1. (3.3)

The forward-backward system (3.2)–(3.3) defines the optimal strategy as a function of the liquidity
available in the market. It decreases the position in every step by a fraction that depends on the
expected liquidity in the next period and a weighted sum of future liquidity terms.

Remark 3.2. In the case of constant liquidity ηn ≡ η, Theorem 3.1 yields

avn =
η − c/2
N − n

, x∗n = x∗n−1
N − n

N − n+ 1
,

which gives the deterministic constant speed strategy

x∗n = X
N − n
N

(3.4)

and so is consistent with the findings of Bertsimas and Lo (1998).

Simulation
We calculated the optimal strategy for 50,000 simulated paths of (σn, ηn, ξn). Figure 1 shows the
average optimal position x̄n in percent of the initial number of shares X on the left and the corre-
sponding standard deviation sn on the right. Figure 2 shows the optimal strategy for three particular
paths compared to the constant speed strategy (3.4). The histograms of Figure 3 show realizations
of the implementation cost C(x). It can be seen, that the optimal admissible strategy produces a
significantly lower sample mean than the constant speed strategy. Coincidentally, it also generates a
smaller standard deviation.

5



100%100%

90%

80%

70%

60%

50%

40%

30%

20%

10%

10010 20 30 40 50 60 70 80 90

x̄n

n
10010 20 30 40 50 60 70 80 90

10%

9%

8%

7%

6%

5%

4%

3%

2%

1%

sn

n

Figure 1: Average and standard deviation of the optimal positions over different scenarios in the risk
neutral case.

100%

90%

80%

70%

60%

50%

40%

30%

20%

10%

100908070605040302010

xn(ω)/X

n

Constant speed strategy

Figure 2: Optimal strategies for three particular scenarios in the risk neutral case compared to the
constant speed strategy.
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Figure 3: Histograms of C(x) for the optimal strategy and the constant speed strategy in the risk
neutral case.
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4 Expected exponential cost

In this section the goal is to minimize the expected value of exp(αQ(x)) for a given risk aversion
parameter α > 0. It is assumed that (σn, ηn) is a Markov chain with finite state space V ⊆ R2

+ and
transition probabilities

pvwn−1 := P [(σn, ηn) = w | (σn−1, ηn−1) = v] , v, w ∈ V,

which is independent of the sequence of innovations (ξn). Denote by An(z) the set of (Fn)-predictable
strategies (xi)

N
i=n satisfying xn = z, xi−1 ≥ xi, xN = 0. Since Q(x) is a sum of local terms and the

exponential function factorizes, it is enough for the optimal strategy to observe (σn, ηn), n ≥ 0. So
the problem is to minimize the expected exponential

Ev0[exp(α(Q(x))] (4.1)

for all possible states v ∈ V , where Evn denotes the conditional expectation E[. | (σn, ηn) = v].
Consider the value function

Jvn(z) := min
x∈An(z)

Evn [exp (αQn(x))] ,

where Qn(x) :=
∑N

i=n+1(xi−1 − xi)2η̃i − xiσiξi. Then one has the following

Theorem 4.1. The value function J satisfies the Bellman equation

JvN−1(xN−1) =
∑
w∈V

pvwN−1 exp
(
αx2N−1(w2 − c/2)

)
Jvn−1(xn−1) = min

0≤xn≤xn−1

∑
w∈V

pvwn−1 exp

(
α(xn−1 − xn)2(w2 − c/2) +

1

2
x2nα

2w2
1∆t

)
Jwn (xn)(4.2)

for n ≤ N − 1 and the minimizing x∗n form the unique optimal strategy for problem (4.1).

Remark 4.2. It can be seen from Theorem 4.1 that for constant volatility σn ≡ σ and liquidity
ηn ≡ η, the minimization of the expected exponential (4.1) reduces to the deterministic problem

min
0≤xn≤xn−1

N∑
n=1

(xn − xn−1)2(η − c/2) +
1

2
x2nασ

2∆t. (4.3)

This observation is in line with Schied et al. (2010). Since (4.3) is a convex problem, it can be
reduced to the first order condition

xnασ
2∆t = (xn−1 − 2xn + xn+1)(2η − c), n = 1, . . . , N − 1.

This is the equation derived by Almgren and Chriss (2001) for the deterministic strategy x minimizing
the mean-variance criterion E[Q(x)] + (α/2)Var(Q(x)). Its solution is given by

x∗n = X
sinh(κ(T − n∆t))

sinh(κT )
for the unique κ > 0 satisfying cosh(κ∆t)− 1 =

ασ2∆t

4η − 2c
. (4.4)
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We point out that while in the case of constant volatility and liquidity, (4.4) is the best (Fn)-
predictable strategy for the exponential problem, the optimal (Fn)-predictable mean-variance strat-
egy is not deterministic; see Almgren and Lorenz (2007), Lorenz and Almgren (2011) and Section
5.

If the volatility and liquidity are stochastic, the Bellman equation of Theorem 4.1 can be solved
numerically by discretizing the position space. If the asset can be sold in single units, the complexity
of the algorithm is O(X2). This is because in every step, Jvn−1(xn−1) has to be computed for all
0 ≤ xn−1 ≤ X, and for fixed xn−1, the calculation of Jvn−1(xn−1) requires the evaluation of the right
side of (4.2) for xn = 0, . . . , xn−1. For large X, the complexity can be reduced by selling the asset in
larger lots.

Simulation
In our numerical experiment we allowed trading in lots of 350 shares, which amounts to 1% of the
initial position of 35,000 shares. We calculated optimal strategies along 50,000 simulated realizations
of (σn, ηn, ξn). Figure 4 shows the average x̄n of the optimal positions and the standard deviations sn
for three different values of absolute risk aversion α. It can be seen that the average liquidation speed
is increasing in α. Figure 5 shows three realizations of the optimal admissible strategy compared
to the Almgren–Chriss strategy (4.4) corresponding to the mean volatility σ̄ and liquidity η̄ with
respect to the steady state distributions of (σn) and (ηn). Figure 6 shows histograms of realized
implementation costs C(x) produced by the optimal strategy of Theorem 4.1 and the Almgren–
Chriss strategy (4.4). It can be seen that the sample mean and variance of the optimal admissible
strategy are significantly lower.

5 Mean-variance criterion

In this section we try to find a strategy that minimizes a mean-variance criterion of the form

E[Q(x)] + λVar(Q(x)) (5.1)

for a given trade-off parameter λ > 0. As in Section 4, we assume that (σn, ηn) is a Markov chain
with finite state space V ⊆ R2

+ and transition probabilities

pvwn−1 := P [(σn, ηn) = w | (σn−1, ηn−1) = v] , v, w ∈ V,

which is independent of the sequence of innovations (ξn). Problem (5.1) is more difficult than the
exponential problem (4.1). First, the criterion (5.1) does not factorize. So it is no longer enough for
the optimal admissible strategy to only observe (σn, ηn). Second, since conditional variances do not
iterate, problem (5.1) cannot be treated recursively. We solve problem (5.1) in two different cases. In
Subsection 5.1 we restrict the class of admissible trading strategies and find the best strategy among
those which only observe (σn, ηn). This is equivalent to solving for the best deterministic strategy in
the case where volatility and liquidity are constant. In Subsection 5.2 we compute the fully optimal
admissible strategy. Our simulation results suggest that the restricted solution is very close to being
fully optimal. Moreover it has virtually the same performance as the the optimal strategy for the
exponential criterion (4.1) with α = 2λ.
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Figure 4: Average and standard deviation of optimal positions for the expected exponential cost
criterion with different absolute risk aversions α.
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Figure 5: Three realizations of the optimal strategy for the expected exponential criterion with
parameter α = 2× 10−5 compared to the Almgren–Chriss strategy (4.4) corresponding to σ̄ and η̄.
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sponding to σ̄ and η̄ in the expected exponential cost case with absolute risk aversion α = 2× 10−5.
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5.1 The restricted mean-variance problem

Define the filtration Gn := σ(σi, ηi : 0 ≤ i ≤ n), and denote by R the subset of admissible strategies
x ∈ A that are predictable with respect to (Gn). The restricted mean-variance problem is

P (λ) min
x∈R

E[Q(x) | G0] + λVar(Q(x) | G0)

for given λ > 0. Since the filtration (Gn) is discrete, R is a compact subset of a finite-dimensional
space. Moreover, the objective function of P (λ) is continuous in x. It follows that P (λ) admits an
optimal solution x∗ ∈ R. However, since conditional variances do not iterate, it cannot be solved
recursively. But it is well-known (see Proposition A.1 in the appendix for a simple proof) that a
solution x∗ of P (λ) also solves the problem

P (λ, µ) min
x∈R

E
[
µQ(x) + λQ(x)2 | G0

]
for µ = 1− 2λE [Q(x∗)]. It is possible to derive a Bellman equation for problem P (λ, µ). However, µ
is not known before x∗. So we compute solutions to P (λ, µ) for different values of µ and check which
one minimizes P (λ). To solve P (λ, µ), we denote by Evn the conditional expectation E[. | (σn, ηn) = v]
and by Rn(z) the set of (Gn)-predictable strategies (xi)

N
i=n satisfying xn = z, xi−1 ≥ xi, xN = 0.

Define
Jvn(z) := min

x∈Rn(z)
Evn
[
µQn(x) + λQn(x)2

]
for Qn(x) :=

∑N
i=n+1(xi−1− xi)2η̃i− xiσiξi. Then Jv0 (X) gives the optimal value of problem P (µ, λ)

if (σ0, η0) = v, and the following holds:

Theorem 5.1. The value function J satisfies the Bellman equation

JvN−1(xN−1) = µx2N−1EvN−1[η̃N ] + λx4N−1EvN−1[η̃2N ],

Jvn−1(xn−1) = min
0≤xn≤xn−1

µ(xn−1 − xn)2Evn−1 [η̃n] + λ(xn−1 − xn)4Evn−1
[
η̃2n
]

(5.2)

+λx2n∆tEvn−1
[
σ2n
]

+ 2λ(xn−1 − xn)2Evn−1

[
η̃n

N∑
i=n+1

(xi−1 − xi)2η̃i

]
+
∑
w∈V

pvwn−1J
w
n (xn), n ≤ N − 1,

and a strategy x∗ ∈ R solves problem P (λ, µ) if for every n = 1, . . . , N − 1, x∗n minimizes (5.2) for
xn−1 = x∗n−1. Moreover, if µ ≥ 0, the optimal strategy x∗ ∈ R is unique.

Remark 5.2. For constant volatility σn ≡ σ and liquidity ηn ≡ η, problem P (λ) becomes the
Almgren–Chriss problem (4.3) with λ = α/2. (4.4) is the optimal deterministic solution, but it is
suboptimal among all admissible strategies A; see Almgren and Chriss (2001), Almgren and Lorenz
(2007), Lorenz and Almgren (2011) and Subsection 5.2.
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Figure 7: Average and standard deviation of the R-optimal positions for the mean-variance criterion
with different values of λ.

For stochastic volatility and liquidity, the Bellman equation of Theorem 5.1 can be solved numer-
ically on a discrete grid of controls. As in the exponential case, if shares can be sold in quantities of
single shares, the computational cost is of order O(X2), and for big X it can be kept down by selling
the asset in larger lots.

Simulation
In the numerical simulation we allowed shares to be sold in lots of 350 shares, which is 1% of the initial
position, and we calculated optimal strategies along 50,000 simulated realizations of (σn, ηn, ξn).
Figure 7 shows the average optimal positions x̄n and the standard deviations sn for three different
values of the mean-variance tradeoff parameter λ. It can be seen that the average speed of liquidation
increases for larger values of λ. Figure 8 shows three realizations of the optimal restricted strategy
compared to the Almgren–Chriss strategy (4.4) corresponding to the mean values σ̄ and η̄ under
the steady state distributions of the Markov chains (σn) and (ηn). In Figure 9 the mean-variance
criterion of the optimal solutions xµ to problem P (λ, µ) are plotted for λ = 10−5 and different values
of µ. The minimum is attained for µ∗ = 0.968, which is very close to 1−2λE[Q(xµ

∗
)] = 0.997. This is

consistent with the theoretical result of Proposition A.1. The histogram in Figure 10 shows realized
implementation costs C(x) generated by the best restricted strategy. It was computed along the
same sample paths as the histograms of Figure 6. Note that the optimal strategy for the exponential
criterion (4.1) with α = 2λ produced practically the same histogram.
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Figure 8: Three realizations of the optimal restricted strategy for the mean-variance criterion with
parameter λ = 10−5 compared to the Almgren–Chriss strategy (4.4) corresponding to σ̄ and η̄.
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Figure 9: Mean-variance criterion for optimal solutions of P (λ, µ) for λ = 10−5 and different values
of µ. The minimum is attained for µ∗ = 0.968, and 1− 2λE[Q(xµ

∗
)] = 0.997.
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Figure 10: Histogram of C(x) for the optimal restricted strategy in the mean-variance case for
λ = 10−5.

5.2 The full mean-variance problem

In this subsection we consider the problem

P̂ (λ) min
x∈A

E[Q(x) | F0] + λVar(Q(x) | F0)

of finding a mean-variance optimal strategy in the set of all admissible strategies A. A can be viewed
as a bounded, closed, convex subset of a Hilbert space. Therefore, it is weakly compact, and it follows
from standard arguments that P̂ (λ) has an optimal solution x∗ ∈ A. As in Subsection 5.1, we derive
a Bellman equation for the auxiliary problem

P̂ (λ, µ) min
x∈A

E
[
µQ(x) + λQ(x)2 | F0

]
and try to solve it for different µ. To do this we introduce the running cost

hn(x) :=

n∑
i=1

(xi−1 − xi)2η̃i − xiσiξi,

and the value function

Jvn(h, z) := min
x∈An(z)

Evn
[
(µ+ 2λh)Qn(x) + λQn(x)2

]
,

15



where Evn, An(z) and Qn(x) are defined as in Section 4. Jv0 (0, X) is the optimal value of problem
P̂ (µ, λ) given that (σ0, η0) = v, and the following theorem gives a Bellman equation for J .

Theorem 5.3. The value function J satisfies the Bellman equation

JvN−1(h, xN−1) = (µ+ 2λh)x2N−1EvN−1[η̃N ] + λx4N−1EvN−1[η̃2N ],

Jvn−1(h, xn−1) = min
0≤xn≤xn−1

(µ+ 2λh)(xn−1 − xn)2Evn−1 [η̃n] + λ(xn−1 − xn)4Evn−1
[
η̃2n
]

+λx2n∆tEvn−1
[
σ2n
]

+
∑
w∈V

pvwn−1

∫
R
Jwn

(
h+ (xn−1 − xn)2(w2 − c/2)− xnw1

√
∆tξ, xn

)
ρ(ξ)dξ,

where ρ is the standard normal density. A strategy x∗ ∈ A solves problem P̂ (µ, λ) if in every step, x∗n
realizes the minimum for h = hn−1(x

∗) and xn−1 = x∗n−1. Moreover, if µ ≥ 0, the optimal strategy
x∗ ∈ A is unique.

Remark 5.4. P̂ (λ) extends the problem of Lorenz and Almgren (2011) to the case of stochastic
volatility and liquidity. To solve it, one has to find solutions xµ to the auxiliary problem P̂ (µ, λ) for
different values of µ and check which one minimizes P̂ (λ). However, the additional variable h makes
the numerical evaluation of J much more complex than in Section 4 and Subsection 5.1. Therefore,
we did the computation in an Almgren–Chriss model with constant volatility and liquidity and only
five time steps. The numerical results indicate that the optimal solution is only insignificantly better
than the Almgren–Chriss strategy (4.4).

Simulation
Since the numerical evaluation of the value function J of Theorem 5.3 is more complex than in Section
4 and Subsection 5.1, we restricted the simulation to a model with constant volatility and liquidity
and only five time steps. We simulated 50, 000 realizations of (ξn)5n=1 and set the volatility and
liquidity equal to the same mean values σ̄ and η̄ as in Section 4. To compute the optimal strategy
we discretized the state space of running cost using 250 evenly spaced grid points in the interval
[150− 2× 1500, 150 + 2× 1500]. The values 150 and 1500 were inspired by the mean and standard
deviation of Q(x) generated by the Almgren–Chriss strategy. We allowed trading in lots of 350
shares, which corresponds to 1% of the initial position. The integral in Theorem 5.3 was computed
with Monte Carlo. Figure 11 shows the µ-value producing the lowest mean-variance criterion. Figure
12 contains the histograms of the optimal and the Almgren–Chriss strategy for the case λ = 10−5.
The optimal strategy improves the mean-variance criterion slightly over the Almgren–Chriss strategy.
But while it gives a better sample mean, its standard deviation is worse.

6 Conclusion

This paper studies the optimal asset liquidation problem in a discrete-time model with stochastic
volatility and liquidity. We computed optimal liquidation strategies for risk neutral, expected expo-
nential and mean-variance cost objectives. Our formulation allows volatility and liquidity to follow a

16
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Figure 11: Mean-variance criterion for optimal solutions to P̂ (λ, µ) for λ = 10−5 and different values
of µ. The minimum is attained for µ∗ = 1.192, and 1− 2λE[Q(xµ

∗
)] = 0.998.

coupled Markov chain, which in the risk neutral case, can also depend on past price innovations. The
transition probabilities can be time-dependent. This makes the model flexible enough to describe sit-
uations in which price dynamics depend on the time of the day. For example, some small or medium
cap stocks are traded less liquidly at certain times of the day, and volatility typically increases around
scheduled news announcements. In the risk neutral case the optimal strategy is given as the solution
of a forward-backward system of stochastic equations and generalizes the constant speed strategy of
Bertsimas and Lo (1998). In the expected exponential and mean-variance case we derived Bellman
equations than can be solved numerically by discretizing the control space. We found that expected
exponential optimal strategies require less computing time than mean-variance optimal strategies
and produce practically the same outcomes if the risk aversion parameters are chosen appropriately.
In the presence of stochastic volatility and liquidity they significantly outperform strategies which
assume that volatility and liquidity are constant. We conclude that in the kind of models studied in
this paper it is most efficient to compute risk averse execution strategies by minimizing an expected
exponential criterion even if the goal is to find mean-variance optimal strategies. To apply the model
in practice, the parameters have to be estimated from real world data.
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A Proofs

Proof of Theorem 3.1
We prove the theorem by backwards induction. Since Ev0[Q(x)] = Ev0[R0(x)] for

Rn(x) =

N∑
i=n+1

(xi−1 − xi)2η̃i,

we denote by An(z) the set of (Fn)-predictable strategies (xi)
N
i=n satisfying xn = z, xi−1 ≥ xi,

xN = 0, and define
Jvn(z) := min

x∈An(z)
Evn[Rn(x)].

Then
JvN−1(xN−1) = x2N−1EvN−1[η̃N ] = x2N−1a

v
N−1,

and inductively,

Jvn−1(xn−1) = min
x∈An−1(xn−1)

Evn−1[Rn−1(x)]

= min
x∈An−1(xn−1)

(xn−1 − xn)2Evn−1[η̃n] + Evn−1[Rn(xn)]

= min
xn

(xn−1 − xn)2Evn−1[η̃n] + x2n
∑
w∈V k

pvwn−1a
w
n , n ≤ N − 1.

It follows that the unique optimal strategy is given by

x∗n = x∗n−1
Evn−1[η̃n]

Evn−1[η̃n] +
∑

w∈V k pvwn−1a
w
n

,

and Jvn−1(x
∗
n−1) becomes

(x∗n−1)
2 Evn−1[η̃n]

∑
w∈V k pvwn−1a

w
n

Evn−1[η̃n] +
∑

w∈V k pvwn−1a
w
n

= (x∗n−1)
2avn−1.

In particular, Jv0 (X) = X2av0. �

Proof of Theorem 4.1
Since (σn, ηn) is independent of (ξn), one has Evn[exp(αQn(x))] = Evn[Rn(x)], where

Rn(x) := exp

(
N∑

i=n+1

α(xi−1 − xi)2η̃i +
1

2
x2iα

2σ2i ∆t

)
.

So
JvN−1(xN−1) =

∑
w∈V

pvwN−1 exp
(
αx2N−1(w2 − c/2)

)
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and

Jvn−1(xn−1) = min
x∈An−1(xn−1)

Evn−1
[
exp

(
α(xn−1 − xn)2η̃n +

1

2
x2nα

2σ2n∆t

)
Rn(xn)

]
= min

0≤xn≤xn−1

∑
w∈V

pvwn−1 exp

(
α(xn−1 − xn)2(w2 − c/2) +

1

2
x2nα

2w2
1∆t

)
Jwn (xn),

n ≤ N − 1. Since R0(x) is strictly convex in x, the optimal strategy x∗ is unique. �

Proposition A.1. Let (Ω,F ,P) be a probability space and E a non-empty subset of L2(Ω,F ,P).
Denote

V λ (Y ) := EY + λVar (Y ) , V λ,µ (Y ) := E(µY + λY 2),

and assume V λ attains a minimum over E at Y ∗ ∈ E. Then Y ∗ minimizes V λ,µ over E for µ =
1− 2λEY ∗.

Proof. One can write V λ (Y ) = f
(
EY,EY 2

)
for f(y) = y1 − λy21 + λy2. Since f is concave, one has

f(y) ≤ f(y∗) +∇f(y∗) · (y − y∗) = f(y∗) + (1− 2λy∗1)(y1 − y∗1) + λ(y2 − y∗2).

So if Y ∗ ∈ E is a minimizer of V λ and µ = 1− 2λEY ∗, then

V λ (Y ∗) ≤ V λ (Y ) ≤ V λ (Y ∗) + µ (EY − EY ∗) + λ
(
EY 2 − E (Y ∗)2

)
for all Y ∈ E, and therefore, V λ,µ (Y ∗) ≤ V λ,µ (Y ).

Proof of Theorem 5.1
Define

Rn(x) :=

N∑
i=n+1

µ(xi−1 − xi)2η̃i + λ(xi−1 − xi)4η̃2i + λx2i∆tσ
2
i + 2λ(xi−1 − xi)2η̃i

∑
j>i

(xj−1 − xj)2η̃j

and note that
Evn[Rn(x)] = Evn[µQn(x) + λQ2

n(x)].

So one has
JvN−1(xN−1) = µx2N−1EvN−1[η̃N ] + λx4N−1EvN−1[η̃2N ]
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and

Jvn−1(xn−1) = min
x∈Rn−1(xn−1)

µ(xn−1 − xn)2Evn−1 [η̃n] + λ(xn−1 − xn)4Evn−1
[
η̃2n
]

+λx2n∆tEvn−1
[
σ2n
]

+ 2λ(xn−1 − xn)2Evn−1

η̃n N∑
j=n+1

(xj−1 − xj)2η̃j

+ Evn−1 [Rn(x)]

= min
0≤xn≤xn−1

µ(xn−1 − xn)2Evn−1 [η̃n] + λ(xn−1 − xn)4Evn−1
[
η̃2n
]

+λx2n∆tEvn−1
[
σ2n
]

+ 2λ(xn−1 − xn)2Evn−1

η̃n N∑
j=n+1

(xj−1 − xj)2η̃j


+
∑
w∈V

pvwn−1J
w
n (xn), n ≤ N − 1.

x∗ ∈ R is optimal if in every step x∗n realizes the minimum for xn−1 = x∗n−1. Moreover, if µ ≥ 0,
then Ev0[µQ(x) + λQ(x)2] is strictly convex in x, and the optimal strategy x∗ ∈ R is unique. �

Proof of Theorem 5.3
It is clear that

JvN−1(h, xN−1) = (µ+ 2λh)x2N−1EvN−1[η̃N ] + λx4N−1EvN−1[η̃2N ].

Moreover, for n ≤ N − 1,

Jvn−1(h, xn−1) = min
x∈An−1(xn−1)

Evn−1
[
(µ+ 2λh)Qn−1(x) + λQ2

n−1(x)
]

= min
x∈An−1(xn−1)

Evn−1
[
(µ+ 2λh)(un +Qn(x)) + λu2n + 2λunQn(x) + λQ2

n(x)
]
,

where un = (xn−1 − xn)2η̃n − xnσnξn. So

Jvn−1(h, xn−1) = min
0≤xn≤xn−1

(µ+ 2λh)(xn−1 − xn)2Evn−1[η̃n] + λ(xn−1 − xn)4Evn−1[η̃2n]

+λx2n∆tEvn−1[σ2n] + Evn−1
[
(µ+ 2λh+ 2λun)Qn(x) + λQ2

n(x)
]

= min
0≤xn≤xn−1

(µ+ 2λh)(xn−1 − xn)2Evn−1[η̃n] + λ(xn−1 − xn)4Evn−1[η̃2n]

+λx2n∆tEvn−1[σ2n] +
∑
w∈V

pvwn−1

∫
R
Jwn

(
h+ (xn−1 − xn)2(w2 − c/2)− xnw1

√
∆tξ, xn

)
ρ(ξ)dξ,

and x∗ ∈ A is optimal if in every step, x∗n realizes the minimum for h = hn−1(x
∗) and xn−1 = x∗n−1.

Finally, for µ ≥ 0, Ev0[µQ(x) + λQ(x)2] is strictly convex in x, and the optimal strategy x∗ ∈ A is
unique. �
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[14] Schied, A., Schöneborn, T., Tehranchi, M. (2010). Optimal basket liquidation for CARA in-
vestors is deterministic. Applied Mathematical Finance 17(6), 471–489.

[15] Walia, N. (2006). Optimal Trading: Dynamic Stock Liquidation Strategies. Senior Thesis. Prince-
ton University. Princeton, NJ.

22


