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Kinetic Monte Carlo simulations are used to study the stochastic two-species Lotka-Volterra model

on a square lattice. For certain values of the model parameters, the system constitutes an excitable

medium: travelling pulses and rotating spiral waves can be excited. Stable solitary pulses travel

with constant (modulo stochastic fluctuations) shape and speed along a periodic lattice. The spiral

waves observed persist sometimes for hundreds of rotations, but they are ultimately unstable and

break-up (because of fluctuations and interactions between neighboring fronts) giving rise to

complex dynamic behavior in which numerous small spiral waves rotate and interact with each

other. It is interesting that travelling pulses and spiral waves can be exhibited by the model even

for completely immobile species, due to the non-local reaction kinetics. VC 2012 American Institute
of Physics. [http://dx.doi.org/10.1063/1.4729141]

One of the most celebrated models in nonlinear dynam-

ics, the classical Lotka-Volterra model, is formulated

using the macroscopic concentrations of prey and preda-

tor as its state variables, and is known to exhibit self-

sustained oscillations of species concentrations. The

model was put forth almost a century ago, and numerous

modifications of it have been investigated by a multitude

of researchers. We consider the stochastic lattice Lotka-

Volterra (LLV) model, in which the evolution of individ-

ual prey and predators is described as a “microscopic”

stochastic process on a two-dimensional square lattice.

We show that this LLV model exhibits spatiotemporal

patterns typical of excitable media, such as travelling soli-

tary pulses, pulse trains, and rotating spiral waves.

Although an excitable medium is usually associated with

reaction-diffusion equations, we show that for this LLV

model diffusion of the species is not a necessary condition

for spiral waves to develop. Our study highlights features

of the LLV model which arise due to discreteness and sto-

chasticity. These two characteristics are inherent to real

biological systems, yet their consequences are often diffi-

cult to capture quantitatively by traditional continuum

macroscopic differential equations.

I. INTRODUCTION

We consider the famous Lotka-Volterra model, the first

version of which was proposed by Lotka more than a century

ago for the description of oscillations in an autocatalytic

chemical reaction.1 Later, after minor modifications, he

arrived at the equations,2 which now are known as the

Lotka-Volterra model and are associated mainly with

predator-prey interactions and population dynamics. Since

then, the original model has been studied by a multitude of

researchers and has undergone many generalizations. Var-

iants of this model have found applications in various fields,

such as ecology, epidemiology, sociology, and economics.

In the last two decades, complex biological processes

have been intensively investigated using tools and methods

of statistical physics for non-equilibrium systems, based on a

“microscopic” (individual-based) level of description. Con-

cepts and methods of statistical physics are relevant here

because, in particular, due to the small count of reacting mol-

ecules involved, noise is inherent to the dynamics of genetic

or biochemical systems. Stochastic statistical physics meth-

ods provide tools for the study of the macroscopic behavior

of such complex systems based on their microscopic descrip-

tion. Here, the evolution of individuals (interacting mole-

cules, cells) can be described as a stochastic process in terms

of transition probabilities between different states on a lat-

tice. If it is assumed that the next lattice configuration

depends only on the present configuration and not on the pre-

history of the system, one arrives at a Markovian Master

equation. This can be solved “exactly” using Kinetic Monte

Carlo (KMC) algorithms. The results of stochastic simula-

tions are usually compared to the solutions of macroscopic

evolution equations, which can be derived from a master

equation only in certain special limiting cases (infinite lat-

tice, infinite diffusion, etc.). This approach combines statisti-

cal physics methodologies with tools and concepts from non-

linear dynamics, synergetics, the theory of phase transitions,

and critical phenomena. Often, it is impossible to derive

accurate explicit macroscopic evolution equations for the

coarse-grained dynamics of the microscopic model in closed

form, even though in principle they exist. In such cases, the

equation-free approach, developed over the last ten years,3

enables the performance of coarse-grained computational
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tasks even though the coarse-grained equations are not avail-

able. Such tasks involve coarse projective integration as well

as coarse stability and bifurcation computations.4

The original Lotka-Volterra model cannot be directly

realized on a lattice because it neglects the balance between

the occupied and vacant lattice sites. The necessary correc-

tion must take into account that, for prey reproduction, an

adjacent vacant site is required. We then arrive at the lattice

Lotka-Volterra (LLV) model, in which each lattice site can

be occupied by at most one individual. Here, we explore the

dynamics of the LLV model by means of KMC simulations.

The same lattice model was previously considered in Refs.

5–12, yet we believe that we describe certain new and inter-

esting features of it. Previous studies showed the formation

of irregular spatial structures, local oscillations, and non-

equilibrium phase transitions.

There is a large body of scientific literature concerning

the original Lotka-Volterra model and its numerous modifi-

cations. Most studies are based on the mean-field (MF)-type

models, including their deterministic and stochastic versions.

A detailed survey of the numerous contributions is well

beyond our scope here, so we have limited our references to

those articles where exactly the same stochastic LLV model

has been studied. A discussion of similar models can be

found in Refs. 8 and 11.

The present computational study directs its attention to

the spatiotemporal behavior related to excitable media:

extended spatial systems that support the propagation of

waves such as pulses and rotating spirals. An excitable me-

dium is typically comprised of individual elements coupled

to each other, so that each element can pass information to

its nearest neighbors (NNs). A classic example of a propagat-

ing wave is a fire spreading through a forest. Various models

of excitable media have been used to account for nonlinear

wave phenomena in many subfields of biology and

chemistry.13–15 Spiral and scroll waves have been observed

in various experiments, for instance, in the Belousov-

Zhabotinsky reaction, during fibrillation in cardiac tissue and

aggregation of Dictyostelium discoideum amoebae, and in

the oxidation of carbon monoxide on Pt surfaces.

We show that the LLV model is a microscopic lattice

model of minimal complexity that captures the basic features

of excitable media. This simple model exhibits spatiotempo-

ral patterns typical for excitable media, such as travelling

solitary pulses, pulse trains, and rotating spiral waves. The

empty lattice effectively constitutes the excitable medium,

although it is unstable with respect to certain small perturba-

tions of a particular nature, which we will discuss. Travelling

waves are exhibited by the model even when all species are

immobile.

In Sec. II, we define the LLV model in terms of a master

equation, formulate the stochastic KMC algorithm, and then

briefly describe deterministic mean-field type approxima-

tions which may give an accurate representation of the solu-

tion only in certain limiting cases. In Sec. III, we carry out a

numerical exploration of propagating structures—fronts,

pulses, and spiral waves—using KMC simulations. In Sec.

IV, we discuss the relation of our results to other models,

and we present our conclusions.

II. LATTICE LOTKA-VOLTERRA MODEL

A. Reaction mechanism

We consider a set of elementary reactions (chemical

or bio-chemical) occurring on a perfect square lattice with N
¼ N1�N2 sites. In simulations, we used both periodic and

zero-flux boundary conditions. The lattice sites, or cells, can

represent individual species or a micro-volume in a reaction

space. The following three elementary reactions (events) are

allowed to occur on a lattice:

Ai þ1j ! Ai þ Aj; (R1)

Bi þ Aj ! Bi þ Bj; (R2)

Bi !1i: (R3)

Here, i and j are NN lattice sites. Each lattice site can be

occupied by a single species of type-A or type-B, or it can be

empty. Empty lattice sites are denoted as 1. Elementary

events take place with transition probabilities kp (p ¼ 1, 2, 3)

defined in units of inverse seconds [s�1]. During the first two

reactions, one of the reactants self-replicates. The third reac-

tion denotes desorption (“death”) of type-B species. In addi-

tion, diffusion (migration) of species due to jumps to NN

sites is considered as

Ai þ1j !1i þ Aj; (R4)

Bi þ1j !1i þ Bj: (R5)

The transition probabilities of the migration processes are

denoted as d1 ¼ k4 and d2 ¼ k5 for type-A and B species,

respectively. Note that spatial coupling due to the non-local

chemical reactions (R1) and (R2) is fundamentally different
from spatial coupling due to diffusion. Unlike the two-site

chemical reactions, diffusion does not change the total

amount of species, and an increase of the diffusion transition

probabilities leads to spatially homogeneous distribution of

species on a lattice.

Symbols A and B can refer not only to atoms or mole-

cules, but possibly to biological species as well. Alterna-

tively, these symbols (and 1) can represent three different

states of a single biological object, such as a living cell. In

the language of population ecology, “A” corresponds to

prey, “B” to predator, and “1” to habitat. In this context, el-

ementary events (R1)–(R3) denote reproduction of prey, pre-

dation (instantaneous death of prey along with birth of

predator), and death of predator, respectively.

A chemist will say that the kinetic scheme (R1)–(R3) is

unrealistic. Nevertheless, it may define the “effectively ele-

mentary” events occurring due to complex interactions

between the species of animate or inanimate matter, interac-

tions often underpinned by usual chemical reaction and dif-

fusion processes. Lotka wrote in 1910: “No reaction is

known which follows the above law, and as a matter of fact,

the case here considered was suggested by the consideration

of matters lying outside the field of physical chemistry.”1

Later, his model actually found practical application in the

context of predator-prey interactions.
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B. KMC algorithm

Once a chemical mechanism is known, the time evolu-

tion of the probability distribution for the species populations

on a lattice can be described by the chemical master equa-
tion, derived from the Markov property of the underlying

stochastic process:

dPxðtÞ
dt
¼
X

x0
fWx0!xPx0 ðtÞ �Wx!x0PxðtÞg;

where PxðtÞ½Px0 ðtÞ� denotes the probability of finding the sys-

tem in configuration x½x0� at time t, and the Wx!x0 are used to

denote transition probabilities per unit time. Even for very

small lattice sizes, the chemical master equation consists of

an enormous number of ordinary differential equations

(ODEs), and it is practically impossible to integrate directly.

Therefore, one has to either use some approximations in

order to derive macroscopic evolution equations or to imple-

ment detailed KMC simulations which are able to simulate

the “exact” dynamical evolution of the system.

KMC numerically simulates a single realization of a

Markov process. The basic steps of the rejection-free KMC

algorithm we have implemented are as follows:16,17

1. Define initial conditions, i.e., prescribe a lattice configura-

tion at t ¼ 0.

2. Calculate transition probabilities per unit time, Wa (i, j),
for all elementary reactions a at all lattice sites i (and their

NN sites j for the two-site reactions): Wa(i, j) ¼ ka for all

possible events, and equal to zero otherwise.

3. Calculate the total transition probability W ¼
P

aP
i;j Waði; jÞ. The expected time Dt that the system spends

in the current configuration is Dt ¼ W�1. Update the cur-

rent time by an increment Dt.
4. Using a random number uniformly distributed on (0,1),

select one elementary event from the set of all possible

events, with a probability proportional to its rate.

5. Perform the selected reaction and update the appropriate

Wa(i, j) values in order to take the local changes of the

lattice state into account.

6. Repeat the steps 3–5 while t< tmax and W> 0.

The KMC algorithm constructs one realization of the

master equation solution by generating a sequence of config-

urations and the times when these configurations change

from one to the other.

C. Mean field approximation

Deterministic ODEs in the MF approximation follow

from the master equation if random (spatially homogeneous)

distribution of all species on an infinite lattice is assumed.

Such a statistically homogeneous distribution can be

achieved due to “infinitely fast” diffusion of both species.

For the LLV model, the MF rate equations are

du=dt ¼ 4k1uð1� u� vÞ � 4k2uv � f1ðu; vÞ; (1a)

dv=dt ¼ 4k2uv� k3v � f2ðu; vÞ; (1b)

where u and v are the concentrations of species of type-A

and B, respectively. The factors of “4” appear in the rates of

the two-site reactions (R1) and (R2) because each site on a

2D square lattice has four nearest-neighbors. This model has

been studied in considerable detail previously.5–12 There are

two trivial steady-states: (us, vs) ¼ (1, 0) and (us, vs) ¼ (0, 0).

In addition, if 0< k3< 4k2, there is a non-trivial “reactive”

steady-state which can be an asymptotically stable node or

focus depending on the model parameters. The MF model

(1) does not possess limit-cycle solutions.11

The original Lotka-Volterra model cannot be directly

realized on a lattice because it does not take into account the

balance between the occupied and vacant sites. It assumes

that the first reaction looks as A ! 2A, without requiring a

vacant site for prey reproduction. Accordingly, the rate of

the reaction (R2) becomes k1u. In the mathematical biology

literature, the genuine Lotka-Volterra model is often consid-

ered as unrealistic, because the term k1u allows unlimited

growth of prey if no predators exist.14 Usually, a growth-

limiting factor is introduced to describe a finite prey carrying

capacity. Therefore, the factor (1� u� v) in the Eq. (1a) is

an improvement of the original model.

The results of KMC simulations should coincide with

those of the MF model (1) only at sufficiently large values of

N, d1, and d2. To account for limited diffusion rates and pos-

sible spatiotemporal structures, one can consider a reaction-

diffusion (RD) version of the MF equations:

@u=@t ¼ D1r2uþ f1ðu; vÞ; (2a)

@v=@t ¼ D2r2vþ f2ðu; vÞ; (2b)

where D1 and D2 are effective diffusion coefficients. These

equations also assume that all reactants are well mixed, at

least on a local scale. It should be noted that both ODEs (1)

and partial differential equations (PDEs) (2) are but the sim-

plest approximations of the microscopic model formulated

above. More sophisticated approximations can be con-

structed,18 including a model which takes into account spa-

tial coupling due to non-local chemical reactions. All these

models, however, assume homogeneous spatial distribution

at least locally, a condition that is violated when the rate of

diffusion is very low. The effect of limited diffusion rates

can be approximated in terms of the species pair probabil-

ities.9,11 However, the conditions for the validity of MF-type

approximations are not the purpose of this work; we only

report the predictions of the simplest MF models (1) and (2)

for qualitative comparison with the KMC simulations.

If type-B species are absent ðv � 0Þ, then Eq. (2a)

reduces to the famous Fisher–Kolmogorov–Petrovsky–

Piskunov (F-KPP) equation19,20

@u=@t ¼ D1r2uþ kuð1� uÞ; (3)

where k ¼ 4k1. It has been introduced in 1937 for modeling

the spreading of advantageous genes in a population. Over

the years, it has been widely used in modeling a variety of

physico-chemical and biological phenomena. In fact, this

023141-3 Makeev, Kurkina, and Kevrekidis Chaos 22, 023141 (2012)



simple equation had an important role in initiating the math-

ematical theory of reaction–diffusion waves. Equation (3)

has two stationary states, of which us ¼ 0 is unstable and us

¼ 1 is stable. If, initially, these two states coexist in a certain

region of space, then the stable one “propagates into” the

unstable one in the form of a front. In one spatial dimension,

after an initial transient, the front wave acquires a stationary

shape with an exponential tale and its velocity approaches

cmin ¼ 2
ffiffiffiffiffiffiffiffi
kD1

p
. Any sufficiently steep initial profile will

eventually relax to this minimum-velocity solution.

In Sec. III, we study the front propagation of the F-KPP

model using KMC simulations formulated on a square lat-

tice. The question of how solutions of the continuum deter-

ministic equation (3) resemble the results of corresponding

microscopic stochastic simulations has drawn a lot of atten-

tion (Ref. 21 and references therein).

III. SIMULATIONS OF PROPAGATING STRUCTURES

A. Fronts

Fronts are an important building block of travelling

pulses and spiral waves. We, therefore, first study front

propagation into an unstable (us,vs ) ¼ (0, 0) steady-state

using KMC simulations. It is assumed that k2 ¼ k3 ¼ 0 and

v(t) ¼ 0. In this case, the LLV and lattice F-KPP models

coincide. The asymptotically stable steady-state is us ¼ 1,

the unstable one is us ¼ 0. KMC simulations were per-

formed on a rectangular lattice with zero-flux boundary

conditions along the vertical boundary, but periodic bound-

ary conditions along the horizontal boundary. In the vertical

y-direction, the lattice has N1 sites, and in the horizontal x-

direction, the lattice has N2 sites. The exact value of the

longitudinal system size N2 (when it is chosen long enough)

has no particular impact on system behavior.

Initially, at t ¼ 0, type-A species fill a column at the left

vertical edge of the lattice, whereas all remaining sites are

empty. Accordingly, the plane-wave front propagates from

the left to the right along the lattice. The front position is con-

veniently defined as the position of the foremost (rightmost)

particle. For our two-dimensional system, we track the loca-

tion of the propagating front by defining the position of the

foremost particle hi (t) for each row i ¼ 1,...,N1 and calculate

the mean position �hðtÞ ¼ 1
N1

PN1

i¼1 hiðtÞ. We estimate the ve-

locity once �hðtÞ approaches linear increase with time. The

front velocity is measured in units of “lattice constant” [l.c.]

per second, where [l.c.] is the distance between two NN sites

on the lattice. For a fixed value k1 ¼ 0:5½s�1�, we measured

the front velocities cKMC for different values of d1. The calcu-

lations were performed on a 400� 10000 lattice. It is interest-

ing to compare the results of KMC simulations with the

prediction of MF theory given by the F-KPP equation (3). At

k1 ¼ 0.5, the asymptotic wave speed in the deterministic MF

model, cMF, is equal to 2
ffiffiffiffiffiffiffi
2d1

p
. The comparison of wave

velocities is given in Fig. 1. The scaled propagation velocity,

cKMC/cMF, is shown in Fig. 1(a) for a wide range of d1 values.

Similar results were reported for a one-dimensional lattice.22

Remarkably, at d1 ¼ k1, the quantities cKMC and cMF coincide.

Striking differences between cKMC and cMF are only observed

when d1 becomes smaller than k1 (see Fig. 1(b)). It should be

emphasized that the front propagates even without micro-

scopic diffusion (at d1 ¼ 0) with the velocity cKMC � 1:235

[l.c./s]. This happens due to the non-local nature of the reac-

tion kinetics, as described by the two-site reaction (R1). At

small diffusion rate, the model (3) fails to capture the front ve-

locity correctly. More sophisticated MF equations have also

been developed,18 with state-dependent coefficients, whose

range of validity extends beyond that of Eqs. (2a) and (2b)

and (3).

The continuum deterministic description also neglects

the internal fluctuations of the discrete reaction system.

Because of such fluctuations, a completely flat interface is

expected to roughen and we expect its behavior to be

described by the Kardar–Parisi–Zhang (KPZ) equation,23 a

Langevin-type stochastic differential equation that captures

interface dynamics for a large class of individual-based sys-

tems. The interface roughness w(t) should obey the following

scaling form: wðtÞ � tb if t� Lða=bÞ, and wðtÞ ¼ ws � La if

t	 Lða=bÞ, where L is the interface length.

The interface, which separates the stable from the unsta-

ble domain, is described by its mean position �hðtÞ and its

roughness (interface width) w(t) is

FIG. 1. Propagation velocity of a planar front as a function of diffusion con-

stant d1. (a) The scaled propagation velocity, cKMC=cMF, where

cMF ¼ 2
ffiffiffiffiffiffiffi
2d1

p
. (b) The values of cKMC and cMF for slow diffusion.
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w2ðtÞ ¼ 1

N1

XN1

i¼1

�
hiðtÞ � �hðtÞ

�2

:

The mean roughness hw2ðtÞi was calculated using 400 inde-

pendent KMC simulation runs, for several values of the

transverse system size N1. The simulation results for d1 ¼ 0

are presented in Fig. 2. The “perfectly flat” initial conditions

imply that w(0) ¼ 0. The size of deviations about the mean

front position increases with time, and front roughening is

observed. For the stochastic lattice model, we refer to such

wavefront as a “plane-wave” or “planar” even though its

leading edge is not perfectly flat because of fluctuations. The

interface is observed to roughen due to stochastic fluctua-

tions, and the roughness hw2ðtÞi grows like t2/3 until it satu-

rates to a stationary value hw2ðtÞis. Moreover, the quantity

hw2ðtÞis=N1 is constant and it is independent on N1.

Consequently, the front indeed belongs to the so called one-

dimensional KPZ-interface universality class with the expo-

nents b ¼ 1/3, a ¼ 1/2.

It should be noted that the calculated roughness w2(t)
is practically independent of the value of k1 (at least, for d1

¼ 0). The propagation velocity, of course, does depend on

this parameter. At d1 ¼ 0, we found a perfect linear depend-

ence of cKMC on k1, as shown by the thick line in Fig. 3.

Note that, at sufficiently large values of d1, a square root de-

pendence of the front propagation velocity on k1 is

expected, according to the MF analysis.

We described the travelling wave front solution repre-

senting a transition in which type-A species occupy the

vacant lattice sites. A very similar situation arises when, ini-

tially, there are two separated domains of type-A and B spe-

cies without vacant sites. Here, a transition in which type-B

species replace type-A species takes place. Transitions of

this type are well-known in the context of epidemic models.

In fact, both reactions (R1) and (R2) are autocatalytic

reactions of the type Xþ Y! 2Y. In particular, for k3¼ d1

¼ d2¼ 0 and certain initial conditions, the front solutions

described by the reactions (R1) and (R2) will be exactly the

same. In Sec. III B, we consider the travelling pulse solu-

tions, which arise when 0 < k3 � k1 � k2 and the diffusion

rates of both species are small, or even zero. These travelling

pulse solutions emerge from the concatenation of two fronts

propagating with the same speed, as described by the autoca-

talytic reactions (R1) and (R2).

B. Pulses

KMC simulations of the LLV model showed that, in a

certain range of the model parameters, the system can be

characterized as an excitable medium: travelling pulses and

rotating spiral waves can be observed. A typical example of

a solitary travelling pulse is given in Fig. 4. Simulations

were performed on a 400� 1000 lattice with periodic bound-

ary conditions. Initially, type-B species fill two columns at

the left vertical edge of the lattice, the following two

FIG. 2. Interface width as a function of time for several values of the inter-

face length N1 (200, 400, 800, and 1600 sites), averaged over 400 independ-

ent realizations of the KMC algorithm. The dotted line corresponds to the

one-dimensional KPZ power law with the exponent 2=3.

FIG. 3. Results of KMC simulations showing propagation velocity of a pla-

nar front for several values of k1 (small circles connected by solid line) for

d1 ¼ 0. Squares give velocity of a travelling solitary pulse for d1 ¼ d2 ¼ 0,

k2 ¼ 0.5, k3 ¼ 0.015.

FIG. 4. The fragment 400� 600 of the 400� 1000 lattice demonstrating a

typical planar solitary pulse as appeared in KMC simulations when both spe-

cies are immobile. Blue (red) color represents type-A (type-B) species, and

white color corresponds to empty sites. Parameters: k1 ¼ 0.49, k2 ¼ 0.5, k3

¼ 0.02; d1 ¼ d2 ¼ 0.
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columns are filled by type-A species, and all remaining sites

are empty. Accordingly, the “planar” fluctuating pulse prop-

agates from the left to the right along the lattice. Type-A spe-

cies (blue) form the pulse leading edge (or wave-front);

type-B species (red) form the refractory tail. Because the

boundary conditions are periodic, the pulse moves along the

lattice in a periodic manner. To check the stability of the

pulse solution, simulations of up to 1000 cycles were per-

formed. In this case, while the pulse travelled a distance of

about 106 sites, no essential changes of its properties were

detected. One can say that the pulse moves with effectively

constant shape and velocity; in fact, these quantities fluctuate

around some mean value.

It is interesting to observe the state of any single lattice

site as the pulse propagates repeatedly along the lattice. Let

us determine a function Ui (t) for each lattice site i, and set it

equal to 1 if a site is occupied by type-A species, equal to

0.5 if it is occupied by type-B species, and equal to 0 if the

site is empty. Figure 5 demonstrates that the lattice site

changes its state in an effectively periodic manner. The

excited state (Ui (t) ¼ 1) is followed by the refractory state

(Ui (t) ¼ 0.5), and then by the rest state (Ui (t) ¼ 0). Because

the species are immobile, the excited state will be certainly

followed by the refractory state, but not by the rest state.

Similarly, the refractory state will be certainly followed by

the rest state. However, the duration of refractory state at a

single site can vary quite strongly, because it is determined

only by the stochastic reaction (R3). This reaction controls

the length of the refractory tail: smaller k3 makes the tail lon-

ger. The parameter k3 determines the amount of type-B spe-

cies in the refractory tail.

In essence, a travelling pulse is comprised of two fronts

moving with the same velocity. Both fronts are described by

an autocatalytic reaction of the type XþY ! 2Y. The first

wave-front (reaction (R1)) creates the pulse leading edge.

Here, type-A species replace the empty sites. The refractory

tail behind the excitation leading edge is formed due to the

second wave-front (reaction (R2)), in which type-B species

replace type-A species. Besides that, in the refractory tail,

the empty lattice is restored slowly due to desorption of

type-B species (reaction (R3)).

The pulse position and the roughness of its leading edge

can be defined in the same way as for the front solution (see

Sec. III A), but with minor modifications which must take

into account that type-A species can be missing in some

rows. We calculated the dependence of roughness on time

for several values of the transverse system size for k1 ¼ 0.49,

k2 ¼ 0.5, k3 ¼ 0.01; d1 ¼ d2 ¼ 0, and the results were practi-

cally identical (taking into account the statistical errors) to

those shown in Fig. 2. As expected, the roughening of the

pulse leading edge is the same as roughening of the front
leading edge, since one and the same reaction (R1) controls

both processes. The time evolution of the interface is well

described within the one-dimensional KPZ universality

class.

The dependence of the pulse propagation velocity on the

parameter k1 is shown in Fig. 3. As expected, the pulse veloc-

ity is practically identical to the velocity of a planar front.

Deviations become visible only at low values of k1, just before

the pulse propagation failure. Stable pulses were found only

for k1
 0.31 (at k2 ¼ 0.5, k3 ¼ 0.015; d1 ¼ d2 ¼ 0). As dis-

cussed above, the pulse can be viewed as a combination of

two fronts; the velocity of the first one depends on k1, while

the velocity of the second one depends on k2. The pulse solu-

tion exists only when these two parameters are close to each

other (if diffusion of both species is not considered). The

inclusion of diffusion will, of course, have a significant effect

on the front/pulse propagation velocity.

It is well-known that in RD systems pulses can form per-

iodic wave trains that propagate through the medium with

constant velocity and shape. An important characteristic of

such pulse trains is the dispersion relation, which expresses

their velocity as a function of their wavelength. To calculate

the dispersion relation, we used a solitary pulse but varied

the system length N2. At small lengths, the interaction of the

pulse leading edge with its own refractory tail exerts influ-

ence on the propagation velocity. The simulations revealed a

“normal” monotonic dispersion relation (see Fig. 6). The

FIG. 5. KMC simulations on a 400� 2000 lattice for the following parame-

ters: k1 ¼ 0.5, k2 ¼ 0.5, k3 ¼ 0.01; d1 ¼ d2 ¼ 0. Function U500 (t) is defined

for a single site (row #1, column #500 on a lattice; see text for explanations).

FIG. 6. Dispersion relation showing the pulse velocity as a function of

wavelength. The model parameters: k1¼ k2 ¼ 0.5, k3 ¼ 0.01; d1 ¼ d2 ¼ 0.

Calculations were performed using a 400�N2 lattice, where N2 was varied.
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solitary pulse, observed at large N2, is the fastest one. Pulse

trains with a finite wavelength have a smaller velocity due to

partial inhibition of each pulse by the wake of the preceding

pulse. At very low wavelengths, propagation failure is

observed. When the wavelength shortens, the leading edge

acquires a fragmented structure, as demonstrated in Fig. 7.

Nevertheless, for this value N2 ¼ 400, long time computation

(up to 1000 cycles) did not result in failure of propagation.

Figure 3 gives the dependence of the pulse propagation

velocity on the parameter k1 only for k1� (k2� k3). For

larger k1 values, pulse-like solutions also exist, but such

pulses become wider with time if they do not interact with

other pulses. The leading edge moves faster than the remain-

ing part of the pulse, and the stripe occupied by type-A spe-

cies broadens with time. However, when a pulse train is

considered, stable (but fluctuating) travelling pulses can be

observed even when k1
 k2, because the refractory tail of

the preceding pulse inhibits the broadening of the following

pulse. Thus, for a given fixed periodic domain length, stable

pulse trains can be found in a much wider range of values of

the parameter k1 than the single stable pulse.

It should be emphasized that migration of species is

unnecessary requirement for stable travelling pulses in the

LLV model. Non-locality of the reactions (R1) and (R2) is a

sufficient condition for pulse propagation. The KMC simula-

tions presented above consider only immobile species. How-

ever, similar results can be obtained for non-zero (but small

enough) transition probabilities for species migration. Upon

increasing the diffusion rate of type-A species, a probability

to find these species in the pulse refractory tail increases too.

Type-A species on a nearly empty lattice sites can replicate

and initiate the formation of a large A-domain which will

destroy the pulse structure. At low k1 values, however, rela-

tively small d1 values can result in a stable pulse solution

which would not exist when d1 ¼ 0. In fact, the mobility of

type-A species promotes the reaction (R1). Because of diffu-

sion, this species can more effectively find the empty site

required for self-replication. The travelling pulse calculated

using KMC simulations for d1 ¼ d2 ¼ 2 is shown in Fig. 8.

One can notice that, due to diffusion, the pulse leading edge

becomes more blurred, compared to the snapshot presented

in Fig. 4.

In the LLV model, the excitable state is represented by

an empty lattice. In the classical sense, the empty lattice state,

(us, vs) ¼ (0, 0), cannot be an excitable medium because it is

unstable with respect to a certain type of small perturbations.

Specifically, addition of a single type-A species to the empty

lattice will give rise to a circular front which will completely

cover the lattice by these species. However, after addition of

any amount of type-B species to the (0, 0) state, the system

will return back to the empty state due to desorption (it is

assumed that k3> 0). Similarly, in the MF equations (1a) and

(1b), the steady-state (0, 0) is a saddle point having both sta-

ble and unstable manifolds. After the pulse propagation, the

empty state recovers, despite the fact that it is unstable in the

sense of the mean field ODEs (1), because type-A species are

completely absent in the pulse tail. In the absence of type-A

species, this state is attracting, and it might be tempting to

characterize it as excitable but “virtually stable” in this case.

Discreteness and the limited diffusion rate are important fac-

tors which may cause such behavior. If one blindly trusted

the MF equations to characterize the stability of this state,

instead of a stable node, they would characterize it as a sad-

dle; yet we know that these equations are not accurate in the

limit of slow diffusion. Thus, in a discrete stochastic system

with relatively slow diffusion, the “excitable steady-state”

may correspond to what would appear (by blindly using the

inaccurate MF RD equations) as a continuum saddle.

Traveling pulses in the LLV model exhibit practically

all qualitative features of pulses in continuum excitable

media. Beyond the usual dispersion relation, simulations

showed that excitation pulses appear to annihilate in head-on

collisions when traveling in opposite directions. It is also im-

portant to quantify the curvature-velocity effect, which is

crucial for the understanding of formation and motion of

FIG. 7. Snapshot of the 400� 400 lattice with periodic boundary condi-

tions, which demonstrates fragmented and irregular structure of the wave-

front when the pulse interacts with its own refractory tail. Blue (red) color

represents type-A (type-B) species, and white color corresponds to empty

sites. Parameters: k1 ¼ 0.5, k2 ¼ 0.5, k3 ¼ 0.01; d1 ¼ d2 ¼ 0.

FIG. 8. The fragment 400� 600 of the 400� 1600 lattice demonstrating a

typical planar solitary pulse as appeared in KMC simulations when diffusion

rates of both species are essential. Blue (red) color represents type-A (type-

B) species, and white color corresponds to empty sites. Parameters:

k1¼ 0.07, k2¼ 0.5, k3¼ 0.015; d1¼ d2¼ 2.
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spiral waves. Typically, when the excitation wave-front

curves outward (convex), the velocity is reduced as com-

pared to the velocity of the planar wave-front. Conversely,

when the wave-front is curving inwards (concave), the veloc-

ity increases. Generally, such behavior was indeed qualita-

tively observed in the KMC simulations of the LLV model.

We used different sawtooth-like initial conditions, and the

pulse roughness always approached a stationary state similar

to that shown in Fig. 2, resulting from initially planar wave-

fronts. It is, however, numerically difficult to estimate the

curvature (and measure the dependence of velocity on it)

because of fluctuations and roughening of the pulse leading

edge.

C. Spiral waves

The existence of spiral waves is a general property of

excitable media.13–15 The LLV model also exhibits spiral

wave formation. If we create a broken end of a pulse (a

“tip”), then it tends to start rotating, giving rise to a spiral

wave. A typical example of spiral wave development is

given in Fig. 9. Simulations were performed on lattices with

up to 108 sites, using zero-flux boundary conditions. Initially,

type-B species occupy two half-rows in the middle of the lat-

tice; two adjacent half-rows are filled by type-A species, and

all remaining sites are empty. A broken tip will start curling,

as shown in the snapshot for t ¼ 200 [s]. In the second snap-

shot, one can notice that the leading edge of the outward

wave propagates slightly faster than its refractory tail. The

region occupied by type-A species (blue) broadens. As dis-

cussed in Sec. III B, broadening appears for a solitary pulse

if k1
 k2. However, this effect cannot be seen in the subse-

quent snapshots due to interactions of neighboring waves.

Briefly, the sequence of snapshots in Fig. 9 demonstrates

the following scenario. The “large” spiral wave develops

from a single broken end. The tip of the wave moves along a

complex trajectory and radiates new waves into the sur-

rounding medium. The period of spiral rotation is a fluctuat-

ing quantity with a mean value of about 600 [s]. After the

spiral performed about 80 rotations, a wavefront breaks near

the spiral tip (at t � 4.6� 104[s]). Finally, a self-sustained

complex pattern resembling spiral turbulence developed.

Note that not all occupied sites in Fig. 9 are represented

by colored pixels because each snapshot has resolution of

about 600� 600 pixels, that is, much lower than the lattice

sizes (4000� 4000 sites). Snapshots were plotted using

MATLAB’s function image(). The magnifications of two snap-

shots from Fig. 9 are presented in Fig. 10. Close inspection

of Fig. 10 shows that the wavefront has a rough and frag-

mented structure. They are similar to the planar wavefront

shown in Fig. 7. Small blue clusters of type-A species are

visible. Surprisingly, such heterogeneous wavefronts are

able to sustain the overall large spiral wave over a long pe-

riod of time. The eventual destruction of the large spiral

wave leads to a turbulent-like state with numerous small

spirals.

Sometimes spiral break-up occurs only after hundreds of

rotations. For example, for a simulation run with almost the

FIG. 9. Nine snapshots of a 4000� 4000 lattice dem-

onstrating the development of a spiral wave and its sub-

sequent destruction. The process of breakups leads to a

complex spiral dynamics. Blue (red) color represents

type-A (type-B) species, and white color corresponds to

empty sites. Parameters: k1 ¼ k2 ¼ 0.5, k3 ¼ 0.005; d1

¼ d2 ¼ 0.
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same parameters as for Fig. 9 (but with k1 ¼ 0.6), it was

observed that the first break-up occurs only after 350 rota-

tions. It is tempting to consider such spirals as “effectively

stable,” since they only break up due to small wavelength,

lattice level fluctuations. Usually, the development of a com-

plex pattern starts in the region near the spiral tip. Occasion-

ally, however, the first spiral break-up may occur quite far

from the spiral tip. Sometimes open ends may appear, but

then reconnect again, so that a complex pattern does not fully

develop for a while. Nevertheless, KMC simulations with

many different sets of parameters, including conditions with

non-zero diffusion, suggest that turbulent-like patterns

always eventually build up, so that spiral waves are mostly

unstable structures for the LLV model.

Another time sequence showing spiral break-up leading

to complex spiral dynamics is presented in Fig. 11 for k3

¼ 0.015. Compared to the previous case, where the value of

k3 was three times smaller, the mean period of transient spiral

rotation decreased to about 230 [s]. In general, increase of k3

gives more irregular patterns, because the wavelength also

decreases, and interactions between adjacent waves become

stronger.

In the last decades, significant effort has been directed

towards establishing conditions under which spiral waves

become unstable for deterministic RD equations. This ques-

tion is important, among other reasons, since spiral break-up

has been linked to the appearance of ventricular fibrillation

in human hearts (e.g., see Ref. 24 and references therein).

FIG. 10. The 1000� 1000 fragments showing magnifi-

cation of two snapshots from Fig. 9 at t ¼ 104 and t ¼
4.6� 104.

FIG. 11. Snapshots of a 4000� 4000 lattice showing

time evolution of a spiral wave. Blue (red) color repre-

sents type-A (type-B) species, and white color

corresponds to empty sites. Parameters: k1 ¼ k2 ¼ 0.5,

k3 ¼ 0.015; d1 ¼ d2 ¼ 0.
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Instabilities that may lead to spiral break-up in RD systems

have been the subject of numerous investigations. It is con-

ceivable, on the other hand, that deterministic effects might

not be relevant for modeling of real systems because of fluc-

tuations.25 In our example, the influence of noise seems to be

of paramount importance. Internal fluctuations, which are in-

herent to chemical reactions, induce spiral break-up and

complex spiral dynamics in the LLV model. In contrast, pla-

nar pulses and pulse trains with sufficiently large wave-

length, despite internal fluctuations, appeared effectively

stable and capable of traveling along an infinite lattice.

IV. DISCUSSION AND CONCLUSIONS

The LLV model exhibits interesting spatiotemporal pat-

terns which can be characterized as “self-organization of

self-replicating species,” two features often considered as the

hallmark of living systems. In this manuscript, we studied

the formation of travelling pulses and spiral waves on a 2D

square lattice. The same LLV model was studied previously

in a number of papers using the so-called rejection-based

KMC algorithm (where time is measured in MC steps),5–11

which relies on repeatedly sampling from a uniform distribu-

tion and correcting for this by rejecting certain elementary

events. This simple algorithm is still widely used in the liter-

ature, but it may become very inefficient for systems with

highly disparate rates, contrary to the rejection-free KMC

algorithm. Both algorithms should give statistically identical

results. Rejection-free techniques, however, require some

form of storing, searching, and sorting of data, necessitating

additional (non-trivial) programming. Rather than choosing

a site at random, this algorithm chooses from a list of all pos-

sible update events. By means of only the rejection-based

KMC algorithms, it is difficult to study the system dynamic

behavior over a wide range of the model parameters and ini-

tial conditions.

The model we consider in this work is different from a so-

called cyclic LLV model.26,27 The only difference is the third

reaction, describing the process of desorption (in other words,

mortality rate of predator). In the cyclic LLV model, it takes

the following form: Bi þ1j !1i þ1j. Accordingly, in the

MF equations, the desorption rate becomes k3u(1� u� v). Our

results suggest that stable travelling pulses and spiral waves

might not be easily observed in the cyclic LLV model.

Typically, excitable media are modeled using PDEs or

using cellular automata (CA). CA models simplify the evolu-

tion of a system by mapping the system’s behavior onto sev-

eral discrete states. Qualitatively, CA simulations may

demonstrate results quite similar to PDEs solutions. How-

ever, CA simulations may also exhibit “undesirable” proper-

ties, including spurious anisotropy and poor representation

of interface curvature effects. To overcome these problems,

several improved CA models have been proposed, but the

complexity of such CA in regard to local dynamics and

update rules increase considerably. The basic CA model of

excitable media considers three “cell states:” excited, quies-

cent (or excitable), and refractory.28,29 Excitation by contact

and the refractory period are incorporated into the simple

update rule: a quiescent state becomes excited when any

nearest neighbor is excited, an excited state becomes refrac-

tory, and a refractory state becomes quiescent. This model

was introduced many years ago;28,29 it has been studied by

many researchers from various fields, and it has undergone

many generalizations.

For modeling using PDEs and KMC (based on the corre-

sponding master equation), the model parameters are usually

identified with physico-chemical parameters of the medium

such as temperature, rate constants, activation energies, dif-

fusion coefficients, etc. Thus, a relation to real physical sys-

tems becomes established. For typical CA models, however,

such a connection can be quite elusive. CA models are usu-

ally associated with synchronous deterministic dynamics, so

that the states of all cells (lattice sites) are updated simulta-

neously according to specific deterministic rules. This is fun-

damentally different from the KMC algorithm, in which a

single elementary event at each time step is selected using a

random number. Asynchronous and/or stochastic versions of

CA have been less studied. One can suggest different types

of asynchronous updating and introduce stochasticity in dif-

ferent ways. This “arbitrariness” in the choice of the update

rules may be thought of as a weakness of the CA approach.

On the other hand, the KMC algorithm can be considered as

a specific version of asynchronous stochastic CA.

One notices many similarities between the model we

studied in this work and the typical CA model for excitable

media (e.g., 3-state Greenberg-Hastings model).29 For both

models, a square lattice is considered and one of the three dis-

tinct states (excited, excitable, and refractory) is assigned for

each cell. In some sense, the update rules in the Greenberg-

Hastings model are quite similar to the reaction mechanism

(R1)–(R3). However, unlike the typical CA model, the KMC

algorithm for the LLV model is based on classical physico-

chemical theories. It demonstrates well-known types of

behavior of an excitable medium, which were established

using the PDEs, and even extends them (e.g., spiral waves can

form due to non-local reactions between immobile species).

In this work, we mainly focused on the simulation

results for motionless species, in order to emphasize that mo-

bility is not a necessary condition in order to reproduce the

basic features of excitable medium spatiotemporal dynamics.

In the LLV model, effective propagating pulses and rotating

spiral waves can be observed even for completely immobile

species due to non-local reaction kinetics, although similar

results can be obtained when limited diffusion is included in

the model. Note that the non-local reaction kinetics, as

described by the “effectively elementary” events (R1) and

(R2), can originate from diffusion of atoms/molecules which

are not considered explicitly. Immobile species are often rel-

evant to biological systems (different types of cells in a tis-

sue, neurons, etc.). The generation of spatiotemporal

structures in an ensemble of immobile cells as a result of

(non-local) cell-cell interactions might play an important

role in such a context. Tradition MF RD equations, even

with state dependent diffusion coefficients, can hardly pro-

vide adequate description of spatiotemporal structures which

appear due to reactions between immobile species because

MF equations inherently assume that the interacting species

are well-mixed at least on a local scale. On the other hand,
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immobile species can hardly correspond to simple chemical

atoms and molecules, because during the chemical reactions

the species diffusion is usually one of the fastest processes.

Spatiotemporal pattern formation with heterogeneously

catalyzed reactions on single crystal surfaces under UHV

conditions has been investigated in great detail,30 mainly for

CO oxidation on Pt surfaces. A fascinating variety of differ-

ent patterns have been observed: target patterns, spiral

waves, standing waves, traveling solitary pulses, and

“chemical turbulence.” These concentration patterns have

characteristic dimensions in the micrometer range, while the

lattice spacing of a crystal is about 3 Å.

The typical length scales of spatial patterns are deter-

mined largely by the adsorbate diffusion. A rule of thumb

for diffusion on metal surfaces predicts that the diffusion

barrier is only about 0.1 times the adsorbate binding

energy.31 Therefore, for example, the diffusion of CO on a

Pt(111) surface at room temperature is about ten orders of

magnitude faster than the COþO neighboring site reaction

event. If the lattice in our study describes a catalytic surface,

the characteristic length scale of the spiral waves shown in

Figs. 9–11 is only few nanometers. This is about 4 orders of

magnitude smaller than that for the typical spatial patterns

observed in surface science experiments. This large differ-

ence originates from the fact that we consider immobile spe-

cies and slightly non-local reactions on a lattice. It was

recognized many years ago that immobile systems with

direct interactions between adjacent entities present all the

self-organizing properties seen in RD systems.32 However,

development of adequate theoretical approaches which

describe spatiotemporal behavior of motionless (or

“sluggish”) interacting species in terms of continuous deter-

ministic equations remains a nontrivial task.18

Internal noise, which is inherent to chemical reactions,

has been observed to induce spiral break-up and complex spi-

ral dynamics in the LLV model. Visually, similar results were

reported for the stochastic “microscopic” version of the deter-

ministic Gray-Scott model, and the phenomenon of the spiral

breakup due to intrinsic fluctuations was demonstrated by

Wang et al.33 However, in our model, the mathematical treat-

ment of the reaction kinetics is different from that considered

in Ref. 33 where a statistically random distribution of particles

in each cell is assumed. In the limit of large cell volumes, the

model becomes equivalent to deterministic PDEs. Such a

model cannot capture the influence of non-local reaction and

slow diffusion correctly, because slow diffusion gives rise to

spatial correlations, so that two-site (pair) probabilities cannot

be expressed as a product of one-site probabilities.

Recently, it was shown that spiral waves appear in a sto-

chastic model of three cyclically interacting subpopulations

(“rock-paper-scissors” game on a lattice).34,35 It was sug-

gested that formation of spiral waves occurs due to species

mobility. The two-species LLV model is based on a simpler

kinetic mechanism than the model studied by Reichenbach

et al.,34,35 and it shows formation of travelling pulses and

spiral waves even without explicit participation of diffusion.

In this study, we have presented results for a 2D lattice,

but we have also performed KMC simulations on a three-

dimensional (3D) cubic lattice. In our computations, we

observed, however, that 3D scroll-waves were even more

unstable as compared to spiral-waves in 2D for the same pa-

rameter values. Scroll-waves could be observed only during

a short time period, and then “scroll-wave turbulence” devel-

oped quickly, apparently due to internal fluctuations. Planar

travelling pulses, however, were observed to be robust,

noise-resistant structures both in 2D and 3D.

To the best of our knowledge, the RD model (2) does

not exhibit travelling pulse solutions in 1D or spiral waves in

2D. This is not surprising, since the (0, 0) steady-state is a

saddle point; it is unstable with respect to small positive per-

turbation in u. Thus, the MF model (2) fails to reproduce,

even qualitatively, the main results of KMC simulations. Our

study leaves open the question of how to derive PDEs which

would describe the formation of spatial patterns in the LLV

model. In the classical sense, the empty lattice state cannot

be an excitable medium because it is unstable with respect to

a certain type of small perturbations.

It is known that the LLV model demonstrates complex

spatiotemporal patterns.5–12 Pattern formation gives rise to

local self-sustained oscillations. The global oscillations can be

detected when the diffusion of one type of species is

“infinitely” fast, while the diffusion of another species is lim-

ited or absent.12 In addition to the previously discovered spa-

tiotemporal behavior, the present study shows that the LLV

model effectively constitutes an excitable medium. Movies of

the spiral wave dynamics for the LLV model are available at

https://plus.google.com/u/0/115753482150875604246/posts.
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