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We calculate the two-point Green’s functions of operators dual to fermions of maximal gauged
supergravity in four and five dimensions, in finite-temperature backgrounds with finite charge density. The
numerical method used in these calculations is based on differential equations for bilinears of the
supergravity fermions rather than the equations of motion for the fermions themselves. The backgrounds
we study have vanishing entropy density in appropriate extremal limits. Holographic Fermi surfaces are
observed when the scalar field participating in the dual field theory operator has an expectation value,
which makes sense from the point of view that the quasiparticles near the Fermi surfaces observed carry
nonsinglet gauge quantum numbers in the dual field theory.
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I. INTRODUCTION

The original approach to studying Fermi surfaces in
holography was to solve some variant of the Dirac equation
in an anti–de Sitter (AdS) Reissner-Nordstrom (RN) back-
ground: see for example [1–3]. A two-point Green’s
function can be extracted from solutions to the Dirac
equation, and a singularity in that Green’s function at
ω ¼ 0 and k ¼ kF, corresponding to a normalizable fer-
mion mode, signals the existence of a Fermi surface. This
bottom-up methodology has the advantage of simplicity
and flexibility, and a range of interesting behaviors has
been uncovered.
A top-down approach has been pursued in [4–7] (see

also earlier work based on probe branes [8] and negative
results [9–11] for gravitinos) based on maximal gauged
supergravity in four and five dimensions. While more
technically involved than the bottom-up approach, top
down has the advantage that the dual theories are known,
and there is a simple way to suppress the zero-point entropy
that plagues interpretations of the Ads-RN results, namely
to consider backgrounds in which one or more of the
several commuting Uð1Þ charges vanishes. Holographic
Fermi surfaces were found in both the AdS4 and AdS5 top-
down constructions. Indeed, it is possible to read off from
[5,7] detailed answers to the question of whether specific
fermionic operators exhibit Fermi surface singularities, in
black hole backgrounds at zero temperature and nonzero
chemical potential for all of the commuting Uð1Þ gauge
charges. Some results for the zero-entropy cases, where
one or more Uð1Þ charges vanish, are available from [5–7],
and these results match well with calculations at low but
nonzero temperature to be presented in the current work.
The key question left outstanding is what field theory

mechanisms are at work in the dual field theories driving
the particular pattern of Fermi surfaces observed from
the top-down supergravity calculations. Also, examples

exhibiting Fermi surfaces in top-down models [4–7] have
been explored at the level of identifying fermionic zero
modes at zero temperature, without computations of the full
Green’s functions. In this paper, we aim to fill these gaps,
keeping temperature finite but focusing on the cases where
entropy vanishes in an extremal limit. Along the way, in
Sec. II, we will introduce an efficient numerical method
(more efficient than the ones commonly found in the
literature) for extracting the fermionic Green’s functions.
In Sec. III we will present a survey of numerical results
obtained using this method, and we will formulate a
heuristic “boson rule” determining when holographic
Fermi surfaces appear for backgrounds with no zero-point
entropy. Briefly, the boson rule says that there is a Fermi
surface when the color-singlet fermionic operator in the
field theory involves a colored boson which has a con-
densate. Our numerical exploration also supports a
“fermion rule,” which states that the value of kF is sup-
pressed, though it may not vanish, when the color-singlet
fermionic operator involves a colored fermion which is
neutral under the Uð1Þ charge carried by the black hole.
Both of these phenomenological rules are readily intelli-
gible under the “gaugino interpretation” of [4], in which
holographic Fermi surfaces are held to be Fermi surfaces of
colored fermions in the dual gauge theory.

II. A GREEN’S FUNCTION METHOD BASED
ON BULK CURRENTS

A. The fermionic equations of motion

Our results come from solving equations of the form

�
iγμ∇μ − g

�
m1e

−ϕffiffi
6

p þm2e
2ϕffiffi
6

p
�
þ gq1γμaμ þ gq2γμAμ

þ ip1e
−2ϕffiffi

6
p
fμνγμν þ ip2e

ϕffiffi
6

p
Fμνγ

μν

�
χ ¼ 0 ð1Þ
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in five dimensions, and

�
iγμ∇μ þ

1

4L

X
i¼a;b;c;d

mieλi=2 þ
1

4L
γμ

X
i¼a;b;c;d

qiAi
μ

þ i
8
σμν

X
i¼a;b;c;d

ðpie−λi=2Fi
μνÞ

�
χ ¼ 0 ð2Þ

in four dimensions. Points to note are the following:
(i) (1) is Eq. (80) of [5].
(ii) (2) is Eq. (40) of [7].
(iii) ∇μ includes the spin connection but not the gauge

connections.
(iv) Fμν and fμν, with gauge potentials Aμ and aμ,

correspond to a particular combination of the three
Uð1Þ factors which form a Cartan subalgebra of
SOð6Þ, which is the gauge group of five-dimensional
maximal gauged supergravity. Namely, fμν pertains
to what we will consider the first Uð1Þ, while Fμν is
the diagonal combination of the second and third.
The black hole backgrounds we will study carry
electric charge under either Fμν or fμν, but not both.
The parameter g is the SOð6Þ gauge coupling, and
g ¼ 2=L where L is the radius of AdS5.

(v) Fi
μν denotes gauge fields, with gauge potentials Ai

μ,
corresponding to the four commuting Uð1Þ factors
which form a Cartan subalgebra of SOð8Þ, which is
the gauge group of four-dimensional maximal
gauged supergravity. The black hole backgrounds
we will study carry electric charge under some but
not all of these Uð1Þ’s.

(vi) ϕ in (1) is scalar in the 200 of SOð6Þ. It is electrically
neutral with respect to Aμ and aμ.

(vii) The λi’s in (2) are scalars in the 35v of SOð8Þ and are
subject to the constraint

P
i¼a;b;c;dλi ¼ 0. They are

electrically neutral with respect to the Ai
μ.

(viii) The parameters ðm1; m2; q1; q2; p1; p2Þ in the five-
dimensional case, and the parameters ðmi; qi; piÞ in
the four-dimensional case, are entirely determined

by the structure of maximal gauged supergravity.
The cases we study are listed in Tables I and II.

(ix) χ denotes a four-component spinor. In five-
dimensional supergravity, it comes from the part
of the 48 of the local symmetry group USpð8Þ
which does not mix with the gravitinos in the
backgrounds of interest. In four-dimensional super-
gravity, it comes from the part of the 56 of the local
symmetry group SUð8Þ which does not mix with the
gravitinos. The operators dual to this type of fermion
all take the form tr λX, which have dimension 5=2 in
the AdS5 case and 3=2 in the AdS4 case.

Readers wishing to skip over supergravity calculations and
see the results for the Green’s functions of the operators
dual to χ may at this point go straight to Sec. III.
All backgrounds under consideration in this paper are

planar electrically charged black holes which are asymp-
totically AdS5 or AdS4. The metrics take the form

ds2 ¼ e2Að−hdt2 þ d~x2Þ þ e2B

h
dr2; ð3Þ

where A, B, and h are functions of r, and ~x ∈ R3 for AdS5
and R2 for AdS4. Pure AdS5 or AdS4 would be recovered
by setting A ¼ −B ¼ log r

L and h ¼ 1. We focus on back-
grounds with regular horizons, in which h decreases from 1
at the boundary to 0 at a radius r ¼ rH. In our coordinate
systems, rH → 0 is the extremal limit.
Explicit expressions for A, B, h,Φ1 ≡ at,Φ2 ≡ At, and ϕ

can be found in Eq. (3) of [5]. In Eqs. (4) and (5) of the
same paper, expressions can be found for the temperature
T; the chemical potentials μ1 and μ2 relating, respectively,
to aμ and Aμ; the entropy density s; and the charge densities
ρ1 and ρ2. All quantities can be expressed in terms of
charge parametersQ1 andQ2 and the horizon radius rH, all
of which have dimensions of length. We will set L ¼ 1 in
both five and four dimensions from here on.
Expressions for the metric, the electrostatic potentialsΦi,

and the scalars λi can be found in (18)–(21) of [7] [note
the definitions (14) in that paper of the λi and the sign
convention ηi ¼ 1 for the backgrounds we study in the

TABLE I. Presence or absence of holographic Fermi surfaces in five-dimensional maximal gauged supergravity in the one-charge and
two-charge backgrounds. All the cases listed have m ¼ 1=2, so the analysis leading to (23) applies. The superscripts in the last two
columns indicate the figure in which the relevant spectral weight is plotted.

No. χqaqbqc Dual operator m1 m2 q1 q2 p1 p2 1Q-5D 2Q-5D

1 χð32;12;12Þ λ1Z1 − 1
2

3
4

3
2

1 − 1
4

1
2

Y1A N1D

2 χð32;−1
2
;−1

2
Þ λ2Z1 − 1

2
3
4

3
2

−1 − 1
4

− 1
2

Y1A N1E

3 χ̄ð
3
2
;−1

2
;1
2
Þ , χ̄ð

3
2
;1
2
;−1

2
Þ λ̄3Z1, λ̄4Z1 − 1

2
3
4

3
2

0 − 1
4

0 Y1A N1F

4 χð
1
2
;3
2
;1
2
Þ, χð

1
2
;1
2
;3
2
Þ λ1Z2, λ1Z3

1
2

− 1
4

1
2

2 1
4

0 N1B Y1G

5 χ̄ð−
1
2
;3
2
;1
2
Þ, χ̄ð−

1
2
;1
2
;3
2
Þ λ̄2Z2, λ̄2Z3

1
2

− 1
4

− 1
2

2 − 1
4

0 N1C Y1G

6 χð−
1
2
;3
2
;−1

2
Þ, χð−

1
2
;−1

2
;3
2
Þ λ3Z2, λ4Z3

1
2

− 1
4

− 1
2

1 − 1
4

− 1
2

N1C Y1H

7 χ̄ð
1
2
;−1

2
;3
2
Þ, χ̄ð

1
2
;3
2
;−1

2
Þ λ̄3Z3, λ̄4Z2

1
2

− 1
4

1
2

1 1
4

− 1
2

N1B Y1H
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current work]. In (25)–(28) of the same paper, expressions
are given for the temperature T, the four chemical potentials
μi related to the gauge fields Ai

μ, the entropy density s, and
the charge densities ρi. All quantities can be expressed
in terms of four charge parameters Qi and the horizon
radius rH.
Because there is translation invariance in the t and ~x

directions, we require χ ∝ e−iωtþikx1 , where x1 is one of the
spatial directions. Green’s functions in the dual field theory
will be functions of ω and k. More explicitly, with a choice
of Clifford basis as in [5,7], we use an ansatz

χ ¼ e−iωtþikx1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det gmn

4
p

0
BBB@

ψ1−

ψ1þ
ψ2−

ψ2þ

1
CCCA; ð4Þ

where the components ψα� depend only on r, and gmn is the
part of the metric parallel to the boundary.
Following the methods of [12], it is possible to reduce

both (1) and (2) to the form

ð∂r þ Xσ3 þ Yiσ2 þ Zσ1Þψα ¼ 0; ð5Þ

where α ¼ 1, 2, and the functions X, Y, and Z are real. In
five dimensions, we have

X ¼ eBmffiffiffi
h

p ; Y ¼ −
e−AþBuffiffiffi

h
p ;

Z ¼ −
e−AþBffiffiffi

h
p ðð−1Þαk − vÞ

ð6Þ

where

u ¼ ωþ gq1Φ1 þ gq2Φ2ffiffiffi
h

p ;

v ¼ 2e−Bðp1e−2ϕ=
ffiffi
6

p ∂rΦ1 þ p2eϕ=
ffiffi
6

p ∂rΦ2Þ;
m ¼ gðm1e−ϕ=

ffiffi
6

p
þm2e2ϕ=

ffiffi
6

p
Þ: ð7Þ

In four dimensions, we have instead

X ¼ −
eB

4
ffiffiffi
h

p
X
i

mieλi=2; Y ¼ −
e−AþBuffiffiffi

h
p ;

Z ¼ −
e−AþBffiffiffi

h
p ðð−1Þαk − vÞ

ð8Þ

where

u ¼ ωþ 1
4

P
iqiΦiffiffiffi

h
p ; v ¼ e−B

4

X
i

pie−λi=2∂rΦi: ð9Þ

B. Calculating the Green’s function

The standard approach to extracting a Green’s function
is to numerically solve (5) subject to infalling boundary
conditions near r ¼ rH and then find GR as a ratio of
coefficients characterizing the asymptotic behavior at large
r. Let us review this method before introducing the one
based on fermion bilinears which we actually used for
computation.
We will focus on two out of the four components of the

spinor:

TABLE II. Presence or absence of holographic Fermi surfaces in four-dimensional maximal gauged supergravity in the one-, two-, and
three-charge backgrounds. The values of the four Pauli couplings are pi ¼ mi=qi in every case. All the cases listed have vanishing total
mass near the boundary, and the analysis leading to (26) applies. The superscripts in the last three columns indicate the figure in which
the relevant spectral weight is plotted.

No. Active boson qa qb qc qd ma mb mc md 1Q-4D 2Q-4D 3Q-4D

1 Z1 3 −1 1 1 −3 1 1 1 Y2A N2D N3I

2 Z1 3 1 −1 1 −3 1 1 1 Y2A N2E N3I

3 Z1 3 1 1 −1 −3 1 1 1 Y2A N2E N3I

4 Z2 −1 3 1 1 1 −3 1 1 N2B N2D Y3J

5 Z2 1 3 −1 1 1 −3 1 1 N2C N2E Y3K

6 Z2 1 3 1 −1 1 −3 1 1 N2C N2E Y3K

7 Z3 −1 1 3 1 1 1 −3 1 N2B Y2F Y3J

8 Z3 1 −1 3 1 1 1 −3 1 N2C Y2F Y3K

9 Z3 1 1 3 −1 1 1 −3 1 N2C Y2G Y3K

10 Z4 −1 1 1 3 1 1 1 −3 N2B Y2F Y3J

11 Z4 1 −1 1 3 1 1 1 −3 N2C Y2F Y3K

12 Z4 1 1 −1 3 1 1 1 −3 N2C Y2G Y3K

13 Z1 3 −1 −1 −1 −3 1 1 1 Y2A N2H N3L

14 Z2 −1 3 −1 −1 1 −3 1 1 N2B N2H Y3M

15 Z3 −1 −1 3 −1 1 1 −3 1 N2B Y2G Y3M

16 Z4 −1 −1 −1 3 1 1 1 −3 N2B Y2G Y3M
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ψα ¼
�
ψα−

ψαþ

�
; ð10Þ

for a fixed value of α. For brevity, let us now suppress the
index α. To leading order, the asymptotic behavior near the
horizon is

ψ− ¼ iψþ ¼ i
2
ðr − rHÞ− iω

4πT; ð11Þ

and corrections arise at relative order
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r − rH

p
. The overall

normalization of the wave function has been chosen for
later convenience. In the five-dimensional case, near the
boundary of AdS5, the asymptotics depends on the mass of
the fermion, which for us ism ¼ 1=2. In this case one finds

ψþ ¼ Aψ

ffiffiffi
r

p þOðr−3=2 log rÞ;

ψ− ¼ Aψ

�
ð−1Þαkþ ωþ q1μ1 þ

q2μ2ffiffiffi
2

p
�
log μrffiffiffi

r
p

þDψffiffiffi
r

p þOðr−5=2 log rÞ: ð12Þ

Here μ1 and μ2 are the chemical potentials mentioned
below (3), while μ is an arbitrary energy scale and Aψ and
Dψ are the asymptotic coefficients which we are after. The
Green’s function is1

GR ¼ Dψ

Aψ
: ð13Þ

It is retarded because of the infalling boundary conditions.
The arbitrariness of μ translates into an arbitrariness in GR
toward adding some real multiple of ð−1Þαkþ ωþ q1μ1þ
q2μ2ffiffi

2
p . In real space this ambiguity in GR is a contact term,

localized at zero separation. The spectral weight ImG is
unaffected by this ambiguity.
Recall that we suppressed the index α. When we restore

it, the Green’s function becomes a bispinor, GR
αβ, which for

our choice of Clifford basis is diagonal when ~k points in the
x1 direction. Since the equation of motion (5) depends on k
and the index α only through the combination ð−1Þαk, we
may derive the relation GR

22ðω; kÞ ¼ GR
11ðω;−kÞ. For no

special reason, we will focus on GR
22 in our numerical

computations. GR
22 is generally not a symmetric function of

k; however, because of the relation just mentioned, Fermi
surface behavior at k ¼ kF inGR

22 will be matched by Fermi
surface behavior at k ¼ −kF in GR

11. Indeed, spatial

rotational symmetry is unbroken in the backgrounds we
study, so any Fermi surfaces found must be spherical.
In the four-dimensional case, the near-horizon asymp-

totics are given as in (10), but the near-boundary asymp-
totics are different. The mass term vanishes at the boundary
for the fermions we are interested in, so the appropriate
asymptotics are

ψþ ¼ Aþ þ Bþ
r

þOðr−2Þ; ψ− ¼ A− þ B−

r
þOðr−2Þ:

ð14Þ

The analysis of [7] shows that the correct Green’s function
of the supersymmetric M2-brane theory is

GR ¼ A−

Aþ
ð15Þ

for all the cases we will study, as opposed to the expression
Aþ=A− which follows from an alternative quantization.
In order to introduce the approach we actually use for

computing GR, we first define

Uþ ¼ ψ− þ iψþ; U− ¼ ψ− − iψþ: ð16Þ

Then (5) immediately implies

∂rF ¼ 0 where F ¼ jUþj2 − jU−j2: ð17Þ

Slightly less obvious is the following set of definitions:

I ¼ UþU�
− þU�þU−;

J ¼ iðUþU�
− −U�þU−Þ;

K ¼ jUþj2 þ jU−j2: ð18Þ

As a consequence of (5), these generalized fluxes obey

∂r

0
B@

I

J

K

1
CA ¼

0
B@

0 2Y −2X
−2Y 0 2Z

−2X 2Z 0

1
CA
0
B@

I

J

K

1
CA: ð19Þ

As a practical matter, it is more efficient to integrate
the three real coupled equations (19) than the original
spinorial equations (5). This is partly because the asymp-
totic boundary conditions near the horizon corresponding
to (11) are nonoscillatory:

I ¼ i1
ffiffiffiffiffiffiffiffiffiffiffiffi
r−rH

p
; J ¼ j1

ffiffiffiffiffiffiffiffiffiffiffiffi
r−rH

p
; K¼1; ð20Þ

with additive corrections to all three quantities coming in at
order r − rH. The coefficients i1 and j1 can be determined
in terms of parameters of the differential equation, namely
rH, the charge parameters, ω, k, and the parameters listed in
Tables I and II. Note also that (11) corresponds to F ¼ 1.

1We are discarding an overall factor from the Green’s function
which includes a factor of 1=G where G is Newton’s constant.
Restoring this factor would cause GR to scale as N2 in the AdS5
case and N3=2 in the AdS4 case.
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The nonoscillatory asymptotics (20) contrasts with the
strongly oscillatory behavior (11), which requires many
steps in r to accurately track.
The near-boundary asymptotics depends on the mass and

the dimension. In the five-dimensional case with m ¼ 1=2,
one finds

I ¼ −K−1rþOðr−1ðlog rÞ2Þ;

J ¼ −2K−1

�
ð−1Þαkþ ωþ q1μ1 þ

q2μ2ffiffiffi
2

p
�
log μr

þ J0 þOðr−2ðlog rÞ2Þ;
K ¼ K−1rþOðr−1ðlog rÞ2Þ: ð21Þ

Subleading terms at orders ðlog rÞ2
r and log r

r in I andK, and at

orders ðlog rÞ2
r2 and log r

r2 in J , can be determined in terms of
the integration constants K−1 and J0. One more free
integration constant comes up in the series solution: It is
a contribution K1=r to K, with similar pure power con-
tributions to I and J determined in terms of K1 as well as
K−1 and J0. By matching a series expansion of the form
(21) to a numerical solution to the current equations (19),
one can extract numerical values for K−1, J0, and K1. Note
that J0 suffers from the same sort of additive ambiguity that
afflicts Dψ , due to the arbitrariness of the scale μ occurring
in the logarithm shown explicitly in (21). This is not
surprising given that we can use the far region expansions
and (12) and (21) to relate

F ¼ 2iðD�
ψAψ −DψA�

ψÞ ¼ 1; K−1 ¼ 2jAψ j2;
J0 ¼ −2ðA�

ψDψ þ AψD�
ψ Þ:

ð22Þ

The last expression forF comes from using the near-region
expansion (21), which of course is allowed because F is
exactly constant as a consequence of the equations of
motion (5). It follows immediately that

Im GR ¼ 1

2i

A�
ψDψ − AψD�

ψ

jAψ j2
¼ F

2K−1
¼ 1

2K−1
;

Re GR ¼ 1

2

A�
ψDψ þ AψD�

ψ

jAψ j2
¼ −

J0
K−1

; ð23Þ

where the last equality in the first line follows again from
the flux at the horizon that we imposed through the
choice (11).
In the four-dimensional case with m ¼ 0, the only thing

that changes is the near-boundary asymptotics, which are
simpler than before:

I ¼ I0 þOðr−1Þ; J ¼ J0 þOðr−1Þ;
K ¼ K0 þOðr−1Þ:

ð24Þ

Expressing the fluxes in terms of the fermions, one finds

F ¼ 2iðA�
−Aþ − A�þA−Þ;

I0 ¼ 2ðjA−j2 − jAþj2Þ;
J0 ¼ −2ðA�þA− þ A�

−AþÞ;
K0 ¼ 2ðjA−j2 þ jAþj2Þ: ð25Þ

Recalling that GR ¼ A−=Aþ for the cases we will study, we
find

Im GR ¼ 1

2i
A�þA− − A�

−Aþ
jAþj2

¼ F
K0 − I0

¼ 1

K0 − I0
;

Re GR ¼ 1

2

A�þA− þ A�
−Aþ

jAþj2
¼ −

J0
K0 − I0

: ð26Þ

III. EXAMPLES AND INTERPRETATION

Armed with the fermion bilinear methodology explained
in (16)–(19) and the formulas (23) for five-dimensional
cases and (26) for four-dimensional cases, we computed
finite-temperature two-point Green’s functions for the
operators dual to the supergravity fermions listed in
Table I for five-dimensional maximal gauged supergravity,
and in Table II for four-dimensional maximal gauged
supergravity.
In Table I, of which all but the last two columns are taken

directly from [5], we have identified the Uð1Þ3 charges
of each fermion, ðqa; qb; qcÞ, such that q1 ¼ qa and
q2 ¼ qb þ qc. The dual operators in N ¼ 4 super-Yang-
Mills are also identified in Table I, using a standard
complex notation for the adjoint scalars, namely
Z1 ¼ X1 þ iX2, Z2 ¼ X3 þ iX4, and Z3 ¼ X5 þ iX6.
These complex combinations have weights (1,0,0),
(0,1,0), and (0,0,1) under SOð6Þ. In a Weyl basis, the
gauginos λ carry quantum numbers in the 4 of SOð6Þ,
namely ð1

2
; 1
2
; 1
2
Þ for λ1, ð12 ;− 1

2
;− 1

2
Þ for λ2, ð− 1

2
; 1
2
;− 1

2
Þ for

λ3, and ð− 1
2
;− 1

2
; 1
2
Þ for λ4. The point to note is that one

complex scalar or another is “active” in each case, meaning
that it is included in the fermionic operator.
In Table II, all but the last three columns are from [7],

and we have identified in each case which boson is “active”
in the same sense as before, using the complex notation
Zj ¼ X2j−1 þ iX2j. The fermionic superpartners of the Zj

have SOð8Þ weights of the form ð3
2
;� 1

2
;� 1

2
;� 1

2
Þ and

permutations, with an odd number of minus signs. We
follow [7] in rescaling these weight vectors to
ðqa; qb; qc; qdÞ ¼ ð3;�1;�1;�1Þ and permutations, again
with an odd number of minus signs. The operator dual to
any of the fermions in Table II takes the form tr λZ where
the particular scalar one needs is determined by the position
of 3 in the rescaled weight vector—so Z1 if qa ¼ 3, Z2 if
qb ¼ 3, and so on.
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We examined two contrasting backgrounds in five
dimensions and three in four dimensions. A summary of
these backgrounds is as follows:

(i) 1Q-5D refers to the planar one-charge black hole in
AdS5, with Q1 ¼ 1 and Q2 ¼ 0. Inspection of the
thermodynamics shows that as rH → 0, T ap-
proaches a positive constant while μ1 → 0, with
entropy density s ∝ μ21 and charge density ρ1 ∝ μ1.

(ii) 2Q-5D refers to the planar two-charge black hole in
AdS5, with Q1 ¼ 0 and Q2 ¼ 1. As rH → 0, T → 0
and μ2 remains finite, while s ∝ T and ρ2 remains
finite.

(iii) 1Q-4D refers to the planar one-charge black hole
in AdS4, with Qa ¼ 1 and Qb ¼ Qc ¼ Qd ¼ 0. As
rH → 0, T → 0 and μa → 0 with μa ∝ T2, s ∝ T3,
and ρa ∝ T2.

(iv) 2Q-4D refers to the planar two-charge black hole
in AdS4, with Qa ¼ Qb ¼ 0 and Qc ¼ Qd ¼ 1. As
rH → 0, T remains finite and μd → 0, with s ∝ μ2d
and ρd ∝ μd, similar to the 1Q-5D background.

(v) 3Q-4D refers to the planar three-charge black hole
in AdS4, with Qa ¼ 0 and Qb ¼ Qc ¼ Qd ¼ 1. As
rH → 0, T → 0 and μd remains finite, while s ∝ T
and ρd remains finite, similar to the 2Q-5D back-
ground.

Note that all of these backgrounds have zero-entropy
extremal limits; however, these limits are singular, at least
in their description in maximal gauged supergravity. The
singularities involve divergences of the scalars as well as of
curvature invariants, and one might worry that Green’s
function calculations directly in the extremal geometries
would require some understanding beyond supergravity
of how one should treat the boundary conditions of the
fermion wave function near the singularity. By turning on
small but nonzero rH, we avoid this issue: the singularity is
cloaked by a regular horizon, and the calculation is in a
regime where supergravity is uniformly reliable, provided
we think of taking the Planck length to 0 (meaning N to
infinity) first, before sending rH → 0.
Because the underlying theories are conformal, one can

only speakmeaningfullyoffiniteω andk ascompared to some
definite scale introduced by the background under consid-
eration. A convenient uniform choice in five dimensions is

μ� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ μ21 þ μ22

q
; ð27Þ

while in four dimensions we used

μ� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ μ2a þ μ2b þ μ2c þ μ2d

q
: ð28Þ

Becausewe alwayswork at finite temperature,we cannever
expect a true Fermi surface singularity in the Green’s
function. Instead, if there is a holographic Fermi surface,
it should show up as a peak in the spectral weight ImGR at

ω ¼ 0 whose width is no greater than some Oð1Þ factor
times the temperature. This width criterion is important
because essentially all the Green’s functions we studied
have a peak at some k�, but some of the peaks are very broad
compared to T, and we do not regard these as evidence of
Fermi surfaces. A confirmatory criterion, which we will
term the ω criterion, is that if a maximum at k ¼ k� is to be
regarded as a Fermi surface, then the spectral weight as a
function of ω for k close to k� should show a peak with
maximum close to 0, consistent with a quasiparticle near
the Fermi surface—though it may be hard to argue in some
cases that this quasiparticle is long-lived. A more heuristic
criterion, which wewill refer to as the magnitude criterion,
is that the magnitude of the spectral weight should be large
atω ¼ 0 and k ¼ k� if it is to be regarded as a Fermi surface;
more precise would be to say that if the maximum spectral
weight at ω ¼ 0 over any value of k is parametrically
suppressed, we probably do not have a Fermi surface.
Results of numerics for the spectral weight ImGRðω; kÞ

are shown in Figs. 1–3. Applying the width criterion, the ω
criterion, and the magnitude criterion, we judged in each
case whether a holographic Fermi surface existed. The last
two columns in Table I and the last three columns in
Table II summarize the results. Note that for each example
background, many of the fermions behave identically: for
example, in the 1Q-5D background, one is insensitive to
the values of q2 and p2 so the fermions in the first three
rows of Table I lead to exactly the same Green’s function.
Nevertheless, with a total of eight distinct cases in five
dimensions, and 13 cases in four dimensions, we are in
possession of a fairly large “data set.”

A. A boson rule

The obvious conclusion to draw from Table I is that there
is a holographic Fermi surface in the 1Q-5D background
precisely when the dual operator involves Z1, whereas for
the 2Q-5D background, there is a holographic Fermi
surface precisely when the dual operators involve Z2 or
Z3. For the 1Q-5D background, the bulk fermions whose
dual involves Z1 are also the ones with the largest q1 for the
supergravity fermion, and from a supergravity standpoint
one might prefer the size of q1 as a more obvious indicator
of whether there will be a Fermi surface. But for the 2Q-5D
background, one cannot use such an indicator: the fermions
described in lines 1, 6, and 7 in the table all have q2 ¼ 1,
but only the ones in lines 6 and 7 have holographic Fermi
surfaces.
The boson Z1 has a special role in the 1Q-5D back-

ground: trjZ1j2 ≠ 0 for this background. More precisely,
Oϕ ≡ trð2jZ1j2 − jZ2j2 − jZ3j2Þ is the operator dual to the
scalar ϕ that enters into (1), and hOϕi > 0 can be read off
from the asymptotics of ϕ; so we conclude that Z1 is
nonzero. A crucial point to note is that there is a residual
SOð2Þ symmetry which rotates the phase of Z1, and it is the
Uð1Þ under which the 1Q-5D background is charged. This

CHARLES COSNIER-HOREAU AND STEVEN S. GUBSER PHYSICAL REVIEW D 91, 066002 (2015)

066002-6



symmetry is unbroken in the supergravity approximation,
heuristically because the D3-branes spread out in a dis-
tribution in the Z1 plane which, at large N, is SOð2Þ
symmetric. This intuition was made precise in [13,14] for
certain limits of charged black holes. In the 2Q-5D back-
ground, the opposite situation pertains: hOϕi < 0, so we
can conclude that Z2 and Z3 are nonzero. Both of them
must be nonzero because there is a residual SOð4Þ
symmetry of the two-charge background that rotates Z2

into Z3. The Uð1Þ under which the 2Q-5D background is
charged is part of this SOð4Þ, and it is unbroken.

We are thus led to conjecture a “boson rule” for the
existence of holographic Fermi surfaces: A supergravity
fermion dual to a composite operator tr λZ will show a
holographic Fermi surface if and only if Z (or, more
precisely, an appropriate low-dimension color-singlet
single-trace operator built from Z) has a nonzero expect-
ation value.
The boson rule makes sense from the point of view

suggested in [4], namely that holographic Fermi surfaces
should be understood as Fermi surfaces of colored fermions
in the dual field theory, not color singlets. Simplistically,

FIG. 1 (color online). The spectral weight of fermionic Green’s functions in charged black hole backgrounds of five-dimensional
gauged supergravity. Accuracy of the height of the peaks in cases (g) and (h) is limited by the resolution on the k axis.
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we will term this point of view the gaugino interpretation,
although in a strongly interacting system without Lorentz
invariance or supersymmetry, the true colored degrees of
freedom could be more complicated than just gauginos.2

Acting in the maximally symmetric vacuum of N ¼ 4
super-Yang-Mills theory, tr λZ produces only multiparticle
states, the simplest of which is a gaugino and a scalar.
Singularities in the two-point function of tr λZ will have
only cuts if all one can get from one insertion of tr λZ
is a multiparticle state with momentum shared arbitrarily
between λ and Z. But if Z has a condensate, then there
should be a finite amplitude for tr λZ to add a single Z
quantum to the condensate with zero momentum, injecting
all the momentum available into the gaugino. Then if there
is a gaugino Fermi surface, it will show up as a singularity
in the two-point function of tr λZ.

FIG. 2 (color online). The spectral weight of fermionic Green’s functions in charged black hole backgrounds of five-dimensional
gauged supergravity; continued in Fig. 3.

2A competing point of view (see for example [15]) is the idea
that the operator tr λZ creates a color-singlet “mesino,” and because
mesinos are present in some density in the dual field theory, a
Fermi surface is observed. While we cannot claim to exclude the
mesino interpretation based on the supergravity results presented in
this paper, the success of the boson rule seems to us a significant
point in favor of the gaugino interpretation.
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With the logic of the previous paragraph in mind, we
should consider what a violation of the boson rule would
mean. A “weak” violation would be finding no Fermi
surface for an operator involving a scalar that has an
expectation value. This might only signal that the color
adjoint fermion that the operator in question can create
happens to have no Fermi surface, or that for some more
subtle reason the fermion is created in a way that fails
to find the Fermi surface. A “strong” violation would be
finding a Fermi surface for an operator whose scalar
component has no expectation value. This would appear
more troublesome for the gaugino interpretation because
it would bring back the question of how a color-singlet
composite operator can effectively create a colored single-
particle state.
With the boson rule in mind, let us examine the AdS4

cases whose study was recently made possible by the
detailed supergravity analysis of [7]. The punch line is clear
from Table II: the boson rule works in every case.

B. Gapped behavior

As is clear from Figs. 1 and 3, the 2Q-5D and 3Q-4D
backgrounds show very sharp peaks for some fermions,
and strongly suppressed spectral weight for others. These
backgrounds are the only ones where parametrically sup-
pressed spectral weight arises. The suppression is associ-
ated with the gap described in [5–7] as relating to an AdS3
factor in a higher-dimensional lift of the gauged super-
gravity solutions. The gapped behavior can be made more
explicit by the following calculation of the spectral weight
at ω ¼ k ¼ 0 for Fig. 1 case F, which is the neutral fermion
in the 2Q-5D background. For this particular case, the
differential equation for I, J , and K becomes very simple:
it reads

∂rI ¼ −2XK; ∂rJ ¼ 0; ∂rK¼ −2XI : ð29Þ

Subject to the boundary conditions I ¼ J ¼ 0, K ¼ 1 at
the horizon, the solution to (29) is

FIG. 3 (color online). The spectral weight of fermionic Green’s functions in charged black hole backgrounds of four-dimensional
gauged supergravity, continued from Fig. 2. Accuracy of the height of the peaks in cases (j), (k), and (m) is limited by the resolution on
the k axis.
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I ¼ − sinh e
2
R

r

rH
d~rXð~rÞ

;

J ¼ 0;

K ¼ cosh e
2
R

r

rH
d~rXð~rÞ

: ð30Þ

Working through the formulas (21)–(23), we see that

ImGRð0; 0Þ ¼ rHe−2X∞ where

X∞ ¼
Z

∞

rH

dr

�
Xð~rÞ − 1

2r

�
: ð31Þ

Working with the explicit form of XðrÞ, it is not too hard to
show that X∞ ∼ μ�

T , where ∼ indicates proportionality up to
a factor of order unity and possibly logarithmic corrections.
Thus the factor e−2X∞ is precisely what one expects for a
thermally activated, gapped system. No such exact analysis
seems to be possible for any of the 3Q-4D cases, but a
reasonable estimate of ImGRð0; 0Þ for Fig. 3 cases I and
L can nevertheless be given along similar lines. The
estimate is

ImGRð0; 0Þ ∼ e−2X∞ where

X∞ ¼
Z

∞

rH

drXð~rÞ ∼ μ�
T
: ð32Þ

In passing we note that Fig. 2 case E admits an exact
solution at ω ¼ k ¼ 0, namely ImGRð0; 0Þ ¼ e−2X∞ where
X∞ ¼ R

∞
rH
drXð~rÞ. For small rH, one finds in this case that

ImGRð0; 0Þ ≈ 1
4
rH ≈ 1

4
μ2d, which cannot be described as

gapped behavior.

C. Toward a fermion rule

It is ironic that the choice of bosonic field Z in the dual
gauge theory operator tr λZ appears to play the determin-
ing role in the presence or absence of a holographic Fermi
surface. We may well ask, what role does the choice of
fermionic field λ play? A hint comes from comparing
the two 2Q-5D cases with a Fermi surface: Fig. 1 cases G
and H. The active boson is the same in each case, but the
values of kF are very different: clearly nonzero for Fig. 1
case G, and either zero or very small for Fig. 1 case H.
Inspection of Table I suggests a plausible explanation:
The gauginos involved in Fig. 1 case H are neutral under
the Uð1Þ carried by the 2Q-5D background, whereas the
gauginos involved in Fig. 1 case G are charged. At weak
coupling, we would immediately conclude that there is
no Fermi sea at all for the neutral fermions, so if there are
on-shell quasiparticle excitations near ω ¼ 0, they should
be close to k ¼ 0.
We turn to the 3Q-4D background to see if our explan-

ation of the 2Q-5D results generalizes. Unfortunately,
none of the colored fermions are neutral under the Uð1Þ

carried by the 3Q-4D background. Nevertheless, it is note-
worthy that for the case shown in Fig. 3 case J, kF is
significantly larger than for Fig. 3 cases K and M, and
correspondingly the colored fermion for Fig. 3 case J has
Uð1Þ charge 3 as opposed to charge 1 for the colored
fermions involved in Fig. 3 cases K and M. The values of kF
are fairly small for Fig. 3 cases K and M, but from the point
of view of the gaugino interpretation, it would be surprising
if kF → 0 as one passes to extremality for Fig. 3 cases K and
M: At finite chemical potential it would make more sense
to have a Fermi sea of the charge 1 colored fermions, even if
it is rather smaller than the Fermi sea of charge 3 colored
fermions.
In the 1Q-5D and 2Q-4D backgrounds, the Uð1Þ

chemical potential vanishes in the extremal limit while
the temperature approaches a positive constant, so μ� as
defined in (27) or (28) is T dominated sufficiently close to
extremality. For the 1Q-4D background, μ� is again T
dominated sufficiently close to extremality in this case
because the chemical potential vanishes faster than the
temperature as one approaches extremality. Near the
extremal limit, then, it is reasonable to expect that any
candidate holographic Fermi surfaces will have kF=μ� → 0.
This expectation is rooted less in the gaugino interpretation
than in supergravity, where without a significant electric
field it is harder to see why a fermionic normal mode
(or a long-lived quasinormal mode) would exist. And it is
satisfying to see in Figs. 1 and 2 that all the Fermi surfaces
in these cases have kF ≲ 1=2, even though we are not all
that close to the T-dominated limit, particularly for the
2Q-4D background. (Numerical studies very close to an
extremal limit would be aided by a more sophisticated
treatment of the near-horizon limit than we have
implemented.)
Within the overall trend of modest or small kF=μ� for

the 1Q-5D, 1Q-4D, and 2Q-4D backgrounds, we can still
ask when kF is suppressed by charge neutrality of the
colored fermion. The only case where this happens is the
one illustrated in Fig. 2 case G pertaining to the 2Q-4D
background. Indeed, the value of kF in this case is small—
in fact, consistent with zero. Certainly kF for Fig. 3 case G
is smaller than for Fig. 3 case F in the same background but
with a charged colored fermion participating in the field
theory operator.
A “fermion rule” which summarizes the phenomena

observed can be formulated as follows: For a supergravity
fermion dual to a composite operator tr λZ which exhibits a
holographic Fermi surface, the value of kF is suppressed,
though it may not vanish, when λ is neutral under the Uð1Þ
charge of the black hole. One might hope for a more
quantitative relation between kF and the dot product of λ’s
Uð1Þ charges with the Uð1Þ chemical potentials, and/or
some Luttinger-style relation between kF and the charge
density, but our numerical exploration to date is not
sufficient to provide definite results in these directions.
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IV. DISCUSSION

A key question in the study of fermions in charged anti–de
Sitter black hole backgrounds is whether the Fermi surfaces
observed should be attributed to color-singlet fermions
or colored fermions. In formulating the “boson rule” of
Sec. III A and the “fermion rule”of Sec. III C,we are trying to
remain agnostic on this question and simply provide a
concise summary of the results found by means of super-
gravity. However, with the boson rule in hand, it is hard to
remain agnostic. It looks like a symmetry-preserving bosonic
condensate pushes all the momentum from an insertion of
tr λZ into the colored fermion, and the singularity that arises
comes from a Fermi surface of colored fermions.
One can try to go further and consider other types of

operators. Indeed, this has already been done in the
literature. For example, in [9–11] no Fermi surface singu-
larities were observed in the two-point function of the
supercurrent. This makes sense from the perspective of the
previous paragraph, because the supercurrent includes
terms which are schematically of the form tr λ∂Z.
Although Z may have a condensate, the derivative on Z
means that from an insertion of the supercurrent there is a
vanishing amplitude to put zero momentum into Z and
leave all the momentum in λ. In [5], supergravity fermions
dual to operators of the form trFþλ were investigated
(where Fþ is the self-dual part of the field strength), with
the result that no Fermi surface singularities were observed.
This makes sense since composite operators built from
powers of the field strength have no expectation value: for
example, if trF2 or trF ~F had expectation values, one
would expect to find a nontrivial dilaton or axion profile in
the supergravity solutions, but such profiles are absent in
the backgrounds under investigation.
It is worth noting that we have focused entirely on

special backgrounds which have no AdS2 region in the
infrared. To us this seems like a good thing, given that the
AdS2 regions in the extremal limit of more general black
holes have nonzero entropy at zero temperature, which is
hard to understand from a field theory perspective. If we do
not understand the zero-point entropy in field theory, can
we expect to understand the presence or absence of Fermi
surfaces? Nevertheless, let us be bold and try to apply the
boson rule to black holes with AdS2 near-horizon regions.

The first thing we must ask is which of the field theory
scalars have expectation values. The answer, plausibly, is
all of them. This is not unreasonable even for the special
anti–de Sitter Reissner-Nordstrom solutions which have no
supergravity scalar profiles, because the protected color-
singlet operators, like trð2jZ1j2 − jZ2j2 − jZ3j2Þ, can vanish
through cancellations among terms. Thus, the naive guess
based on the boson rule is that all operators of the form tr λZ
will have holographic Fermi surfaces. The trouble is, that is
not true [5,7]. It is intriguing, however, that all fermions
studied in [7] show either a pole or a zero at ω ¼ 0 (or more
than one such feature) for all AdS2 backgrounds inves-
tigated. Clearly, a more systematic account is desirable.
Comparisons of our calculations with zero-temperature

results from [6,7] show good agreement. For the 2Q-5D
background, there is a good quantitative match between the
Fermi momentum obtained from Fig. 1 cases G and H on
one hand, and the position of the pole at ω ¼ 0 found in [6]
for the fermions in Fig. 1 cases A and B on the other. The
pole for the fermion in Fig. 1 case B is at small but nonzero
kF—an interesting point relative to the fermion rule, since
this is a case where the gaugino has no charge under the
Uð1Þ that is active in the 2Q-5D background. Likewise, for
the 3Q-4D background, one can successfully compare the
Fermi momentum between Fig. 3 cases J, K, and M on one
hand, and the position of the pole at ω ¼ 0 as found in [7]
for fermions of classes 2, 1, and 3, respectively, on the
other. In other cases, where μ� is T dominated near
extremality, the vanishing of kF=μ� as one approaches
extremality makes it more difficult to find a direct quanti-
tative comparison; however, presence or absence of poles
for a given fermion matches between our analysis and those
of [6,7] in all cases that we have been able to check.
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