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Rate Splitting for Uplink NOMA with Enhanced
Fairness and Outage Performance

Hongwu Liu, Senior Member, IEEE, Theodoros A. Tsiftsis, Senior Member, IEEE,
Kyeong Jin Kim, Senior Member, IEEE, Kyung Sup Kwak, Member, IEEE,

and H. Vincent Poor, Life Fellow, IEEE

Abstract—In this paper, we investigate rate splitting (RS) for
an uplink non-orthogonal multiple access (NOMA) system with a
pair of near and far users adopting cyclic prefixed single carrier
transmissions. Frequency-domain equalization is applied to assist
successive interference cancellation at the base-station. Two kinds
of RS schemes, namely, fixed RS (FRS) and cognitive RS (CRS)
schemes, are proposed to realize RS for uplink NOMA with the
aim of improving user fairness and outage performance in delay-
limited transmissions. Corresponding to the split data streams,
transmit power is allocated in either fixed or cognitive manner
for the FRS and CRS schemes, respectively. Based on achievable
rate region analysis, the benefits of applying RS to uplink
NOMA for enhancing the user fairness and outage performance
are revealed. A modified Jain’s index is proposed to measure
the user fairness for the considered delay-limited transmissions.
Closed-form expressions are derived for the outage probabilities
of the paired users, respectively, whereas the preferred system
parameters are chosen based on asymptotic outage probability
expressions. The enhanced user fairness and superior outage
performance of the proposed RS schemes are corroborated by
Monte Carlo simulation results.

Index Terms—NOMA, rate splitting (RS), user fairness, outage
probability.

I. INTRODUCTION

As a promising radio access technology to meet demands
for spectrally-efficient massive connectivity, non-orthogonal
multiple access (NOMA) has gained tremendous attention
from academia and industry [2]–[4]. Sharing the same
time/frequency/code resource block, signals of multiple users
are superimposed in the power-domain and successive inter-
ference cancellation (SIC) is adopted at the receiver side in
NOMA systems, which offer superior spectral efficiency and
user fairness over those of conventional orthogonal multiple
access (OMA) [2], [3]. It is well known that the underlying
principles of NOMA such as the superposition coding and
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SIC were proposed by Cover for broadcast channels (BCs)
[5], [6]. Originally designed for decoding multiuser signal in
multiple access channels (MACs) [7], SIC is now regarded
as a general receiver structure for the uplink NOMA [2], [3].
Due to inter-user interference, NOMA applications face the
challenges of decreased throughput, poor fairness, complexity
issue and SIC processing delay. To meet new requirements
of 5G and beyond 5G networks on quality of service (QoS),
quality of experience (QoE), and other system performance
metrics, diverse NOMA topics have been investigated (see [2],
[3], and references therein).

A. Technical Literature Review
For downlink NOMA, it has been shown that two users with

more distinctive channel gains should be paired to increase
the sum rate [8]. Practically, grouping a limited number of
users to share the same resource block can alleviate inter-
user interference, whereas the user fairness is still critical due
to asymmetric channel qualities [9]. Based on either instan-
taneous or statistical channel state information (CSI), a max-
min fairness targeted power allocation scheme was proposed in
[10]. Several grouping and scheduling schemes were proposed
to maximize the sum rate taking into account the user fairness
[11]–[14]. Moreover, the joint resource and power allocation
schemes were proposed to achieve the allowed maximum sum
rate from the perspective of fairness [15]–[17]. Taking into
account the commonly adopted Jain’s index, a new fairness
metric was introduced for NOMA users by measuring the
deviations between the achieved data rates and fair data rates
[18].

In uplink NOMA systems, signals from multiple users
are naturally superimposed at a base station (BS) and the
channel disparity resulted by different path-losses is critical
for increasing the sum rate and achieving the user fairness. It
has been shown that a user can be always in outage under
improper targeted data rate in uplink NOMA [19]. Based
on instantaneous CSI, a dynamic power allocation scheme
was proposed to ensure that a larger transmission rate was
achieved over that of conventional OMA [20]. To guarantee
user fairness, an outage-constrained min-max power allocation
scheme was proposed in [21] and a game theory-based power
allocation scheme was proposed in [22]. In [23], a QoE-
oriented power allocation scheme was proposed to achieve
the multiuser diversity. Various SIC receivers with dynamic
decoding orders were proposed to improve the decoding
performance [24]–[26].
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Highlighted by delivering messages of different types to
multiple users, rate splitting (RS) techniques have gained a lot
of attention recently [27]–[30]. For the two-user interference
channels, it has been shown that RS can achieve the allowed
largest capacity region [31]. For multi-cell networks, the
maximum achievable rate has been significantly improved by
applying RS [32]. Based on imperfect CSI at the transmitter
(CSIT), the optimized common message precoder has been
investigated for multiple input single output (MISO) channels
[33]. Moreover, the optimized RS precoder has been studied
under imperfect CSIT for multiuser MISO systems with mas-
sive transmit antennas deployments [34]. For non-orthogonal
unicast and multicast channels, it has been shown that RS-
aided multiple access techniques provided a bridge between
NOMA and space-division multiple access (SDMA) [35]. In
[36], RS was applied to enhance the physical layer security
performance for NOMA-based full-duplex relay systems. In
[37], RS was applied to maximize the weighted sum rate
for a multiuser MISO system with wireless information and
power transfer [37]. It should be noted that RS can achieve
the capacity region of the MACs [38], [39], whereas most
of the above RS schemes were investigated for the BCs. For
uplink NOMA systems, the heuristic RS scheme was proposed
to achieve the same sum rate as that of the belief propagation
strategy [40], while the exhaustive searching based RS scheme
was proposed to maximize the minimum data rate [41].

B. Motivation

Being regarded as a practical way for achieving the capacity
region of the MACs [38], [39], RS and its applications for
delay-limited transmissions are still at infantry stages, e.g.,
the RS applications in uplink NOMA [40]–[42]. It has been
shown that the RS schemes with the heuristic and exhaustive
searching strategies involved huge computational complexity
[40], [41]. Without considering the channel gain disparity and
user fairness, one way for reducing user pairing complexity
is to pair only two users in each group [42]. In delay-limited
transmissions, the targeted data rates and transmit power allo-
cation are crucial to maintain user fairness and improve outage
performance [1]. Moreover, several practical restrictions exist
in the uplink NOMA, including high peak-to-average power
ratio (PAPR) [43] and imperfect synchronization [44], [45]. A
promising waveform solution for avoiding the high PAPR and
strict synchronization requirements is cyclic prefixed single
carrier (CP-SC) transmission, which is robust to not only phase
noise but also carrier frequency offset in frequency-selective
fading channels [46], [47]. Employing either null CP or block-
wise data CP, CP-SC was applied for massive multiple-input
multiple-output (MIMO) communications and millimeter wave
communications [48], [49]. Nevertheless, CP-SC and CP-SC-
based RS have not yet been applied for the uplink NOMA.

In this paper, RS is applied as an effective way to achieve
user fairness and improve outage performance for an up-
link NOMA system in delay-limited transmissions. Based on
achievable rate region analysis, the transmit power allocation,
targeted data rates allocation, and the SIC decoding order
are investigated. Meanwhile, CP-SC is adopted as a practical

transmission waveform for uplink NOMA taking into account
frequency-selective fading channels.

C. Our Contributions

The main contributions of this paper are summarized as
follows:

• CP-SC transmission is applied for uplink NOMA over
frequency selective fading channels. At the BS, the super-
imposed multi-user signals are detected using frequency-
domain equalization (FDE) and the impact of synchro-
nization errors on SIC processing can be effectively
eliminated using phase compensation.

• Fixed RS (FRS) and cognitive RS (CRS) schemes are
proposed to enhance the user fairness and outage perfor-
mance for uplink NOMA in delay-limited transmissions.
Fixed power allocation and cognitive power allocation
are proposed for the FRS and CRS schemes, respectively.
Based on the achievable rate region analysis, the benefits
of applying RS for improving user fairness and outage
performance are revealed. A modified Jain’s index is
proposed to measure the user fairness for the considered
delay-limited transmissions.

• Closed-form expressions are derived for the outage prob-
abilities of both users when the FRS and CRS schemes
are deployed, respectively. Asymptotic outage probability
expressions are derived for the FRS and CRS schemes,
respectively. The impacts of the targeted data rates al-
location and transmit power allocation on the outage
performance of the considered system are revealed. The
enhanced user fairness and superior outage performance
achieved by the proposed FRS and CRS schemes are
corroborated by Monte Carlo simulation results.

The remainder of this paper is organized as follows: Section
II presents the system model of the uplink NOMA; In Section
III, the FRS schemes are proposed to realize RS at the near
and far users, respectively, and the user fairness and outage
performance analysis are presented; In Section IV, the CRS
schemes are proposed to realize RS at the near and far users,
respectively; In Section V, simulation results are presented for
corroborating the superior outage performance of the FRS and
CRS schemes and Section VI summarizes this work.

Notation: Matrices and vectors are denoted by upper- and
lower-case boldface letters, respectively. x ∼ CN (µ, σ2)
denotes that x follows the complex Gaussian distribution
with mean µ and variance σ2. fφ(·) and Fφ(·) denote the
probability density function (PDF) and cumulative distribution
function (CDF) of the random variable (RV) φ, respectively.
IN is the N ×N identity matrix.

II. SYSTEM MODEL

We assume a conventional uplink NOMA scenario, where
a near user U1 and a far user U2 are paired to share the
same time-frequency resource block. For frequency-selective
fading channels, we use hi to denote the small-scale fading
channel from Ui to the BS with i = 1 and 2 and assume
hi ∼ CN (0, INi), where Ni is the length of hi [50],
[51]. In addition, the path-loss associated with hi is denoted
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Power

CP 1st symbol block

CP 1st symbol block
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CP 2nd symbol block
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N

Fig. 1. Illustration of the arrived signals at the BS with a time offset.

by Li. The transmitted symbol block of Ui is denoted by
xi ∼ CN (0, IN ), where N is the number of the symbols in
each symbol block. To prevent inter-block symbol interference
(IBSI), the CP comprising of Nc last symbol of xi is appended
to the front of xi with Nc satisfying Nc > max(N1, N2).

In uplink NOMA systems, the signals transmitted by the
users are naturally superimposed at the BS in the power-
domain. Due to synchronization timing errors and coordination
time errors [44], [45], perfect synchronization in the uplink
NOMA can hardly be achieved. Moreover, radio propagations
from the randomly located users to the BS have unequal
propagation times. Consequently, the signals transmitted from
different users arrive at the BS having a high probability to be
misaligned for SIC. Without loss of generality, we assume that
the far user’s signal always arrives at the BS after the arrival of
the near user’s signal with a relative time offset m (m < Nc),
as depicted in Fig. 1. At the BS, the near user’s signal is first
detected by treating the far user’s signal as noise. Then, SIC is
performed for detecting the far user’s signal. Before detecting
the near user’s signal, the CP-related components are removed
from the received signal with the remained signal given by
[50], [51]

y =
√
P1L1H1x1 +

√
P2L2ΠmH2x2 + z, (1)

where Pi is the transmit power of Ui, Hi is the N × N
right circulant matrix specified by hi, Πm denotes the N×N
orthogonal permutation matrix obtained by circularly shifting
down IN by m rows, and z ∼ CN (0, σ2IN ) is the additive
white Gaussian noise (AWGN) at the BS. With the received
signal y, FDE is applied for detecting the near user’s signal.
Denoting the N ×N discrete Fourier transform (DFT) matrix
by F , whose (p, q)th entry is given by 1√

N
e−j2πpq/N , the

converted frequency-domain signal can be expressed as

ỹ = Fy =
√

P̄1H̃1Fx1 +
√

P̄2QH̃2Fx2 + Fz, (2)

where P̄i , PiLi, H̃i = diag
{
DFT(hi)

}
is the channel

frequency response matrix and Q is an N×N diagonal matrix
with its (n, n)th entry given by ej2πm(n−1)/N . Then, FDE is
performed with the resulted estimate of x1 given by

x̂1 = FHH̃−1
1 ỹ

=
√

P̄1x1+
√

P̄2F
HH̃−1

1 QH̃2Fx2+FHH̃−1
1 Fz.

(3)
Based on (2) and (3), the received signal-to-interference-plus-
noise ratio (SINR) for detecting x1 can be derived as [50],

[51]

γ1 =
P̄1||h1||2

P̄2||h2||2 + σ2
=

ρ||h1||2

ερ||h2||2 + 1
, (4)

where ρ = P̄1/σ
2 is the equivalent SNR measured for U1

and ε = P2L2

P1L1
is a constant reflecting the large-scale fading

disparity between two users. After recovering x1 from x̂1, the
reconstructed frequency-domain signal is subtracted from (2)
with its form given by

ŷ =
√
P̄2QH̃2Fx2 + Fz. (5)

With the aid of the phase compensation Q−1 and FDE, the
estimate of x2 is obtained as

x̂2 = FHH̃−1
2 Q−1ŷ =

√
P̄2x2 + FHH̃−1

2 Q−1Fz. (6)

Based on (6), the received SNR for detecting x2 can be derived
as

γ2 =
P̄2||h2||2

σ2
= ερ||h2||2. (7)

For U1 and U2, the achievable rates are given by RNOMA
1 =

log2(1+γ1) and RNOMA
2 = log2(1+γ2), respectively. For Ui,

we denote its targeted transmit rate by R̂i. Then, the required
SINR/SNR threshold for achieving R̂i can be expressed as
γ̂i = 2R̂i − 1. In the detection of x1, an outage event occurs
when γ1 < γ̂1. In the detection of x2, the outage events
include two cases: 1) γ1 < γ̂1; 2) (γ1 ≥ γ̂1)∩(γ2 < γ̂2). Then,
the analytical expressions for the outage probabilities of U1

and U2, Pout,1 and Pout,2, can be expressed as (11) and (12) of
[1], respectively. It has also been shown that asymptotic outage
probabilities U1 and U2 are the same [1]. Based on the derived
outage probability expressions, the average throughputs of
U1 and U2 can be expressed as R̄1 = (1 − Pout,1)R̂1 and
R̄2 = (1− Pout,2)R̂2, respectively.

III. FRS SCHEME

For the MAC with two users, it has been shown that
only a single user’s signal needs to be split to achieve the
capacity region [38], [39]. Motivated by this, we propose two
FRS schemes, namely, the FRS-N and FRS-F schemes, which
deploy RS at the near and far users, respectively, with the aim
of enhancing the user fairness and outage performance.

A. FRS-N Scheme

In the FRS-N scheme, only x1 is split into two data streams
x11 and x12, respectively, which correspond to two virtual
users U11 and U12, respectively. Then, the received frequency-
domain signal at the BS can be written as

ỹ =
√
αP̄1H̃1Fx11 +

√
(1− α)P̄1H̃1Fx12

+
√
P̄2QH̃2Fx2 + Fz,

(8)

where α is the power allocation factor. In addition, the targeted
data rates for transmitting x11 and x12 are set by R̂11 = βR̂1

and R̂12 = (1 − β)R̂1, respectively, where 0 < β < 1 is the
targeted data rate factor.
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Fig. 2. The achievable rate regions of NOMA, NOMA with RS, and OMA
with optimal DoF allocation for a single channel realization. For the curves
of asymmetric channels, we have ρ = 15 dB, ε = −4 dB, ||h1||2 = 0.333,
and ||h2||2 = 0.364. For the curves of symmetric channels, we have ρ = 9
dB, ε = 0 dB, and ||h1||2 = ||h2||2 = 0.333. For NOMA with RS, we use
a fixed value of α = 0.95.

At the BS, SIC is applied for detecting x11, x12, and
x2, respectively. By using α and 1 − α interchangeably in
(8), all the possible decoding orders of SIC can be classified
into three equivalent cases, i.e., 1) x11 → x12 → x2, 2)
x2 → x11 → x12, and 3) x11 → x2 → x12. Irrespective
of these decoding orders, the achievable rates obtained by the
FRS-N scheme for U1 and U2 are given by C(γN

11) + C(γN
12)

and C(γN
2 ), respectively, where C(γ) , log2(1 + γ) denotes

the achievable rate and γN
11, γN

12, and γN
2 denote the received

SINR/SNR for detecting x11, x12, and x2, respectively, which
can be obtained following a similar procedure as those for (4)
and (7) [50], [51]. To determine a suitable decoding order
for the FRS-N scheme, an example of the achievable rate
region comparison is presented in Fig. 2 for OMA, NOMA,
and NOMA with RS schemes. As shown in Fig. 2, the corner
points A and B are achieved by the conventional NOMA with
SIC, while any rate pairs on the line segments between the
corner points can be achieved via a time sharing or RS strategy
[38], [39]. When the decoding order x11 → x12 → x2 is
applied in the FRS-N scheme, it achieves the point A as that
of the conventional NOMA with the decoding order x1 → x2

due to C(γN
11) + C(γN

11) = C(γ1) and C(γN
2 ) = C(γ2). Also, it

can be shown that the FRS-N scheme with the decoding order
x2 → x11 → x12 can only achieve the point B as that of the
conventional NOMA with the decoding order x2 → x1. On
the other hand, when the decoding order x11 → x2 → x12 is
applied, the FRS-N scheme can achieve any points between
A and B on the achievable rate region boundary. Therefore,
the decoding order x11 → x2 → x12 is applied in the FRS-N
scheme.

With the aid of FDE, the estimate of x11 is given by

x̂11 =FHH̃−1
1 ỹ

=
√

αP̄1x11 +
√

(1− α)P̄1x12

+
√
P̄2F

HH̃−1
1 QH̃2Fx2 + FHH̃−1

1 Fz.

(9)

Based on (9), the received SINR for detecting x11 can be
derived as

γN
11 =

αρ||h1||2

(1− α)ρ||h1||2 + ερ||h2||2 + 1
. (10)

After recovering x11 and subtracting its reconstructed version
from (8), the remainded signal for detecting x2 and x12 can
be generated as

ŷ =
√
P̄2QH̃2Fx2 +

√
(1− α)P̄1H̃1Fx12 + Fz. (11)

Based on (11), applying the phase compensation Q−1, FDE,
and inverse DFT, the estimate of x2 is given by

x̂2 =
√

P̄2x2 +
√

(1− α)P̄1F
HH̃−1

2 Q−1H̃1Fx12

+FHH̃−1
2 Q−1Fz. (12)

At the final stage of SIC, the estimate of x12 can be expressed
as

x̂12 =
√
(1− α)P̄1x12 + FHH̃−1

1 Fz. (13)

Based on (12) and (13), the received SINR and SNR for
detecting x2 and x12 can be derived as

γN
2 =

ερ||h2||2

(1− α)ρ||h1||2 + 1
(14)

and

γN
12 = (1− α)ρ||h1||2, (15)

respectively. Considering the symmetry between U1 and U2 in
the uplink NOMA, the FRS-F scheme is also briefly described
in the next subsection.

B. FRS-F Scheme

In the FRS-F scheme, x2 is split into two sub-symbol blocks
x21 and x22, respectively. Then, the received frequency-
domain signal at the BS can be written as

ỹ =
√

P̄1H̃1Fx1 +
√

αP̄2QH̃2Fx21

+
√

(1− α)P̄2QH̃2Fx22 + Fz. (16)

In the FRS-F scheme, the targeted data rates for transmitting
x21 and x22 are set by R̂21 = βR̂2 and R̂22 = (1 − β)R̂2,
respectively. Similar to the decoding order chosen for the FRS-
N scheme, the decoding order x21 → x1 → x22 is applied in
the FRS-F scheme. Accordingly, the received SINR/SNR for
detecting x21, x1, and x22 can be derived as

γF
21 =

αερ||h2||2

ρ||h1||2 + (1− α)ερ||h2||2 + 1
, (17)

γF
1 =

ρ||h1||2

(1− α)ερ||h2||2 + 1
, (18)

and

γF
22 = (1− α)ερ||h2||2, (19)

respectively. Then, the achievable rates obtained by the FRS-
F scheme with the decoding order x21 → x1 → x22 for
U1 and U2 can be expressed as RFRS−F

1 = log2(1 + γF
1 ) and

RFRS−F

2 = log2(1 + γF
21) + log2(1 + γF

22), respectively.
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C. Achievable Rate Region and Fairness Analysis

With the optimal degrees of freedom (DoF) allocation,
OMA can achieve the same sum rate as that of NOMA [39],
[52]. As shown in Fig. 2, the optimal point E that maximizes
the sum rate for OMA lies on the achievable rate region
boundary of NOMA. Since the achievable rate region of OMA
is a subset of that of NOMA, NOMA always outperforms
OMA on the user fairness and spectral efficiency.

Corresponding to the corner point A achieved by NOMA
over asymmetric channels in Fig. 2, any targeted rate pair(
R̂1, R̂2

)
lies in the rectangle with the vertices {O, A’, A, A”}

can be satisfied by applying NOMA, i.e., the rectangle with
the vertices {O, A’, A, A”} is the non-outage zone achieved
by NOMA with the decoding order x1 → x2. Similarly,
the rectangle with the vertices {O, B’, B, B”} is the non-
outage zone achieved by NOMA with the decoding order
x2 → x1. Compared to the non-outage zones determined
by the corner points A and B, respectively, the non-outage
zone achieved by the FRS-N scheme via adjusting α is the
zone with the vertices {O, B’, B, A, A”}, which includes the
rectangles {O, A’, A, A”} and {O, B’, B, B”} as the subsets,
respectively. Consequently, the FRS-N scheme can achieve a
better outage performance than those achieved by the NOMA
schemes corresponding to the corner points A and B.

In the sense of Jain’s index for measuring the user fairness,
it has been shown that the corner points achieved by NOMA
with SIC is fairer than OMA with the optimal DoF allocation
when the channel disparity satisfies (11) of [9]. As per the
asymmetric channels in Fig. 2, the corner point A achieved
by NOMA is fairer than the optimal point E achieved by
OMA. Nevertheless, we can apply the FRS-N scheme with
the decoding order x11 → x2 → x12 to achieve the corner
point C, which is fairer than the point A. For the symmetric
channels, even the optimal point E achieved by OMA is fairer
than the corner points A and B achieved by NOMA, we can
adjust α for the FRS scheme such that the points C and D
move to the position of the point E. Besides, the points C and
D can be coincident with the points A and B, respectively,
by setting α = 1. Thus, the FRS scheme always outperforms
NOMA with SIC on the user fairness.

Unfortunately, the commonly adopted Jain’s index is defined
in terms of the achievable rates per channel use, while each
user in the delay-limited transmission mode transmits at a
fixed transmit rate corresponding to its QoS requirement.
Considering that the fairness in delay-limited transmissions
is affected by not only the users’ QoS requirements, but also
the average throughputs, we propose a modified Jain’s index
in the form of

J ,
(∑K

k=1 R̄k

)2
K

∑K
k=1 R̂

2
k

=

(∑K
k=1(1− Pout,k)R̂k

)2

K
∑K

k=1 R̂
2
k

, (20)

where K is the number of total users in the considered
system. According to (20), a scheme with a higher J is
fairer and the allowed maximum value J = 1 is achieved
only when all users have the same targeted transmit rate and
experience non-outage events during the whole transmission
periods. Moreover, J < 1 is strictly satisfied either Pout,k > 0

or R̂k ̸= R̂ℓ, ∀k ̸= ℓ. To eliminate the impact of different
QoS requirements on the modified Jain’s index, we can further
express it in a normalized way as

J , 1

Q

(∑K
k=1 R̄k

)2
K

∑K
k=1 R̂

2
k

=

(∑K
k=1(1− Pout,k)R̂k

)2

(∑K
k=1 R̂k

)2 , (21)

where Q =
(∑K

k=1 R̂k

)2
/
(
K

∑K
k=1 R̂

2
k

)
is the normalization

factor. Consequently, when all users experience Pout,k = 0,
∀k, the modified Jain’s index arrives J = 1 and the QoS-
required fairness is achieved.

For the considered two-user case, the modified Jain’s index
can be expressed as

J =

(
(1− Pout,1)R̂1 + (1− Pout,2)R̂2

)2(
R̂1 + R̂2

)2 . (22)

By given QoS requirements R̂1 and R̂2, an increasing outage
probability Pout,1 (or Pout,2) always results in a decreasing
modified Jain’s index, which corresponds to a worse fairness,
and vice verse. For the special case of R̂1 = R̂2, the modified
Jain’s index can be simplified as

J =
(2− Pout,1 − Pout,2)

2

4
(23)

and the ideal fairness J = 1 is achieved when Pout,1 =
Pout,2 = 0. Since the FRS scheme achieves a better outage
performance than NOMA due to the enlarged non-outage zone,
the fairness obtained by the FRS scheme can be also enhanced
over that of NOMA according to the modified Jain’s index.

D. Outage Performance Analysis

In this section, the outage probabilities of U1 and U2

achieved by the FRS-N and FRS-F schemes are analyzed,
respectively. For the virtual users U11 and U12

(
U21 and U22

)
,

the required SINR/SNR threshold for achieving R̂j can be
expressed as γ̂j = 2R̂j − 1 with j ∈ {11, 12, 21, 22}.

According to Fig. 2, any targeted rate pair (R̂1, R̂2) lies
out of the rectangular, whose left-down and right-up corners
are the origin and point C, respectively, corresponds to an
outage event. Therefore, the non-outage zone achieved by the
FRS-N scheme for a channel realization is strictly restricted
in this rectangular. However, even if (R̂1, R̂2) lies in this
rectangular, an outage event may still happen. For example,
if either C(γN

11) < R̂11, C(γN
2 ) < R̂2, or C(γN

12) < R̂12

happens, an outage event occurs for U1. Accordingly, the
outage events of U1 can be classified into three cases: 1)
C(γN

11) < R̂11; 2) (C(γN
11) ≥ R̂11) ∩ (C(γN

2 ) < R̂2); and
3) (C(γN

11) ≥ R̂11) ∩ (C(γN
2 ) ≥ R̂2) ∩ (C(γN

12) < R̂21). Then,
the outage probability of U1 can be expressed as

Pout,1 = Pr
{
γN
11 < γ̂11

}
+ Pr

{
(γN

11 ≥ γ̂11) ∩ (γN
2 < γ̂2)

}
+Pr

{
(γN

11 ≥ γ̂11)∩(γN
2 ≥ γ̂2)∩(γN

12 < γ̂21)
}
. (24)

As such, the outage probability of U2 achieved by the FRS-N
scheme can be written as

Pout,2 = Pr
{
γN
11<γ̂11}+Pr{(γN

11 ≥ γ̂11)∩(γN
2 < γ̂2)

}
. (25)
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Theorem 1. For the FRS-N scheme, the outage probabilities
of U1 and U2 are given by Pout,1 = 1− I1 + I2 and Pout,2 =
1− I3 + I4, respectively, where

I1 , e
− γ̂2

ερ

Γ(N1)

N2−1∑
n=0

n∑
k=0

(1− α)kρk

n!

(
γ̂2
ερ

)n(
n

k

)
×
(
1+ γ̂2(1−α)

ε

)−N1−k

Γ

(
N1+k, τ

ρ

(
1+ γ̂2(1−α)

ε

))
, (26)

I2 , e
− 1

ερ

Γ(N1)

N2−1∑
n=0

n∑
k=0

(−1)n−k

εnτk2 n!

(
n

k

)(
1 + 1

ετ2

)−N1−k

×Γ

(
N1 + k, τ

ρ

(
1 + 1

ετ2

))
, (27)

I3 , e
− γ̂2

ερ

Γ(N1)

N2−1∑
n=0

n∑
k=0

(1− α)kρk

n!

(
γ̂2
ερ

)n(
n

k

)
×
(
1+ γ̂2(1−α)

ε

)−N1−k

Γ

(
N1+k, τ2

ρ

(
1+ γ̂2(1−α)

ε

))
,(28)

and

I4 , e
− 1

ερ

Γ(N1)

N2−1∑
n=0

n∑
k=0

(−1)n−k

εnτk2 n!

(
n

k

)(
1+ 1

ετ2

)−N1−k

×Γ

(
N1+k, τ2

ρ

(
1+ 1

ετ2

))
(29)

with τ , max{τ1, τ2, τ3}, τ1 , γ̂12

1−α , τ2 , γ̂11

α−(1−α)γ̂11
, and

τ3 , (1+γ̂2)γ̂11

α−(1−α)(1+γ̂2)γ̂11
.

Proof: See Appendix A.
It is worthy pointing out that the expressions in Theorem

1 exist only when α > γ̂11

1+γ̂11
, whereas Pout,1 = Pout,2 = 1

when α ≤ γ̂11

1+γ̂11
. The results in Theorem 1 characterize the

outage probabilities of U1 and U2 in terms of the transmit
SNR, power allocation factor, targeted data rates, and CSI
statistics, which can be easily evaluated by computer com-
putation. However, the effects of the system parameters on
the outage performance cannot be explicitly extracted from
Pout,1 and Pout,2 due to their complicated forms. In the
following, asymptotic outage probability and corresponding
system parameters choosing are presented.

Proposition 1. As ρ → ∞, asymptotic outage probabilities
of U1 and U2 achieved by the FRS-N scheme are the same,
which is given by P∞

out = 1− I5 + I6, where

I5 , 1

Γ(N1)

N2−1∑
n=0

1

n!

(
(1−α)γ̂2

ε

)n(
1 + (1−α)γ̂2

ε

)−N1−n

× Γ(N1 + n)

(30)

and

I6 , 1

Γ(N1)

N2−1∑
n=0

(ετ2)
−n

n!

(
1 + 1

ετ2

)−N1−n

Γ(N1 + n). (31)

Proof: As ρ → ∞, both Pout,1 and Pout,2 approach
P∞
out = 1−Pr

{
(γN

11≥ γ̂11)∩(γN
2 ≥ γ̂2)

}
. Using the high SNR

approximation γN
11 ≈ αg1

(1−α)g1+εg2
and γN

2 ≈ εg2
(1−α)g1

, we have

P∞
out = 1− Pr

{
εγ̂11g2

α−(1−α)γ̂11
≤ g1 ≤ εg2

(1−α)γ̂2

}
, which can be

derived as P∞
out = 1 − I5 + I6 with I5 and I6 given by (30)

and (31), respectively.
The results in Proposition 1 show that the outage probabil-

ities of U1 and U2 encounter the same floor in the high SNR
region, which is resulted by the limited detecting performance
for x11 and x2 in SIC. Moreover, the above expressions
are still too complicated for extracting the optimal system
parameters. For simplicity, we set N2 = 1 for P∞

out, i.e., flat
fading channels. Then, it can be shown that P∞

out decreases
monotonically with increasing α and increases monotonically
with increasing R̂11 (or β). Thus, to achieve a small value for
P∞
out, a large α and a small β are suggested for the FRS-N

scheme. Since γN
2 increases monotonically with increasing α,

Pout,2 can be decreased with a large α. However, a large α
results in the decreased γN

12, which indicates that a small α is
also needed to guarantee a small value for Pout,2 in the low
and middle SNR regions. Therefore, a relative large α should
be chosen for the FRS-N scheme considering the user fairness
in the whole SNR region.

For the FRS-F scheme, the outage probabilities of U1 and
U2 can be expressed as

Pout,1 = Pr
{
γF
21<γ̂21

}
+ Pr

{
(γF

21 ≥ γ̂21)∩(γF
1 < γ̂1)

}
(32)

and

Pout,2 = Pr
{
γF
21 < γ̂21

}
+ Pr

{
(γF

21 ≥ γ̂21) ∩ (γF
1 < γ̂1)

}
+Pr

{
(γF

21 ≥ γ̂21)∩(γF
1 ≥ γ̂1)∩(γF

22 < γ̂22)
}
, (33)

respectively.

Theorem 2. For the FRS-F scheme, the outage probabilities
of U1 and U2 are given by Pout,1 = 1− Ĩ1 + Ĩ2 and Pout,2 =

1− Ĩ3 + Ĩ4, respectively, where

Ĩ1 , e
− γ̂1

ρ

Γ(N2)

N1−1∑
n=0

n∑
k=0

γ̂n
1 ε

k(1− α)k

ρn−kn!

(
n

k

)
×
(
1 + εγ̂1(1− α)

)−N2−k

×Γ
(
N2 + k, τ̃3

ρ

(
1 + εγ̂1(1− α)

))
, (34)

Ĩ2 , e
1
ρ

Γ(N2)

N1−1∑
n=0

n∑
k=0

(−1)n−k

ρn−k τ̃k2 n!

(
n

k

)(
1 + 1

τ̃2

)−N2−k

× Γ

(
N2 + k, τ̃3

ρ

(
1 + 1

τ̃2

))
,

(35)

Ĩ3 , e
− γ̂1

ρ

Γ(N2)

N1−1∑
n=0

n∑
k=0

γ̂n
1 ε

k(1− α)k

ρn−kn!

(
n

k

)
× (1 + εγ̂1(1− α))−N2−k

× Γ
(
N2 + k, τ̃

ρ

(
1 + εγ̂1(1− α)

))
,

(36)
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and

Ĩ4 , e
1
ρ

Γ(N2)

N1−1∑
n=0

n∑
k=0

(−1)n−k

ρn−k τ̃k2 n!

(
n

k

)(
1 + 1

τ̃2

)−N2−k

×Γ

(
N2 + k, τ̃

ρ

(
1 + 1

τ̃2

))
(37)

with τ̃ , max{τ̃1, τ̃2, τ̃3}, τ̃1 , γ̂22

ε(1−α) , τ̃2 , γ̂21

ε(α−(1−α)γ̂21)
,

and τ̃3 , (1+γ̂1)γ̂21

ε(α−(1−α)(1+γ̂1)γ̂21)
.

Considering the symmetry between the FRS-F and FRS-N
schemes, a proof for Theorem 2 can be derived in a similar
way as that of Theorem 1, so that it is omitted here. Note that
Pout,1 = Pout,2 = 1 when α ≤ γ̂21

1+γ̂21
and the expressions in

Theorem 2 exist only when α > γ̂21

1+γ̂21
.

Proposition 2. As ρ → ∞, asymptotic outage probabilities
of U1 and U2 achieved by the FRS-F scheme are the same,
which is given by P∞

out = 1− Ĩ5 + Ĩ6, where

Ĩ5 , 1

Γ(N2)

N1−1∑
n=0

(εγ̂1(1− α))nΓ(N2 + n)

(1 + εγ̂1(1− α))N2+nn!
(38)

and

Ĩ6 , 1

Γ(N2)

N1−1∑
n=0

τ̃−n
2 Γ(N1 + n)

(1 + 1/τ̃2)N2+nn!
. (39)

Proof: As ρ → ∞, both Pout,1 and Pout,2 approach
P∞
out = 1 − Pr

{
(γF

21 ≥ γ̂21)∩(γF
1 ≥ γ̂1)

}
. Using the high

SNR approximation γF
21 ≈ αεg2

g1+(1−α)εg2
and γF

1 ≈ g1
(1−α)εg2

,
we have P∞

out = 1− Pr{εγ̂1g2(1− α) ≤ g1 ≤ g2/τ̃2}, which
can be derived as P∞

out = 1− Ĩ5 + Ĩ6 with Ĩ5 and Ĩ6 given by
(38) and (39), respectively.

The results in Proposition 2 show that Pout,1 and Pout,2

approach the same floor in the high SNR region. Similarly
to that of the FRS-N scheme, a large α and a small β are
suggested to achieve a small P∞

out for the FRS-F scheme. Also,
only a relative large α should be chosen for the FRS-N scheme
to guarantee the user fairness.

IV. CRS SCHEME

It has been show that the NOMA users can be treated as
the primary and secondary users in the sense of the underlay
cognitive radio [53]. Motivated by this, we propose the CRS-
N and CRS-F schemes for realizing RS at the near and
far users, respectively. Different from the FRS schemes, the
power allocation factors of the CRS schemes are dynamically
determined based on the instantaneous channel gains, whereas
the targeted data rates for the split data streams need to be
preseted due to the considered delay-limited transmissions.

A. CRS-N Scheme

In the CRS-N scheme, RS is employed at the near user
and x1 is split into x11 and x12, respectively. When the
decoding order x11 → x2 → x12 is applied, U11, U2, and
U12 can be treated as the primary, secondary, and tertiary
users, respectively. Obviously, an unsuccessful detection of
x11 or x2 results in an incorrect detection of x12, which in

turn results in an outage event for U1. Also, an unsuccessful
detection of x11 results in an outage event for U2. Thus, the
power allocation factor is designed to satisfy the quality of
service (QoS) requirements of U11, U2, and U12 sequentially
according to the decoding order x11 → x2 → x12.

It can be shown that α satisfying the QoS requirement γN
11 ≥

γ̂11 is characterized by

α ∈ [α̂
N
, 1], subject to γ̂11 ≤ g1

1 + εg2
, (40)

where

α̂
N
=

γ̂11
1 + γ̂11

(
1 +

1

g1
+

εg2
g1

)
(41)

is the minimum value of α satisfying γN
11 ≥ γ̂11 and the

constraint γ̂11 ≤ g1
1+εg2

is applied to restrict 0 < α̂ ≤ 1. For
the QoS requirement γN

2 ≥ γ̂2, the qualified α is characterized
by

α ∈ [α̃
N
, 1], subject to γ̂2 ≤ εg2, (42)

where

α̃N = max

(
0, 1+

1

g1
− εg2
γ̂2g1

)
(43)

is the minimum value of α satisfying γN
2 ≥ γ̂2 and the

constraint γ̂2 ≤ εg2 is applied to restrict α̃ ≤ 1. Then, the
power allocation factor satisfying both γN

11 ≥ γ̂11 and γN
2 ≥ γ̂2

can be characterized by

α ∈
{

[max(α̂N, α̃N ), 1], γ̂11 ≤ g1
1+εg2

and γ̂2 ≤ εg2,

does not exist, otherwise.
(44)

Since that γN
12 decreases monotonically with increasing α, to

make the probability Pr{γN
12 ≥ γ̂12} as large as possible, the

power allocation factor needs to be minimized besides the
constraint (44). Thus, the cognitive power allocation factor
is given by

α =

{
max(α̂N , α̃N ), γ̂11 ≤ g1

1+εg2
and γ̂2 ≤ εg2,

does not exist, otherwise.
(45)

When γ̂11 ≤ g1
1+εg2

and γ̂2 ≤ εg2 occur, it can be shown
that both γN

11 ≥ γ̂11 and γN
2 ≥ γ̂2 are satisfied by using the

above power allocation. Therefore, the outage probabilities of
U1 and U2 can be expressed as

Pout,1 =1−Pr
{(

γ̂11 ≤ g1
1+εg2

)
∩(γ̂2 ≤ εg2)∩

(
α̂N ≥ α̃N

)
∩
(
γN
12(α̂N ) ≥ γ̂12

)}
−Pr

{(
γ̂11 ≤ g1

1+εg2

)
∩ (γ̂2 ≤ εg2)∩

(
α̂N < α̃N

)
∩
(
γN
12(α̃N ) ≥ γ̂12

)}
(46)

and

Pout,2 = 1− Pr
{(

γ̂11 ≤ g1
1+εg2

)
∩ (γ̂N

2 ≤ εg2)
}
, (47)

respectively.
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Theorem 3. For the CRS-N scheme, the outage probabilities
of U1 and U2 are given by

Pout,1 = 1− e−
γ̂11+γ̂12+γ̂11γ̂12

ρ

Γ(N2)

N1−1∑
n=0

n∑
k=0

(εγ̂11)
k

n!

(
n

k

)

×
(
γ̂11 + γ̂12 + γ̂11γ̂12

ρ

)n−k(
1 + εγ̂11

)−N2−k

× Γ
(
N2 + k, γ̂2(1+γ̂12)(1+εγ̂11)

ερ

)
(48)

and

Pout,2 = 1− e−
γ̂11
ρ

Γ(N2)

N1−1∑
n=0

n∑
k=0

εkγ̂n
11

ρn−kn!

(
n

k

)
×
(
1 + εγ̂11

)−N2−k

Γ
(
N2 + k, γ̂2(1+εγ̂11)

ερ

)
, (49)

respectively.

Proof: See Appendix B.

Proposition 3. As ρ → ∞, asymptotic outage probabilities
of U1 and U2 achieved by the CRS-N scheme are the same,
which is given by

P∞
out = 1− 1

Γ(N2)

N1−1∑
n=0

(εγ̂11)
nΓ(N2 + n)

(1 + εγ̂11)N2+nn!
(50)

Proof: As ρ → ∞, we have an asymptotic expression
γ̂11 ≤ g1

εg2
for γ̂11 ≤ g1

1+εg2
and Pr

{
γN
12 ≥ γ̂12

}
= 1.

Substituting them in (46) and (47), we have Pout,1 = Pout,2 =
1−Pr

{
g1 ≥ εγ̂11g2

}
as ρ → ∞, which can be readily derived

as (50).
Following a similar procedure as that of the FRS-N scheme,

it can be shown that P∞
out decreases monotonically with

decreasing γ̂11 (or β). Thus, a small γ̂11 is suggested for the
CRS-N scheme, whereas the allowed minimum γ̂11 should be
determined considering the practical modulation and coding
schemes.

B. CRS-F Scheme

In the CRS-F scheme, RS is employed at U2 and x2 is split
into x21 and x22, respectively. At the BS, the decoding order
x21 → x1 → x22 is applied. Regarding the decoding order,
the power allocation factor is implemented to satisfy the QoS
requirements γF

21 ≥ γ̂21, γF
1 ≥ γ̂1, and γF

22 ≥ γ̂22, sequentially.
Following a similar procedure as that of the CRS-N scheme,

the power allocation factor of the CRS-F scheme can be
derived as

α =

{
max(α̂

F
, α̃

F
), γ̂21 ≤ εg2

1+g1
and γ̂1 ≤ g1,

does not exist, otherwise,
(51)

where

α̂
F
=

γ̂21
1 + γ̂21

(
1 +

1 + g1
εg2

)
(52)

and

α̃F = max

(
0, 1− g1 − γ̂1

εγ̂1g2

)
. (53)

Considering the above power allocation and decoding order
x21 → x1 → x22, the outage probabilities of U1 and U2

achieved by the CRS-F scheme can be expressed as

Pout,1 = 1− Pr
{(

γ̂21 ≤ εg2
1+g1

)
∩ (γ̂1 ≤ g1)

}
(54)

and

Pout,2 = 1−Pr
{(

γ̂21 ≤ εg2
1+g1

)
∩(γ̂1 ≤ g1)∩

(
α̂

F
≥ α̃

F

)
∩
(
γF
22(α̂F

) ≥ γ̂22
)}

−Pr
{(

γ̂21 ≤ εg2
1+g1

)
∩(γ̂1 ≤ g1)∩

(
α̂F < α̃F

)
∩
(
γF
22(α̂F ) ≥ γ̂22

)}
, p(55)

respectively.

Theorem 4. For the CRS-F scheme, the outage probabilities
of U1 and U2 are given by

Pout,1 = 1− e−
γ̂21
ερ

Γ(N1)

N2−1∑
n=0

n∑
k=0

εN1+kρk

n!

(
γ̂21
ερ

)n(
n

k

)
×(ε+γ̂21)

−N1−kΓ

(
N1+k, γ̂1

ρ

(
1+ γ̂21

ε

))
(56)

and

Pout,2 = 1− e−
γ̂21+γ̂22+γ̂21γ̂22

ερ

Γ(N1)

N2−1∑
n=0

n∑
k=0

εN1+kρk

n!

(
γ̂21
ερ

)n

×
(
n

k

)(
γ̂21+γ̂22+γ̂21γ̂22

γ̂21

)n−k

(ε+ γ̂21)
−N1−k

×Γ

(
N1 + k, γ̂1(1+γ̂22)

ρ

(
1 + γ̂21

ε

))
, (57)

respectively.

Proof: A proof for Theorem 4 is similar to that of
Theorem 3 and omitted here to save space.

Proposition 4. As ρ → ∞, asymptotic outage probabilities
of U1 and U2 achieved by the CRS-F scheme are the same,
which is given by

P∞
out = 1− 1

Γ(N1)

N2−1∑
n=0

Γ(N1 + n)

n!

(
γ̂21
ε

)n(
1+

γ̂21
ε

)−N2−n

. (58)

Proof: As ρ → ∞, we have an asymptotic expression
γ̂21 ≤ εg2

g1
for γ̂21 ≤ εg2

g1
. In addition, we have Pr

{
γ̂1 ≤

g1
}
= 1 and Pr

{
γF
22 ≥ γ̂22

}
= 1, so that Pout,1 = Pout,2 =

P∞
out = 1 − Pr

{
g2 ≥ γ̂21g1/ε

}
as ρ → ∞. With the aid of

the PDF and CDF of Fgi , P
∞
out can be derived as (58).

As such, it can be shown that P∞
out decreases monotonically

with decreasing γ̂21 and a small β is suggested for the CRS-F
scheme.

V. SIMULATION RESULTS

In this section, we present Monte Carlo simulation results
to verify the outage performance achieved by the proposed
RS schemes. In the simulation, we set B = 64 and Nc = 6
for the CP-SC transmission and apply ρ = P̄1/σ

2 denoting
the equivalent SNR. In all figures, the results achieved by
the conventional uplink NOMA with the SIC processing are
denoted by NOMA.
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Fig. 3. Outage probability versus SNR.
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In Fig. 3, the outage probability versus SNR is investigat-
ed. For the simulation corresponding to this figure, we set
N1 = N2 = 4, m = 4, R̂1 = R̂2 = 1.0 bps/Hz, and
ε = −3 dB. For the FRS-N and FRS-F schemes, we set
α = 0.9 and β = 0.1. The results in Fig. 3(a) and Fig. 3(b)
show that the proposed FRS and CRS schemes significantly
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Fig. 5. Outage probability versus RS factor (ρ = 10 dB).

decrease the outage probabilities for both U1 and U2 in the
middle and high SNR regions. Moreover, the results in Fig.
3(a) and Fig. 3(b) verify the correctness of the analytical
outage probability expressions for all the considered schemes.
In Fig. 3(a), the FRS-F scheme achieves the smaller outage
probability for U1 than that of the FRS-N scheme in the
considered whole SNR region. The reason is that less error
propagation is encountered for the detection of x1 when RS
is applied at the far user. Similarly, the CRS-F scheme achieves
the smaller outage probability than that of the CRS-N scheme
for U1 in the low SNR region. However, in the middle and high
SNR regions, the CRS-F scheme achieves the larger outage
probability than that of the CRS-N scheme due to the fact that
the outage probabilities in the middle and high SNR regions
are mainly determined by γN

12 and γF
1 for the CRS-N and CRS-

F schemes, respectively, and we always have γN
12 > γF

1 . It is
worthy pointing out that both the FRS-N and CRS-N schemes
achieve the larger outage probabilities for U1 than that of
the “NOMA” scheme in the low SNR region due to error
propagation in SIC processing. However, in the middle and
high SNR regions, both the FRS-N and CRS-N schemes can
decrease the outage probabilities significantly and the CRS-N
achieves the lowest outage probability among all the schemes.
Conclusively, to achieve the lowest outage probability for U1,
the CRS-F scheme should be applied in the low SNR region,
whereas the CRS-N scheme should be applied in the middle
and high SNR regions.

In Fig. 3(b), the results show that the FRS-N, CRS-N, and
CRS-F schemes achieve the smaller outage probabilities for U2

than that of “NOMA” in the considered whole SNR region.
Only the FRS-F scheme achieves the larger outage probability
for U2 than that of “NOMA” in the small SNR region due to
error propagation for the detection of x2 when RS is applied at
the far user. In contrast, when RS is applied at the near user,
the CRS-N scheme achieves the smallest outage probability
for U2 among all the schemes due to less error propagation
for the detection of x2 besides the PA in the cognitive way.
Therefore, to achieve the best outage performance for U2, the
CRS-N scheme should be applied in the considered whole
SNR region.
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Regading the system parameters of Fig. 3, the user fairness
versus SNR is investigated in Fig. 4. In this figure, it is
observed that the modified Jain’s index increases for all the
schemes with an increasing SNR. In the middle and high
SNR regions, all the FRS schemes outperform NOMA on
the modified Jain’s index. For FRS-N and CRS-N schemes,
the achieved modified Jain’s indices are smaller than that of
NOMA only in the low SNR region. For FRS-F and CRS-
F schemes, thpe achieved modified Jain’s indices are larger
than that of NOMA in the low SNR region. Only in the
middle SNR region, the modified Jain’s index achieved by
the FRS-F scheme is smaller than that of NOMA. Moreover,
in Fig. 4, it is illustrated that the CRS-F scheme achieves
the best fairness in the low SNR region, whereas the CRS-N
scheme attains the best fairness in the middle and high SNR
regions. Conclusively, the proposed FRS schemes achieve
better fairness than that of NOMA.

In Fig. 5, we investigate the impact of the RS factor on the
outage probabilities of all the RS schemes. In the simulation
corresponding to this figure, we set N1 = N2 = 4, m = 4,
R̂1 = 1.5 bps/Hz, R̂2 = 1.0 bps/Hz, ε = −3 dB, and ρ = 10
dB. For the FRS-N and FRS-F schemes, we also set α = 0.9.
Since a larger β results in the larger γ̂11 and γ̂21 for the
detections of x11 and x21, respectively, increasing β can be
regarded as increasing error propagation in SIC processing
equivalently. Note that the results for U2 is similar to that for
U1, we only plot the results for U1 in Fig. 5. In this figure,
the outage probabilities achieved by NOMA for U1 are larger
than 0.1 since NOMA cannot detect the desired signals under
the considered SNR ρ = 10 dB. In the small and middle β
regions, where the effect of error propagation is weak, all the
proposed RS schemes achieve the smaller outage probabilities
for U1, respectively. When RS is applied at the near user
U1, the results in Fig. 5 show that the outage probabilities
achieved by the FRS-N and CRS-N for U1 first decrease with
increasing β, which indicate that strong channel gain of the
near user can support the correct detection of x11; then, the
outage probabilities increase after β approaches a threshold
value, which indicates that error propagation dominates the
detection performance of SIC processing. When RS is applied
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Fig. 7. Outage probability and fairness versus R̂1 (fixed R̂2 = 1 bps/Hz).

at the far user U2, the outage probabilities achieved by the
FRS-F and CRS-F schemes always increase with increasing
β. Moreover, in the small β region, where the effect of error
propagation is weak, the FRS-F and CRS-F schemes achieve
the smaller outage probabilities for U1 than those of the FRS-
N and CRS-N schemes, respectively. However, in the middle
and large β regions, where γ̂11 and γ̂21 are relatively large,
the outage performance are mainly determined by whether x11

and x21 can be detected correctly. Consequently, the FRS-N
and CRS-N schemes achieve the smaller outage probabilities
than those of the FRS-F and CRS-F schemes, respectively, due
to the strong channel gain associated with U1. Moreover, all
the RS schemes cannot correctly detect the desired signals in
the high β region, where the corresponding target rates γ̂11 and
γ̂21 are too high to be satisfied. In summary, β should be set to
be a smaller value such that the effect of error propagation is
weak. In addition, we note that the CRS-F and CRS-N schemes
should be applied to achieve the lowest outage probabilities
for U1 and U2, respectively.

In Fig. 6, we investigate the impact of the power allocation
factor on the outage performance for the FRS-N and FRS-
F schemes, respectively, with the system parameters N1 =
N2 = 4, m = 4, R̂1 = 1.5 bps/Hz, R̂2 = 1.0 bps/Hz,
β = 0.1, and ρ = 10 dB. For the FRS-N and FRS-F schemes,
we increase α from 0.01 to 0.99. Recalling that the decoding
order x11 → x2 → x12 is applied in the FRS-N scheme,
increasing α always increases γN

11 and γN
2 , so that the detection

performance of x11 and x2 can be improved. Consequently,
the outage probability of U2 achieved by the FRS-N scheme
always decreases with increasing α. Although increasing α
increases γN

11 and γN
2 , the corresponding decreased γN

12 cannot
ensure the correct detection of x12 when α surpasses a thresh-
old value. Therefore, the outage probability of U1 achieved by
the FRS-N scheme first decreases with increasing α; then,
the outage probability increases with increasing α after α
approaches a threshold value. The similar phenomenon also
occurs for the FRS-F scheme, i.e., the outage probability of
U1 always decreases with increasing α due to the increased γF

21

and γF
1 considering that the decoding order x21 → x1 → x22

is applied in the FRS-F scheme. In contrast, the outage prob-
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ability of U2 achieved by the FRS-F scheme first decreases
with increasing α; then, it increases with increasing α after α
surpasses a threshold value. Therefore, when the FRS-F and
FRS-N schemes are applied, α should be chosen to guarantee
a desirable outage performance for both users. Moreover,
the curves in Fig. 6 show that the CRS-N scheme achieves
the smallest outage probabilities for U1 and U2 under the
considered system parameters. In addition, the CRS-F scheme
achieves the smaller outage probabilities for U1 and U2 than
those of “NOMA” , respectively. It is worthy pointing out that
the power allocation factors of the CRS-N and CRS-F schemes
are adaptively determined by (44) and (51), respectively, which
do not increases from 0.01 to 0.99 as that in the simulation
for the FRS-N and FRS-F scheme.

In Fig. 7, the impacts of targeted transmit rate on outage
probability and fairness are investigated with the system pa-
rameter N1 = N2 = 4, m = 4, ε = 3 dB, and ρ = 10
dB. Moreover, we set a fixed target rate R̂2 = 1 bps/Hz
and increase the target rate R̂1 from 0.2 bps/Hz to 5 bps/Hz.
Without loss of generality, only the outage probability of U1

is presented in Fig. 7(a), while and the modified Jain’s index
versus R̂1 is plotted in Fig. 7(b). According to the curves in
Fig. 7(a), the outage probability of U1 achieved by NOMA
increases quickly with increasing R̂1; after R̂1 surpasses a
threshold value, the outage probability of U1 reaches 1. For
U1, the results in Fig. 7(a) show that the outage probabilities
achieved by the FRS-F, FRS-N, and CRS-F schemes are
smaller than that of NOMA in the middle and high R̂1 regions,
respectively. Moreover, the CRS-N scheme always achieves
the smaller outage probability than that of NOMA in the
considered whole R̂1 region. However, the CRS-F achieves
the smaller outage probability than that of the CRS-N scheme
in the middle and high R̂1 regions.

The results in Fig. 7(b) show that the FRS-N, FRS-F, and
CRS-N schemes achieve the larger modified Jain’s indices than
that of NOMA in the middle and high R̂1 regions, respectively.
With increasing R̂1, the modified Jain’s indices achieved by
the FRS-N, CRS-F, and CRS-N schemes decrease accordingly.
In contrast, the modified Jain’s index achieved by the FRS-
F scheme first increases with an increasing R̂1. After R̂1

surpasses a threshold, the modified Jain’s index achieved by
the FRS-F scheme decreases with an increasing R̂1. Moreover,
the CRS-F scheme achieves the largest modified Jain’s index
almost in the considered whole R̂1 region. Thus, the proposed
RS scheme provides the better fairness over that of NOMA.

VI. CONCLUSIONS

In this paper, we have investigated the FRS and CRS
schemes for the uplink NOMA over frequency selective fading
channels. Employing fixed power allocation and cognitive
power allocation, both the FRS and CRS schemes have been
applied at the near and far user, respectively, which significant-
ly improve the outage performance and user fairness. Closed-
form expressions for the outage probabilities of both users
have been derived for the FRS and CRS schemes, respectively.
The benefits of applying RS to improve the user fairness and
outage performance have been revealed. It has been shown that

the CRS-N scheme achieves the best outage performance for
both users in the middle and high SNR regions. The superior
outage performance and the enhanced user fairness achieved
by the proposed FRS and CRS schemes over that of NOMA
have been corroborated by Monte Carlo simulation results.

APPENDIX A: A PROOF OF THEOREM 1

Considering that any unsuccessful detecting of x11, x2, and
x12 will result in an outage event for detecting x1, a non-
outage event regarding detecting x1 only occurs when x11,
x2, and x12 are all detected successfully. Thus, the outage
probability of U1 in (24) can be rewritten as

Pout,1 = 1−Pr
{
(γN

11≥ γ̂11)∩(γN
2 ≥ γ̂2)∩(γN

12≥ γ̂12)
}
. (A.1)

After some algebraic manipulations, (A.1) can be expressed
as

Pout,1 = 1−Pr

{
(g1 > τ)

∩
(

(1−α)γ̂2g1
ε + γ̂2

ε ≤ g2 ≤ g1
ετ2

− 1
ε

)}
, (A.2)

where τ , max{τ1, τ2, τ3}, τ1 , γ̂12

1−α , τ2 , γ̂11

α−(1−α)γ̂11
,

τ3 , (1+γ̂2)γ̂11

α−(1−α)(1+γ̂2)γ̂11
, and gi , ρ||hi||2 is the equivalent

channel gain, which follows a chi-squared distribution with
2Ni degrees of freedom and a scale constant ρ. Then, Pout,1

can be evaluated as

Pout,1 = 1−
∫ ∞

τ

(
Fg2

(
x
ετ2

− 1
ε

)
−Fg2

(
(1−α)γ̂2x

ε + γ̂2

ε

))
×fg1(x)dx, (A.3)

where fgi(·) and Fgi(·) are the PDF and CDF of gi, respec-
tively [1]. By using [54, Eq. (1.111)], (A.3) can be further
evaluated as Pout,1 = 1− I1 + I2, where I1 and I2 are given
by (26) and (27), respectively.

The outage probability of U2 in (25) can be rewritten as

Pout,1 = 1− Pr
{
(γN

11 ≥ γ̂11)∩(γN
2 ≥ γ̂2)

}
. (A.4)

After some mathematical manipulation, (A.4) can be expressed
as

Pout,2 = 1−Pr

{
(g1 > τ2) ∩

(
(1−α)γ̂2g1

ε + γ̂2

ε ≤ g2

≤ g1
ετ2

− 1
ε

)}
= 1−

∫ ∞

τ2

(
Fg2

(
x
ετ2

− 1
ε

)
−Fg2

(
(1−α)γ̂2x

ε + γ̂2

ε

))
×fg1(x)dx. (A.5)

Then, (A.5) can be evaluated as Pout,2 = 1− I3 + I4, where
I3 and I4 are given by (28) and (29), respectively.
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APPENDIX B: A PROOF OF THEOREM 3
After some mathematical manipulation, the outage proba-

bility of U1 in (46) can be rewritten as

Pout,1 = 1−Pr

{(
g2 > γ̂2(1+γ̂12)

ε

)
∩
(
εγ̂11g2 + γ̂11 + γ̂12

+γ̂11γ̂21<g1≤ εg2(1+γ̂11+γ̂11γ̂12)
γ̂2

− 1
)}

− Pr

{
(
g2>

γ̂2(1+γ̂12)
ε

)
∩
(
g1>

εg2(1+γ̂11+γ̂11γ̂12)
γ̂2

− 1
)}

= 1− Pr

{(
g2 > γ̂2(1+γ̂12)

ε

)
∩
(
g1 > εγ̂11g2 + γ̂11

+γ̂12 + γ̂11γ̂21
)}

= 1−
∫ ∞

γ̂2(1+γ̂12)
ε

(
1−Fg1(εγ̂11+γ̂11+γ̂12 + γ̂11γ̂21)

)
×fg2(x)dx. (B.1)

Using [54, Eq. (1.111)], the above expression can be further
evaluated as (48).

For U2, the outage probability in (47) can be expressed as

Pout,2 = 1− Pr
{
(g2 > γ̂2/ε) ∩ (g1 > εγ̂11g2 + γ̂11)

}
= 1−

∫ ∞

γ̂2

ε

(
1−Fg1(εγ̂11x+γ̂11)

)
fg2(x)dx, (B.2)

which can be evaluated as (49) with the aid of [54, Eq.
(1.111)].
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