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Inference in Regression Discontinuity Designs with a 
Discrete Running Variable†

By Michal KolesÁr and Christoph Rothe*

We consider inference in regression discontinuity designs when the 
running variable only takes a moderate number of distinct values. 
In particular, we study the common practice of using confidence 
intervals (CIs) based on standard errors that are clustered by the 
running variable as a means to make inference robust to model 
misspecification (Lee and Card 2008). We derive theoretical results 
and present simulation and empirical evidence showing that these 
CIs do not guard against model misspecification, and that they 
have poor coverage properties. We therefore recommend against 
using these CIs in practice. We instead propose two alternative CIs 
with guaranteed coverage properties under easily interpretable 
restrictions on the conditional expectation function. (JEL C13, C51, 
J13, J31, J64, J65)

The regression discontinuity design (RDD) is a popular empirical strategy that 
exploits fixed cutoff rules present in many institutional settings to estimate treat-
ment effects. In its basic version, the sharp RDD, units are treated if and only if an 
observed running variable falls above a known threshold. For example, students 
may be awarded a scholarship if their test score is above some   prespecified level. If 
unobserved confounders vary smoothly around the assignment threshold, the jump 
in the conditional expectation function (CEF) of the outcome given the running 
variable at the threshold identifies the average treatment effect (ATE) for units at the 
margin for being treated (Hahn, Todd, and van der Klaauw 2001).

A standard approach to estimate the ATE is local polynomial regression. In its 
simplest form, this amounts to fitting a linear specification separately on each side 
of the threshold by ordinary least squares, using only observations that fall within 
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a prespecified window around the threshold. Since the true CEF is typically not 
exactly linear, the resulting estimator generally exhibits specification bias. If the 
chosen window is sufficiently narrow, however, the bias of the estimator is  negligible 
relative to its standard deviation. One can then use a confidence interval (CI) based 
on the conventional   Eicker-Huber-White (EHW)   heteroskedasticity-robust standard 
error for inference.1

This approach can in principle be applied whether the running variable is 
 continuous or discrete. However, as Lee and Card (2008)—henceforth, LC—point 
out, if the running variable only takes on a moderate number of distinct values, and 
the gaps between the values closest to the threshold are sufficiently large, there 
may be few or no observations close to the threshold. Researchers may then be 
forced to choose a window that is too wide for the bias of the ATE estimator to be 
 negligible, which in turn means that the EHW CI undercovers the ATE, as it is not 
adequately centered. This concern applies to many empirical settings, as a wide 
range of  treatments are triggered when quantities that inherently only take on a 
 limited number of values exceed some threshold. Examples include the test score 
of a student, the enrollment number of a school, the number of employees of a 
 company, or the year of birth of an individual.2

Following LC’s suggestion, it has become common practice in the empirical 
literature to address these concerns by using standard errors that are clustered by 
the running variable (CRV). This means defining observations with the same real-
ization of the running variable as members of the same “cluster,” and then using 
a   cluster-robust procedure to estimate the variance of the ATE estimator. Recent 
papers published in leading economics journals that follow this methodology include 
Oreopoulos (2006); Card, Dobkin, and Maestas (2008); Urquiola and Verhoogen 
(2009); Martorell and McFarlin (2011); Fredriksson, Öckert, and Oosterbeek 
(2013); Chetty, Friedman, and Saez (2013); Clark and Royer (2013); and Hinnerich 
and   Pettersson-Lidbom (2014), among many others. The use of CRV standard errors 
is also recommended in survey papers (e.g., Lee and Lemieux 2010) and govern-
ment agency guidelines for carrying out RDD studies (e.g., Schochet et al. 2010).

In this paper, we present theoretical, empirical, and simulation evidence 
 showing that clustering by the running variable is generally unable to resolve bias 
 problems in discrete RDD settings. Furthermore, using the usual   cluster-robust 
standard error formula can lead to CIs with substantially worse coverage  properties 
than those based on the EHW standard errors. To motivate our analysis, and to 
demonstrate the quantitative importance of our findings, we first conduct a Monte 
Carlo study based on real data. Our exercise mimics the process of conducting an 
empirical study by drawing random samples from a large dataset extracted from 
the Current Population Survey, and estimating the effect of a placebo treatment 
“received” by individuals over the age of 40 on their wages, using a discrete RDD 
with age in years as the running variable. By varying the width of the estimation 
window, we can vary the accuracy of the fitted specification from “very good” 

1 Proceeding like this is known as “undersmoothing” in the nonparametric regression literature. See Calonico, 
Cattaneo, and Titiunik (2014) for an alternative approach. 

2 This setting is conceptually different from a setting with a continuous latent running variable, of which only 
a discretized or rounded version is recorded in the data. See Dong (2015) for an analysis of RDDs with this type 
of measurement error. 
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to “obviously incorrect.” For small and moderate window widths, CRV standard 
errors turn out to be smaller than EHW standard errors in most of the samples, 
and the actual coverage rate of CRV CIs with nominal level 95 percent is as low 
as 58 percent. At the same time, EHW CIs perform well and have coverage much 
closer to 95 percent. For large window widths (paired with large sample sizes), 
CRV CIs perform relatively better than EHW CIs, but both procedures undercover 
very severely.

To explain these findings, we derive novel results concerning the asymptotic 
 properties of CRV standard errors and the corresponding CIs. In our analysis, the 
data are generated by sampling from a fixed population, and specification errors in 
the (local) polynomial approximation to the CEF are population quantities that do 
not vary across repeated samples. This is the standard framework used through-
out the theoretical and empirical RDD literature. In contrast, LC motivate their 
approach by modeling the specification error as random, with mean zero condi-
tional on the running variable, and independent across the “clusters” formed by its 
support points. As we explain in Section IIC, however, their setup is best viewed as 
a heuristic device; viewing it as a literal description of the data generating process is 
unrealistic and has several undesirable implications.

Our results show that in large samples, the average difference between CRV and 
EHW variance estimators is the sum of two components. The first component is 
 generally negative, does not depend on the true CEF, decreases in magnitude with 
the number of support points (that is, the number of “clusters”), and increases with 
the variance of the outcome. This component is an analog of the usual downward bias 
of the   cluster-robust variance estimator in settings with a few clusters; see Cameron 
and Miller (2015) for a recent survey. The second component is   nonnegative, does 
not depend on the variance of the outcome, and is increasing in the average squared 
specification error. Heuristically, it arises because the CRV variance estimator treats 
the (deterministic) specification errors as   cluster-specific random effects, and tries 
to estimate their variability. This component is equal to 0 under correct specification.

This decomposition shows that CRV standard errors are on average larger than 
EHW standard errors if the degree of misspecification is sufficiently large relative to 
the sampling uncertainty and the number of support points in the estimation  window. 
However, the coverage of CRV CIs may still be arbitrarily far below their  nominal 
level, as the improvement in coverage over EHW CIs is typically not sufficient 
when the coverage of EHW CIs is poor to begin with. Moreover, when the running 
 variable has many support points, a more effective way to control the specification 
bias is to choose a narrower estimation window. In the empirically relevant case in 
which the degree of misspecification is small to moderate (so that it is unclear from 
the data that the model is misspecified), clustering by the running variable generally 
amplifies rather than ameliorates the distortions of EHW CIs.

In addition to CRV CIs based on conventional clustered standard errors, we 
also consider CIs based on alternative standard error formulas suggested recently 
in the literature on inference with a few clusters (cf. Cameron and Miller 2015, 
Section VI). We find that such CIs ameliorate the undercoverage of CRV CIs when 
the misspecification is mild at the expense of a substantial loss in power relative 
to EHW CIs (which already work well in such setups), and that their coverage is 
still unsatisfactory in settings where EHW CIs work poorly. This is because the 
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second term in the decomposition does not adequately reflect the magnitude of the 
 estimator’s bias.

These results caution against clustering standard errors by the running  variable 
in empirical applications, in spite of its great popularity.3 We therefore propose 
two alternative CIs that have guaranteed coverage properties under  interpretable 
 restrictions on the CEF. The first method relies on the assumption recently 
 considered in Armstrong and Kolesár (2016) that the second derivative of the CEF 
is bounded by a constant, whereas the second method assumes that the magnitude of 
the approximation bias is no larger at the left limit of the threshold than at any point 
in the support of the running variable below the threshold, and similarly for the right 
limit. Both CIs are “honest” in the sense of Li (1989), which means they achieve 
asymptotically correct coverage uniformly over all CEFs satisfying the respective 
assumptions.4 

We illustrate our results in two empirical applications, using data from Oreopoulos 
(2006) and Lalive (2008). In both applications, we find that the CRV standard errors 
are smaller than EHW standard errors, up to an order of  magnitude or more, with 
the exact amount depending on the specification. Clustering by the running variable 
thus understates the statistical uncertainty  associated with the  estimates, and in the 
Oreopoulos (2006) data, it also leads to incorrect claims about the statistical signif-
icance of the estimated effect. Honest CIs based on bounding the second derivative 
of the CEF are slightly wider than those based on EHW standard errors, while the 
second type of honest CI gives quite conservative results unless one restricts the 
estimation window.

The rest of the paper is organized as follows. The following section  illustrates 
the distortion of CRV CIs using a simulation study based on data from the Current 
Population Survey. Section  II reviews the standard sharp RDD, explains the 
issues caused by discreteness of the running variable, and discusses LC’s  original 
 motivation for clustering by the running variable. Section  III contains the main 
results of our  theoretical analysis, and Section  IV discusses the construction of 
 honest CIs. Section V contains two empirical illustrations. Section VI concludes. 
The online Appendix contains proofs, additional theoretical results, and also 
 additional  simulations that study the performance of CRV and EHW CIs as well as 
honest CIs from Section IV.

I. Evidence on Distortions of CRV Confidence Intervals

To illustrate that clustering by the running variable can lead to substantially 
 distorted inference in empirically relevant settings, we investigate the performance 
of the method by applying it to wage data from the Current Population Survey.

3 Of course, clustering the standard errors at an appropriate level may still be justified if the data are not gener-
ated by independent sampling. For example, if the observational units are students, and one first collects a sample 
of schools and then samples students from those schools, clustering on schools would be appropriate. 

4 Their implementation is straightforward, using the software package RDHonest (available at https://github.
com/kolesarm/RDHonest).

https://github.com/kolesarm/RDHonest
https://github.com/kolesarm/RDHonest
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A. Setup

Our exercise is based on wage data from the Outgoing Rotation Groups of 
the Current Population Survey (CPS) for the years 2003–2005. The data contain 
170,693 observations of the natural logarithm of hourly earnings in US$ and the age 
in years for employed men aged 16 to 64. The data are augmented with an artificial 
treatment indicator that is equal to 1 for all men who are at least 40 years old, and 
equal to 0 otherwise.5 Figure 1 plots the average of the log hourly wages in the full 
CPS data by worker’s age, and shows that this relationship is smooth at the treat-
ment threshold. This indicates that our artificial treatment is indeed a pure placebo, 
with the causal effect equal to 0.

For our exercise, we draw many small random samples from the full CPS data, 
and estimate the effect of the artificial treatment using an RDD, with log hourly 
wage as the outcome and age as the running variable, on each of them. Figure 1 
therefore plots the true CEF of log hourly wages given age for the population 
from which our samples are taken. In particular, we draw random samples of size   
N h   ∈ {100, 500, 2,000, 10,000}  , from the set of individuals in the full CPS data 
whose age differs by no more than  h ∈ {5, 10, 15, ∞}  from the placebo cutoff of 
40. In each sample, we use ordinary least squares (OLS) to estimate the regression

(1)  log ( WAGE i  ) =  α h   +  τ h   ⋅ 1 { AGE i   ≥ 40}  +   ∑ 
j=1

  
p

     β    hj  −  ⋅  ( AGE i   − 40)   p 

 +    ∑ 
j=1

  
p

     β  hj  +  ⋅ 1 { AGE i   ≥ 40}  ⋅  ( AGE i   − 40)   p  +  U i   , 

5 See Lemieux (2006), who uses the same dataset, for details on its construction. The artificial threshold of 40 
years corresponds to the median of the observed age values. Considering other artificial thresholds leads to similar 
results. 

Figure 1. Average of Natural logarithm of Hourly Wage by Age of the Worker

Notes: Vertical line indicates the cutoff value of 40 years for the placebo treatment. Volume of dots is proportional 
to the share of workers in the full CPS data with the corresponding age.
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for  p = 1  (a linear model with different intercept and slope on each side of the 
cutoff), and  p = 2  (a quadratic specification). The OLS estimate   τ ˆ    of   τ h    is then 
the empirical estimate of the causal effect of the placebo treatment for workers at 
the threshold. The parameter  h  is a window width (or bandwidth) that  determines 
the range of the running variable over which the specification approximates the 
true CEF of log hourly wages given age. The regression coefficients in (1) are 
 subscripted by  h  because their value depends on the window width (the dependence 
on  p  is left implicit). Running OLS on specification (1) is equivalent to local linear 
(  p = 1 ) or local quadratic (  p = 2 ) regression with a bandwidth  h  and a uniform 
kernel function on a sample with   N h    individuals whose age differs by less than  h  
from the threshold.

Since we know the true CEF in the context of our exercise, we can compute the 
population values of the coefficients in the model (1) for the various values of  h  and  
p  under consideration by estimating it on the full CPS data. Inspection of Figure 1 
shows that the model (1) is misspecified to some degree for all values of  h  and  p  
under consideration, as the dots representing the true CEF of log wages never lie 
exactly on a straight or quadratic line (see online Appendix for plot of resulting 
approximations to the CEF). As a result, the parameter   τ h    , reported in the second 
column of Table 1, which approximates the true jump of the CEF at the placebo 
cutoff, is never exactly equal to 0. The degree of misspecification varies with  h  and  
p . In the linear case (  p = 1 ), it is very small for  h = 5  , but increases substantially 
for larger values of  h . On the other hand, the quadratic model (  p = 2 ) is very close 
to being correctly specified for all values of  h  that we consider.

To assess the accuracy of different methods for inference, in addition to the point 
estimate   τ ˆ    , we compute both the CRV and EHW standard error (using formulas 
that correspond to the default settings in STATA; see below for details) in each 
random sample. Because the OLS estimator   τ ˆ    is centered around   τ h    , which due to 
 misspecification of the model (1) differs from the true effect of 0, we expect that the 
95 percent EHW CI, given by  [ τ ˆ   ± 1.96 × EHW standard error]  , contains 0 less 
than 95 percent of the time. However, when   τ h    is close to 0 relative to the standard 
deviation of   τ ˆ    we expect this distortion to be small. Moreover, if clustering by the 
running variable is a suitable way to correct the distortion, the CRV standard error 
of   τ ˆ    should generally be larger than the EHW standard error (to account for the 
 incorrect centering), and the CRV CI, given by  [ τ ˆ   ± 1.96 × CRV standard error]  , 
should contain the true effect of 0 in roughly 95 percent of the random samples 
across all specifications.

B. Main Results

Table 1 reports the empirical standard deviation of   τ ˆ    across simulation runs, the 
average values of the EHW and CRV standard errors, the proportion of runs in which 
the CRV standard error was larger than the EHW standard error, and the empirical 
coverage probabilities of the EHW and CRV CI with nominal level 95 percent. 
These results are as expected regarding the properties of EHW standard errors and 
CIs. They also show, however, that the CRV standard error is a   downward-biased 
estimator of the standard deviation of   τ ˆ    in almost all the specifications that we con-
sider, and is thus typically smaller than the EHW standard error. Correspondingly, 
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the CRV CI has coverage properties that are mostly worse than those of the  
EHW CI.

A closer inspection of Table 1 reveals further interesting patterns. Consider first 
the quadratic specification  ( p = 2)  , which, as pointed out above, is close to correct 
for all bandwidth values. First, we see that when holding the value of  h  constant, 
the coverage rate of the CRV CI is hardly affected by changes in the sample size, 
and always below the nominal level of 95 percent. The undercoverage for  h = 5  
is very severe, about 35 percentage points, and decreases as the value of  h  , and 
thus the number of “clusters” in the data, increases. However, it still amounts to 
4–6  percentage points for  h = ∞  , in which case there are, respectively, 24 and 25 
“clusters” below and above the threshold. Third, the EHW CI has close to correct 
coverage for all bandwidth values since the degree of misspecification is small.

Next, consider the results for the linear model (  p = 1 ), in which the degree 
of misspecification increases with the bandwidth. First, we see that when holding 
the sample size constant the value of the CRV standard error is increasing in  h . 

Table 1—Performance of EHW and CRV Inference for Placebo Treatment

Average SE
Rate CRV SE > 

EHW SE

CI coverage rate

 h     τ h       N h      std( τ ˆ  )  CRV EHW CRV EHW

Linear specification (  p = 1 )
5 −0.008 100 0.239 0.166 0.234 0.14 0.773 0.938

500 0.104 0.073 0.104 0.13 0.780 0.947
2,000 0.052 0.036 0.052 0.13 0.773 0.949

10,000 0.021 0.015 0.023 0.09 0.772 0.961

10 −0.023 100 0.227 0.193 0.223 0.26 0.873 0.939
500 0.099 0.086 0.099 0.25 0.876 0.944

2,000 0.049 0.044 0.050 0.27 0.860 0.930
10,000 0.021 0.021 0.022 0.39 0.781 0.829

15 −0.063 100 0.222 0.197 0.216 0.31 0.884 0.927
500 0.095 0.089 0.096 0.34 0.853 0.899

2,000 0.048 0.047 0.048 0.45 0.712 0.730
10,000 0.020 0.028 0.021 0.92 0.348 0.153

  ∞  −0.140 100 0.208 0.196 0.205 0.38 0.856 0.886
500 0.091 0.094 0.091 0.54 0.673 0.667

2,000 0.045 0.058 0.046 0.93 0.292 0.134
10,000 0.019 0.043 0.020 1.00 0.006 0.000

Quadratic specification (  p = 2 )
5 −0.010 100 0.438 0.206 0.427 0.03 0.607 0.932

500 0.189 0.086 0.190 0.01 0.599 0.947
2,000 0.093 0.042 0.095 0.01 0.587 0.951

10,000 0.038 0.018 0.042 0.00 0.595 0.964

10 0.008 100 0.361 0.258 0.349 0.15 0.795 0.933
500 0.157 0.110 0.156 0.12 0.790 0.948

2,000 0.077 0.055 0.078 0.11 0.794 0.947
10,000 0.033 0.025 0.035 0.13 0.808 0.956

15 0.014 100 0.349 0.270 0.329 0.20 0.836 0.923
500 0.146 0.117 0.147 0.18 0.851 0.946

2,000 0.073 0.058 0.073 0.17 0.839 0.946
10,000 0.031 0.026 0.033 0.18 0.828 0.937

 ∞  −0.001 1 0.316 0.267 0.303 0.26 0.876 0.930
500 0.134 0.117 0.135 0.24 0.890 0.949

2,000 0.068 0.058 0.067 0.23 0.887 0.947
10,000 0.029 0.027 0.030 0.26 0.910 0.960

Note: Results are based on 10,000 simulation runs.
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The CRV standard error is   downward-biased for the standard deviation of   τ ˆ    when 
either   N h    or  h  are small, and   upward-biased if both are large (in the latter case, 
 misspecification is substantial relative to sampling uncertainty). Second, even when 
the CRV  standard error is larger than the EHW standard error, the corresponding CIs 
still undercover by large amounts.

In summary, our results suggest that if the specification (1) is close to correct, 
clustering by the running variable shrinks the estimated standard error, and thereby 
leads to a CI that is too narrow. This effect is particularly severe if the number of 
clusters is small. On the other hand, if misspecification is sufficiently severe  relative 
to the sampling uncertainty, clustering by the running variable increases the  standard 
error, but the resulting CIs often still remain too narrow. In the following sections, 
we derive theoretical results about the properties of CRV standard errors that shed 
further light on these findings.

Remark 1: The results of our simulation exercise illustrate the potential severity 
of the issues caused by clustering standard errors at the level running variable in 
discrete RDDs. However, one might be concerned the results are driven by some 
specific feature of the CPS data. Another possible reservation is that by varying the 
bandwidth  h  we vary both the degree of model misspecification and the number 
of “clusters,” and   cluster-robust standard errors are   well known to have statistical 
issues in other settings with a few clusters. To address these potential concerns, we 
report the results of another simulation experiment in the online Appendix. In that 
simulation study, the data are fully computer generated, and we consider several 
data generating processes in which we vary the degree of misspecification and the 
number of support points of the running variable independently. These additional 
simulations confirm the qualitative results reported in this section.

Remark 2: The clustered standard error used in our simulation exercise corre-
sponds to the default setting in STATA. Although its formula, given in Section II, 
involves a “few clusters” adjustment, this variance estimator is known to be biased 
when the number of clusters is small. One might therefore be concerned that the 
unsatisfactory performance of CRV CIs is driven by this issue, and that these CIs 
might work as envisioned by LC if one used one of the alternative variance estima-
tors suggested in the literature on inference with few clusters. To address this con-
cern, we repeat both the CPS placebo study and the simulation exercise described in 
Remark 1 using a   bias-reduction modification of the STATA formula developed by 
Bell and McCaffrey (2002) that is analogous to the HC2 modification of the EHW 
standard error proposed by MacKinnon and White (1985). The results are reported 
in the online Appendix. The main findings are as follows. When combined with an 
additional critical value adjustment, also due to Bell and McCaffrey (2002), this 
fixes the undercoverage of CRV CIs in settings where the specification (1) is close 
to correct. However, this comes at a substantial loss in power relative to EHW CIs, 
which also have approximately correct coverage in this case (the CIs are more than 
twice as long in some specifications as EHW CIs). Under more severe misspecifi-
cation, the adjustments tend to improve coverage relative to EHW CIs somewhat, 
but both types of CIs generally still perform poorly. Using   bias-corrected standard 
errors does therefore not make CRV CIs robust to misspecification of the CEF.
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II. Econometric Framework

In this section, we first review the sharp RDD,6 and formally define the treatment 
effect estimator and the corresponding standard errors and CIs. We then discuss 
LC’s motivation for clustering the standard errors by the running variable, and point 
out some conceptual shortcomings.

A. Model, Estimator, and CIs

In a sharp RDD, we observe a random sample of  N  units from some large 
 population. Let   Y i   (1)  and   Y i   (0)  denote the potential outcome for the  i  th unit with 
and without receiving treatment, respectively, and let   T i   ∈ {0, 1}  be an indicator 
variable for the event that the unit receives treatment. The observed outcome is given 
by   Y i   = (1 −  T i   )  Y i   (0) +  T i    Y i   (1) . A unit is treated if and only if a running variable   
X i    crosses a known threshold, which we normalize to 0, so that   T i   = 1 { X i   ≥ 0}  .  
Let  μ(  X i   ) = E [  Y i   |  X i   ]  denote the conditional expectation of the observed outcome 
given the running variable. If the CEFs for the potential outcomes  E [  Y i   (1) |  X i   ]  and  
E [  Y i   (0) |  X i   ]  are continuous at the threshold, then the discontinuity in  μ(x)  at 0 is 
equal to the average treatment effect (ATE) for units at the threshold,

  τ = E( Y i   (1) −  Y i   (0) |  X i   = 0) =  lim  
x↓0

    μ(x) −  lim  
x↑0

    μ(x). 

A standard approach to estimate  τ  is to use local polynomial regression. In 
its  simplest form, this estimation strategy involves fixing a window width, or a 
 bandwidth,  h > 0  , and a polynomial order  p ≥ 0  , with  p = 1  and  p = 2  being 
the most common choices in practice. One then discards all observations for which 
the running variable is outside the estimation window  [−h, h]  , keeping only the   
N h    observations   {  Y i   ,  X i   }  i=1   N h      for which  |  X i   | ≤ h  , and runs an OLS regression of the 
 outcome   Y i    on a vector of covariates   M i    consisting of an intercept, polynomial terms 
in the running variable, and their interactions with the treatment indicator.7,8 The 
ATE estimator   τ ˆ    of  τ  is then given by the resulting OLS estimate on the treatment 
indicator. Without loss of generality, we order the components of   M i    such that this 
treatment indicator is the first one, so

   τ ˆ   =  e  1  ′   θ ˆ  ,  θ ˆ   =   Q ˆ     −1    1 _  N h  
      ∑ 
i=1

  
 N h  

     M i    Y i   ,  Q ˆ   =   1 _  N h  
      ∑ 
i=1

  
 N h  

     M i    M  i  ′   ,  M i   = m( X i  ),

 m(x) = (1 {x ≥ 0} , 1 {x ≥ 0}  x, …  , 1 {x ≥ 0}   x     p , 1, x , …  ,  x     p  ) ′  , 

6 While the issues that we study in this paper also arise in fuzzy RDDs and regression kink designs (Card et al. 
2015), for ease of exposition we focus here on the sharp case. For ease of exposition, we also abstract from the 
presence of any additional covariates; their presence would not meaningfully affect our results. 

7 Our setup also covers the global polynomial approach to estimating  τ  by choosing  h = ∞ . While this estima-
tion approach is used in a number of empirical studies, theoretical results suggest that it typically performs poorly 
relative to local linear or local quadratic regression (Gelman and Imbens forthcoming). This is because the method 
often implicitly assigns very large weights to observations far away from the threshold. 

8 For ease of exposition, we focus on case with uniform kernel. Analogous results can be obtained for more 
general kernel functions, at the expense of a slightly more cumbersome notation. Estimates based on a triangular 
kernel should be more efficient in finite samples (e.g., Armstrong and Kolesár 2018). 
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where   e 1   = (1, 0, …  , 0 ) ′    denotes the first unit vector. When  p = 1  , for instance,   τ ˆ    is  
simply the difference between the intercepts from separate linear regressions of   Y i    on  
  X i    to the left and to the right of the threshold. The conventional   Eicker-Huber-White 
(EHW) or   heteroskedasticity-robust standard error of   τ ˆ    is    σ ˆ   EHW  / √ 

_
  N h      ,  

where    σ ˆ    EHW  2    is the   top-left element of the EHW estimator of the asymptotic variance 
of   θ ˆ   . That is,

    σ ˆ    EHW  2   =  e  1  ′     Q ˆ     −1    Ω ˆ   EHW     Q ˆ     −1   e 1   ,   Ω ˆ   EHW   =   1 _  N h  
      ∑ 
i=1

  
 N h  

      u ˆ    i  2   M i    M  i  ′   ,   u ˆ   i    =  Y i   −  M  i  ′   θ ˆ  . 

An alternative standard error, proposed by LC for RDDs with a discrete running 
variable, is    σ ˆ   CRV   /  √ 

_
  N h     . Here    σ ˆ    CRV  2    is the   top-left element of the “  cluster-robust” 

estimator of the asymptotic variance of   θ ˆ    that clusters by the running variable 
(CRV). That is, the estimator treats units with the same realization of the running 
variable as belonging to the same cluster (Liang and Zeger 1986). Denoting the   
G h    support points inside the estimation window by  {  x 1   , … ,  x  G h     }  , the estimator 
   σ ˆ    CRV  2    has the form9

       σ ˆ    CRV  2   =  e  1  ′     Q ˆ     −1    Ω ˆ   CRV     Q ˆ     −1   e 1   ,

      Ω ˆ   CRV   =   1 _  N h  
      ∑ 
g=1

  
 G h  

       ∑ 
i=1

  
 N h  

    1 { X i   =  x g  }    u ˆ   i    M i      ∑ 
j=1

  
 N h  

    1 { X j   =  x g  }    u ˆ   j    M  j  ′   . 

The EHW and CRV CIs for  τ  with nominal level  1 − α  based on these standard 
errors are then given by

   τ ˆ   ±  z 1−α/2   ×   σ ˆ   EHW  / √ 
_

  N h     , and  τ ˆ   ±  z 1−α/2   ×   σ ˆ   CRV  / √ 
_

  N h     , 

respectively, where the critical value   z 1−α/2    is the  1 − α/2  quantile of the standard 
normal distribution. In particular, for a CI with 95 percent nominal coverage we use   
z 0.975   ≈ 1.96 .

B. Potential Issues Due to Discreteness of the Running Variable

Whether the EHW CI is valid for inference on  τ  largely depends on the bias 
 properties of the ATE estimator   τ ˆ   . It follows from basic regression theory that in 
finite samples,   τ ˆ    is approximately unbiased for its population counterpart   τ h    , given 
by

   τ h    =   e  1  ′      θ h   ,   θ h    =   Q   −1  E[  M i      Y i    | |   X i    | ≤ h], Q = E[  M i      M  i  ′    | |   X i    | ≤ h]

9 The STATA implementation of these standard errors multiplies    σ ˆ    CRV  2    by   G h  /( G h   − 1)  × ( N h   − 1) /( N h   − k)  , 
where  k = 2( p + 1)  is the number of parameters that is being estimated. We use this alternative formula for the 
numerical results in Sections I and V. 
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(for simplicity, we leave the dependence of   τ h    on  p  implicit). However,   τ ˆ    is generally 
a biased estimator of  τ . The magnitude of the bias,   τ h   − τ  , is determined by how 
well  μ(x)  is approximated by a  p  th-order polynomial within the estimation window  
[−h, h] . If  μ(x)  was a  p th-order polynomial function, then   τ h   = τ  , but imposing this 
assumption is typically too restrictive in applications.

The EHW CI is generally valid for inference on   τ h    since, if  p  is fixed, the 
  t -statistic based on the EHW standard error has a standard normal distribution in 
large samples. That is, as   N h   → ∞  , under mild regularity conditions,

(2)   √ 
_

  N h     ( τ ˆ   −  τ h  )/  σ ˆ   EHW     d   →    (0, 1). 

Using the EHW CI for inference on  τ  is therefore formally justified if the bias   τ h   − τ  
is asymptotically negligible relative to the standard error, in these sense that their 
ratio converges in probability to 0,

(3)    
 τ h   − τ _________ 

  σ ˆ   EHW  / √ 
_

  N h    
     P   →   0. 

Choosing a window width  h  such that condition (3) is satisfied is called 
“ undersmoothing” in the nonparametric regression literature. If the distribution of 
the  running variable   X i    is continuous, then (3) holds under regularity conditions 
provided that  h → 0  sufficiently quickly as the sample size grows, and that  μ(x)  is 
sufficiently smooth (e.g., Hahn, Todd, and van der Klaauw 2001, Theorem 4). This 
result justifies the use of the EHW standard errors for inference on  τ  when   X i    has 
rich support and  h  is chosen sufficiently small.

In principle, the EHW CI is also valid for inference on  τ  when the  distribution 
of   X i    is discrete, as long as there is some justification for treating the bias   τ h   − τ  as 
 negligible in the sense of condition (3).10 This justification becomes  problematic, 
however, if the gaps between the support points closest to the threshold are 
 sufficiently wide. This is because, to ensure that   N h    is large enough to control the 
sampling variability of   τ ˆ    and to ensure that the normality approximation (2) is 
 accurate, a researcher may be forced to choose a window width  h  that is “too large,” 
in the sense that the   bias-standard error ratio is likely to be large. When the running 
variable is discrete, the EHW CI might therefore not be appropriately centered, and 
thus undercover in finite samples.

C. Motivation for Clustering by the Running Variable

To address the problems associated with EHW standard errors discussed above, 
LC proposed using CRV standard errors when the running variable is  discrete. 
This approach has since found widespread use in empirical economics. The 
rationale provided by LC is as follows. Let  δ(x) = μ(x) − m(x ) ′    θ h    denote the 

10 While most results in the recent literature on local polynomial regression are formulated for settings with 
a continuous running variable, early contributions such as that of Sacks and Ylvisaker (1978) show that it is not 
 necessary to distinguish between the discrete and the continuous case in order to conduct inference. 
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 specification bias of the (local) polynomial approximation to the true CEF, and write 
  δ i   = δ(  X i   ) . Then, for observations inside the estimation window, we can write

(4)   Y i   =  M  i  ′    θ h   +  u i   ,   u i   =  δ i   +  ε i   , 

where   ε i   =  Y i   − μ(  X i   )  is the deviation of the observed outcome from its con-
ditional expectation, and the value of   δ i    is identical for all units that share the 
same realization of the running variable. LC then treat   δ i    as a random effect, 
rather than a specification error that is   nonrandom conditional on the running 
variable. That is, they consider a model that has the same form as (4), but where 
  δ i   =  ∑ g=1   G h       D g  1 { X i   =  x g  }   , with  D = ( D 1  ,  … ,  D  G h     )  a   mean-zero random  vector 
with elements that are mutually independent and independent of   {(  X i  ,  ε i   )}  i=1   N h     . Under 
this assumption, equation (4) is a correctly specified regression model in which the 
error term   u i    exhibits   within-group correlation at the level of the running  variable. 
That is, for  i ≠ j  , we have that  E( u i    u j   |  X i   =  X j  ) ≠ 0  and  E( u i    u j   |  X i   ≠  X j  ) = 0 . 
 LC then argue that due to this group structure, the variance estimator    σ ˆ    CRV  2    is 
appropriate.

This rationale is unusual in several respects. First, it is not compatible with the 
standard assumption that the data are generated by i.i.d. sampling from a fixed pop-
ulation, with a   nonrandom CEF. Under i.i.d. sampling,   δ i   = δ(  X i   )  is not random 
conditional on   X i    , as the function  δ(x)  depends only on the population distribution 
of observable quantities, and does not change across repeated samples. Assuming 
that  δ(x)  is random implies that the CEF  μ(x) = m(x ) ′    θ h   + δ(x)  changes across 
repeated samples, since in each sample one observes a different realization of  D  , and 
thus different deviations  δ(x)  of the CEF from its “average value”  m(x ) ′    θ h   .

Second, the randomness of the CEF in the LC model implies that the ATE  τ  , 
which is a function of the CEF, is also random. This makes it unclear what the 
population object is that the RDD identifies, and the CRV CIs provide inference 
for. One might try to resolve this problem by defining the parameter of inter-
est to be   τ h    , the magnitude of the discontinuity of the “average” CEF  E( Y i   |  X i  )  
= E(E(  Y i   |  X i   , D |  X i   )) =  M  i  ′    θ h    , where the average is taken over the specification 
errors. But it is unclear in what sense   τ h    measures a causal effect, as it does not 
correspond to an ATE for any particular set of units. Furthermore, proceeding like 
this amounts to assuming that the chosen polynomial specification is correct after 
all, which seems to contradict the original purpose of clustering by running variable. 
Alternatively, one could consider inference on the conditional expectation of the 
(random) ATE given specification errors,  E(τ | D) . But once we condition on  D  , the 
data are i.i.d., the LC model becomes equivalent to the standard setup described in 
Section IIA, and all the concerns outlined in Section IIB apply.

Third, the LC model effectively rules out smooth CEFs. To see this, note that if 
the CEF  μ(x)  were smooth, then units with similar values of the running variable 
should also have a similar value of the specification error  δ(  X i   ) . In the LC model, 
the random specification errors are independent for any two values of the running 
variable, even if the values are very similar. Since in most empirical applications, 
one expects a smooth relationship between the outcome and the running variable, 
this is an important downside.
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Due to these issues, we argue that the LC model should not be viewed as a lit-
eral description of the data generating processes (DGP), but rather as a heuristic 
device to motivate using CRV  standard errors. Their performance should be eval-
uated under the standard framework outlined in Section IIA, in which the data are 
generated by i.i.d. sampling from a fixed population distribution.

III. Theoretical Properties of CRV Confidence Intervals

In this section, we study the properties of    σ ˆ    CRV  2    under the standard setup  introduced 
in Section IIA, which then directly leads to statements about the coverage properties 
of the corresponding CIs. The results reported here summarize the main insights 
from a more formal analysis in the online Appendix. To capture the notion that  μ(x)  
is “close” to a polynomial specification, our asymptotic analysis uses a sequence of 
DGPs under which the CEF  μ(x)  changes with the sample size, so that it lies within 
an   N  h  −1/2   neighborhood of the polynomial specification  m(x ) ′    θ h    uniformly over the 
estimation window  [−h, h] . Changing the DGP with the sample size is a widely used 
technical device that helps preserve important   finite-sample issues in the asymptotic 
approximation. In our setting, it allows us to capture the fact that it may be unclear 
in finite samples whether the chosen polynomial specification is correct.11

This setup implies that there are constants  b  and   d 1   , … ,  d  G h      such that, as the 
sample size increases,

   √ 
__

  N h     (  τ h    − τ) → b and   √ 
__

  N h     δ(  x g   ) →   d g   

for each support point   x g    in the estimation window. Lemma S1 in the online Appendix 
then shows that in large samples,   √ 

__
  N h     ( τ ˆ   −  τ h   )  is normally distributed with mean 

zero and asymptotic variance

   σ  τ  2  =   ∑ 
g=1

  
 G h  

     σ  g  2   ω g   ,   ω g   =  e  1  ′   Q   −1   Q g    Q   −1   e 1  , 

where   σ  g  2  = var( Y i   |  X i   =  x g  )  denotes the conditional variance of the outcome given 
the running variable,   Q g   =  π g   m( x g  )m( x g   ) ′    and   π g    = P(  X i    =   x g    | |   X i    | ≤ h) is the 
probability that the value of the running variable for a unit within the estimation 
window equals   x g    , the  g th support point. The asymptotic variance   σ  τ  2   is a weighted 
sum of the conditional variances of the outcome given the running variable, with the 
weights   ω g    reflecting the influence of observations with   X i   =  x g    on the estimate   τ ˆ   . 
It follows that in large samples,   √ 

__
  N h     ( τ ˆ   − τ)  is normally distributed with  asymptotic 

bias  b  and variance   σ  τ  2  . Lemma S1 in the online Appendix also shows that the EHW 
variance estimator is consistent for   σ  τ  2  .

As discussed in Section IIA, CIs based on EHW standard errors generally 
 undercover  τ  , as they are not correctly centered unless  b = 0 . A CI based on the 

11 If the CEF  μ(x)  , and thus the magnitude of the specification errors  δ(x)  , did not change with the sample size, 
the asymptotic coverage probability of CRV CIs would be equal to either 0 or 1, depending on the magnitude of 
the bias  τ −  τ h   . This would clearly not be a very useful approximation of the   finite-sample properties of these CIs. 
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CRV standard error    σ ˆ   CRV  / √ 
_

  N h      is centered at the same point estimate. In order for a 
CRV CI to have correct coverage, the CRV standard error thus has to be larger than 
the EHW standard error by a suitable amount, at least on average. In the remainder 
of this section, we show that this is not the case, and that CIs based on CRV standard 
errors (i) undercover the ATE under correct specification and (ii) can either over- or 
undercover the ATE under misspecification by essentially arbitrary amounts. The 
asymptotic behavior of    σ ˆ    CRV  2    differs depending on whether the number of support 
points inside the estimation window   G h    is treated as fixed or as increasing with the 
sample size. We examine each of these two cases in turn now.

A. Fixed Number of Support Points

In Theorem S1 in the online Appendix, we study the properties of    σ ˆ    CRV  2    when   G h    
is held fixed as the sample size increases. This should deliver useful approximations 
for settings with a small to moderate number of support points within the estimation 
window  [−h, h] . We show that in this case    σ ˆ    CRV  2    does not converge to a constant, but 
to a   nondegenerate limit denoted by    σ ˆ    CRV,∞  2   . This means that it remains stochastic 
even in large samples.12 It follows from Theorem S1 that we can decompose the 
expected difference between    σ ˆ    CRV,∞  2    and   σ  τ  2   as

(5)   E(  σ ˆ    CRV,∞  2  ) −  σ  τ  2 

=   ∑ 
g=1

  
 G h  

     d  g  2   π g    ω g   +   ∑ 
g=1

  
 G h  

    m  (  x g   )   ′  Q   −1  (   ∑ 
j=1

  
 G h  

     σ  j  2   Q j   − 2  σ  g  2  Q)   Q   −1  m( x g  ) ⋅  π g    ω g   . 

The first term on the   right-hand side of (5) is positive, and its magnitude depends on 
the degree of misspecification. The second term does not depend on the degree of 
misspecification and vanishes if we replace the estimated regression residuals    u ˆ   i    in 
the CRV formula with the true error   u i   . Its sign is difficult to determine in  general. 
It is therefore helpful to consider the case in which the conditional variance of the 
outcomes is homoskedastic,   σ  g  2  =  σ   2   , so that   σ  τ  2  =  σ   2   ∑ g=1   G h       ω g   . The expected 
 difference between    σ ˆ    CRV,∞  2    and   σ  τ  2   , relative to   σ  τ  2   , can then be written as

(6)      
E(  σ ˆ    CRV,∞  2  ) −  σ  τ  2 

  ____________ 
 σ  τ  2 

   =   
 ∑ g=1   G h       d  g  2   π g    ω g    _  
 σ   2   ∑ g=1   G h       ω g  

   −   
 ∑ g=1   G h      m ( x g  )′ Q   −1  m( x g  )  π g    ω g     ____________________  

 ∑ g=1   G h       ω g  
   ≡  T 1   +  T 2   . 

This decomposition is key to understanding the properties of    σ ˆ    CRV  2    in settings with 
a few support points   G h   . Since the EHW variance estimator is consistent for   σ  τ  2   , 
the notation introduced in (6) implies that average magnitude of    σ ˆ    CRV  2    is about 
 (1 +  T 1   +  T 2   )  times that of    σ ˆ    EHW  2   . In order for the CRV CI to have correct  coverage, 
the terms   T 1   +  T 2    have to be positive, with a magnitude that suitably reflects the 
degree of misspecification. That is generally not the case.

12 In general, clustered standard errors converge to a   nondegenerate limiting distribution unless the number of 
clusters increases with the sample size at a suitable rate (see, for example, Hansen 2007). 
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First, the term   T 1    is indeed positive and increasing in the “average” 
 misspecification, as measured by the average squared local specification error,   d  g  2   , 
weighted by the cluster size   π g    and   ω g   . Heuristically, this term arises because the 
CRV variance estimator treats the specification errors as random effects, and tries 
to account for their “variance.” The magnitude of   T 1    depends on the  magnitude 
of the average misspecification, relative to   σ   2  . Second, the term   T 2    is nega-
tive under homoskedasticity because both the weights   ω g    and  m ( x g  )′ Q   −1  m( x g  )   
are positive. We thus also expect the term to be negative for small and  moderate 
 levels of  heteroskedasticity. Third, the magnitude of   T 2    depends only on the 
 marginal distribution of the running variable, and not on   σ   2  . It is therefore the 
 dominant term in the decomposition (6) if the variance   σ   2   of the error terms is large. 
Fourth, the term   T 2    is increasing in the polynomial order  p . To see this, observe that 
  ∑ g=1   G h      m( x g  )′ Q   −1  m( x g  )  π g   = tr ( ∑ g=1   G h       Q g   Q   −1 )  = 2( p + 1) . The term   T 2    can thus 
be written as a weighted average of terms whose unweighted average is equal to  
2( p + 1) . Heuristically, this means that the expected difference between    σ ˆ    CRV,∞  2    and   
σ  τ  2   should be increasing with the order of the polynomial. For example, it is  generally 
larger for local quadratic regression (  p = 2 ) than for local linear  regression  
(  p = 1 ). Fifth, the term   T 2    is analogous to the downward bias of   cluster-robust 
variance estimators in settings with a few clusters (e.g., Cameron and Miller 2015). 
While the existence of such biases is   well known in principle, in the current setting 
the distortion can be substantial even for moderate values of   G h    , as shown by our 
simulations in Section I and the online Appendix.

In summary, our theoretical results show if the degree of misspecification 
 relative to the variance of the residuals and the number of clusters are both small 
to  moderate, the CRV standard error is on average smaller than the EHW standard 
error. Clustering the standard error by the running variable will then amplify, rather 
than solve, the problems for inference caused by specification bias. This problem is 
particularly severe under correct specification. These results are exactly in line with 
the evidence presented in Section I.

B. Increasing Number of Support Points

In Theorem S2 in the online Appendix, we study the properties of    σ ˆ    CRV  2    when   G h    
increases with the sample size. This should deliver a useful approximation when 
there are many support points within the estimation window  [−h, h] . We show that if   
G h   → ∞  as   N h   → ∞  , the variance of    σ ˆ    CRV  2    vanishes, and we obtain that

    σ ˆ    CRV  2   −  σ  τ  2  =   ∑ 
g=1

  
 G h  

     d  g  2   π g    ω g   +  o P   (1) . 

The   right-hand side coincides with the first term in equation (5); the second term 
 vanishes. This means that if the number of support points   G h    is large, the CRV 
 standard error indeed tends to be larger than the EHW standard error, so that 
 clustering by the running variable improves coverage of the corresponding CI.13

13 A similar result could be obtained for the alternative clustered variance estimators described in Remark 2, 
which involve a “few clusters” bias correction. Such corrections would shrink the second term in equation (5), and 
possibly remove it under additional assumptions on the error term. 
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This fact alone does not imply that CRV confidence intervals have correct  coverage 
for all possible CEFs  μ( ⋅ )  , but only that there exist a set    CRV    of CEFs over 
the estimation window  [−h, h]  for which correct asymptotic coverage is  delivered. 
While    CRV    is strictly larger than the set of all  p   th-order polynomial functions, 
this property by itself is not a sufficient argument for justifying the use of CRV CIs. 
This is because any inference method that leads to CIs wider than those based on 
EHW standard errors, including undesirable approaches such as simply adding an 
arbitrary constant to the EHW standard errors, gives an improvement in coverage, 
and delivers correct inference if the true CEF lies in some set that is strictly larger 
than the set of all  p   th-order polynomial functions.

Whether CRV standard errors provide a meaningful degree of robustness to 
 misspecification depends on whether    CRV    contains CEFs that are empirically 
 relevant and easy to interpret, so that it is clear in practice what types of restrictions 
on  μ(x)  the researcher is imposing. In this respect, the set    CRV    has the  undesirable 
feature that it depends on the distribution of the running variable through the weights   
ω g    and the relative cluster sizes   π g   . This makes the set difficult to  characterize. 
Furthermore, it implies that two researchers studying the same RDD may arrive to 
different conclusions if, say, one of them oversampled observations closer to the 
cutoff (so that the relative cluster size   π g    for those observations is larger). Finally, 
simulation results in the online Appendix show that the set does not include mild 
departures from a polynomial specification, which is in line with the intuition given 
in Section IIC that the model that motivates the CRV approach implicitly rules out 
smooth CEFs.

For these reasons, when the number of support points within the estimation 
 window is large, and the researcher is worried that   τ ˆ    is biased, a better alternative 
to using CRV CIs is to choose a smaller bandwidth. Alternatively, one can use one 
of the honest inference procedures that we outline in Section IV, which guarantee 
proper coverage under easily interpretable restrictions on  μ(x) .

IV. Honest Confidence Intervals

If the CEF  μ(x)  is allowed to vary arbitrarily between the two support points of 
the running variable closest to the threshold, no method for inference on the ATE 
can be both valid and informative: without any restrictions on  μ(x)  , even in large 
samples, any point on the real line would remain a feasible candidate for the value of  
τ . To make progress, we need to place constraints on  μ(x) . Formally, we impose the 
assumption that  μ ∈   for some class of functions  , and then seek to construct 
CIs   C   1−α   that satisfy

(7)   lim inf  
N→∞

      inf  
μ∈

    P μ  (τ ∈  C   1−α ) ≥ 1 − α,  

where the notation   P μ    makes explicit that the coverage probability depends on the 
CEF. Following the terminology in Li (1989), we refer to such CIs as honest with 
respect to   . Honesty with respect to a meaningful and interpretable function 
class is desirable for a CI, as it guarantees good coverage properties even when 
facing “the worst possible” CEF that still satisfies the postulated constraints. In the 
 following subsections, we present honest CIs with respect to two different function 
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classes, which correspond to two different formalizations of the notion that  μ(x)  
can be   well approximated by a polynomial. The implementation of these CIs is 
 straightforward using the software package RDHonest.14 Proofs are relegated to the 
online Appendix.

A. Bound on the Second Derivative

The first restriction on  μ(x)  that we consider is based on bounding the magni-
tude of its second derivative, which is perhaps the most natural way of imposing 
smoothness. Specifically, we assume that  μ(x)  is twice differentiable on either side 
of the cutoff, with a second derivative that is bounded in absolute value by a known 
constant  K . By choosing a value of  K  close to 0, the researcher can thus formalize 
the notion that  μ(x)  is close to being linear, whereas choosing a large value of  K  
allows for less smooth CEFs. For technical reasons we only require  μ(x)  to be twice 
differentiable almost everywhere, which leads to the   second-order Hölder class

   H   (K) =   {μ : | μ′(a) − μ′(b) | ≤ K | a − b | for all a, b ∈  ℝ −   and all a, b ∈  ℝ +  }  .

A local version of this assumption is used in Cheng, Fan, and Marron (1997), whose 
results formally justify using local polynomial regression to estimate the ATE 
parameter when the running variable is continuous. Our goal is inference: we seek 
to construct CIs that are honest with respect to    H   (K)  , and based on a local linear 
estimator   τ ˆ    as defined in Section II (with  p = 1 ). This can be accomplished using 
results in Armstrong and Kolesár (2016), who study the construction of honest CIs 
in general nonparametric regression problems.15

It turns out that it is easier to construct CIs that are honest conditional on the 
realizations of the running variable, which is a slightly stronger condition than (7). 
To explain the construction, let    τ ̃   h   = E( τ ˆ   |  X 1  , … ,  X  N h     )  denote conditional expecta-
tion of the treatment effect estimator, and let    σ ˆ    NN  2  / N h    denote the   nearest-neighbor 
estimator (Abadie and Imbens 2006; Abadie, Imbens, and Zheng 2014) of 
 var( τ ˆ   |  X 1  ,  … ,  X  N h     )  , the conditional variance of   τ ˆ   . With discrete running variable, 
this estimator can be written as

    σ ˆ    NN  2   =  e  1  ′     Q ˆ     −1    Ω ˆ   NN     Q ˆ     −1   e 1  ,   Ω ˆ   NN   =   1 _  N h  
     ∑ 
g=1

  
 G h  

     n g     σ ˆ    g  2  m( x g  ) m( x g   ) ′  , 

where   n g    is the number of observations with   X i   =  x g    , and    σ ˆ    g  2   
=  ∑ i: X i  = x g    

      ( Y i   −    
_

 Y   g  )   2 /( n g   − 1)  is an unbiased estimator of the conditional  variance   

14 Available at https://github.com/kolesarm/RDHonest.
15 The related problem of honest testing for a jump in the density of the running variable at the threshold has 

been considered in Frandsen (2017), who uses a bound on the second derivative of the density that yields a class of 
densities similar to    H   (K) . 

https://github.com/kolesarm/RDHonest.
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σ  g  2  = var( Y i   |  X i   =  x g  )  , with     
_

 Y   g   =  n  g  −1   ∑ i: X i  = x g    
      Y i   .16 We can decompose the 

 t -statistic based on this variance estimator as

     τ ˆ   − τ ________ 
  σ ˆ   NN  / √ 

_
  N h    
   =    τ ˆ   −   τ ̃   h   _______ 

  σ ˆ   NN  / √ 
_

  N h    
   +     τ ̃   h   − τ _______ 

  σ ˆ   NN  / √ 
_

  N h    
   . 

Under mild regularity conditions, a central limit theorem ensures that the first 
term has standard normal distribution in large samples, and the second term is 
bounded in absolute value by

   r sup    =    
 sup μ∈  H  (K)   |   τ ̃   h   − τ |

  ____________  
  σ ˆ   NN  / √ 

__
  N h    
   .

In the online Appendix, we show that the supremum on the   right-hand side of the 
last equation is attained by the function  μ(x)  that equals  − K  x   2   for  x ≥ 0  and  K  x   2   
for  x < 0 . This yields the explicit expression

(8)   r sup    = −    K __ 
2
       
 ∑ i=1  

 N h      w( X i  ) X  i  
2  sgn( X i  )  _______________  

  σ ˆ   NN  / √ 
__

  N h    
   , w(  X i   ) =    1 ___  N h  

    ·   e  1  ′       Q ˆ     −1    M i   ,

for the upper bound   r sup    on the second component of the  t -statistic. This approach of 
bounding the second derivative (BSD) thus leads to the following CI.

PROPOSITION 1: Let   cv 1−α   (r) denote the  1 − α  quantile of the | (r, 1) |  
distribution (the distribution of the absolute value of a normal random variable 
with mean  r  and variance 1). Then, under regularity conditions stated in the online 
Appendix, the CI

(9)   C  BSD  1−α   =   ( τ ˆ   ±  cv 1−α  ( r sup  ) ×   σ ˆ   NN  / √ 
__

  N h    )  

is honest with respect to    H   (K) .

This CI has several attractive features. First, since the CI is valid conditional on 
the realizations of the running variable, it is not necessary to distinguish between 
the cases of a discrete and a continuous distribution of the running variable. The 
CI is valid in both cases. Second,   C  BSD  1−α   takes into account the exact   finite-sample 
bias of the estimator, and is thus valid for any choice of bandwidth. In  particular, 
it does not rely on asymptotic promises about what the bandwidth would have 
been had the sample size been larger, and remains valid even if the bandwidth 
is treated as fixed. In contrast, the usual methods of inference in RDDs rely on 
the assumption that the bandwidth shrinks to 0 sufficiently quickly relative to 

16 Abadie, Imbens, and Zheng (2014) show that the EHW variance estimator    σ ˆ    EHW  2  / N h    overestimates the condi-
tional variance of   τ ˆ    , while the   nearest-neighbor estimator is consistent under mild regularity conditions, in the sense 
that  var( τ ˆ   |  X 1   , … ,  X  N h    )/(   σ ˆ    NN  2  / N h  )   P   →   1 . One could nevertheless use the EHW standard error for the construction 
of the CI described in this subsection, but the resulting CI would be conservative. 
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the sample size, which can be hard to evaluate in practice. Third, to achieve the 
 tightest possible CI, one can simply choose a bandwidth  h  that minimizes its length 
 2 cv 1−α  ( r sup  ) ×   σ ˆ   NN  / √ 

__
  N h    .  Since this quantity depends on the outcome data only 

through the variance estimate    σ ˆ   NN    , which does not depend on  μ  , and which can be 
shown to be consistent under mild regularity conditions, doing so does not invalidate 
the honesty of the resulting CI.

An important implementation aspect of   C  BSD  1−α   is that it requires the researcher to 
choose a value for  K . This choice reflects the researcher’s beliefs of what  constitutes 
a plausible level of fluctuation in the function  μ(x)  in the particular empirical 
 context. In practice, we recommend reporting results for a range of  K  values in 
order to  illustrate the sensitivity of empirical conclusions to this choice. We find the 
following heuristic useful to get an intuition for the restrictions implied by particular 
choices of  K . Consider the function  μ  over some interval  [  x   ∗ ,  x   ∗∗  ] . One can show by 
simple algebra that if  μ ∈   H   (K)  , then it differs by at most  K ×  ( x   ∗∗  −  x   ∗ )   2 /8   
from a straight line between  μ( x   ∗ )  and  μ( x   ∗∗ ) . Thus, if a researcher believes, for 
example, that the CEF differs by no more than  S  from a straight line between the 
CEF values at the endpoints of any interval of length 1 in the support of the running 
variable, a reasonable choice for the bound on the second derivative is  K = 8S .

The use of subject knowledge for choosing  K  is necessary, as it is not possible to 
use a   data-driven method without additional assumptions. In particular, it follows 
from the results in Low (1997) and Armstrong and Kolesár (2018) that it is not 
possible to form honest CIs that are tighter than those in Proposition 1 by using 
  data-dependent tuning parameters, and at the same time maintain coverage over the 
whole function class    H   (K)  , for some conservative upper bound  K . This is related 
to the fact that it is not possible to upper bound  K  from the data. It is  possible, 
however, to lower bound  K  from the data. In the online Appendix, we construct 
an estimate and a   left-sided CI for this lower bound by adapting the construction 
from Armstrong and Kolesár (2018) to our setup. We apply this method to the two 
 empirical applications in Section V. The   left-sided CI can be used as a specification 
test to check if the chosen value of  K  is too low to be compatible with the data.

B. Bounds on Specification Errors at the Threshold

The second restriction on  μ(x)  that we consider formalizes the intuitive notion 
that the chosen model fits no worse at the cutoff than anywhere else in the support of 
the running variable within the estimation window  [−h, h] . In particular, we assume 
that the left limit of the specification bias at the threshold,   lim x↑0   δ(x)  , is no larger 
than the specification bias  δ( x g  )  at any point   x g    in the support of the running variable 
below the threshold, and similarly for the right limit. This leads to the class

    BME   (h) =  {μ  :  |  lim  
x↑0

    δ(x)  |  ≤   max  
1≤g≤ G  h  − 

   | δ( x g  ) | and |  lim  
x↓0

    δ(x)  |  ≤   max  
 G  h  − <g≤ G h  

   | δ( x g  )  |} , 

where we assume that the support points  { x 1  ,  … ,  x  G h     }  are ordered so that the first   
G  h  −   points are below the cutoff, and  δ(x) ≡ μ(x) − m(x ) ′    θ h    is the specification 
bias. Note that the specification bias depends on the function  μ(x)  directly, but also 
 indirectly as the definition of the best polynomial predictor  m(x ) ′    θ h    depends on  μ(x) .  
We refer to this class as the bounded misspecification error (BME) class.
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The assumption that    BME   (h)  contains the true CEF implies that we can bound 
the bias   τ h   − τ  as follows:

  |  τ h   − τ  |  ≤  b max  ,  b max   ≡   max  
 G  h  − <g≤ G h  

   | δ( x g  ) |  +   max  
1≤g≤ G  h  − 

   | δ( x g  ) | . 

It will be convenient to rewrite the bias bound   b max    in a way that avoids using the 
absolute value operator as

(10)   b max   =  max  
W∈

    b(W ), b(W ) =  s   +  δ( x  g   +   )  +  s   −  δ( x  g   −   ), 

where  W = ( g   − ,  g   + ,  s   − ,  s   + )  , and the maximum is taken over the set 
  = {1, … ,  G  h  − } × {  G  h  −  + 1, …,  G h   } ×  {−1, 1}   2  .

As a first step toward constructing a   two-sided CI, consider first the slightly 
 simpler problem of constructing an honest   right-sided CI for  τ . Suppose we knew 
that (10) was maximized at   W 0   = ( g  0  − ,  g  0  + ,  s  0  − ,  s  0  + ) . Then we could estimate the bias 
bound by

   b ˆ  ( W 0   ) ≡  s  0  +  δ ˆ  ( x  g  0  +    ) +  s  0  −  δ ˆ  ( x  g  0  −   ). 

Here   δ ˆ  ( x g  ) =  μ ˆ  ( x g  ) − m( x g   ) ′   θ ˆ    is an estimator of  δ( x g  )  , where   μ ˆ  ( x g  )  
=  ∑ i=1   N h       Y i   ⋅ 1 { X i   =  x g  } / n g    is simply the average outcome for the   n g     observations 
whose realization of the running variable is equal to   x g   . Since   τ ˆ   +  b ˆ  ( W 0  )  is 
 asymptotically normal, we could then construct a   right-sided CI for  τ  with  confidence 
level  1 − α  as

   (−∞,  c  R  1−α ( W 0  )]  ,   c  R  1−α  (  W 0   ) =   τ ˆ    +   b ˆ   (  W 0   ) +   z 1−α     V ˆ   (  W 0   )/  √ 
__

  N h     ,

where   V ˆ  ( W 0  )  is a consistent estimator of the asymptotic variance of   τ ˆ   +  b ˆ  ( W 0  )  
given in equation (S8) in the online Appendix, and   z 1−α    denotes the  1 − α  quantile 
of the standard normal distribution.

Although we do not know which  W ∈   maximizes (10), we do know that the 
union of CIs,

   C  BME,R  1−α    ≡    ∪  
W∈     

     (−∞,  c  R  1−α (W)]   =   (−∞,   max  
W∈    

   c  R  1−α (W)]  ,

contains the CI corresponding to that value of  W  that maximizes (10). Hence, 
  C  BME, R  1−α    is a valid CI for  τ . This type of construction is called the   union-intersection 
principle (Casella and Berger 2002, ch. 8.2.3), and produces CIs with correct asymp-
totic coverage. By analogous reasoning, a   left-sided CI for  τ  can be constructed as

  C  BME,L  1−α    ≡    ∪  
W∈    

     [ c  L  1−α (W), ∞)   =    [  min  
W∈    

   c  L  1−α (W), ∞)  ,

  c  L  1−α  ( W ) =   τ ˆ    +   b ˆ   ( W ) −   z 1−α     V ˆ   ( W )/  √ 
__

  N h     .
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An intersection of the right- and   left-sided CIs with a Bonferroni adjustment for 
their confidence levels then yields a   two-sided CI for  τ  with confidence level  1 − α .

PROPOSITION 2: Under regularity conditions in the online Appendix, the CI

   C  BME  1−α   ≡  (  min  
W∈    

   c  L  1−α/2  (W ),   max  
W∈    

   c  R  1−α/2  (W ))  

is honest with respect to    BME   (h) .

In contrast to the CI described in the previous subsection, which is valid regard-
less of whether the running variable   X i    is discrete or continuous,   C  BME  1−α    is  explicitly 
tailored to settings in which the running variable is discrete. It also requires 
many observations to be available for every support point within the estimation 
window. This is needed to justify joint asymptotic normality of the estimators 
  μ ˆ  ( x 1  ), … ,  μ ˆ  ( x G  )  , which is in turn needed to ensure that   τ ˆ   +  b ˆ  (W )  is asymptotically 
normal. We do not recommend using the BME CI when the variance of   μ ˆ  ( x g  )  is 
large relative to the absolute magnitude of  δ( x g  )  , or when there are many support 
points within the estimation window.

Remark 3: In the online Appendix, we evaluate the performance of the honest 
CIs described in this section in the CPS placebo study from Section I, and also in an 
additional simulation study. BSD CIs are shown to have excellent coverage proper-
ties given an appropriate choice of the constant  K . BME CIs perform well in designs 
with a few support points when many observations are available at each of them; 
they are conservative otherwise.

V. Empirical Applications

In this section, we use data from Oreopoulos (2006) and Lalive (2008) to  
illustrate the performance of CRV CIs and honest CIs from Section IV in empirical 
settings.

A. Oreopoulos (2006)

Oreopoulos (2006) studies the effect of a change in the minimum   school-leaving 
age in the United Kingdom from 14 to 15 on schooling attainment and workers’ 
earnings. The change occurred in 1947 in Great Britain (England, Scotland, and 
Wales), and in 1957 in Northern Ireland. The data are a sample of UK workers 
who turned 14 between 1935 and 1965, obtained by combining the 1984–2006 
waves of the UK General Household Survey; see Oreopoulos (2006, 2008) for  
details.

For simplicity, we focus on the   subsample of British workers, and restrict 
 attention to the effect of facing a higher minimum   school-leaving age on (the  natural 
logarithm of) annual earnings measured in 1998 UK pounds. Oreopoulos uses a 
sharp RDD to estimate this parameter. The running variable is the year in which the 
worker turned 14, and the treatment threshold is 1947. The running variable thus has  
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G = 31  support points, of which   G   +  = 19  are above the threshold, and   G   −  = 12  
ones are below. Oreopoulos (2006, 2008) uses the global specification

(11)  log ( EARN i  ) =  β 0   + τ ⋅ 1 { YEAR14 i   ≥ 1947}  +   ∑ 
k=1

  
4

     β k   ⋅  YEAR14  i  k  +  U i   . 

Table 2 reports the resulting treatment effect estimate along with CRV and 
 conventional EHW standard errors and CIs for this specification (column 1). In 
 addition, we consider linear and quadratic specifications fitted separately on 
each side of the threshold using either the full dataset (columns 2–3), or with the 
 estimation window restricted to  h = 6  years around the threshold (columns 4–5), 
or  h = 3  years (columns 6–7).17,18

For Oreopoulos’ original specification in column 1, the EHW standard error 
is twice as large as CRV standard error. The corresponding 95 percent EHW CI 

17 Our analysis is based on the data distributed together with the online corrigendum Oreopoulos (2008), 
which fixes some coding errors in the original paper and includes data from additional waves of the UK General 
Household Survey. The results in column 1 therefore differ from those reported Oreopoulos (2006), but they are 
identical to those given in Oreopoulos (2008). 

18 We consider different specifications in order to illustrate how these affect the relative magnitude of CRV and 
EHW standard errors. Whether the estimated effect is significantly different from zero is secondary for our pur-
poses. See, e.g., Devereux and Hart (2010) for a discussion of the sensitivity of the point estimates in Oreopoulos 
(2006) with respect to model specification. 

Table 2—Effect of Being Subject to Increases Minimum School-Leaving Age on Natural Logarithm 
of Annual Earnings

(1) (2) (3) (4) (5) (6) (7)

Panel A. Point estimates and EHW/CRV/CRV2/CRV-BM/BME inference
Estimate 0.055  −0.011  0.042 0.021 0.085 0.065 0.110
EHW SE 0.030 0.023 0.038 0.033 0.058 0.049 0.127
EHW CI  (−0.003,  0.113)   (−0.056,  0.035)    (−0.032,  0.115)    (−0.043,  0.085)    (−0.029,  0.199)    (−0.031,  0.161)    (−0.138,  0.359)  
CRV SE 0.015 0.027 0.019 0.020 0.016 0.009 0.004
CRV CI   (0.026,  0.084)    (−0.063,  0.042)    (0.005,  0.079)    (−0.018,  0.060)    (0.053,  0.117)    (0.048,  0.082)    (0.102,  0.119)  
CRV2 SE 0.017 0.032 0.026 0.028 0.031 0.019 0.014
CRV2 CI   (0.022,  0.088)    (−0.074,  0.052)    (−0.010,  0.093)    (−0.033,  0.075)    (0.025,  0.146)    (0.028,  0.101)    (0.082,  0.138)  
CRV-BM CI   (0.013,  0.096)    (−0.094,  0.073)    (−0.046,  0.129)    (−0.063,  0.106)    (−0.036,  0.207)    (−0.043,  0.173)    (−0.072,  0.293)  
BME CI   (−0.237,  0.344)    (−0.334,  0.313)    (−0.217,  0.300)    (−0.132,  0.175)    (−0.107,  0.275)    (−0.070,  0.202)    (−0.156,  0.376)  
Polyn. order 4 1 2 1 2 1 2
Separate fit No Yes Yes Yes Yes Yes Yes
Bandwidth  h    ∞    ∞    ∞    6    6    3    3  
Eff. sample size 73,954 73,954 73,954 20,883 20,883 10,533 10,533

(8) (9) (10) (11)

Panel B. BSD inference

 K    0.004    0.02    0.04    0.2  
Estimate 0.037 0.065 0.079 0.079
BSD CI   (−0.044,  0.118)    (−0.060,  0.190)    (−0.081,  0. 239)    (−0.269,  0.428)  
Polyn. order 1 1 1 1
Separate fit Yes Yes Yes Yes
Implied 
 bandwidth  h  

  5    3    2    2  

Eff. sample size 17,240 10,533 7,424 7,424

Notes: Estimates use data for Great Britain only. Specification 1 is from Oreopoulos (2006). Specifications 2 and 
3 fit global linear and quadratic models on each side of the cutoff. Specifications 4–7 fit local linear and local 
 quadratic models on each side of the cutoff, using bandwidths  h = 6  and  h = 3 . For BSD CIs in columns 8–11, the 
implied bandwidth is the one that minimizes the length of the resulting CI for a given choice of K.
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covers zero, whereas the 95 percent CRV CI does not. For the linear specification 
using the full data in column 2, the point estimate is negative, and EHW standard 
errors are slightly smaller than CRV ones. Figure 2 suggests that this may be due 
to substantial misspecification of a global linear model below the threshold. For 
the remaining specifications in Table 2, all EHW standard errors are larger than the 
CRV  standard errors, by a factor between 1.6 and 28.9. For both the linear and the 
quadratic  specifications, the factor generally increases as the bandwidth (and thus 
the number of support points used for estimation) decreases. Moreover, the factor 
is larger for quadratic specifications than it is for the linear specifications. This is 
in line with the theoretical results presented in Section IV. While our analysis does 
not imply that EHW CIs have correct coverage in this setting, it does imply that any 
CI with correct coverage must be at least as wide as the EHW CI. As a result, since 
none of the EHW CIs in Table 2 exclude zero, for the specifications in columns 1, 3, 
and 5–7, LC’s approach leads to incorrect claims about the statistical significance of 
the estimated treatment effect.

Next, Table 2 reports results for a   bias-reduced version of the CRV estimator 
developed by Bell and McCaffrey (2002), which we term CRV2, and results for 
CIs that combine this   bias-reduction with an adjusted critical value, also due to 
Bell and McCaffrey (2002), which we term   CRV-BM.19 See the online Appendix 
for formal definitions, and Remark 2 for a discussion of the performance of these 
CIs in  simulations. While these adjustments lead to larger CIs relative to CRV, 
  CRV-BM CIs are still smaller than EHW CIs for specifications in columns 1 and 7, 
and the effect in Oreopoulos’ original specification in column 1 is still significant.  
CRV2 standard errors remain smaller than EHW standard errors in all specifications 
except column 2.

19 We also considered the Imbens and Kolesár (2016) version of the critical value adjustment. The results, not 
reported here, are virtually identical to the   CRV-BM results. 
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Figure 2. Average of Natural logarithm of Annual Earnings by Year Aged 14

Notes: Vertical line indicates the year 1947, in which the minimum   school-leaving age changed from 14 to 15. 
Volume of dots is proportional to share of workers in the full data with the corresponding age.
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Finally, Table 2 reports the values of the honest CIs proposed in the Section IV. It 
shows that the BME procedure leads to CIs that are wider than the EHW CIs. The 
difference is most pronounced for Oreopoulos’ original specification in column 1 
and the specifications that use the full data in columns 2 and 3, due to a large number 
of support points within the estimation window. For the estimation windows  h = 6  
and  h = 3  , the BME CI is only slightly wider than the EHW CIs.

We also report BSD CIs for  K ∈ {0.004, 0.02, 0.04, 0.2} . We use the heuristic 
described in Section IVA that fixing a value of  K  corresponds to assuming that the 
true CEF does not deviate from a straight line by more than  K/8  over a   one-year 
interval. Given that a typical increase in log earnings per extra year in age is about 
0.02, we consider  K = 0.04  and  K = 0.02  to be reasonable choices, with the other 
values corresponding to a very optimistic and a very conservative view, respectively. 
We check these choices by estimating the lower bound for  K  using the method 
described in the online Appendix, which yields a point estimate equal to  0.012  , with 
a 95 percent CI given by   [0.0013, ∞)  . Except for  K = 0.2  , for which the implied 
maximum bias is as large as  0.24  (reflecting that this choice of  K  is very conserva-
tive), the resulting CIs, reported in columns 8–11 of Table 2, are reasonably tight, 
and in line with the results based on EHW and BME CIs.

B. Lalive

Lalive (2008) exploits a sharp discontinuity in Austria’s Regional Extended Benefit 
Program that was in place in 1989–1991 to study how changes in  unemployment 
benefits affect the duration of unemployment. To mitigate labor market problems 
in the steel sector that was undergoing restructuring, the program extended the 
 potential duration of unemployment benefits from 30 weeks to 209 weeks for job 
seekers aged 50 or older, living in 1 of 28 labor market districts of Austria with high 
steel industry concentrations. The sharp age and location cutoffs in eligibility for 
this program allow Lalive (2008) to exploit two separate regression discontinuity 
designs.

We focus here on the design with age in months as the running variable, with 
50 as the treatment threshold, and focus on the effect on unemployment duration 
for men aged 46–54, previously employed in   non-steel sectors, living in the treated 
districts.20 Because the data used in Lalive (2008) record age only up to a precision 
of one month, there are  G = 96  support points, 48 above and 48 below the cutoff. 
Figure 3 plots the data. Lalive (2008) uses the global polynomial regression

(12)   DURATION i   =  β 0   + τ ⋅ 1 { AGE i   ≥ 50}  +   ∑ 
j=1

  
p

     β  j  −  ⋅  ( AGE i   − 50)   p 

 +    ∑ 
j=1

  
p

     β  j  +  ⋅ 1 { AGE i   ≥ 50}  ⋅  ( AGE i   − 50)   p  +  U i   , 

20 As discussed in Lalive (2008), there may be a concern about the validity of this design if firms wait to lay 
off employees until they just satisfy the age requirement. If such manipulation was happening in the data, it may 
call into question the causal interpretation of the RD estimand. This concern about validity is secondary here, as 
our focus is on whether CRV CIs provide adequate coverage of the RDD estimand irrespective of whether it has 
causal interpretation. See Gerard, Rokkanen, and Rothe (2016) for bounds on causal parameters in RDDs with 
manipulation. 
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Figure 3. Average Unemployment Duration by Age for Men Living in the Treated Districts

Notes: Vertical line indicates age 50, the cutoff for Regional Extended Benefit Program eligibility. Volume of dots 
is proportional to share of workers in the full data with the corresponding age.

Table 3—Estimated Effect of Extended Unemployment Benefits on Duration of Unemployment

(1) (2) (3) (4) (5) (6) (7)

Panel A. Point estimates and EHW/CRV/BME inference
Estimate 14.6 14.8 11.2 13.4 14.5 12.5 12.2
EHW SE 1.19 2.23 4.57 3.13 6.54 4.45 8.89
EHW CI  (12.3, 16.9)   (10.4, 19.2)    (2.2, 20.1)    (7.2, 19.5)    (1.7, 27.4)    (3.8, 21.2)    (−5.2,  29.6)  
CRV SE 1.07 1.93 3.47 2.45 4.46 3.29 4.35
CRV CI   (12.5, 16.7)    (11.0, 18.6)    (4.3, 18.0)    (8.6, 18.2)    (5.8, 23.3)    (6.0, 18.9)    (3.7, 20.7)  
CRV2 SE 1.08 1.97 3.75 2.55 5.36 3.56 6.25
CRV2 CI   (12.5, 16.7)    (10.9, 18.7)    (3.8, 18.5)    (8.4, 18.4)    (4.0, 25.0)    (5.5, 19.5)    (−0.1, 24.5)  
CRV-BM CI   (12.5, 16.7)    (10.8, 18.8)    (2.8, 19.5)    (8.0, 18.7)    (0.2, 28.9)    (4.4, 20.6)    (−10.5, 34.9)  
BME CI   (−31.6,  60.7)    (−31.8,  60.7)    (−34.7,  56.3)    (−27.2,  52.7)    (−25.8,  54.1)    (−23.1,  46.7)    (−28.5,  50.2)  
Polyn. order 0 1 3 1 3 1 3
Separate fit Yes Yes Yes Yes Yes Yes Yes
Bandwidth  h    ∞    ∞    ∞   2 2 1 1
Eff. sample size 9,734 9,734 9,734 5,582 5,582 3,030 3,030

(8) (9) (10) (11)

Panel B. BSD inference

 K   1 8 16 32
Estimate 15.4 12.1 12.9 15.5
BSD CI   (9.7, 21.0)    (3.3, 20.8)    (2.9, 22.9)    (3.5, 27.5)  
Polyn. order 1 1 1 1
Separate fit Yes Yes Yes Yes
Implied 
 bandwidth  h  

2.83 1.17 0.92 0.67

Eff. sample size 8,723 6,875 6,521 6,115

Notes: Specification 1–3 are from Lalive (2008), and they fit global linear and cubic models on each side of the 
 cutoff. Specifications 4 –7 fit local linear and local cubic models on each side of the cutoff, using bandwidths  h = 2  
and  h = 1 . For BSD CIs in columns 8–11, the implied bandwidth is the one that minimizes the length of the 
 resulting CI for a given choice of K.



2302 THE AMERICAN ECONOMIC REVIEW AUGUST 2018

with  p = 0, 1 , or  3  , as well as a local linear regression with bandwidth  h = 2  and 
the Epanechnikov kernel, to estimate the parameter of interest. Lalive also reports 
CRV standard errors. Table 3 reproduces these estimates and standard errors, and also 
reports conventional EHW standard errors for these specifications ( columns 1–4), 
except in column 4 we use the uniform rather than the Epanechnikov kernel for 
simplicity. Columns 5–7 report estimates for local linear and local cubic regressions 
with bandwidth  h = 2  and  h = 1 . Like in Section VA, we also report results for 
  CRV-BM, and CRV2 that correspond to the   bias-reduction modification of the CRV 
estimator developed by Bell and McCaffrey (2002), with and without an additional 
critical value adjustment.

The point estimate is relatively insensitive to changes of the specification, 
 indicating that men stay unemployed for about 13 additional weeks in response to 
receiving up to 179 extra weeks of unemployment benefits. For all  specifications, 
the EHW standard errors are bigger than CRV standard errors, by a factor of 
1.1 to 2.0 that is increasing in the order of the polynomial and decreasing in the 
 bandwidth. This is in spite of the moderate number of support points on either 
side of the  threshold. Although the results remain significant, the CRV standard 
errors  overestimate the precision of the results. The CRV2 adjustment does not 
change this conclusion. Similarly, the   CRV-BM CIs are shorter than EHW CIs in all 
 specifications  considered except columns 5 and 7.

Table 3 also reports honest CIs proposed in Section IV. BME CIs turn out to 
be very wide for all specifications, and are essentially uninformative. As discussed 
after Proposition 2, this is because there is substantial uncertainty here about the 
 magnitudes of the specification errors (only few observations are available for 
each support points, and the number of support points is relatively large). This is 
an instance of a setup where BME CIs are very conservative. For BSD CIs, using 
the heuristic from Section IVA that the CEF should not deviate by more than  SC/8  
over a one-year interval, we set  K = 8  and  K = 16  as reasonable choices. We 
also  consider  K = 1  and  K = 32  as a robustness check. The specification test 
described in the online Appendix cannot reject linear CEF ( K = 0 ). Again, this is 
due to a relatively small number of observations available for each support point. 
The resulting CIs for these choices of  K , reported in columns 8–11 of Table 3, are 
much tighter than those based on the BME method, and quite close to the EHW CIs 
based local linear regression and bandwidth  h = 1 .

VI. Conclusions

RDDs with a discrete running variable are ubiquitous in empirical practice. In 
this paper, we show that the commonly used confidence intervals based on standard 
errors that are clustered by the running variable have poor coverage properties. We 
therefore recommend that they should not be used in practice, and that one should 
instead proceed as follows. First, there is no need to distinguish sharply between 
the case of a discrete and a continuous running variable. In particular, if the discrete 
running variable has rich support, one can make the bandwidth smaller to reduce 
the bias of the treatment effect estimate, and use EHW standard errors for inference. 
Discreteness of the running variable only causes problems if the number of support 
points close to the cutoff is so small that using a smaller bandwidth to make the bias 
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of the estimator negligible relative to its standard deviation is not feasible. Second, 
if one wants to deal with bias issues explicitly, one can use one of the two honest 
CIs described in this paper. The BSD approach works whether the running variable 
is discrete or continuous, whereas the BME approach is tailored to settings in which 
the running variable only takes on a few distinct values.
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