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Abstract A new state evolution law has recently been proposed by Nagata et al. (2012) that includes
a dependence upon stressing rate through a laboratory derived proportionality constant c. It has been
claimed that this law, while retaining the time-dependent healing of the Dieterich (or Aging) law, can also
match the symmetric response of the Ruina (or Slip) law to velocity step tests. We show through analytical
approximations and numerical results that the new law transitions between the responses of the traditional
Aging and Slip laws in velocity step-up/step-down experiments when the value of c is tuned properly.
Particularly, for c = 0, the response is pure Aging, while for finite, nonzero c one observes Slip law type
behavior for small velocity jumps but Aging law type response for larger jumps. The magnitude of the
velocity jump required to see this transition between aging and slip behaviors increases as c increases. In
the limit of c≫ 1 the response becomes purely Slip law type for all geologically plausible velocity jumps.
We also present results from detailed analytical and numerical studies of the mechanism of rupture
nucleation on 1-D faults under this new state evolution law to demonstrate that the style of nucleation can
also be made to switch from Aging-type (expanding cracks) to Slip-type (slip pulses) by adjusting the value
of c as indicated by the velocity step results.

1. Introduction

The fast slip during earthquakes is preceded by a phase of accelerating slow slip on the fault during which
the elastic forces are very nearly balanced by the frictional forces. This is called the nucleation phase of the
rupture. Theoretical models suggest that under appropriate conditions, this nucleation phase can culminate
in a seismogenic instability when the slip speeds become high enough to make inertial effects dominate
frictional resistance.

It has been suggested that, in general, foreshock occurrence and mainshock initiation might be controlled
by aseismic nucleation processes along plate boundaries—particularly in subduction zones and along
both continental margin and oceanic transform faults [McGuire et al., 2005; Kato et al., 2012; Bouchon et
al., 2011, 2013]. There is some observational evidence that the dimensions of these aseismic nucleation
zones (as inferred from the spatial extent of foreshock activity) scale with the seismic moments of the even-
tual earthquakes [Dodge et al., 1996]. In addition, combined geodetic and seismological observations have
established the occurrence of a class of episodic aseismic transients along plate boundaries (downdip from
the seismogenic zone) collectively referred to as slow slip and nonvolcanic tremor [Dragert et al., 2001;
Obara, 2002; Nadeau and Dolenc, 2005; Shelly et al., 2007; Obara, 2010; Peng and Gomberg, 2010]. The appar-
ent ubiquity of these aseismic slip processes and their inferred influences on faulting suggests that the
proper detection of these phases might have implications for both earthquake hazard estimation and early
warning. But it is difficult to observe the details of earthquake nucleation phases from seismological or
geodetic data [Beroza and Ellsworth, 1996; Bouchon et al., 2011]. To aid in the interpretation of such data,
it would be useful to simulate rupture nucleation using reliable numerical models to gain a better under-
standing of the properties of the nucleation processes. Under such friction-dominated slow slip conditions,
it is important to prescribe the “proper” friction laws on fault surfaces to be able to accurately predict fault
behavior. However, the physics of friction is not well understood, and this is especially true on natural faults
due to lack of observational constraints. This makes the proper constitutive law for fault friction an elusive
mathematical formulation.

The most widely adopted formulation of the frictional constitutive law for natural faults comes from a lab-
oratory derived framework called “rate- and state-dependent friction,” wherein the frictional stress at a
point is determined by the “rate” at which the fault is slipping, and the physical/mechanical “state” of the
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microcontacts bridging the two interfaces [Dieterich, 1978; Ruina, 1983]. The precise mathematical form
of the evolution of the state variable remains an unresolved problem as none of the existent formulations
agree fully with experimental data [Beeler et al., 1994; Marone et al., 1995; Bayart et al., 2006]. Under the
assumption that these experiments apply to (at least slow) sliding phenomena, it is of interest to keep
searching for formulations which describe laboratory data better. The importance of finding the proper state
evolution law is amplified by the fact that different state evolution laws can lead to very different earth-
quake nucleation styles in numerical models [Ampuero and Rubin, 2008]. Nagata et al. [2012] have recently
proposed a modified state evolution law that, they claim, does a better job of matching laboratory rock fric-
tion data than the state evolution laws commonly used in numerical modeling. In what follows, we report
our analytical and numerical exploration of the frictional behavior that this new evolution law imposes on
single degree of freedom systems. We also analyze the type of earthquake nucleation this law produces on
a 1-D fault in an elastic continuum.

2. Background

It is widely believed that the first-order increase/decrease in frictional strength of an unlubricated sliding
interface is controlled by the increase/decrease in the area of adhesive contacts between the sliding sur-
faces [Bowden and Tabor, 1964]. This is also the basis for the physical explanation of Amonton’s law which
gives the frictional strength 𝜏 as

𝜏 = 𝜇𝜎, (1)

where 𝜇 is the friction coefficient and 𝜎 is the normal stress acting on the interface. There are, however,
experimentally observed time- and slip-dependent variations in 𝜇. These include increases in strength with
time for interfaces at rest or slipping at very small slip speeds [Dieterich, 1972; Dieterich and Kilgore, 1994;
Beeler et al., 1994] and weakening with slip [Dieterich, 1978, 1979; Ruina, 1980, 1983; Rice and Ruina, 1983]
which are essential features in describing fault friction over seismic cycles. RSF attempts to capture these
variations, usually, in terms of two, coupled, first-order ordinary differential equations in two variables: (1)
The relative slip rate across the contact interface, denoted by V and (2) a measure of the strength of the
asperities bridging the sliding surface at a reference slip speed, often interpreted as the true area of con-
tact and called the state variable, denoted by 𝜃. The first of these equations describes the relationship of the
frictional strength with V and 𝜃. This we shall call the friction law:

𝜏

𝜎
= 𝜇∗ + a log

V
V∗

+ b log
𝜃

𝜃∗
, (2)

where a is the “direct effect” coefficient and accounts for the variations in frictional strength due to changes
in slip rate and b is the “evolution effect” coefficient which determines the change in friction due to evolu-
tion of state. In general, at not very high temperatures, a and b are constants of the order of 0.01, but they
can vary by as much as an order of magnitude with varying temperature and moisture content [Blanpied et
al., 1998]. The other parameters 𝜇∗, V∗, and 𝜃∗ are the values of the friction coefficient, slip rate, and state
at some reference steady state the choice of which does not affect the dynamics of the system. Through-
out this article we consider only dry rocks and hence will not make a distinction between normal stress and
effective normal stress. The mathematical framework of the problem is complete with the statement of an
evolution equation for 𝜃 in terms of the variables of interest:

�̇� = F(𝜃, V, �̇�,Γ), (3)

where Γ stands for any generalized family of frictional parameters. Equation (3) is generally referred to as the
state evolution law and, relative to the friction law, has been a matter of much debate. The two most widely
used forms are

Dieterich (Aging) Law ∶ �̇� = 1 − V𝜃
Dc

(4a)

Ruina (Slip) Law ∶ �̇� = −V𝜃
Dc

ln
V𝜃
Dc

(4b)

where Dc is some characteristic slip weakening length scale [Dieterich, 1978; Ruina, 1983]. Equation (4a) is
often referred to as the Aging law because state increases linearly with time when V = 0. Equation (4b) is

BHATTACHARYA AND RUBIN ©2014. American Geophysical Union. All Rights Reserved. 2273



Journal of Geophysical Research: Solid Earth 10.1002/2013JB010671

Figure 1. Analytical solutions for the evolution of stress with slip for the (a) Aging law and (b) Slip law for velocity
step-ups/step-downs (Vf∕Vi) of 10±2−8 with a = b = 0.007,Dc = 10 μm. The Aging law shows linear slip weakening
when pushed far above steady state and the characteristic slip weakening distance increases with the size of the velocity
jump. The Slip law shows a characteristic slip weakening distance independent of the size and sign of the jump similar
to laboratory velocity step-up/step-down experiments (although these are limited to ∼ ±2 orders of magnitude). Colors
correspond to the size of the jumps.

referred to as the Slip law in that no state evolution occurs unless V ≠ 0. Though the responses of the two
laws differ far from steady state (steady state being �̇� = 0), in the vicinity of steady state sliding the two
laws are asymptotically identical. Given that for both laws steady state sliding occurs when V𝜃∕Dc = 1, one
can readily deduce from equation (2) that the change in frictional strength between two consecutive steady
states interrupted by a velocity perturbation is

Δ𝜏
𝜎

= (a − b) log
V2

V1
, (5)

where V2 and V1 are the two steady state velocities. For (a − b) < 0 the surface is steady state velocity
weakening and can experience velocity instabilities when the sliding is infinitesimally perturbed about the
steady state. For (a − b) > 0, such instabilities are not possible and hence nucleation is not possible on a
velocity strengthening fault patch.

It has become clear over the years that neither the Aging law nor the Slip law accurately describes all robust
features of laboratory friction experiments [Beeler et al., 1994; Marone, 1998; Kato and Tullis, 2001]. Beeler
et al. [1994] demonstrated through “slide-hold-relide” experiments that the amount of healing of frictional
interfaces in granite and quartzite increased as the logarithm of hold time (of the load point) and not with
ever decreasing slip rates for large hold times. This feature is built-in in the Aging law due to the healing
term in equation (4a) (the first term on the right). The Slip law is at odds with this observation as it predicts
no healing as V → 0.

On the other hand, laboratory experiments also show that the stress change following a step-up or
step-down in load point velocity is such that the length scale of slip over which the stress evolves back to
the new steady state value is independent of the magnitude or sign of the step [Ruina, 1980, 1983; Tullis and
Weeks, 1986; Marone, 1998; Blanpied et al., 1998; Bayart et al., 2006] For a velocity step, this evolution in stress
change with slip can be solved for analytically for both the Aging and the Slip laws [e.g., Rice, 1993; Nakatani,
2001]. These solutions and numerical solutions for finite stiffness machines show that the transient response
of the Aging law is asymmetric with respect to the sign of the jump with much more evolution occurring for
step-downs (for amounts of slip 𝛿 ≪ Dc) than for step-ups in load point velocities (see Figure 1) [Marone,
1998; Kato and Tullis, 2001; Nakatani, 2001]. Moreover, for velocity increases the approach to steady state
occurs over a length scale which increases with the size of the jump [Ruina, 1980; Nakatani, 2001; Rubin
and Ampuero, 2005]. In particular, the decay of stress with slip is linear with slope b𝜎∕Dc when the veloc-
ity step-up pushes the sliding surface far above steady state. The Slip law leads to a symmetric response to
velocity increases and decreases with the slip weakening length independent of the size or sign of the step
in velocity (Figure 1) [Ampuero and Rubin, 2008].
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It has been argued that the proper state evolution law for simulating earthquake nucleation needs to
predict the correct amount of slip over which stress evolves back to steady state following rapid velocity
increases in order to evaluate the fracture energy of an expanding nucleation zone [Rubin, 2008]. Given its
similarity to laboratory velocity step-up test results, the Slip law is a better candidate for nucleation simula-
tions [Bayart et al., 2006]. But the Aging law, due to its time-dependent healing property, has been claimed
to be better suited to describe fault healing during interseismic periods [Beeler et al., 1994; Marone et al.,
1995; Marone, 1998]. To avoid this dichotomy of evolution laws for the two portions of the seismic cycle
where sliding friction is the dominant controlling factor, one would ideally hope for an evolution law similar
to the Aging law in that state increases linearly with time at near zero slip speeds and simultaneously similar
to the Slip law in that the stress evolves to steady state over a fixed length scale in response to step changes
in sliding velocity [Kato and Tullis, 2001].

Recently, Nagata et al. [2012] carried out a series of “stress-step” experiments by servo controlling a par-
ticular shear stress applied at the sliding interface. Further, following Nagata et al. [2008], they measured
the variation in acoustic transmissivity across the interface as a measure of the fluctuations in true contact
area and thus as a proxy for variations in state. Using this information and estimating the velocity of sliding
after the stress step, they estimated the “direct effect” term a without recourse to the details of a particular
state evolution law. They obtained values of a ≈ 0.05 which were much larger than the usual estimates of
a < 0.01. Both the Slip and Aging laws fared poorly in attempting to fit their data with such a large value of
a. To fit their data, they modified the Aging law by including a dependence upon stressing rate:

Nagata Law ∶ �̇� = 1 − V𝜃
Dc

− c
b
𝜃
�̇�

𝜎
, (6)

where c is another parameter and all other symbols carry over their respective meanings (but not neces-
sarily values) from equations (2) and (4a). For c = 0, this law reduces to the Aging law. It is worth pointing
out that this revision also required a Dc much smaller the usual estimates of a few microns to match the lab
data. Additionally, the requirement of the same amount of steady state velocity weakening/strengthening
means a − b is identical between the Aging, Slip, and Nagata laws. Given the much larger value of a this
further requires that b also be larger [Nagata et al., 2012]. Nagata et al. [2012] found c = 2.0 to be an appro-
priate value for their experiments. In the remainder of this paper, the stand-alone symbols a, b, and Dc are
used solely to denote appropriate values for the Nagata law. Whenever we use the corresponding values for
either the Aging or Slip laws, we make that explicit using appropriate subscripts.

Surprisingly, in spite of the close mathematical similarity to the Aging law, the authors claimed with numer-
ical simulations that the addition of the stressing rate term led to nearly symmetric responses to velocity
step tests [Nagata et al., 2012]. This promise of a single evolution law with time-dependent healing and
the proper response to velocity step tests was the primary motivation behind us taking up the Nagata law
for further study. The Nagata law has been recently studied (mostly numerically) in the context of earth-
quake cycle simulations with spring sliders and aftershock triggering [Kame et al., 2013a, 2013b]. Here we
focus instead on formulating a rigorous mathematical description of the slip weakening behavior under
Nagata law RSF in order to describe nucleation (in a 1-D elastic continuum) in full detail. In what follows,
we first present a detailed analytical exploration of the transient response of the Nagata law to velocity
step-ups and step-downs. We then give a complete analytical description of the various limiting forms of the
Nagata law velocity step response with particular emphasis on transitions from Aging law to Slip law type
behavior. Finally, we apply the Nagata law to an elastic continuum to study nucleation on 1-D faults and use
the results from the velocity steps to understand the resultant process analytically and numerically.

3. Single Degree of Freedom Systems

In this section, we analyze the frictional response to velocity steps under Nagata law RSF to find an analyt-
ical expression for the variation of shear stress with slip. The particular functional form of the shear stress
variation with slip due to a step velocity increase is of central importance in understanding the mechanics
of nucleation under a given state evolution law. Before we begin, we note that for single degree of freedom
systems, there exists a critical spring stiffness above which a small perturbation to steady state sliding can-
not grow into an instability. For the Aging and Slip laws, this critical stiffness kc is given as kc = (b − a)𝜎∕Dc
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[Ruina, 1983]. Noting that steady state sliding for the Nagata law implies V𝜃∕Dc = 1, it can be shown that
[Kame et al., 2013a]

kc =
(b − a)𝜎
Dc(1 + c)

. (7)

This shows that the critical stiffness for the Nagata law has the same mathematical form as that for the Slip
and Aging laws, but the slip weakening distance is scaled by the factor (1 + c) [Ruina, 1983]. For c = 0, it
reduces to Ruina’s result for the Aging law as expected.

3.1. Response to Velocity Steps
The Aging and the Slip laws predict no state evolution across a velocity step. For both these laws, with the
slider velocity constant, one can solve for the evolution of state following the velocity step using this sim-
ple initial condition. But, for the Nagata law, one needs to estimate the state change across the step due to
the third term in equation (6) [Nagata et al., 2012]. It is this instantaneous evolution of state that gives the
Nagata law its distinctive features.

In what follows, we shall use the subscript i for t → 0− and the subscript f for the values of the variables of
interest at t → 0+ where t = 0 marks the time of the step. To find the change in state across the step, we use
equation (6) and the fact that this change 𝛿𝜃 happens in a vanishingly small time due to a corresponding
change in shear stress 𝛿𝜏 (for Δt → 0, the other two terms are negligible):

𝛿𝜃

𝜃
= − c

b
𝛿𝜏

𝜎
. (8)

In terms of the values of the state variable just before and after the jump we can then write

ln
𝜃f

𝜃i
= − c

b

Δ𝜏f−i

𝜎
, (9)

where Δ𝜏f−i denotes the stress change across the step.

At this point we also need to evaluate the change in stress across the step using the friction law as that gives
us the second equation needed to evaluate 𝜃f and Δ𝜏f−i . From the friction law we have

𝜏f

𝜎
= 𝜇∗ + a log

Vf

V∗
+ b log

𝜃f

𝜃∗
, (10a)

𝜏i

𝜎
= 𝜇∗ + a log

Vi

V∗
+ b log

𝜃i

𝜃∗
. (10b)

Using equations (9), (10a), and (10b) one can easily verify that

Δ𝜏f−i =
a𝜎

1 + c
ln

(
Vf

Vi

)
, (11a)

𝜃f = 𝜃i

(
Vf

Vi

)− c
c+1

a
b

. (11b)

�̇�

𝜎
= b

�̇�

𝜃
, t > 0 + . (12)

Substituting equation (12) into (6), for a constant sliding velocity Vf , the Nagata evolution law takes the form

�̇� = 1
1 + c

−
Vf𝜃

Dc(1 + c)
, t > 0 + . (13)

This equation can be solved for 𝜃 using the initial condition derived in equation (11b):

𝜃(𝛿) =
Dc

Vf

[
1 −

{
1 −

Vi𝜃i

Dc

(
Vf

Vi

)1− c
c+1

a
b

}
exp

(
− 𝛿

Dc(1 + c)

)]
, t > 0 + . (14)

We can combine this with equation (2) to find the stress change with respect to the steady state stress
level achieved over long slip distances after the step. This choice of the zero level is useful in estimating the
peak to residual stress drop when a slip front passes through a region of a fault that previously was slipping
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slowly, which will be used when we examine nucleation on a 1-D fault. The exact expression for the variation
of the stress change with slip is

Δ𝜏(𝛿) = b𝜎 ln

[
1 −

{
1 − Ωi

(
Vf

Vi

)1− c
c+1

a
b

}
exp

(
− 𝛿

Dc(1 + c)

)]
, t > 0+, (15)

where, for the sake of notational brevity, we have introduced a new variable Ω for the combination V𝜃∕Dc.
In particular, we have

Ωi =
Vi𝜃i

Dc
. (16)

Note that the value of Ω relative to 1 denotes how far the sliding surface is from steady state. In particular,
Ω = 1 denotes steady state while Ω ≫ 1 denotes far above and Ω ≪ 1 far below steady state.

It is of interest to determine how the size of the velocity jump affects the response to the velocity
step. Before proceeding with this analysis in section 3.2, it is important to note that typical velocity
step-up/step-down experiments impose velocity steps from at or very near steady state. Therefore, for
the practical purposes of comparing our analytical results with lab data, we can assume Ωi ≈1. But in gen-
eral, most of the approximations given below are mathematically sound for the less stringent requirement
Ωi = (1). This is our assumption about the magnitude of Ωi unless made explicit otherwise.

3.2. Aging Law-Slip Law Transition
Assuming Ωi = (1), we have the following important limiting forms of equation (15) for large velocity
jumps of either sign:

lim
(Vf ∕Vi)r≫1

Δ𝜏(𝛿) ≈ b𝜎 ln

[
1 + Ωi

(
Vf

Vi

)r

exp

(
− 𝛿

Dc(1 + c)

)]
, ∞ > 𝛿 ≥ 0 (17a)

lim
(Vf ∕Vi)r≪1

Δ𝜏(𝛿) ≈ b𝜎 ln

[
1 − exp

(
− 𝛿

Dc(1 + c)

)]
, ∞ > 𝛿 > 0 (17b)

where

r = 1 − c
c + 1

a
b
. (18)

For every pair of Vf∕Vi and c that satisfies the limit in one of equations (17), the pair Vi∕Vf and c must satisfy
the limit in the other. It is crucial to note here that both of equations (17) are dependent not only on the size
and sign of the velocity jump but also on the specified value of c. In particular, we show in section 3.3 that
the exponent r tends to zero for c ≫ 1 (the ratio a∕b → 1 for c ≫ 1 when a − b is held constant). In this limit
the approximations in equations (17a) and (17b) are valid only for velocity jumps that lie outside the range
accessible during earthquake nucleation; e.g., for c = 100, (Vf∕Vi)r ≫ 1 requires log10(Vf∕Vi) ∼ 100. It is
worth noting that equation (17b) is mathematically analogous to the Aging law response for large velocity
step-downs derived by Ampuero and Rubin [2008]. For both equations (17a) and (17b), the Aging law-Nagata
law correspondence is exact for c = 0.

Given that equation (17a) is the appropriate limiting form for a specified Vf∕Vi and c, it automatically follows
that the second term within the logarithm in equation (17a) is much larger than 1 over a range of finite val-
ues of 𝛿. This leads to linear slip weakening similar to the Aging law. In this linear slip weakening limit, the
stress variation with slip has the form

Δ𝜏(𝛿) ≈ b𝜎

[
lnΩi +

(
1 − c

c + 1
a
b

)
ln

(
Vf

Vi

)]
− b𝜎

Dc(1 + c)
𝛿, 𝛿 < NDc(c + 1), (19)

where NDc(c + 1) is the slip distance over which linear slip weakening behavior is observed. An estimate of
this critical value of 𝛿, given the values of c and Vf∕Vi , can be obtained by requiring that(

Vf

Vi

)1− c
c+1

a
b

exp(−N) ⪆ (10). (20)

Note that as we have assumed Ωi = (1), it does not feature in the order of magnitude calculations here.
Therefore, for a given finite value of c, it follows from equations (17a) and (20) that there always exists a
value of Vf∕Vi above which the Nagata law response will show linear slip weakening behavior over finite
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Figure 2. Analytical behavior of the Aging law (open triangles), the Slip law (solid diamonds), and the Nagata law (solid
curves) for velocity step-ups/step-downs of magnitudes 10±2−8 with different values of c: (a) c = 1 and (b) c = 10. For
the Aging and Slip laws a = b = 0.007,Dc = 10 μm. For each value of c, the scaling relations in equations (24a)–(24c)
were used to obtain a, b, and Dc for the Nagata law. For nonzero c one observes Slip law type behavior for small velocity
jumps but Aging law type linear slip weakening response for larger jumps. The magenta lines superposed on the Nagata
law curves in Figure 2a are the shear stress estimates from the linear slip weakening approximation in equation (31). The
magnitude of the velocity jump required to see the Nagata law transition between Aging and Slip behaviors increases
as c increases. The vertical dashed lines in Figure 2a are estimates of the slip distance over which linear slip weakening
occurs from equation (20) using the equality with a value of 20 for the (10) term. The corresponding vertical lines in
Figure 2b are almost at zero slip for the range of velocity steps used. But the Nagata law response deviates from the Slip
law response for velocity jumps ≳ 10±6. Colors correspond to the size of the jumps.

slip distances. The size of this critical velocity jump increases with the value of c. The approximate equality
in equation (20) provides the relationship which gives the lower bound on the step size Vf∕Vi (given c) or
equivalently the upper bound on c (given Vf∕Vi) to achieve linear slip weakening behavior. Numerically, we
have seen that a value of about 20 for the (10) term on the right-hand side of equation (20) works pretty
well. From the second term on the right in equation (19) the rate of linear slip weakening is b𝜎∕Dc(1 + c),
whereas the corresponding Aging law slip weakening rate is b𝜎∕Dc.

Even for values of (Vf∕Vi, c) which satisfy equation (17a), the Nagata law exhibits a transition from lin-
ear to exponential slip weakening for values of slip much larger than NDc(c + 1), where N is given by
equation (20) (Appendix A). Figure 2b clearly shows this behavior for jumps of ≳ ±6 orders of magnitude.
Such a slip-dependent transition in the style of slip weakening also occurs for the Aging law. But for the
Nagata law, this transition from linear to exponential slip weakening occurs at slip distances small enough
to affect the area under the shear stress versus slip curve (see Figure 2b) and hence the fracture energy
of an expanding nucleation zone. We discuss this issue and its relevance to nucleation in greater detail in
Appendices A and E.

3.3. Pure Slip Law Behavior
We mentioned in section 3.2 that for c ≫ 1, velocity jumps needed to satisfy the limiting condition in
equation (17a) are not physically realizable. For such values of c, another useful approximation exists. To
show this, in this section, we will use the simplification that Ωi = 1. As mentioned before, this is not prob-
lematic for laboratory velocity step experiments. With this simplifying assumption, we will show that for
c ≫ 1, the Nagata law response is exactly equivalent to the Slip law response for all plausible values of Vf∕Vi

and all slip distances 𝛿. In order to derive the desired limiting form, we will use the identity

lim
r→0

xr = 1 + r ln x, x > 0. (21)

Therefore, in the limit c
c+1

a
b
→ 1 (which we show later in this section to be equivalent to c ≫ 1), we have(

Vf

Vi

)1− c
c+1

a
b

≈ 1 −
( c

c + 1
a
b
− 1

)
ln
(

Vf

Vi

)
, (22)

where x ≡ Vf∕Vi and r is substituted by the right-hand side of equation (18). This reduces equation (15) to

Δ𝜏(𝛿) = b𝜎
(

1 − c
c + 1

a
b

)
ln
(

Vf

Vi

)
exp

(
− 𝛿

Dc(1 + c)

)
(23)
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Figure 3. Analytical behavior of the Aging law (open triangles), the Slip law (solid diamonds), and the Nagata law
(solid curves) for velocity step-ups/step-downs of magnitudes 10±2−8 with c = 100. For the Aging and Slip laws
a= b= 0.007,Dc = 10 μm. The scaling relations in equations (24a)–(24c) were used to obtain a, b, and Dc for the Nagata
law. The Nagata law response and the Slip law response are identical for c = 100 over the range of velocity jumps used.
Colors correspond to the size of the jumps. Symbols for the Aging law velocity decreases (open triangles) plot on the top
of one another.

for any value of the slip. This is exactly the Slip law response given certain scaling relationships between the
Nagata and Slip law parameters we tabulate below.

The preceding paragraph, along with the discussion in section 3.2, presents a clear picture of the role of
the stressing rate parameter in modifying the response of the Aging law. Without any contribution of the
stressing rate term (c = 0), we have exactly the Aging law. When there is some contribution, we observe
a transition from the Aging to Slip law depending on the value of c and how far above steady state we are.
When the stressing rate contribution dominates the other terms in equation (6), the response looks exactly
like the Slip law. This behavior is shown clearly in Figures 2 and 3. One more point needs to be made with
respect to the identity in equation (21). It is strictly valid for all values of x > 0 only when r → 0. But for
0 < r ≪ 1, equation (21) is still a good approximation as long as x lies within some logarithmic neighbor-
hood of 1, the size of the neighborhood increasing with decreasing but positive values of r. For example, if
we choose c = 10 and a = b we get r = 1 − ca∕(c + 1)b = 0.09. For x = 102 (x can be thought of as a
jump size), the right-hand side of equation (21) is 1.5136, while the left-hand side is 1.4145. This explains the
near exact correspondence between the Slip law and the Nagata law responses for Vf∕Vi ≲ 10±2 with c = 10
in Figure 2. A corollary to the above statement is that whenever 0 < r ≪ 1, there always exist values of x
for which equation (21) is no longer a good approximation. This again leads us to the conclusion that for a
given finite value of c there always exists a value of Vf∕Vi above which the Nagata law response will show
the linear slip weakening behavior over nonzero slip distances.

To complete the discussion of the response of the Nagata law to velocity step tests, we tabulate three scaling
relationships that describe the correspondence of the Slip law parameters and the Nagata law parameters
in terms of c. That is, for a sufficiently large c and sufficiently small velocity jump Vf∕Vi (such that the Nagata
law response is identical to the Slip law), the following scaling relationships show how the other Nagata law
parameters must be chosen to match the Slip law response given the value of c:

Dc(1 + c) ≡ Dc|Slip, (24a)
a

1 + c
≡ a|Slip, (24b)

(a − b) ≡ (a − b)|Slip. (24c)

Equation (24a) follows from equating the slip weakening rates of the Slip and Nagata laws. This explains the
small value of Dc needed by Nagata et al. [2012] to fit their data. Equation (24b) follows from equation (11a)
and is imposed by the requirement of having the same peak stress for the Nagata and Aging/Slip laws after
a given velocity step-up/step-down. This indicates why the larger a values observed in experiments carried
out by Nagata et al. [2012] could be accommodated by introducing the stressing rate-dependent term with

BHATTACHARYA AND RUBIN ©2014. American Geophysical Union. All Rights Reserved. 2279



Journal of Geophysical Research: Solid Earth 10.1002/2013JB010671

a value c ≈ 2. As mentioned before, equation (24c) follows from the requirement to have the same amount
of steady state velocity weakening/strengthening independent of the state evolution law. These scaling rela-
tions imply that given lab data with Slip law type responses to each of a series of increasingly large velocity
jumps, no upper bound on the value of c exists. In other words, if one considers c to be a material property
like a, b, and Dc, then it is endowed with this strange property that any velocity step test data that are well
modeled by the Slip law cannot constrain c to any better than a lower bound. Finally, we have the following
expression for a∕b given a constant value of b − a = Δ:

a
b
=

a|Slip∕Aging(1 + c)
a|Slip∕Aging(1 + c) + Δ

. (25)

Therefore, for a given value of Δ, a∕b → 1 for c ≫ 1. Given this, we have the result that c
c+1

a
b
→ 1 for c ≫ 1

as claimed previously. These scaling relationships are observed to hold quite well when fitting the same
velocity step-up/step-down data with both the Nagata and the Slip laws as we discuss in section 3.2.

A set of scaling relationships similar to equations (24a)–(24c) hold for the Aging-Nagata law correspondence
as well. These are

Dc

{
1 − c

(a − b)
b

}
≡ Dc|Aging, (26a)

a
1 + c

≡ a|Aging, (26b)

(a − b) ≡ (a − b)|Aging. (26c)

Equation (26a) follows from the requirement of equality of the slip weakening rates of the Aging and Nagata
laws (equating b𝜎∕Dc(c + 1) from equation (19) with the linear slip weakening rate b𝜎∕Dc for the Aging
law). There is an important distinction between the scaling relations in equations (24) and (26). For a given
value of c, equation (24) define an exact (asymptotic) correspondence between the Nagata and Slip laws
given a small enough velocity jump (up or down). But for the same value of c, the correspondence between
the Nagata and Aging laws defined by the relations in equation (26) applies only for (sufficiently large)
velocity increases and only for slip distances 𝛿 such that the linear slip weakening approximation holds
(𝛿 ≲ NDc(c + 1)). The Aging-Nagata scaling relation for Dc for velocity step-downs is, in fact, the same as
equation (24a). This is because the Nagata law velocity step-down response in equation (17b) is exactly anal-
ogous to its Aging law counterpart with the Aging law Dc replaced by the Nagata law Dc(c + 1). But the Dc

scaling for step-downs is not relevant to understanding 1-D fault nucleation. Equations (26b) and (26c) are
identical to their Slip law counterparts and, actually, hold both for velocity step-ups and step-downs. In prac-
tice, however, existing velocity step tests of up to 2 orders of magnitude are known to agree well with the
Slip law [Bayart et al., 2006], and therefore, equation (24a) is probably the more useful scaling relationship
for Dc in understanding Nagata law fits to laboratory velocity step tests.

3.4. How Large Must c Be?
A crucial question to ask at this point is how large does c need to be for the Nagata law to explain existing
large magnitude velocity step-up/step-down data as closely as the Slip law. As discussed above, the real
test for the existence of a characteristic length scale for the decay/rise of the transient shear stress response
to a velocity step (for a single degree of freedom system) comes from pushing the system far from steady
state. The 2 orders of magnitude velocity step-up/step-down data of Bayart et al. [2006] thus provide a good
test. A double-direct shear geometry apparatus was used to shear 3 mm thick layers of granular quartz
gouge between rough surfaces held at 25 MPa normal stress. The surface was very nearly velocity neutral
(a− b≈ 0). Bayart et al. [2006] have shown that these data are well fit by the Slip law but not the Aging law.
Given that these experiments drive the sliding interface further from steady state than the experiments by
Nagata et al. [2012], our analytical results suggest that values of c larger than what they found might be
required to fit the data as closely as the Slip law. To confirm this, we inverted the data set for the relevant
Nagata law parameters using a Bayesian algorithm (P. Bhattacharya et al., manuscript under preparation,
2014). For the present, it will suffice to say that we found c ≈ 10.0 to be an appropriate lower bound on c
to fit these larger velocity step-up/step-down data as closely as the Slip law. This is considerably larger than
the c = 2.0 adopted by Nagata et al. [2012]. The corresponding (estimated) Nagata law parameters follow
the scaling prescriptions in equations (24a)–(24c) quite well, indicating the validity of these relationships in
this case.
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4. Nucleation on 1-D Faults

Although the results for the single degree of freedom system are instructive, the details of Nagata law nucle-
ation on elastically deformable faults can be revealed only by numerical simulation. We use a wave number
domain, parallelized, boundary element code to run simulations for a 1-D fault embedded in a 2-D elas-
tic continuum. In what follows, we introduce the model, discuss the numerical features of the Nagata law
nucleation, and then describe, through a series of approximate analytical solutions, the salient features of
the numerical simulations.

4.1. Mathematical Formulation
We start by describing the full suite of equations that govern the physics of our problem. From elasticity, we
write down the shear stress on the 1-D fault as

𝜏(x, t) = 𝜏∞(x, t) + 𝜏el(x, t) = 𝜏∞(x, t) + 𝜇′

2
[𝛿′](x, t), (27)

where 𝜏∞(x) is the remote tectonic loading, 𝜏el is the elastic stress produced by nonuniformity of slip, and 
denotes the real Hilbert transform. Differentiating equation (27) we can equate the shear stressing rate with
the rate of change of frictional strength from equation (2) to write

a
V̇
V
+ b

�̇�

𝜃
= �̇�∞

𝜎
+ 𝜇′

2𝜎
[V ′]. (28)

We assume 𝜎, a, b, and �̇�∞ to be spatially uniform and solve equation (28) coupled with equation (6). In
keeping with typical values for natural faults, we prescribe �̇�∞ = 10−2Pa∕s and an initial, spatially uniform
velocity 10−9m∕s. Nucleation is started in our simulations by either prescribing a local peak in velocity with
a Gaussian profile of width 2Lb (defined below) or by adding a spatially random perturbation to the steady
state Ω = V𝜃∕Dc field to vary it between 0 and 1.

Rubin and Ampuero [2005] showed that Aging law nucleation shows a clear dichotomy in nucleation styles
depending on the value of a∕b. For a∕b < 0.3781 a fixed length nucleation patch was observed with
the fault pushed so far above steady state everywhere within the patch that the healing term in equation
(4a) could be dropped. This was called the “no-healing” limit. For larger values of a∕b, an expanding
crack-like nucleation patch was observed where only the two propagating edges of the patch were far
above steady state, while the center was close to steady state. Rubin and Ampuero [2005] called this the
constant-weakning regime as the value of the weakening term (V𝜃∕Dc) in equation (4a) turned out to be
quasi-constant in time over the nucleating patch.

Slip law nucleation shows a similar Ω ≫ 1 limit for small values of a∕b (≲0.6–0.7 in the simulations of
Ampuero and Rubin [2008], but these values seem more sensitive to boundary and initial conditions than for
the Aging law), but the length scale of localization is inversely proportional to ∼ b𝜎 ln(V𝜃∕Dc) rather than
b𝜎. This makes the Ω ≫ 1 regime nucleation zone gradually shrink with increasing slip speeds [Ampuero and
Rubin, 2008]. However, for larger values of a∕b, the Ω ≫ 1 limit is not applicable and a propagating nucle-
ation front travels along the fault as a unidirectional slip pulse. The analysis of the Nagata law velocity step
response gives clear indications that tuning the value of c from c = 0 to c ≫ 1 can take us from Aging law
behavior to Slip law behavior. Given this, we expect to see a similar transition in nucleation style by varying
the value of c. In the rest of this paper, we discuss the details of Nagata law nucleation under variations in
both a∕b and c.

Before concluding this section, we will note a few details about the length scales of relevance to the 1-D
fault nucleation problem. The critical stiffness kc (equation (7)) arises from analyzing the stability of slid-
ing of a spring block slider. To study the stability of sliding on a deformable fault one needs an analog of
kc. Following Rice [1993] and Rubin and Ampuero [2005], we derive a dimensional estimate using the fact
that the effective stiffness at the center of a 2-D elastic crack (the stress drop for a given amount of slip) is
k∗≡Δ𝜏 /𝛿=𝜇′∕2L. Here 2L is the crack length and 𝜇′ is the shear modulus 𝜇 for antiplane strain and 𝜇∕(1−𝜈)
for plane strain, where 𝜈 is Poisson’s ratio. Demanding that k∗ at the center of the fault be equal to kc leads to
the following estimate for the minimum half-length of the nucleation zone required for instability, termed
Lb−a because it is inversely proportional to (b − a):

Lb−a =
𝜇′Dc(1 + c)
𝜎(b − a)

. (29)
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Figure 4. Numerical simulation of nucleation on 1-D fault using the Nagata law for a = 0.05,Dc = 0.33 μm, and c = 2.0. The initial condition was a randomized
value of Ω between 0 and 1. Profiles of (a) slip rate, (c) normalized slip, and (e) Ω for a∕b = 0.6. A localized nucleation patch is observed. The profile of Ω shows
the no-healing regime wherein the nucleating patch is far above steady state everywhere and Ω remains a monotonically increasing function of time within the
patch. Profiles of (b) normalized slip rate, (d) normalized slip, and (f ) Ω for a∕b = 0.95 showing the expanding crack-like nucleation patch. The profile of Ω shows
the constant weakening regime where the nucleating patch is far above steady state only at its edges. In the interior Ω is quasi-constant in time.

To within a multiplicative constant, this is analogous to the h∗ parameter introduced by Rice [1993] who
considered a sinusoidally varying load instead of a crack.

Far above steady state [Dieterich, 1992], the smallest length scale that one needs to resolve with the Aging
law to observe the relevant features of nucleation is smaller than this length scale by (b − a)∕b. For the
Nagata law, we define this length scale to be (motivated by the linear slip weakening length scale in
equation (19)):

Lb =
𝜇′Dc(1 + c)

𝜎b
. (30)

The length scales in both equations (29) and (30) are equivalent to the definitions of Lb and Lb−a from pre-
vious numerical studies with the Aging and Slip laws [Dieterich, 1992; Rubin and Ampuero, 2005; Ampuero
and Rubin, 2008] given the scaling relationships in section 3.4. For nucleation simulations, it is important
to choose a grid size small enough to resolve all the spatial heterogeneity in slip or stress. For the expand-
ing crack-type nucleation with the Aging law, this length scale is the length scale over which stress drops
occur at the edges of the nucleating patch, approximately Lb [Ampuero and Rubin, 2008]. For the Slip law,
the relevant length scale is Lb ln(V𝜃∕Dc)−1 and, with growing slip speeds, can shrink to much smaller than Lb

[Ampuero and Rubin, 2008]. This led Ampuero and Rubin [2008] to choose a grid resolution of 100 per Lb for
the Slip law. We choose 40–1000 points per Lb.

4.2. General Features of Nucleation for c = 2.0
Our first suite of simulations were run with c = 2.0,Dc = 0.33 μm, and a = 0.05. These values were reported
by Nagata et al. [2012] as providing the best fit to their lab data. Figure 4 shows the results of these sim-
ulations. For values of a∕b < 0.6–0.7 we observe a clear localization of the nucleation patch just like the
no-healing regime of the Aging law (Figures 4a, 4c, and 4d). This is characterized by the nucleation patch
being far above steady state (Ω ≫ 1) everywhere (Figure 4e). To determine the suitable form of the Nagata
state evolution law for Ω = V𝜃∕Dc ≫ 1, it is useful to start by using the quasi-static force balance to replace
the stressing rate in equation (6) with the left-hand side of equation (28) to write

�̇� = 1
c + 1

− V𝜃
Dc(c + 1)

− c
c + 1

a
b
𝜃

V̇
V
. (31)
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For Ω ≫ 1 we can drop the first term in equation (31), leading to the no-healing limit of the Nagata law:

�̇� ≈ − V𝜃
Dc(c + 1)

− c
c + 1

a
b
𝜃

V̇
V
. (32)

Using equation (28) to express aV̇∕V in terms of the stressing rate, equation (32) becomes

�̇�

𝜃
≈ − V

Dc
− c

b𝜎
�̇�. (33)

For a∕b> 0.7, expanding crack-type nucleation is observed with the Nagata law (Figures 4b, 4d, and 4f).
Figure 4f shows that Ω is quasi-constant in time, and of the order 1, at the center of the expanding patch
in this regime. This is very similar to the constant weakening limit observed in Aging law nucleations
(for a∕b > 0.4). In the subsequent sections we show, following Rubin and Ampuero [2005] and Ampuero and
Rubin [2008], that these regimes of Nagata law nucleation are amenable to some quantitative understand-
ing through a series of semianalytical approximations.
4.2.1. Localized Nucleation
The numerical results (Figure 4e) suggest that localized slipping for Nagata law nucleation with c = 2
requires Ω≫1 everywhere within the slipping patch. The slip rate profile has a clear spatial structure that
is maintained while the velocity increases in time (Figure 4a). Following the analysis of Rubin and Ampuero
[2005] for the Aging law, we search for a variable separable solution of the form

V(x, t) = Vt(t)(𝜉), 𝜉 = x
L
≤ 1; (34a)

V(x, t) = 0, 𝜉 > 1, (34b)

where Vt(t) and (𝜉) are the independent time and space solutions such that (0) = 1, L is the fixed length
of the localized patch, and 𝜉 is dimensionless position. The stressing rate transforms as

̇𝜏el(x, t) = Vt(t)
𝜇′

2L
̇ (𝜉), (35)

where ̇ (𝜉) is the spatial distribution of the stressing rate. For slip speeds large enough that the remote
loading rate is much smaller than the elastic loading rate (|�̇�el| ≫ �̇�∞) we can drop the background loading
term altogether and, using equation (35), write

a
V̇t

Vt
+ b

�̇�

𝜃
= �̇�el

𝜎
= Vt

Lb

2L
b

Dc(c + 1)
̇ (𝜉). (36)

The assumptions |�̇�el| ≫ �̇�∞ and equation (33) are both simultaneously true for the no-healing regime and,
therefore, substituting for �̇�∕𝜃 from equation (33) we can write

V̇t

V2
t

= b
aDc

[
(𝜉) + Lb

2L
̇ (𝜉)

]
, (37)

identical to Rubin and Ampuero [2005, equation (14)] with Lb generalized for nonzero c as in equation (30).
The evolution of Vt(t) can be obtained by evaluating equation (37) at 𝜉 = 0:

V̇t

V2
t

= b
aDc

[
1 +

Lb

2L
̇ (0)

]
≡ CΩ≫1

Dc
, (38)

which has the solution

Vt(t) =
Dc

CΩ≫1
(t∗ − t)−1. (39)

Here t∗ is the so-called “time of instability” for CΩ≫1 > 0 (as limt→t∗ Vt(t) → ∞) and is given by

t∗ =
Dc

CΩ≫1Vt(0)
. (40)

To obtain a semianalytical solution for (𝜉), we follow Rubin and Ampuero [2005] and use equations (37) and
(38) to write

(𝜉) = 1 −
Lb

2L
[̇ (𝜉) − ̇ (0)]. (41)
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This gives us a solution for (𝜉) given the particular stressing rate distribution imposed by elasticity. Rubin
and Ampuero [2005] outlined a method to solve for (𝜉) semianalytically for all |𝜉 ≡ x∕L| ≤ 1 as an eigen-
value problem for a given value of L∕Lb. Their approach uses known elastostatic analytical solutions for (𝜉)
given a piecewise linear and continuous stressing rate distribution ̇ (𝜉). Using the fact that the slipping
zone is localized, they further imposed that the stress intensity factor at the tips of the nucleation zone be
zero. This fixes both L∕Lb and CΩ≫1. As our equation (41) is exactly analogous to their equation (18) (where
Lb in our case is given by equation (30)), we can use their results directly to fix

L ≈ 1.3774Lb, (42a)

̇ (0) ≈ −1.7132. (42b)

For the no-healing regime, we estimate the patch length from the numerical simulations by defining it to be
half of the distance separating the two stressing rate peaks.

Finally, using equations (33) and (41), we have the following expression for the evolution of state:

�̇�

𝜃
= −

Vt(t)
Dc

[
(𝜉) + c

c + 1

Lb

2L
̇ (𝜉)

]
. (43)

Integrating both sides of equation (43) and using the expression for Vt(t) from equation (39), it can be shown
that the analytical solution for Ω at a given space time coordinate is

Ω(𝜉, t)
Ω(𝜉, 0)

=
(

Vt(t)
Vt(0)

)1− 1
CΩ≫1

[(𝜉)+ c
c+1

Lb
2L
̇ (𝜉)

]
. (44)

The no-healing regime is characterized by Ω ≫ 1 everywhere within the nucleation zone as the patch
approaches instability. This requires Ω(𝜉, t) to be a monotonically increasing function over the nucleating
patch or equivalently

1
CΩ≫1

[
(𝜉) + c

c + 1

Lb

2L
̇ (𝜉)

]
≤ 1. (45)

In Appendix B, we show that the condition for monotonically increasing Ω is violated first (if at all) at the
center of the nucleation zone (𝜉 = 0;(0) = 1). This leads to the following condition for the no-healing limit:

1 + c
c + 1

Lb

2L
̇ (0) ≤ CΩ≫1. (46)

Equation (46) can be rewritten to provide a range of values of a∕b for which a localized nucleation patch
would be numerically observed with the Nagata law:

a
b
≤ 1 + Lb

2L
̇ (0)

1 + c
c+1

Lb

2L
̇ (0)

, (47)

where L∕Lb and ̇ (0) are given by equations (42a) and (42b), respectively, and are both independent of c.
Using numerical values of L∕Lb and ̇ (0), we can rewrite equation (47) as

a
b
≤ 0.3781(1 + c)

1 + 0.3781c
. (48)

For c = 0, we have the Aging law limit obtained by Rubin and Ampuero [2005]:

a
b
≤ 1 +

Lb

2L
̇ (0) = 0.3781, (49)

where, for c = 0, Lb is the same for the Nagata and Aging laws. Furthermore, if one writes a∕b in (48) in terms
of aAging and bAging using the scaling relations in (26), one obtains aAging∕bAging ≤ 0.3781, as for the Aging
law. In other words, for values of a − b and the stress change across a velocity step determined by labora-
tory data, the condition for localized nucleation is independent of the choice of c, given the above scaling
relations. In our case, for c = 2, equation (47) leads to the condition a∕b < 0.6459. This is consistent with
our observation that the transition from the localized nucleation patch to expanding crack-type nucleation
occurs for a∕b ≈ 0.6–0.7.
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Figure 5. Shear stress change profile across the nucleating patch for (a) a∕b = 0.90 and (b) a∕b = 0.95 with a = 0.05,
Dc = 0.33 μm, and c = 2.0. Both the simulations were initiated with a randomized value of Ω between 0 and 1. Both
simulations were terminated when the maximum velocity reached was 1 m s−1.

4.2.2. Expanding Crack-Like Nucleation
Nucleation on a homogeneous deformable fault can be viewed as a competition between two processes:
elasticity and slip/velocity weakening friction. Elasticity works to smooth slip/velocity gradients, whereas
slip/velocity weakening works to keep regions of high slip rates localized. For a∕b smaller than a critical,
c dependent value (or equivalently Ω ≫ 1), these two tendencies are balanced and we have a localized
nucleating patch which keeps accelerating, as in section 4.2.1. On the other hand, keeping c fixed, as one
decreases the amount of velocity weakening by increasing the value of a∕b, the nucleating patch expands.
For c = 2.0, this expansion is crack-like.

As mentioned before, the constant weakening regime gets its name from the final, quasi-constant, nearly
steady state value of Ω everywhere in the interior of the nucleating patch. The only exception occurs at
the propagating tips where the fault is still well above steady state (Figure 4f ). We derive approximate
expressions for this value of Ω in Appendix D. The shear stress drop within the nucleating patch is spatially
quasi-uniform but increases with time. Also, nucleating patches with larger values of a∕b expand more
in approaching the same final maximum velocity (see Figure 5). This behavior is analogous to Aging law
nucleation for values of (a∕b)Aging > 0.3781.

Following Rubin and Ampuero [2005], we can also obtain an estimate of the asymptotic length of the
expanding nucleating patch by equating the mechanical energy release rate with the fracture energy. The
velocity jump imposed at the tip of the nucleation zone is sufficiently abrupt that the fracture energy can be
estimated by making use of the velocity step solutions derived in section 3.1. In particular, as c = 2.0 ≫̸ 1
and the jump in velocity at the tip of the nucleating zone becomes very large, we can make use of the linear
slip weakening solution from equation (19) to estimate the critical amount of slip over which the peak stress
is relaxed to the residual, (nearly) steady state, level in the interior of the nucleation zone. Therefore, for a
peak to residual stress change Δ𝜏p−r , the critical slip weakening distance is given by

𝛿c = Dc(1 + c)
Δ𝜏p−r

b𝜎
. (50)

Equation (19) assumes a “true” velocity step. Therefore, equation (50) only strictly applies if the peak slip rate
imparted to a given point by the passing nucleation front is maintained at that point over all subsequent
times. Figure 4b shows that this is clearly not the case in our numerical results. However, as the perturbation
in velocity after the passage of the stressing rate peak through a point is much smaller than the perturba-
tion due to the stressing rate peak arriving at that point, we find that equation (19) is a useful approximation.
Figure 6 provides support to this approximation by showing that our linear stress weakening approxima-
tion is a good proxy for the observed stress weakening in the simulations. Figure 6 also shows that the slip
weakening rate in the center of the nucleating zone tends to a constant value depending on a, b, and c.

Further, making use of the initial conditions for a step change in velocity, we can calculate the peak to
residual stress drop. To make the derivation easier, we first rewrite equation (2) as

𝜏

𝜎
= 𝜇∗ + (a − b) log

V
V∗

+ b logΩ, (51)
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Figure 6. Normalized shear stress change versus slip from the tip of the crack to the center, for snapshots at three sepa-
rate times, showing that for the given value of c = 2.0 and a∕b = 0.95 the Nagata law shows quasi-linear slip weakening
for the velocity jumps experienced by the fault interior to the expanding nucleation zone. Our analytical estimate for
the rate of slip weakening (blue bold line, equation (19)) is a good approximation. The peak stress for the linear slip
weakening curve is calculated using equation (11a) with Vmax∕Vbg as the size of the velocity jump. The vertical extent
of the linear slip weakening curve is the peak to residual stress drop (from equation (52)). The zero stress level is the
ambient stress.

We use equations (51) and (11b) to obtain

Δ𝜏p−r = b𝜎

[
ln
{Ωbg

Ωint

(
Vmax

Vbg

)r}]
, (52)

where Ωint is the future (near) steady state value of Ω in the interior of the nucleation zone, Vbg is the slip rate
well ahead of the front, Ωbg is the nonsteady state value of Ω well ahead of the propagating front, Vmax is the
maximum value of V near the tip, and r is given by equation (18). It is important to note that equation (52)
assumes a step change in velocity from Vbg to the maximum sliding velocity Vmax. Putting the expressions
of the critical slip weakening distance and the peak to residual stress change together we can write the
following expression for the critical fracture energy Gc following Lawn [1993]:

Gc =
1
2
Δ𝜏p−r𝛿c =

b𝜎
2

Dc(1 + c)
[

ln

{Ωbg

Ωint

(
Vmax

Vbg

)r}]2

. (53)

For an equilibrium crack, Gc is balanced by the reduction in mechanical energy per increment of crack
length G. In general, for a quasi-uniform stress drop in the interior of the nucleating zone (as in Figure 5), the
mechanical energy release rate G is given as [Lawn, 1993]

G = 𝜋

2
L
𝜇′ Δ𝜏

2
0 , (54)

where L is the equilibrium crack half-length and Δ𝜏0 is the magnitude of the ambient to residual stress drop.
Using the friction law (equation (51)), one can express Δ𝜏0 as

Δ𝜏0 =
[
𝜎(b − a) ln

(
Vmax

Vbg

)
− b𝜎 ln

(
Ωint

Ωbg

)]
. (55)

This leads to the following expression for G:

G = 𝜋

2
L
𝜇′

[
𝜎(b − a) ln

(
Vmax

Vbg

)
− b𝜎 ln

(
Ωint

Ωbg

)]2

. (56)
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Using the condition G = Gc for an equilibrium crack (setting equation (53) equal to equation (56))

L =
Lb

𝜋

(Δ𝜏p−r

Δ𝜏0

)2

=
Lb

𝜋

[
ln
(

Ωbg

Ωint

)
+ r ln

(
Vmax

Vbg

)]2

[
b−a

b
ln
(

Vmax

Vbg

)
− ln

(
Ωint

Ωbg

)]2
. (57)

As the interior of the nucleating zone is always near steady state, Ωint ∼ 1 is a good approximation for the
constant weakening case. Additionally, we can make the assumption that Ωbg ≈ (1) as seen in Figure 4f.
These assumptions reduce equation (57) to the following form:

L
Lb

≈ 1
𝜋

[
ln((1)) + r ln

(
Vmax

Vbg

)]2

[
ln((1)) + b−a

b
ln
(

Vmax

Vbg

)]2
. (58)

We note that for values of a∕b increasing up to the upper limit 1 (for a given value of c), r tends to 1∕(c + 1).
Also, the coefficient of the ln(Vmax∕Vbg) term in the denominator goes to 0 as a∕b → 1. Therefore, with
increasing values of c and a∕b, one can drop the first term within the square brackets simultaneously in the
numerator and denominator only at progressively higher-order values of Vmax. Following this argument, for
a value of Vmax∕Vbg large enough (given the value of c and a∕b), we can reduce equation (57) to

L∞
Lb

= 1
𝜋

( b
b − a

)2 (
1 − c

c + 1
a
b

)2
, (59)

where L∞ is the crack half-length in the limit Vmax → ∞. The corresponding estimate for the Aging law can
be obtained by putting c = 0 in equation (59) leading to(

L∞
Lb

)
c=0

= 1
𝜋

( b
b − a

)2

c=0
, (60)

where the values of b and b−a are equal to the corresponding Aging law parameters. It is important to note
that equations (57) to (59) only hold for combinations of c and Vmax∕Vbg for which the linear slip weakening
assumption holds. The values of Vmax∕Vbg for which linear slip weakening is valid with c ≫ 1 are physically
impossible to attain. So one cannot use equation (59) in the limit c ≫ 1 for geologically plausible slip rates.

The scaling relationships in equations (26b) and (26c) independently lead to an implicit relation between
the Nagata law b and the corresponding Aging law b:

b
bAging

=
(

1 − c
c + 1

a
b

)−1
. (61)

This scaling tells us that a set of values of a, b, Dc, and c and aAging, bAging, and Dc Aging (suppose from fit-
ting laboratory friction data equally well with either law) which scale in accordance to the relationships in
equations (26a)–(26c) will predict the same limiting size for the expanding crack-like nucleation patch. L∞ is
the minimum length of a velocity weakening fault patch to allow an expanding crack-type nucleation zone
to reach instability. Our results further imply that velocity weakening fault patches which are large enough
to host an Aging law seismic instability would, following the scaling relations in equations (26), produce the
same behavior with the Nagata law as long as c was small enough to lead to linear slip weakening at the
rupture tip during (most of ) the nucleation process.

In a purely quasi-static model (as ours), there is no imposed upper limit on Vmax. In order to check if numeri-
cal simulations agree with equation (59) in the expanding crack regime, we let the nucleation zone achieve
slip speeds which are not expected on natural faults (at least not for aseismic slip). We need to drop the (1)
terms from both the numerator and denominator in equation (58) to arrive at equation (59). This means that
the choice of this maximum slip speed, Vlim, is dictated by

ln

(
Vlim

Vbg

)
≫ max

[
ln((1))
(1 − a

b
c

c+1
)
,

ln((1))
(1 − a

b
)

]
. (62)
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Figure 7. Plot of Llim (the crack half-length at Vlim) normalized by Lb versus a∕b for c = 2.0 and two different initial
conditions (blue triangles: locally peaked velocity, uniform state; red squares: random initial Ω between 0 and 1, uni-
form velocity). For progressively higher values of a∕b, progressively higher values of Vlim were chosen according to
equation (62). The open symbols represent the L∕Lb values for the same initial conditions as the corresponding solid
symbols but when Vmax =0.1 m s−1. The transition from the fixed length solution (black dash-dotted line is our analytical
estimate) to the expanding crack solution (green dashed line is our analytical estimate) is observed around a∕b ≈ 0.7.

But in practice, we have always observed from our simulations that the expanding crack attains the value of
L∞∕Lb predicted by equation (59) if our choice of Vlim satisfies the following less restrictive condition:

ln

(
Vlim

Vbg

)
≫

ln((1))
(1 − a

b
c

c+1
)
. (63)

For example, if we choose 5 as an appropriate value for the
Ωbg

Ωint
≈(1) in equation (58), we get

ln(Vlim∕Vbg)≫ 4.02 for a∕b= 0.9, c = 2.0. Assuming ln(Vlim∕Vbg) ≈ 40 and as Vbg ≈ 10−13 m s−1, one has
Vlim ≈ 104 m s−1. The plot of L∞∕Lb versus a∕b is shown in Figure 7. We have also plotted the L∕Lb values
at Vmax = 0.1 m s−1 for comparison. The actual values of L∕Lb arising from the simulations for our chosen
values of Vlim are in reasonable agreement with our analytical estimates except at the very highest value of
a∕b (0.99). These deviations may be due to two reasons: (1) For values of a∕b really close to 1, maybe our
less restrictive condition in equation (63) fails and we need to use equation (62) to compute Vlim. (2) Our
conservative choice of ln(Vlim∕Vbg) as being only 1 order of magnitude larger than the right-hand side of
equation (62). Attempting to rectify either of these problems would lead to remarkably large values of Vlim,
and we did not drive our simulations to such limits.

4.3. Increasing c (Aging-Slip Transition)
Our analysis of the velocity step-up/step-down tests for single degree of freedom systems suggest that if we
systematically increase the value of c keeping a−b constant, the response of the Nagata law should become
progressively like the Slip law over an increasing range of velocity jumps, at least in the expanding crack-like
nucleation regime. On an elastically deformable fault we can recast this statement to ask the following
question: Given the range of velocity jumps consistent with earthquake nucleation on a 1-D fault, how large
does c need to be observe Slip law style nucleation? For this purpose, we use c up to 10 as an appropri-
ate upper limit (the minimum bound on c obtained from fitting the laboratory data in P. Bhattacharya et al.
(manuscript in preparation, 2014).
4.3.1. Localized Nucleation
The no-healing regime for c = 2 extended up to a∕b < 0.6459. For a ≈ 0.05, this corresponds to a range
of values of a − b (≲ −0.0274) over which we observed a localized nucleation patch. Values of a − b this
large are not observed experimentally, consequently the Ω ≫ 1 regime is not consistent with laboratory
experiments, as for the Aging law. We used these same values of a − b to study the effect of varying c in
this regime. Keeping a − b fixed, the scaling relations in equations (24a)–(24c) were used to specify the new
values of a, b, and Dc. For these values of a − b, we still observe the localized nucleation patch for c as high
as 10 (Figure 8). This behavior is exactly what is expected from equation (48).
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Figure 8. Numerical simulation for nucleation on 1-D fault using the Nagata law for a − b = −0.0333 and c = 5 and 10.
This value of a − b corresponds to a∕b = 0.6 in the c = 2.0 case. The simulations were initiated with a randomized value
of Ω between 0 and 1. (a) Slip rate and (b) Ω profiles for c = 5 or equivalently a∕b ≈ 0.75. A localized nucleation patch is
observed for this set of parameter values. (c) Slip rate and (d) Ω profiles for c=10 or equivalently a∕b ≈ 0.85 also showing
localized nucleation patch. Note that these values of a∕b for both c = 5 and 10 are smaller than the corresponding
right-hand sides of equation (48). The length scale bounded by the red, dashed, vertical lines is 1.3774Lb which is the
Aging law type fixed length solution. The curves outlined by blue diamonds signify a length scale smaller by ln(Ω) with
Ω evaluated at the center of the nucleation zone. This is the length scale for the size of the localized nucleation zone for
the Slip law.

In general, however, increasing the value of c also makes it increasingly difficult to push the fault far above
steady state at geological slip rates. This is illustrated by the profiles of Ω in Figures 8b and 8d. For up to
c ≈10.0, the length scale over which slip localizes is 1.3774Lb as expected from the variable separable solu-
tion required to explain the c = 2.0 simulations. This is Aging law type behavior (see Figure 8a) and is unlike
the Slip law no-healing regime where the localized nucleating patch is observed to shrink over time as
(lnΩ)−1 [Ampuero and Rubin, 2008]. However, we show in Appendix C that for an order of magnitude larger
value of c (≈100), the length scale of localization does seem to scale approximately as Lb(lnΩ)−1 for geo-
logical slip rates with Ω ∼1 at the center of the nucleating patch. This shrinking of the localized nucleation
patches (i.e., Figure C2) is analogous to Slip law type behavior. However, as lnΩ is smaller than 1, the length
scale of localization is actually larger than the linear slip weakening case. In Appendix C, we suggest a possi-
ble explanation for this behavior by showing that for c ∼ 100 and slip rates ∼ 1 m s−1, the Nagata law state
evolution can be approximated by the Slip law at the center of the nucleating zone. We pushed the simula-
tions to higher (nonphysical) slip rates to verify the suggestion of a reviewer that even for c ≫ 1, eventually
Ω ≫ 1 and the nucleating patch logarithmically localizes to the Aging law length scale 1.3774Lb. Our sim-
ulations support this prediction and indicate that for slip rates approaching 1080 m s−1, the appropriate
approximate form of the Nagata law state evolution is indeed equation (33) (Appendix C), leading again to
the limiting length scale of L = 1.3774Lb (as in section 4.2.1). Therefore, whether the Nagata law localized
nucleation behavior looks like the Slip or the Aging law is determined by the combination of the value of c
and how fast the patch is slipping.
4.3.2. Delocalized Solution
For typical laboratory observed values of a − b, consistent with a∕b considerably larger than is prescribed
in equation (48), the balance between velocity weakening and elasticity is tipped in favor of elasticity and
the stiffness of the developing nucleation zone is large enough to either drive it down toward steady state
or never let it get far above steady state. For values of c ≳ 4.0, in this regime, Nagata law nucleation clearly
shows unidirectional slip pulses analogous to Slip law behavior as in Figure 9. The direction in which the
pulses finally propagate is presumably controlled by the heterogeneous initial conditions. Figure 10 shows
that increasing the value of c makes it harder to push the interior of the nucleation zone far above steady
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Figure 9. Numerical simulation for nucleation on 1-D fault using the Nagata law for a−b = −0.0026 and c = 5.0 and 10.0.
This value of a − b corresponds to a∕b = 0.95 in the c = 2.0 case. The initial condition was a randomized value of Ω
between 0 and 1. (a) Slip rate and (b) normalized slip profiles for c = 5.0 or equivalently a∕b ≈ 0.98. These values of
a∕b for both c = 5 and 10 are considerably larger than the corresponding right-hand sides of equation (48). A unidirec-
tional slip pulse is observed for this set of parameter values. (c) Slip rate and (d) normalized slip profiles for c = 10.0 or
equivalently a∕b ≈ 0.99 also showing the unidirectional slip pulse.

Figure 10. Results from the same sets of simulations as in Figure 9. Profile of Ω for (a) c = 5.0 or equivalently a∕b ≈ 0.98
and (c) c = 10.0 or equivalently a∕b ≈ 0.99. Normalized stress drop profile for (b) c = 5.0 and (d) c = 10.0.
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state. For c ≳ 4.0, the tips are the only locations where the nucleation zone is pushed more than an order of
magnitude above steady state by elasticity.

The physical reason behind the slip pulse type nucleation for the Slip law was explained by Ampuero and
Rubin [2008] from energy balance arguments. These are similar in spirit to the ones presented in the case
of the expanding crack type solution observed for c = 2. Assuming that the true velocity step solution for
the exponential decay of stress with slip (equation (23)) holds with c ≳ 4.0 for the range of velocity jumps
experienced by the expanding front of the nucleation zone, one can write

Gc ≈ b𝜎
(

1 − c
c + 1

a
b

)
∫

∞

0
ln
(

Vmax

Vbg

)
exp

(
− 𝛿

Dc(1 + c)

)
d𝛿

= b𝜎
(

1 − c
c + 1

a
b

)
Dc(1 + c) ln

(
Vmax

Vbg

)
, (64)

where Vmax and Vbg have the same meaning as in equation (52). For mathematical convenience, we have
further assumed that the propagating front is always entering a region at steady state (Ωbg = 1). This clearly
shows that Gc grows as ln(Vmax). But equation (56) shows that G for a uniform stress drop crack G grows as
ln2(Vmax). This makes crack-like expansion of the nucleation zone impossible. We show in Appendix F that
for the more general case of Ωbg ≠ 1 and values of r = 1 − c

c+1
a
b

which lead to slip pulses as above, Gc

remains a weaker function of Vmax than ln2(Vmax). So our conclusion from the Ωbg = 1 case is rather general
for large values of c (≳ 4).

A final point needs to be made with respect to the expression for Gc in equation (64). In general, given
Ωbg = 1, the approximations leading to this expression (the logarithmic approximation in equation (22))
hold only for c ≫ 1. This requirement is not satisfied by even the largest c (= 10.0) used in the simula-
tions here. In reality, as we discuss in Appendix E, for values of c that satisfy equation (17a) (given a particular
Vmax∕Vbg) the fracture energy (for Ωbg = 1) scales as

Gc ≈
C ln(Vmax∕Vbg)2

𝛼(Vmax∕Vbg)
, (65)

where C is a combination of a, b, c, and Dc, and 𝜎 and 𝛼(Vmax∕Vbg) are a function of Vmax∕Vbg. We give an
analytical approximation of 𝛼(Vmax∕Vbg) in Appendix E. But even without the exact analytical form being
available to us here, we can make some general comments about the Nagata law slip pulse with the knowl-
edge of the limiting values of 𝛼(Vmax∕Vbg). If large velocity jumps are imposed at the tip of the nucleation
zone, 𝛼(Vmax∕Vbg) ≈ 2.0 (this is the linear slip weakening limit). This leads to an expanding equilibrium
crack-like solution. The magnitude of the jump that leads to this limiting value of 𝛼(Vmax∕Vbg) is itself an
increasing function of c. For smaller jumps, 𝛼(Vmax∕Vbg) ∝ ln(Vmax∕Vbg) (similar to the exponential slip weak-
ening limit). For such values we have a Slip law like propagating pulse. However, for the same nucleation
simulation, the rupture front might go through both regimes of velocity jumps. As a consequence the nucle-
ation zone could transition from a pulse-like regime to a crack-type regime with increasing maximum slip
rate. This also implies that the size of the nucleation zone for the Nagata law slip pulse is larger than that of
a Slip law slip pulse. This is due to the fact that the fracture energy for the Slip law is a weaker function of
ln(Vmax∕Vbg) than for the Nagata law.

5. Comments on Aseismic Slip Transients

Slow slip events on subducting plates can be thought of nucleation events that failed to reach instability.
One mechanism to obtain slow slip events with standard RSF is to have a velocity weakening region that is
large enough to let slip accelerate but not large enough to let the nucleation events reach instability [Kato,
2003; Liu and Rice, 2005, 2007; Rubin, 2008]. For the Aging law expanding crack-type nucleation, the range
of fault lengths which allow such aseismic transients varies over an order of magnitude of length scales for
values of a∕b ≈ 0.95 [Rubin, 2008]. The underlying reason for this large range is linear slip weakening of
stress with slip following a large velocity step-up (Gc ∝ ln2(Vmax)) which has no experimental support. The
Slip law (which explains the relevant lab data well), on the other hand, produces slip pulses which approach
instability over a smaller nucleation zone size. This produces slow slip events over a range of fault lengths
that seem too small to explain the prevalence of these phenomena in subduction zones [Rubin, 2008]. The
Nagata law, however, explains up to 2 orders of magnitude velocity step data as closely as the Slip law with
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large values of c ≳ 10.0 and, for such values of c, leads to a unidirectional slip pulse-like nucleation over slip
rates of interest. Given that the fracture energy for the Nagata law is a stronger function of ln(Vmax∕Vbg) for
c ≈ 10 than is the case for the Slip law, these pulses are expected to require a larger region to approach
instability than the Slip law slip pulse. This could lead to slow slip events over a larger range of fault lengths
than the Slip law and perhaps allow their global prevalence. But again, just like the Aging law, this facility
is a result of transition to a linear slip weakening regime (over at least modest slip distances) for very large
velocity jumps, which has not been observed experimentally.

6. Summary and Conclusions

We examined the response of the Nagata RSF law when applied to single degree of freedom systems. We
showed analytically that the Nagata law behaves similarly to the Aging law when pushed far above steady
state in velocity step tests. After a large enough velocity step-up, the shear stress decays linearly with slip
over a distance that increases with increasing size of the jump, and at a rate that is independent of the size
of that jump. The size of the jump required to observe this linear slip weakening increases with c. For jumps
smaller than this c-dependent critical size, the Nagata law shows exponential slip weakening like the Slip
law. Our analytical solutions also suggest scaling relations between the a, b, and Dc values for the Nagata law
and the corresponding values for the Slip law for a given value of c. Similar scaling relations were derived for
the Aging law, but one of them (equation (26a)) applies only in the limit of large velocity increases, while the
other two are the same as for the Slip law. Notably, the scaling laws imply that increasing the value of c also
increases the value of a∕b while keeping a − b constant. These scalings are consistent with the high value of
a and low value of Dc observed by Nagata et al. [2012] in their experiments.

Given these results from the analysis of single degree of freedom systems, we applied the Nagata law to
study nucleation on a 1-D fault. For the laboratory derived values of a, c ( = 2.0), and Dc reported by Nagata
et al. [2012], Nagata law nucleation is qualitatively similar to Aging law nucleation. For c = 2.0, we observed
a localized nucleation patch for a∕b ≲ 0.6459 (as governed by equation (48)) for which the nucleation patch
remains far above steady state everywhere in its interior (Ω ≫1) while approaching instability. For larger
values of a∕b, with c fixed at 2.0, an expanding crack type nucleation zone is observed. We also analytically
estimated the limiting size of the nucleation zone for values of c which lead to expanding crack type nucle-
ation given small enough values of a − b. The size of this expanding nucleation zone at (or near) instability
is the same as for the corresponding Aging law simulations (with values of Dc, a, and a − b scaled according
to equations (26a)–(26c)). The analytical estimate of the value of a∕b (given by equation (48)) at which the
transition from localized to expanding nucleation zone occurs is an increasing function of c in keeping with
the aforementioned scaling relationships.

We also carried out a suite of simulations by varying c up to 10.0. This upper limit of the value of c is in keep-
ing with our minimum estimate from parameter inversions on large magnitude velocity step-up/step-down
data in simulated gouge (P. Bhattacharya et al., manuscript in preparation, 2014). Keeping a − b fixed, an
increase in the value of c leads to a dichotomy of behavior in the nucleation style. Values of a∕b satisfying
equation (48) still lead to Ω≫1 and a localized nucleation patch with a half-length of ∼ 1.3774Lb, with the
value of Lb suitably scaled, for c up to ≈ 10. But for an order of magnitude larger value of c, we observed
Ω∼1 and continually shrinking nucleation patches over geologically plausible slip rates. These patches seem
to localize to length scales approximately proportional to Lb∕ lnΩ(0), similar to Slip law behavior. Our sim-
ulations suggest that such shrinking nucleation patches ultimately converge to the length scale 1.3774Lb

with Ω ≫ 1 in the limit of nonphysically high slip rates (>1080 m s−1). Values of a∕b much closer to 1 than
those prescribed in equation (48) lead to unidirectional slip pulses for c ≳ 4 in analogy with the Slip law.
We explain this based on a fracture energy argument wherein the effective fracture energy increases as a
weaker function of slip velocity than would the mechanical energy release rate for a growing crack.

Given that the largest velocity jumps yet achieved in the laboratory seem very consistent with Slip law
behavior, to really test the proposed Nagata law will require jumps larger than 2 orders of magnitude to
check whether or not there is indeed a transition to linear slip weakening. Given such a data set, if the largest
velocity increases are still well described by the Slip law, then the Nagata law would need ever increas-
ing values of c to explain them. In the limit of c ≫ 1 the Nagata law will mimic the Slip law and thus lose
time-dependent healing. In this case this state evolution law would not solve the problem it was intended
to solve.
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Appendix A: Aging Law-Slip Law Transition With Slip

For values of c that satisfy equation (17a) (given a particular value of Vf∕Vi > 1) we can make the claim that
for large enough 𝛿, as ln(1 ± x) = ±x for small x, we have

lim
Vf
Vi
≫1

Δ𝜏 ≈ b𝜎 ln

[
1 + Ωi

(
Vf

Vi

)1− c
c+1

a
b

exp

(
−𝛿

Dc(1 + c)

)]

≈ b𝜎Ωi

(
Vf

Vi

)1− c
c+1

a
b

exp
(
− 𝛿

Dc(1 + c)

)
, 𝛿∕Dc(c + 1) ≫ N, (A1a)

lim
Vf
Vi
≪1

Δ𝜏 ≈ b𝜎 ln
[

1 − exp
(

−𝛿
Dc(1 + c)

)]
≈ −b𝜎 exp

(
− 𝛿

Dc(1 + c)

)
. (A1b)

where N is the cutoff slip distance for linear slip weakening given by equation (20). For the Slip law we have
[Ampuero and Rubin, 2008]

Δ𝜏(𝛿) = b𝜎

[
lnΩi + ln

(
Vf

Vi

)]
exp

(
− 𝛿

Dc

)
, (A2)

which has a similar mathematical form to equation (A1a). Between equations (19) and (A1a), we see that
there is a transition from linear slip weakening to exponential decay with increasing slip. From Figure 2, it
could be argued that over the largest velocity step-ups/step-downs achieved in the laboratory (of about 2
orders of magnitude), the Nagata law is nearly equivalent to the Slip law for c ≳ 10. But for jumps of ≳ ±6
orders of magnitude, the linear slip weakening to exponential slip weakening transitions happen at such
values of slip that this would affect the fracture energy calculations. This highlights the fact that there are in

Figure A1. The different types of transition between linear and exponential slip weakening shown by the analytical
stress evolution solution for the Nagata law velocity step response and its limiting approximations. We used
a− b= 0.0026 and Vmax∕Vbg = 1015. The scaling relations in equation (24) were used to obtain values for a, b, and Dc for
values of c different from 2.0. (a) For c = 2.0, the linear slip weakening approximation (equation (19)) is appropriate to
calculate fracture energy; (b) for c = 10.0 neither the linear slip weakening nor the exponential weakening approxima-
tion (equation (23), c ≫ 1) can fully account for the fracture energy. The decay of stress at large slips is well approximated
by equation (A1a). (c) For c = 100.0 the exponential weakening can account for most of the fracture energy; (d) for
c = 1000.0 the exponential solution is essentially exact.
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fact two types of Aging law-Slip law transitions in the response of the Nagata law to step velocity increases.
One results from increasing the value of c, the other with increasing amounts of slip. For a given value of c,
we have a critical value of the velocity jump that would lead to a linear slip weakening response for modest
slips (as in equation (19)), but this would evolve to the exponential decay given by equation (A1a) for larger
slips. The critical jump size is itself an increasing function of c. But the critical slip distance at which the tran-
sition from linear slip weakening to exponential slip weakening takes place is a decreasing function of c. A
lower bound for this transitional slip distance is given by equation (20). But for c ≫ 1, the exponential decay
or Slip law-like response is observed over all slip distances for any size of the jump. In other words, in this
limit, the critical jump size goes to infinity while the transitional slip distance tends to zero. The full range
of this behavior is shown in Figure A1 where we choose a very large jump in velocity (representative of the
maximum jump experienced by the tip of the nucleation zone during our simulations) and vary the value of
c to show these transitions.

Appendix B: Existence of a Global Minimum of 𝛀 in the No-Healing Limit

As outlined in section 4.2.1, in order to maintain Ω≫1 everywhere in the nucleation zone during nucleation,
Ω needs to be a monotonically increasing function of time. In particular, given the expression for Ω(t, 𝜉) in
equation (44), this requirement can be mathematically stated as follows:

1
CΩ≫1

[
(𝜉) + c

c + 1

Lb

2L
̇ (𝜉)

]
≤ 1. (B1)

We define

F(𝜉) = (𝜉) + c
c + 1

Lb

2L
̇ (𝜉). (B2)

If the global maximum of F(𝜉) (within the nucleation zone, i.e., |𝜉| < 1) is at 𝜉max, then in order to satisfy
equation (B1) everywhere on the fault, one has to show that the following is true:

F(𝜉max) ≤ CΩ≫1. (B3)

Therefore, we need to find 𝜉max and use equation (B3) to find the condition under which Ω(𝜉, t) is a mono-
tonically increasing function everywhere in the nucleation zone. The condition for existence of a maximum
of F(𝜉) at 𝜉max is

𝜕F(𝜉)
𝜕(𝜉)

||||𝜉max

= 0, (B4a)

𝜕2F(𝜉)
𝜕(𝜉)2

|||||𝜉max

< 0. (B4b)

Using equation (41) to eliminate ̇ (𝜉) from equation (B2), one can write

𝜕F(𝜉)
𝜕(𝜉)

= 1
c + 1

𝜕(𝜉)
𝜕𝜉

, (B5a)

𝜕2F(𝜉)
𝜕(𝜉)2

= 1
c + 1

𝜕2(𝜉)
𝜕𝜉2

. (B5b)

Equations (B5a) and (B5b) indicate that any isolated maximum of F(𝜉) is an isolated maximum of (𝜉). The
global maximum of (𝜉) is at 𝜉 = 0. In view of equations (B5a) and (B5b), this means

𝜉max = 0. (B6)

Therefore, from equations (B3) and (B6), the condition under which Ω(𝜉, t) is a monotonically increasing
function everywhere in the nucleation zone is

F(0) ≤ CΩ≫1. (B7)
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Appendix C: Appropriate Approximations for the Nagata State Evolution Law

Because the Nagata state evolution law has three terms different approximations might be appropriate in
different portions of the parameter space. To explore this, we start by rewriting equation (31) as

�̇� = 1
c + 1

[
1 − Ω

{
1 + c

a
b

Dc
V̇

V2

}]
. (C1)

To obtain the analytical approximations for the no-healing regime, we dropped the 1 inside the square
brackets. As mentioned in the main text, V̇∕V2 is a positive constant at the center of the no-healing (or local-
ized) nucleation patch, and the lowest value of Ω occurs in the center of the nucleation zone. Therefore, the
form of equation (C1) shows that Ω ≫1 is a sufficient condition to drop the 1 within the square brackets.
But for Ω≫ 1 to be the necessary condition to drop that 1, the second term in the curly brackets needs to
be of the order of unity. That this is true for modest values of c is clear from Figure C1. As Ω(0)≫1 for c ≤ 10
(see Figures 4e and 8), Ω(0)(1 + caDcb−1V̇∕V2) is therefore much larger than unity at the center of the patch.

In general, for c ≲ 10, equation (48) gives us the condition for guaranteeing a localized nucleation zone of
length 1.3774Lb with the Nagata law. But increasing c to values much higher than ∼10 increasingly drives
Ω(0) closer to 1 over geologically relevant slip rates. In particular, for c ≈ 100, Ω(0) ∼ 1 and caDcb−1V̇∕V2 ∼
10 (Figures C1 and C2b) for slip rates up to ∼1 m s−1. In this regime, it is no longer accurate to drop the 1 in
the square brackets and the variable separable solution is no more applicable. For values of c ≈ 100 (and a∕b
values obeying equation (48)) we observe a shrinking, localized nucleation patch (Figures C2a and C2b). This
behavior is similar to Slip law nucleation for (a∕b)Slip < 0.6–0.7 [Ampuero and Rubin, 2008]. To understand
this behavior, we rewrite equation (6) as

�̇� = 1 − Ω
(

1 +
cDc

b𝜎
�̇�

V

)
. (C2)

Recognizing − ̇𝜏(0)∕V(0) as a proxy for the stiffness k∗(0) at the center of the nucleation patch we further
simplify equation (C2) as

�̇�(0) = 1 − Ω(0)
(

1 − c
c + 1

k∗(0)
kb

)
≈ 1 − Ω(0), (C3)

where kb is 𝜇′∕Lb. The approximation on the right of equation (C3) follows from Figure C2d which shows that
k∗(0)∕kb ≪ 1 for slip rates up to ∼ 1 m s−1. This approximation is only accurate (for Ω(0) ∼ 1 and c ≫ 1) if

Ω(0) − 1 ≫
k∗(0)

kb
. (C4)

Figure C1. Evolution of cab−1Dc
̇V(0)∕V(0)2 with increasing slip speed at the center of the localized nucleation zone for

a = 0.05,Dc = 0.33 μm, a∕b = 0.60 for c = 2.0. The fault was initially everywhere below steady state with a locally
peaked load. The scaling relations in equations (24a)–(24c) were used to obtain the parameters for c = 5.0, 10.0, 20.0,
and 100.0.
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Figure C2. Numerical simulation for a − b = −0.033 and c = 100. This value of a − b corresponds to a∕b = 0.6 (given a = 0.05) for the c = 2.0 case. For c = 100,
the scaling relations in equations (24) imply a∕b ≈ 0.98. (a) Slip rate and (b) Ω profiles when the initial condition was a locally peaked load at the center of the
patch. (c) Slip rate profile when the initial condition was spatially randomized Ω between 0 and 1. The length scale bounded by the red, dashed, vertical lines
in Figure C2 is 1.3774Lb which is the Aging law-type fixed length solution. The curves outlined by blue diamonds signify a length scale 1.3774Lb∕ ln(Ω) with Ω
evaluated at the center of the nucleation zone. (d) Plots of caDcb−1V̇(0)∕V(0)2, Ω(0), and k∗(0)∕kb with V(0). Our approximation in equation (C3) is supported by
the fact that k∗(0)∕kb ≪ 1 and Ω(0) ≈ 1 up to slip rates of ≈ 1 m s−1. Eventual logarithmic convergence of the nucleation length scale to ∼1.3774Lb is suggested
by caDcb−1V̇(0)∕V(0)2 ∼40 in accordance with equation (C6) and a continually increasing Ω(0) as the nucleating patch is driven to slip rates of ≈ 1080 m s−1.

Our numerical simulations show that the left-hand side of the inequality in equation (C4) is about 3–6 times
the right-hand side for slip rates up to ∼ 1 m s−1. For values of Ω(0) ≈ 1 we can rewrite equation (C3) as

�̇�(0) ≈ −Ω(0) ln[Ω(0)]; (C5)

i.e., �̇� is well approximated by the Slip law. Ampuero and Rubin [2008] argued that the Slip law length scale of
localization is Lb∕ ln[Ω(0)]. Figure C2a shows that such a length scale of localization indeed seems appropri-
ate for the Nagata law. Therefore, there is a Nagata law-Slip law correspondence for values of a∕b obeying
equation (48). However, we must point out that the approximation in equation (C3) only works well near
the center of the nucleating patch and not at the tips (corresponding to the maxima in Ω in Figure C2b). It
is therefore possible that the estimate of Lb∕ ln[Ω(0)] might not provide as good a fit to the numerical sim-
ulations given different initial conditions. We verified, however, that when the simulations were initiated
with either a locally peaked load at the center of the patch or a spatially randomized Ω between 0 and 1, the
length scale of localization was in close agreement with the Lb∕ ln[Ω(0)] estimate (Figure C2c). The agree-
ment was even better for c = 500, where for slip speeds up to 1 m/s the maximum value of Ω at the peaks
was only ∼ 1.12.

A reviewer of this paper suggested the possibility of the logarithmic convergence of the nucleation zone
width to L = 1.3774Lb (equation (42a)) for large values of c when the nucleation patch is driven to much
higher (physically nonplausible) slip rates. When the localized nucleation patch for c ≈ 100 is driven to
V(0) ∼ 1080 m s−1, our simulations show that Ω(0) goes up to ∼6 (Figures C1 and C2b). This suggests that
at such slip rates it is again appropriate to drop the 1 in the square brackets in equation (C1) leading us
again to the regime described in section 4.2.1 where the localization length scale was indeed found to be
L = 1.3774Lb. Additionally, Figure C2d also suggests that caDcb−1V̇(0)∕V(0)2 logarithmical converges to a
constant value ≫ 1. In the limit of the localized variable separable slip rate profiles of section 4.2.1, one can
make use of equation (38) to estimate that this limiting value is

caDcb−1V̇(0)∕V(0)2 = c

[
1 +

Lb

2L
̇ (0)

]
= c × 0.3781. (C6)
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For c = 100 this value is in close agreement with our numerical results (Figure C2d) and further reinforces
the expectation that the shrinking nucleation patch does indeed converge logarithmically to the 1.3774Lb

length scale for slip rates > 1080 m s−1.

Finally, we want to point out that equation (48) assumes an Aging law type variable separable solution for
the Nagata law localized nucleation patch. It guarantees that for any value of a∕b satisfying equation (48),
nucleation ultimately localizes to the length scale 1.3774Lb. However, equation (48) might not have any
relevance to the shrinking nucleation patch we see with the Slip law or with the Nagata law for c ≈ 100 and
realistic slip rates. Therefore, it does not simultaneously guarantee that localized solutions are not seen for
values of a∕b modestly in excess of that given by equation (48). Ampuero and Rubin [2008] reported (initial
condition dependent) transitional values of a∕b separating localizing from propagating slip pulse nucleation
styles for the Slip law to be in the range of 0.6–0.7; conceivably these values are appropriate for the Nagata
law for c ≫ 1 as well.

Appendix D: Effective Stiffness at the Center of the Expanding
Crack Like Nucleation

To evaluate the stiffness at the center of the expanding crack, we start with the observation that Ω is
quasi-constant there. This leads to

V̇(0)
V(0)

= − �̇�(0)
𝜃(0)

. (D1)

Using this and the expression for �̇� from equation (C1), we can write

V̇(0)
V2(0)

= 1 − Ω−1[
1 − c

c+1
a
b

]
Dc(c + 1)

. (D2)

Additionally, using equation (D1) and the force balance in equation (28), we can write that

�̇�(0)
𝜎

= (a − b) V̇(0)
V(0)

. (D3)

If one introduces an effective stiffness at the center of the crack, k∗(0), defined as �̇�(0) = −k∗(0)V(0), then
using equations (D2) and (D3), one can write

k∗(0) =
1 − Ω−1[
1 − c

c+1
a
b

] 𝜇′

Lb

(
1 − a

b

)
. (D4)

For a constant stress drop crack, we have the relationship

Δ𝜏0

𝛿
= 𝜇′

2L
. (D5)

We take the time derivative of equation (D5) to account for the increase in L with time and express the
stiffness at the center of the expanding crack as

k∗(0) =
Δ�̇�0(0)

V(0)
= 𝜇′

2L∞

[
L

L∞
+

Δ𝜏0

Δ̇𝜏0

L̇
L∞

]−1

. (D6)

Following Ampuero and Rubin [2008], we can rewrite equation (D6) as

k∗(0) =
𝜇′

2L

[
1 +

Δ𝜏0

Δ̇𝜏0

L̇
L

]−1

. (D7)
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Figure D1. Evolution of Ω(0) with Vmax on the fault for the
expanding crack-like solutions. The colors represent different
values of a∕b. The dashed lines represent the analytical approx-
imation in equation (D14). All simulations were carried out with
a = 0.05 and Dc = 0.33 μm. The fault was initially everywhere
below steady state with a locally peaked load.

Further, using equation (57), we also have the
following identity:

Δ𝜏0

Δ̇𝜏0

L̇
L
= 2

Δ̇𝜏p−r

Δ𝜏p−r

Δ𝜏0

Δ̇𝜏0

− 2. (D8)

We can further use equations (52), (55), and (59)
to write the following expression for Δ̇𝜏p−r∕Δ̇𝜏0

Δ̇𝜏p−r

Δ̇𝜏0

= r
b

b − a
=

√
𝜋L∞

Lb
, (D9)

where r = 1 − c
c+1

a
b

. Substituting for Δ𝜏p−r∕Δ𝜏0

from equation (57) and using equation (D9), we
rewrite equation (D8) as

Δ𝜏0

Δ̇𝜏0

L̇
L
= 2r

b
b − a

Δ𝜏0

Δ𝜏p−r
− 2 = 2

√
L∞
L

− 2.

(D10)
Note that equation (D10) is exactly analogous
to Ampuero and Rubin [2008, equation (A4)]
where the authors derived the same quantity
for the Aging law expanding crack-type nucle-
ation. This leads to the same effective stiffness
at the center of the Nagata law expanding crack
as for the Aging law, given the generalized
definition of L∞ in equation (59):

k∗(0) =
𝜇′

2L

[
2

√
L∞
L

− 1

]−1

. (D11)

Equation (D11) can be further simplified to:

k∗(0)
𝜇′∕2L∞

= Φ
(

L
L∞

)
=

L∞
L

[
2

√
L∞
L

− 1

]−1

. (D12)

If we express L = ΔL + L∞ where ΔL∕L∞ ≪ 1, then we have the following expression for Φ:

k∗(0)
𝜇′∕2L∞

= Φ
(

L
L∞

)
=

[
1 −

(
1 − L

L∞

)2
]−1

. (D13)

This shows that Φ has a broad minimum around L = L∞, and as long as the half-length of the crack sat-
isfies the condition |L − L∞| ≪ L∞, the effective stiffness at the center of the crack is 𝜇′∕L∞ to a good
approximation. Equations (D4) and (D13) also lead to the following expression for Ω(0):

Ω(0) =

(
1 − 1

2

√
𝜋Lb

L∞

)−1

. (D14)

Figure D1b shows that this estimate of Ω(0) is close what is observed in the simulations for all values of a∕b.

Appendix E: Approximate Analytical Expression for the Nagata Law Slip Pulse
Fracture Energy

The style of nucleation for expanding nucleation zones is predominantly controlled by the velocity jumps,
Vmax∕Vbg, experienced at the propagating front. For the Aging law, large values of the jump lead to linear slip
weakening over all slip distances. This leads to expanding equilibrium cracks as the favored style of nucle-
ation as both Gc and G increase as ln(Vmax∕Vbg)2. For the Slip law, exponential slip weakening occurs for all
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Figure E1. Normalized stress drop versus normalized slip from the Nagata law simulations for c = 10.0 and
a− b=− 0.0026. The values of a and Dc were determined assuming a= 0.05 and Dc = 0.33 μm for c = 2.0 using the scal-
ing relations in equations (24). The decay in stress is neither purely exponential nor linear. There is a transition between
the two types between jump sizes and with slip distance. Inset: we plot the value of 𝛼(Vmax∕Vbg)∕2 over the values of
the jump sizes encountered in the simulations.

jump sizes and slip distances. As a result, the nucleation zone approaches instability in the form of unilater-
ally traveling slip pulses as Gc is a weaker function of ln(Vmax∕Vbg) than would be G for an expanding crack.
We will now show that the Nagata law, for the largest values of c used in the main text, behaves in between
these two extremes.

In section 4.3.2 we treated the energy balance for Nagata law slip pulses only in the case where c≫1 and
hence assumed pure Slip law like response to a step jump in velocity of arbitrary size over all slip distances.
In reality, even for the largest values of c used here for nonlocalized nucleation simulations (c = 10.0) this
is not a valid assumption for velocity jumps of ≳ ±6 orders of magnitude (see Figure 2). For c = 10.0, the
Nagata law stress versus slip curves clearly shows an initial linear slip weakening and subsequent expo-
nential slip weakening for the largest velocity jumps encountered during nucleation (Figure A1). As we
approximate Gc as the area under the curves in Figure A1, these transitions significantly affect our calcu-
lations and make the related integrals particularly hard to solve for arbitrary c. We therefore resort to an
asymptotic heuristic to estimate the fracture energy for any c. Additionally, Figure A1 also clearly shows that
using either the purely linear slip weakening or the purely exponential slip weakening extremes for calculat-
ing Gc would lead to large errors. Figure 6 further suggests that this error is larger than that associated with
the assumption of an instantaneous velocity jump at the edge of the expanding nucleation zone. This makes
an approximate analytical form of Gc, which is valid for arbitrary values of c and Vmax∕Vbg, particularly useful.

In the purely linear slip weakening limit (for typical values of the velocity jump at the tip of the nucleation
zone, 0 ≤ c ≲ 2), the fracture energy Gc scales as ln(Vmax∕Vbg)2. For the purely exponential slip weakening
limit, Gc scales as ln(Vmax∕Vbg). This suggests that to explain the simulations at any arbitrary value of c and
Vmax∕Vbg, the expression for Gc for nearly velocity neutral values of a − b can be written as

Gc ≈
C ln(Vmax∕Vbg)2

𝛼(Vmax∕Vbg)
, (E1)

where C is a combination of a, b, c, and Dc and 𝜎 in keeping with equations (53) and (64) and 𝛼(Vmax∕Vbg) is a
function of Vmax∕Vbg. The Aging law-Slip law transition in nucleation style dictates that 𝛼(Vmax∕Vbg) be 2 for
small values of c and vary as ln(Vmax∕Vbg) for large values of c. In other words, a proper choice of 𝛼(Vmax∕Vbg)
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Figure E2. The scaling of fracture energy with Vmax∕Vbg for the different values of c used in the simulations and c = 20.0.
We used a − b = 0.0026. The scaling relations in equations (24) were used to obtain values for a, b, and Dc for val-
ues of c different from 2.0. Scaled form means Gc is given by equation (E1). For all other curves, the fracture energy is
assumed to be Gc = ∫ ∞

0 Δ𝜏(𝛿)d𝛿. Full integral means equation (15), linear means equation (19), and exponential means
equation (23) for Δ𝜏(𝛿). (a) For c = 2.0, the linear slip weakening approximation is appropriate to calculate fracture
energy; (b) for c = 5.0 the linear approximation can no longer account for the fracture energy for the smaller jumps. For
larger jumps, there is a consistent underestimation. (c) For c = 10.0 the exponential weakening can account for jumps up
to 4 orders of magnitude; (d) for c = 20.0 we see a similar result as for c = 10.0. The scaled form always does an excellent
job of matching the full integral implying that if the area under the curves in Figure A1 is a good approximation for Gc ,
then the scaled form in equation (E1) is a good measure of Gc .

can be guessed by assuming equation (E1) to switch between equation (53) for small c and to equation (64)
for c ≫ 1 for the largest jumps experienced by the nucleating patch. Using equation (21) as the tool for this
switch in behavior, we guess that 𝛼(Vmax∕Vbg) must have the form

𝛼(Vmax∕Vbg) ≈ 2
⎡⎢⎢⎣1 −

( Vbg

Vmax

) 1
2

(
1− c

c+1
a
b

)⎤⎥⎥⎦ , (E2)

which, given equation (22), has the right limits. This functional form of 𝛼(Vmax∕Vbg) also accounts for the
difference in the constant coefficients of the ln(Vmax∕Vbg) terms between equations (53) and (64). We can
estimate 𝛼(Vmax∕Vbg) for the range of velocity jumps encountered by the tip of the nucleation zone during
the simulations and the inset of Figure E1 shows that 𝛼(Vmax∕Vbg) is a logarithmic function for the smallest
jumps. This suggests exponential slip weakening for these jumps, a fact corroborated by the adjoining stress
versus slip plot in Figure E1. Further, if the area under the curves in Figure A1 is a good approximation for Gc,
then Figure E2 shows that Gc as given by equation (D2) (with 𝛼(Vmax∕Vbg) given by equation (E2)) is a good
approximation for numerically calculated values of ∫ ∞

0 Δ𝜏(𝛿)d𝛿 with Δ𝜏(𝛿) given by equation (15).

Appendix F: Analytical Expression for Gc(𝛀bg ≠ 1) in Terms of Gc(𝛀bg = 1)

We start with the expression for Δ𝜏(𝛿) from equation (15) and writing r = 1 − c
c+1

a
b

(as in equation (18)) and
Vmax∕Vbg = Vf∕Vi , we have

Δ𝜏(𝛿) = b𝜎 ln

[
1 −

{
1 − Ωbg

(
Vmax

Vbg

)r}
exp

(
− 𝛿

Dc(1 + c)

)]
. (F1)
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Therefore, for any value of Vmax∕Vbg, Ωbg, and r, we have the following

G′
c =

Gc

b𝜎Dc(c + 1)
= ∫

∞

0
ln

[
1 −

{
1 − Ωbg

(
Vmax

Vbg

)r}
exp(−𝛿′)

]
d𝛿′, (F2)

where 𝛿′ = 𝛿∕Dc(c + 1). To solve this integral, let us differentiate Gc with respect to Ωbg:

𝜕G′
c

𝜕Ωbg
= ∫

∞

0

(
Vmax

Vbg

)r
exp(−𝛿′)

1 −
{

1 − Ωbg

(
Vmax

Vbg

)r}
exp(−𝛿′)

d𝛿′. (F3)

Some simple substitutions lead to the following:

𝜕G′
c

𝜕Ωbg
= −

(
Vmax

Vbg

)r

ln

{
Ωbg

(
Vmax

Vbg

)r}{
1 − Ωbg

(
Vmax

Vbg

)r}−1

. (F4)

One can use the fundamental theorem of calculus to write

G′
c(Ωbg) = G′

c(Ωbg = 1) + ∫
Ωbg

1

𝜕G′
c

𝜕Ω′
bg

dΩ′
bg. (F5)

Additionally, using the integral definition of the dilogarithm function

Li2(z) = ∫
z

0

ln(1 − z′)
z′

dz′,

some algebraic manipulation leads to

∫
Ωbg

1

𝜕G′
c

𝜕Ω′
i

dΩ′
i = Li2

{
1 −

(
Vmax

Vbg

)r}
− Li2

{
1 − Ωbg

(
Vmax

Vbg

)r}
. (F6)

Finally, using equations (6) and (7), one can write

G′
c(Ωbg) = G′

c(Ωbg = 1) + Li2

{
1 −

(
Vmax

Vbg

)r}
− Li2

{
1 − Ωbg

(
Vmax

Vbg

)r}
, (F7)

which holds for all values of Ωbg and Vmax∕Vbg. The mathematical form of equation (F7) makes it easy to
use our approximate scaling form for Gc(Ωbg = 1) from equation (E1) to obtain an approximate analytical
form for Gc for any value of c, Vmax∕Vbg, and Ωbg. Figure F1 shows the Gc versus Vmax∕Vbg plot for different
values of c and Ωbg. The full numerical integral with Δ𝜏(𝛿) from equation (15) agrees reasonably well with
the scaled form from equation (D2) corrected for Ωbg ≠ 1 by using equation (F7). Note that when Ωbg < 1,
Gc < 0 for smaller jumps, implying that the expanding nucleation zone is not a physically valid solution when
the region ahead of an aseismically propagating nucleation front is below steady state.

For Vmax∕Vbg ≫ 1, we should have the Aging law approximation for the fracture energy. To show that this is
the case we use the relations

Li2
(1

z

)
= −Li2(z) −

1
2

ln2(−z) − 𝜋2

6
, z ≠ 0 (F8)

Li2
(1

z

)
=

∞∑
k=1

1
zkk2

, |z| > 1. (F9)

Both the above mentioned equations are valid on the complex plane outside the unit circle (|z| > 1). On the
real line, these only hold for z < 0 and |z| > 1. Equations (10) and (11) also mean that for real |z| ≫ 1 and
z < 0, we have the identity

Li2(z) = −1
2

ln2(−z) − 𝜋2

6
, z < 0, |z| ≫ 1. (F10)

Therefore, in the linear slip weakening limit we have

G′
c(Ωbg) = G′

c(Ωbg = 1) − 1
2

ln2
{(

Vmax

Vbg

)r}
+ 1

2
ln2

{(
Ωbg

Vmax

Vbg

)r}
. (F11)
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Figure F1. The scaling of fracture energy with Vmax∕Vbg for the different values of c. We used a − b = 0.0026. All fracture
energies are corrected for Ωbg ≠ 1 according to equation (F7). The scaling relations in equations (24) were used to obtain
values for a, b, and Dc for values of c different from 2.0. Scaled form means Gc(Ωbg = 1) is given by equation (E1). For
all other curves, we use Gc(Ωbg = 1) = ∫ ∞

0 Δ𝜏(𝛿)d𝛿. Full integral means equation (15), linear means equation (19), and
exponential means equation (23) for Δ𝜏(𝛿). (a–c) The Gc versus Vmax∕Vbg curves with Ωbg = 0.2 for c = 0, 10, and 100.
The full integral with Ωbg ≠ 1 agrees reasonably well with the scaled form from equation (E1) corrected for Ωbg ≠ 1
by using equation (F7). For smaller jumps, Gc < 0 implying that the expanding nucleation zone is not a physically valid
solution when the region ahead of an early stage propagating front is below steady state. (d–f ) The Gc versus Vmax∕Vbg
curves with Ωbg = 5 for c = 0, 10, and 100. Again, the full integral agrees well with the corrected scaled form from
equation (E1).

Also, we have, in the linear slip weakening limit,

G′
c(Ωbg = 1) = 1

2
ln2

{(
Vmax

Vbg

)r}
. (F12)

Therefore, we have the result

G′
c(Ωbg) =

1
2

ln2
{
Ωbg

(
Vmax

Vbg

)r}
, (F13)

which is exactly the linear slip weakening approximation. For r = 1, we have the exact Aging law
fracture energy

G′
c(Ωbg) =

1
2

ln2
(Vmax𝜃bg

Dc

)
. (F14)

While deriving the fracture energy expression for the Slip law, we mentioned that equation (23) could
only be derived for Ωbg = 1. Here we shall generalize the expression for Ωbg ≠1. Before generalizing, how-
ever, it is useful to point out the reasons that make it necessary to use the strict condition Ωbg = 1 to obtain

equation (23). One crucial step in deriving equation (23) involves using the condition 1−(Vf∕Vbg)
1− c

c+1
a
b ≪ 1

(valid for the typical velocity jumps in our nucleation simulations when c≫1) to rewrite the logarithm in
equation (15) as a first-degree approximation. But without assuming Ωbg = 1, we would have an expression

of the form 1 − Ωbg(Vf∕Vbg)
1− c

c+1
a
b within the curly brackets in equation (15) which, for Ωbg = (1), does

not lead us to the simple, elegant form of equation (23). Importantly, the assumption of Ωbg = 1 in deriving
equation (23), besides leading us to the simple Slip law type form, is also practically useful for understanding
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laboratory velocity step experiments. Additionally, equation (23) is also a useful result for understand-
ing nucleation simulation results even when strictly Ωbg ≠1. This is because for the values of r for which
equation (22) and hence equation (64) are valid, the asymptotic form of the fracture energy Gc is

Gc(Ωbg) ≈ b𝜎Dc(1 + c)
[(

1 − c
c + 1

a
b

)
ln
(

Vmax

Vbg

)
+ 1

2
ln2(Ωbg − 1) + 𝜋2

6
+ 

(
1

Ωbg − 1

)]
, |Ωbg − 1| > 1,

(F15)
where we have implicitly assumed Ωbg ≳ 1 as in the simulations. This shows that Gc(Ωbg ≠ 1) is a weaker
function of ln(Vmax) than the ln2(Vmax) growth of G for an expanding, uniform stress drop crack. This gen-
eralizes the result obtained in section 4.3.2 to the more general (and relevant to the simulations) case of
Ωbg ≠ 1 and shows that as long as equation (22) is valid, Nagata law nucleation cannot proceed as an
expanding crack.
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