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Abstract

We study the O(N)? symmetric quantum field theory of a bosonic tensor ¢®¢ with sextic
interactions. Its large N limit is dominated by a positive-definite operator, whose index
structure has the topology of a prism. We present a large N solution of the model using
Schwinger-Dyson equations to sum the leading diagrams, finding that for 2.81 < d < 3
and for d < 1.68 the spectrum of bilinear operators has no complex scaling dimensions.
We also develop perturbation theory in 3 — € dimensions including eight O(N)? invariant
operators necessary for the renormalizability. For sufficiently large N, we find a “prismatic”
fixed point of the renormalization group, where all eight coupling constants are real. The
large N limit of the resulting e expansions of various operator dimensions agrees with the
Schwinger-Dyson equations. Furthermore, the e expansion allows us to calculate the 1/N
corrections to operator dimensions. The prismatic fixed point in 3 — € dimensions survives
down to N = 53.65, where it merges with another fixed point and becomes complex. We
also discuss the d = 1 model where our approach gives a slightly negative scaling dimension
for ¢, while the spectrum of bilinear operators is free of complex dimensions.
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1 Introduction

In recent literature, there has been considerable interest in models where the degrees of
freedom transform as tensors of rank 3 or higher. Such models with appropriately chosen
interactions admit new kinds of large N limits, which are not of 't Hooft type and are
dominated by the so-called melonic Feynman diagrams [1-45]. Much of the recent activity
(for a review see [6]) has been on the quantum mechanical models of fermionic tensors [4L[5],
which have large N limits similar to that in the Sachdev-Ye-Kitaev (SYK) model |7}{14].

It is also of interest to explore similar quantum theories of bosonic tensors [5,/15}|16].
In [5,/15] an O(N)? invariant theory of the scalar fields ¢* was studied:

Lo abey2 | 9
S4 = /ddx (§(au¢ b )2 + IOtetra) )

Ohrotra = ¢a1b161 ¢a1b262 ¢a2b162 ¢a26201 ) (1.1)



This QFT is super-renormalizable in d < 4 and is formally solvable using the Schwinger-
Dyson equations in the large N limit where g N*/? is held fixed. However, this model has some
instabilities. One problem is that the “tetrahedral” operator Ot is not positive definite.
Even if we ignore this and consider the large N limit formally, we find that in d < 4 the
O(N)? invariant operator ¢**¢** has a complex dimension of the form +ia(d) [15] From
the dual AdS point of view, such a complex dimension corresponds to a scalar field whose
m? is below the Breitenlohner-Freedman stability bound [21,22]. The origin of the complex
dimensions was elucidated using perturbation theory in 4 — e dimensions: the fixed point was
found to be at complex values of the couplings for the additional O(NN)? invariant operators
required by the renormalizability [15]. In [15] a O(N)® symmetric theory for tensor ¢@¢d
and sextic interactions was also considered. It was found that the dimension of operator
pabede gabede is veal in the narrow range dgy < d < 3, where dgy ~ 2.97. However, the scalar
potential of this theory is again unstable, so the theory may be defined only formally. In
spite of these problems, some interesting formal results on melonic scalar theories of this

type were found recently [23].
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Figure 1: Diagrammatic representation of the eight possible O(N)? invariant sextic interac-
tion terms.

In this paper, we continue the search for stable bosonic large N tensor models with
multiple O(N) symmetry groups. Specifically, we study the O(N)? symmetric theory of

scalar fields ¢®¢ with a sixth-order interaction, whose Euclidean action is
Sﬁ — /ddZE (%(augbabc)Q + %gbalblcl¢a1b2cz¢a2blcz¢a3b3cl¢a3b203¢a2b303) ) (12)

This QFT is super-renormalizable in d < 3. When the fields ¢®° are represented by vertices
and index contractions by edges, this interaction term looks like a prism (see figure 11 in [5]);
it is the leftmost diagram in figure (I} Unlike with the tetrahedral quartic interaction (1.1),
the action is positive for g; > 0. In sections[2|and , we will show that there is a smooth

large N limit where g; N? is held fixed and derive formulae for various operator dimensions

1Such complex dimensions appear in various other large N theories; see, for example, [17H20].



in continuous d. We will call this large N limit the “prismatic” limit: the leading Feynman
diagrams are not the same as the melonic diagrams, which appear in the O(N)> symmetric
#% QFT for a tensor ¢4 [15]. However, as we discuss in section , the prismatic interaction
may be reduced to a tetrahedral one, , by introducing an auxiliary tensor field .

The theory may be viewed as a tensor counterpart of the bosonic theory with random
couplings, which was introduced in section 6.2 of [16]. Since both theories are dominated
by the same class of diagrams in the large N limit, they have the same Schwinger-Dyson
equations for the 2-point and 4-point functions. We will confirm the conclusion of [16] that
the d = 2 theory does not have a stable IR limit; this is due to the appearance of a complex
scaling dimension. However, we find that in the ranges 2.81 < d < 3 and d < 1.68, the
large N prismatic theory does not have any complex dimensions for the bilinear operators.
In section [5| we use renormalized perturbation theory to develop the 3 — € expansion of the
prismatic QFT. We have to include all eight operators invariant under the O(N)? symmetry
and the S3 symmetry permuting the O(N) groups; they are shown in figure [1] and written
down in . For N > Ngi, where Ngi ~ 53.65, we find a prismatic RG fixed point
where all eight coupling constants are real. At this fixed point, ¢ expansions of various
operator dimensions agree in the large N limit with those obtained using the Schwinger-
Dyson equations. Futhermore, the 3 — € expansion provides us with a method to calculate
the 1/N corrections to operator dimensions, as shown in , . At N = Ngj the
prismatic fixed point merges with another fixed point, and for N < N both become
complex.

In section |§| we discuss the d = 1 version of the model . Our large N solution gives
a slightly negative scaling dimension, Ay ~ —0.09, while the spectrum of bilinear operators

is free of complex scaling dimensions.

2 Large N Limit

To study the large N limit of this theory, we will find it helpful to introduce an auxiliary
field ¢ so tha

1 1
S — /ddI <§(au¢abc)2 + %gbalbwlgbalbzcg¢a2b102Xa2b201 o §Xabcxabc> ] (21)

2If we added fermions to make the tensor model supersymmetric [5,/16}24,25] then ¢ would be inter-
preted as the highest component of the superfield ®@b¢,



where g ~ /g,. Integrating out ¢ gives rise to the action . The advantage of keeping
x®¢ explicitly is that the theory is then a theory with O(N)3 symmetry dominated by the
tetrahedral interactions, except it now involves two rank-3 fields; this shows that it has a
smooth large N limit. Thus, a prismatic large N limit for the theory with one 3-tensor ¢
may be viewed as a tetrahedral limit for two 3-tensors.

Let us define the following propagators:

(¢(p)o(q)) = (2m)*0%(p+ )G(p), (x(P)x(q)) = (2m)*0%(p + q)F (p). (2.2)

In the free theory G(p) = Go(p) = #, and F(p) = Fo = 1. In the strong coupling limit the
self-energies of the fields are given by the inverse propagators: G(p)™' = X4 and F(p)~! =

2. The Schwinger-Dyson equations for the exact two-point functions can be written as:

b s [ diqd'k
F(p) = Fy+g N°Fy WG@ —q—k)G(q)G(k)F(p),
. diqd'k
G) = Golp) +30°N'Goly) [ GGG 0= DFWGWOEE).  (23)
and represented in figure [2]
. + mme- -, -

Figure 2: Diagramatic representation of the Schwinger-Dyson equations. Solid lines denote
¢ propagators, and dashed lines denote y propagators.

Multiplying the first equation by F; ' on the left and F(p)~' on the right, and likewise

for the second equation we obtain:

P = R =¥ [ GRG0 -0 - GG,
d . d
G = Gl =3 [ GG —a = HF@G(H). (2.4



where A2 = N3g* ~ N3g;. We have to take the large N limit keeping A\? fixed. In the IR

limit, let us assume
G(p) = =5 Flp) = pg

a is related to the scaling dimension of ¢, A, via a = d/2 — A,.

For what range of a and b can we drop the free terms in the gap equations above? In the
strong coupling limit we require b < 0 and a < 1. Since b = —3a + d, we have d/3 < a < 1.
In terms of Ay, we then find

A, + A, =d, d/2—1< Ay <d/6. (2.5)

Notice that, if we had the usual kinetic term for the x field, the allowed range for A, would
be larger. Therefore, our solution may also apply to a model with two dynamical scalar
fields interacting via the particular interaction given above.

The gap equation is finally:

Fip)~t = -2 / %G@ —q— kGG,
G = o [ TG —a - WR@G), 26)

Dimensional analysis of the strong coupling fixed point actually does not fix a: we get
b = —3a + d from the first equation and a = —2a — b + d from the second equation. Let
us try to solve the above equations, in the hope that numerical factors arising from the
Feynman integrals may determine a. The overall constant A is not determined from this

2(a—1)

procedure, but note that [A\] = 3 —d, and therefore A ~ A\3=¢ . This procedure is analogous

to solving an eigenvalue equation, and perhaps it is not surprising that we have to do this,
since a solution for a also determines the anomalous dimension of a composite operator ¢?3.
We then find

~1 (2rr)%d 1
Fp) — — 2.
2 A3N2 Ly(a,a)Lq(2a — d/2,a) p?*’ (27)
where I'(d/2 —a)[(d/2 = b)T(a+b—d/2)

__dj2 —a — a-+0—

La(a,b) = T(a)T(0)T(d —a —b) ‘ (2:8)
The condition that must be satisfied by a is then:

Ly(2a —d/2,d — 3a) _1 (2.9)

Lqi(2a —d/2,a)



In position space, the IR two-point functions take the form

I'(d/2—a) A
00 = e 210)

_ ID(d/2-b) (2m)2 1
F@) = anaiT () BN La(a, a)La(2a — dJ2,a) ()7 35 (2.11)

In terms of Ay, (2.9) may be written as

1T = 3A)T (4 +3A)T(AN( = Ay)
T ) S N a2+ B TGEA @38, 212

2.1 The scaling dimension of ¢

It can be verified numerically that that solutions to (2.12)) within the allowed range ({2.5)) do

exist in d < 3. For example, for d = 2.9 we have the solution shown in Figure [3}
Ay~ 0456, A, ~1531. (2.13)

For d = 2.99, we find A, = 0.495, and d = 2.999, A, = 0.4995, consistent with the 3 — e
expansion (4.1)). For d = 2, (2.9)) simplifies to

3(3A45 —1)2 = (Ay — 1) (2.14)

The solution A, = % (4 — \/§) lies within the allowed range , while the one with the
other branch of the square root is outside it.

For d < 2 we find multiple solutions within the allowed range , as shown for d =1
in figure @ One of the solutions gives A, = 0; this produces singularities in the large N

dimensions of scalar bilinears, and we will not use it. The other solution,
Ay~ —0.09055 , A, ~1.2717 (2.15)

appears to be acceptable. Although Ay is negative, it lies above the unitarity bound. We
note that there is also a positive solution Ay ~ 0.225, which lies outside of the allowed range
(although it would be allowed if the x field was dynamical).

There is an interesting transition in behavior which happens at d = d. where there is a
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Figure 3: Solving (2.12]) for d = 2.9.
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Figure 4: Solving (2.12)) for d = 1.

double root at Ay = 0. The critical dimension d. is the solution of
2 + demeot(dem/2) + do(y + ¥(d.)) =0 . (2.16)

Its numerical value is d. = 1.35287. For d slightly above d. one of the solutions for Ay is
zero, while the other is positive; we have to pick the positive one. However, for d slightly
below d. one of the solutions for Ay is zero, while the other is negative. Special care may be

needed for continuation to d < d.; in particular, for studying the d = 1 case.



Figure 5: The integration kernel for type B bilinears.

3 Bilinear Operators

There are three types of scalar bilinears one can consider, which are of the schematic form:
A= ¢(&-0)5(0*)"¢p, B = ¢(£-0)5(0*)"x and C = x(& - 9)*(9?)"x, where £ is an auxiliary
null vector introduced to encode the spin of the operators, £ - 9 = £#9,,, and 9* = 9"9,,. We
note that there is mixing of operators of type A and C. It is easy to convince oneself that

there is no mixing with the B operators by drawing a few diagrams.

3.1 Bilinears of type B

Let us consider a bilinear of type B, of spin s and scaling dimension A, for which there is

no mixing. The three-point functions take the form [26}27]:

Q3

(¢ (1) X (w2) Bs(3;€)) = v (w1, 2, 25) = N N N, P .
Zg1 L3o L1y (3.1)
s T*AdﬁAx

— vgﬁ)(xl, T9) = (712 - §) Ty )

where 7 = A — s is the twist of the bilinear, £ is the null polarization vector, ()5 is the
conformally invariant tensor structure defined in [26}27] and we took the limit 23 — oo in
the second line. The eigenvalue equation, obtained using the integration kernel depicted

schematically in figure [5] is
US,T(xb 1:2) = 3)\2 / ddyddZF(x% y)G(ya Z)2G<Zv xl)vs,T(yv Z) (32)

When s = 0, we have:

1
|22 — YAy — 2[Rt ARz — 220

(3.3)

|21 — @g| TReTANTA = 312133)\2/ddyddz

which translates into

P(BAg)sin (571(d = 680)) T'(§ = 8g) T (=5 438 + T (5 = Ag) T (5(d = A — 24,))

Bd,A) = -3
g7 A) AT (3 + AT (52 + A,)



Figure 6: The spectrum of type B bilinears in d = 2.9. The red lines correspond to asympotes
at 2n + Ay + Ay = 2n + 1.98747.

We can solve equation (3.4)) numerically to find the allowed scaling dimensions for type
B operators in various dimensions. In d = 2.9 the type B scaling dimensions are

Ap = 2.30120; 4.00173; 5.99214; 7.98983; 9.98891; ..., (3.5)

as shown in figure [f] In the pure ¢ language, the first one can be identified with the
tetrahedral operator. The type B scaling approach the asymptotic formula

Ap =20+ Ay + Ay = 2n + 1.98747 . (3.6)

For example, for n = 54 we numerically find A = 109.98749, which is very close to ({3.6]).

For spin s > 0 the eigenvalue equation is:

s “Ag—Ay+A _ 9 737312 d, jd (y—2)-&°
(12-€)°|w1— 22777 =3A°BA /d yd 22 — U]y — 2PRetB B, — 1P (3.7)

Note that the spectrum of type B bilinears does not contain the stress tensor, which is of
type A/C.

Processing the equation we have the following condition for the allowed twists of higher

(3.4)



spin bilinears:

g(B)(d, T,8) =

LB s (br(d = 6A0)) T (4 = AT (~4 +380 + )T (4(d = 285 = )T (s = & + )
(AT (§+ 085 =) T (s + 25+ 73)

=1. (3.8)

Using this equation one can find the allowed twists of spin-s type B bilinears. For example,
the spectrum when s = 2 and d = 2.9 is found from figure[7]to be 7 = 2.08, 3.99, 5.99, 7.99, ...,
which approach A, + Ay + 2n = 1.99 + 2n from above.

d®2.9, 1,2

Figure 7: Solving equation (3.8)) in d = 2.9 for the allowed twists of spin-2 type B bilinears.

We find that the spectrum of type B bilinear appears to be real for all d < 3. How-
ever, there are ranges of d where the spectrum of type A/C operators do contain complex

eigenvalues, as we discuss in the next section.

3.2 Mixing of bilinears of type A and C

Let us now study the spectrum of bilinear operators of type A and C'. As mentioned earlier,
by drawing a few diagrams (see figure |8) one can see that these operators mix, in the sense
that the two-point function (A;C5) # 0. Let 7 = A — s be the twist of mixture of A and

C operators, which we denote as A,. As in the previous subsection, from the three-point

10
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and C bilinears

Figure 8: The integration kernels K44, Kca and K 4o respectively for mixtures of type A

functions (¢*°(x1)p™(x5) As(23;€)) and (Y% (21) " (2) As(23;€)), we define

) = (I o) = NS

(1= g)or (3.9)
We now define the following kernels, depicted schematically in figure
Kaald®] = 3 [ dd'yGar, 2)Gloa )Gl p) o)) (310
KoaloW] = 3/ddxddyF(xl,a:)F(xQ,y)G(:p y)v )(:c Y) (3.11)
Kac[v'9] = 3 / dxd®yG(zy, )G (22, y)G (2, y)*0! (C) (z,y) (3.12)
Note the factor of 3, which appears from a careful counting of the Wick contractions
The integration kernel gives rise to the following matrix
QKAA[ ]/U(A) KAc[U(C)]/U(A) . 2K1 K3 (3 13)
Kea[vW]/v(© 0 \K, 0/ '

The condition for it to have eigenvalue 1, which determines the allowed values of 7, is

(d, T, 8) = 2K1 + K3K2 =1

(3.14)
Luckily, this condition is independent of the constant A, as one can see from the following
expressions,

K, - (d — 6A4)T(3A) sin (27(d — 6A,)) T(d — 3A,)T (£ = Ay)°T (Ag = )T (=4 + 5+ Ay + 1)
270(Ag)?T (d — Ay — 2) T (3(d + 25 — 24, + 7))
" 3mi24280) D (3A,)T (4 — Ay)'T
2 =

ADT(AL)T (4 -3A,)°T
3A4 _d>\228A¢_4dF(A¢)2F (A

[(-a,)°T

(d—3As =)D (3(d+25s — 604+ 7))

(38 = )T (=5 +s+34+3) |
L5 +s+80+3)

(0= By = )T (30 + 2528, +7)

(3.15)
11



Thus, the equation we need to solve is:

T(Ay)T (4 - 3A¢)2F (3Ag =T (B2 — )T (d— Ay — 5T (-2 +s+30s+ 5) T ((d+25—2A4 + 7))

ST(BAGT (4= Ag)°T (Mg — 5)T (—4+5+ 8, +3)
= 3[(3Ay)T <3A¢ - Z) r (d —3A4 — g) r <;(d+ 25 — 6A4 + T>> _

d T d T
—or <2 - 3A¢> [(d—380)0 (38, = 2)T <—2 + 5430+ 2) .

(3.16)

One can check that the stress-tensor, which has s = 2 and 7 = d — 2, appears in this

spectrum for any d.

dM@.9, A, 0)

1UL

I

Figure 9: The spectrum of type A/C scalar bilinears in d = 2.9. The green lines correspond
to the 2A, + 2n asymptotics and the red ones to 2A4 + 2n asymptotics. We see that the
solutions are real, and approach the expected values as n — oo.

The Schwinger-Dyson equations have a symmetry under A — d—A. In a given CFT, only
one of this pair of solutions corresponds to a primary operator dimension, while the other
one is its “shadow.” The s = 0 spectrum contains complex modes for 1.6799 < d < 2.8056.
In d = 2.9 the graphical solution for the scaling dimensions in the type A/C sector is shown

in figure [0} The lowest few are
A =1.064, 1.836, 2.9, 3.114, 4.912, 5.063, 6.913, 7.063, ... (3.17)

The eigenvalue at A = 2.9 is exact, and in general A = d is an eigenvalue for any d. The
solution 1.836 corresponds to the shadow of 1.064. As d is further lowered, the part of the

graph between 1 and 2 moves up so that the two solutions become closer. In d = d;;, where

12



d®(2.75, A, 0)

N

MR

Figure 10: The spectrum of type A/C scalar bilinears in d = 2.75. The green lines correspond
to the 2A, + 2n asymptotics and the red ones to 2A4 + 2n asymptotics. We see that two
real solutions are no longer present; they are now complex.

N

derit &~ 2.8056, the two solutions merge into a single one at d/2 (for discussions of mergers
of fixed points, see [28-30]). For d < dey, the solutions become complex ¢ + ia(d) and the
prismatic model becomes unstable. The plot for d = 2.75 is shown in figure

)

d™(1.68,A,0
2.5

2.0
1.5+
140\

051

A

-0.5¢

-1.01

Figure 11: The spectrum of type A/C scalar bilinears in d = 1.68. The green vertical lines
correspond to the 2A, + 2n asymptotics; the red ones to the 2A, 4 2n asymptotics.

For d < 1.68, the spectrum of bilinears is again real. The plot for d = 1.68, where
Ay =~ 0.0867, is shown in figure At this critical value of d there are two solutions at d/2;

one is the shadow of the other.

13



4 Large N results in 3 — ¢ dimensions

Let us solve the Schwinger-Dyson equations in d = 3 — €. The results will be compared with
renormalized perturbation theory in the following section. The scaling dimension of ¢ is
found to be

Ay =

€
2 3 9 '3 27 9

1 2063 472 2 12692 567
3 +€2——€+(—+W—)64+(7<(3)——— 7r)e5+(9(66). (4.1)

This is within the allowed range (2.5) and is close to its upper boundary. The scaling

dimension of Y is

472 12692 2
Ay =d—3A, = S 306 (i + 7r2) -3 (7§(3) 12092 50w ) E+0 () .

2 2 3 27 9
(4.2)
Let us consider the s = 0 type A/C bilinears. For the first eigenvalue we find,
3 2 92 2

It corresponds to the scaling dimension of operator ¢®¢¢®¢, as we will show in the next
section. The next eigenvalue is the shadow dimension d — Age.

The next solution of the S-D equation is A = d = 3 — € for all d. While this seems to
correspond to an exactly marginal operator, we believe that the corresponding operator is
redundant: it is a linear combination of ¢?*¢9%¢?¢ and x*“x?*¢. Similar redundant operators
with b = 1 showed up in the Schwinger-Dyson analysis of multi-flavor models [12]31].
They decouple in correlation functions [12] and were shown to vanish by the equations of
motion [31]. The next eigenvalue is

1532 6392  4527>
Aprism = 3+e+662 -84+ (T + 107r2> et (18((3) ——3 = 37r ) €40 (%) . (4.4)

It should correspond to the sextic prism operator ([1.2)), which is related by the equations of
motion to a linear combination of ¢®¢92¢®¢ and ¢y .

The subsequent eigenvalues may be separated into two sets. One of them has the form,

14



for integer n > 0,

40€
A :5+2n—€+262—T€+

(2(472 + 37%) n(2n + 7)(n(2n + 7) + 11) + 1807% + 28212) €*
- O(n+ 1)(n+2)(2n +3)2n +5)

LO(S). (45)

For large n this approaches 4+2n+2A, as expected for an operator of the form ¢¢(9?)*n gabe.

The other set of eigenvalues has the form, for integer n > 0,

9 18 6 3
— — 10 | € DS
n+2 2n+3 2n—|—5+n—|—1+ 0)6 +O(€) (46)

A;:5+2n+e—662+4<

For large n this approaches 2+2n+2A , as expected for an operator of the form x®¢(9?) b,
These simple asymptotic forms suggest that for large n the mixing between operators
¢ (9?2)2ngebe and x®¢(9%)1 ¢ approaches zero.

We can also use (3.4)) to derive the 3— e expansions of the dimensions of type B operators,
Op.n = X" (0,0M)"¢™ + ... | (4.7)

where the additional terms are there to make them conformal primaries. For n = 0 we find

2848 + 242

Apy =2+ 6 — 68¢* + 3 e +0 (') . (4.8)

This scaling dimension corresponds to the operator ¢®*y?, which in the original ¢ language

is the tetrahedron operator Oye.n. For the higher operators we get

Ay =4+4e —44¢* + O (65) , (4.9)
7, 331 199547 7’
Apy=6— -+ ——¢ — — )+ O (f 4.10
B2 5 T30 <2250+15)€+ (<) (4.10)
12, 9139 7581556 472
Apz=8— —e+ ——¢ — L4+ 0 (€ tc. 4.11
b3 T <77175+7)E+ (€7) , ete (4.11)

Using the equations of motion, we can write Op 1, up to a total derivative, as a sum of the
three 8-particle operators shown in the leftmost column of figure 9 in [31]. In general, for

n >0,

_ 3 2 3
Apn=2n+2 2<1 n(2n+1))6 +0 (), (4.12)

15



which agrees for large n with the expected asymptotic behavior
Apn—=2n+ A+ A =2n+2-24+0 () . (4.13)

4.1 Higher Spin Spectrum

Let us also present the € expansions for the higher spin bilinear operators which are mixtures

of type A and C. The lowest eigenvalue of twist 7 = A — s for spin s is

8(s? —4)¢
o =l-et (432—i
4¢3 (27 (1—45%) H, 1 — 25 (80s° + 5(541og(4) — 508) + 45) — 244 + 27log(4)>
+ ; +0 ()
3 (1 —4s?)
(4.14)

where H,, is the harmonic number and the last two terms (as well as all higher-order terms)

vanish when s = 2 as expected. In the large s limit, this becomes:

15 40  —9log(4s) — 9y + 78
0= 1—ete (2 e T (’)(33)> +é (—3 + o8 822 i + (’)(53)) +0 (') .
(4.15)
Comparing with ([5.8)), we see that
1

This is the expected large spin limit [32-35] for an operator bilinear in ¢, indicating that for
large spin the mixing with x bilinears is suppressed.

The next two twists are

B 8s(s + 2)€?
" _3_6+48(5+2)+3
4¢3 9
b g (A0 )+ 1571 6+ 27) — 203l 2) +
—27(4s(s+2) + 3)log(4) — 27(4s(s + 2) + 3)(s + g>> +0(f) (4.17)
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and

36
T 6
15(s +2) +3 )E
4¢3
+

(4s(s +2) + 3)?

7'2:3—1—e+(

(43(23(203(3 +4) 4+ 56 4+ 9log4) — 105 + 36log 4)

+ 18v(4s(s + 2) + 3) + 18(4s(s +2) + 3)w(s + g) — 297 + 54 log 4) + 0O ("), (4.18)

where () is the digamma function. In the large s limit, these take the form,

T —=3—€t+e (2 _ 3 + 0(33)) + € <—@ _ 3(3log(s) +10g(64) + 3y = 7) + 0(53)) + 0 (')

252 3 52

1
:2A¢+2+O(;),
(4.19)

and

Ty — 3+ e+ (—6 + 5% + 0(5_3)> + e (40 + 18(log(s) + log(4) + 7~ 6) + 0(5_3)) + 0 (')

52
A 1
=2 X + 0(8_2) )

(4.20)

In general, for large spin we find the two towers of twists labelled by an integer n

4063
r,f‘:2n+1—e+262——6+(9(e4) =204+ 2n+ ...

3 (4.21)

¢ =M 43 +e—62+0(@) =20, +2n+ ...

again in agreement with the expected asymptotics and suppression of mixing at large spin.

We can similarly derive explicit results for spinning operators in the type B sector using
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(3.8)). For the lowest two twists, we find

6 26 (3(25 +1)? <Hs,% + log(4)> 8% — 8487 — T2 — 34)

=2t (25 + 1) +0()
= (2-2¢+ 0(&)) + 0(2) ,
pe? 26 (9(25 +3)H, 1 + 808 + 125(8 + log(8)) + 54 10g(2)) )
n=dT o T 3(2s + 3)° +0(€)
= (4 —26% + 40?63 - O(e“)) + O(%) :
(4.22)

and higher twists may be analyzed similarly. One can see that these results are also in

agreement with the expected large spin limit 7,, = Ay + A, + 2n for fixed n.

5 Renormalized perturbation theory

In this section we use the renormalized perturbation theory to carry out the 3 — e expansion
for finite N. We will find a fixed point with real couplings, whose large N limit reproduces
the results found using the 3 — € expansion of the Schwinger-Dyson solution in the previous
section. This is an excellent check of the Schwinger-Dyson approach to the prismatic theory.

To carry out the beta function calculation at finite N we need to include all the O(N)3
invariant sextic terms in the action (as usual in such calculations, we ignore the quartic
and quadratic operators which are relevant in d = 3). The 11 such single-sum terms are
shown diagrammatically in figure 5 of [31]. We will impose the additional constraint that the
action is invariant under the permutation group Ss which acts on the three O(N) symmetry
groups. This leaves us with 8 operators: 5 single-sum, 2 double-sum and 1 triple-sum. They
are written down explicitly in and shown schematically in figure . The first one and
the most essential one for achieving the solvable large N limit is the “prism” term ; it
is positive definite and symmetric under the interchanges of the three O(N) groups.

Our action is a special case of a general multi-field ¢° tensor theory:

1 1
S = /ddil' (éau(babcap(babc + ggm/mngmy%m;(bm¢K2¢H3¢K4¢N5¢KG) . (51)

The beta-functions and anomalous dimensions for such a general sextic coupling were calcu-

lated in [36,[37]; see also [38,[39] for earlier results on the O(n) invariant sextic theory. The
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Figure 12: The two-loop contribution to the beta-function.

diagram topology contributing to the leading two-loop beta function is shown in figure [12]
In our case each index ki, K. .., ke has three sub indices k; = (a;b;c;). The coupling

Gy ronsransne cONtains 8 different types of interactions

951“2535455"56 = nglgi.?ﬁgli3H4H5){6 + g2TI£f2€2/£3/€4/€5R6 + U + 98T£??£2K3H4H5H6 ) (52)

which can be graphically represented as in figure . Each tensor structure T,g’f,)w,.cg,{4,%,«”6

consists of a sum of product of ¢ functions, which are symmetrized over the colors (abc) and
over the indices k1, ..., Kg.
The two-loop beta functions and anomalous dimensions for general N are given in the

Appendix. Let us use the large N scaling

g1 =180+ (87 2L | gaer = 180 (8m)e 0T
g5 =180 (8T)e22 gy = 180 (7)1 . (5.3)

which is chosen in such a way that all beta functions retain non-vanishing quadratic terms

in the large N limit:

Bi==201 4237, Bo=—25+451 (351 +235) . [Ps=—23s+123; ,
.2 O _ - = _ S

By = —24s + 3 (2(3G1 + G3)* + G2 + 12G135) ,  B5 = —235 + 451 (651 + F5)

Bs = —23s + 451 (331 + G5 + 206),  Br = —2G7 + 637 ,

5 4, o ) ) o o )
Bs = —2gs + 3 (35 + 49733 + 93 + 635 + 297 + 63596 + 391 (J5 + 66)) - (5.4)
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The unique non-trivial fixed point of these scaled beta functions is at

gs =—12, g; =6, g;=3, gs=284 (5.5)
For this fixed point, the eigenvalues of the matrix g—g? are
A\=6,22 —2 —2 —2 —2 —2. (5.6)

That there are unstable directions at the “prismatic” fixed point also follows from the solution
of the Schwinger-Dyson equations.ﬁ Using we see that the large N dimension of the
triple-trace operator (¢®¢¢®)? is 3(1 — €) + O(€?), which means that it is relevant in d =
3 — € and is one of the operators corresponding to eigenvalue —2. On the other hand, the
prism operator is irrelevant and corresponds to eigenvalue 2. Another irrelevant operator
is Otetra®™0?; from it follows that its large N dimension is 3 + 5¢ + O(€?), so it
corresponds to eigenvalue 6.
We have also calculated the 1/N corrections to the fixed point (5.5):

—x 6 18
gl—l—ﬁ-i-m—i-...,
~*__42_'_3844_8592_’_
g2_ N N2 AR
x 1848
g3 =6+ e +...,
—— 132+16392+
g4_ N N2 IR
~*__12+30+2340+
g: = TN T
~*—6—{—36 1320+
96 = N N2 S
s 174 7080
g7:3+W+ N2 +...,
6732 309204
gs = 84 .
g5 = 84+ v Tt (5.7)

3 At finite N, using the beta functions given in the Appendix, we are able to find and study additional
fixed points numerically. The analysis of behavior of the beta-functions shows that they are all saddle points
and, therefore, neither stable in the IR nor in the UV.
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For the scaling dimension of ¢, we find from (A.10)):

d—2 1 € 1275

Ay =—— =—-— = 21— =4+ —=+... 3. 5.8
é 5 t=5 2+e( ~v et )+(9(e) (5.8)
In the large N limit, (5.8)) is in agreement with the solution of the S-D equation (4.1]). For

the scaling dimension of ¢®¢¢¢, we find

12 75
In the large N limit this is in agreement with (4.3). In general, calculating the 1/N cor-
rections in tensor models seems to be quite difficult [40], but it is nice to see that in the
prismatic QFT the 3 — e expansion provides us with explicit results for the 1/N corrections
to scaling dimensions of various operators.
The scaling dimension of the marginal prism operator is
A —d dBl . ~x _ 2
prism = —|—E—3—6—26+46g1—|—...—3—|—6+0(6), (5.10)
1
which is in agreement with (4.4)).
We have also performed two-loop calculations of the scaling dimensions of the tetrahedron
and pillow operators; see the appendix for the anomalous dimension matrix. In the large N

limit, we find

Atetra - Q(d - 2) + /Ytetra - 2 _|_ 66 + (9(62) 5
Apillow - 2(d - 2) + ’Ypillow =22 + 0(62> ) (511)

which is in agreement with the S-D result . Thus, we see that the large N 3 — ¢
expansions from the Schwinger-Dyson approach have passed a number of 2-loop consistency
checks.

We have also solved the equations for the fixed points of two-loop beta functions numer-
ically for finite N. The results for the prismatic fixed point are shown in table [I[ These
results are in good agreement with the analytic 1/N expansions for N > 200. At

N = Ngii, where Ngiy ~ 53.65, the prismatic fixed point in 3 — ¢ dimensions merges with
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N 91 | 9 9 | 9 9 | 9 | 91 g5 | /€
o4 0.89 | -33.06 | 7.87 | 83.69 | -11.13 | 6.86 | 27.37 | 2047.16 | 0.80
100 | 0.94 | -37.56 | 6.23 | 55.35 | -11.53 | 6.28 | 5.98 | 212.08 | 0.89
200 | 0.97]-39.90 | 6.05 | 53.8 | -11.80 | 6.15 | 4.09 | 127.90 | 0.94
400 | 0.99 | -40.99 | 6.01 | 53.78 | -11.91 | 6.08 | 3.48 | 103.03 | 0.97
2000 | 1.00 | -41.81 | 6.00 | 53.94 | -11.98 | 6.02 | 3.09 | 87.45 | 0.99
5000 | 1.00 | -41.92 | 6.00 | 53.97 | -11.99 | 6.01 | 3.04 | 85.36 | 0.998
10000 | 1.00 | -41.96 | 6.00 | 53.99 | -12.00 | 6.00 | 3.02 | 84.68 | 0.999
100000 | 1.00 | -42.00 | 6.00 | 54.00 | -12.00 | 6.00 | 3.00 | 84.07 | 1.00

Table 1: The numerical solutions for the coupling constants defined in (/5.3)

another fixed point{T] they are located at

Gr =089, §=-3290, g =824, g =920l
gi=—1115, G =700, § =35.33, g =3155.29. (5.12)

For N < N both of them become complex. For example, for N = 53.6 the two complex

fixed points are at

§'=0.89—0.0002i, § =—32.80+0.04i, § =824+0.15i, g =091.98+ 3.51i,

§i = —11.15— 0.01i, g =7.00+0.06i, g =35.19+3.61i, §;=3107.77 + 554.01i
(5.13)

and at the complex conjugate values.

6 Bosonic Quantum Mechanics

The action (1.2)) for d = 1 describes the quantum mechanics of a particle moving in N3
dimensions with a non-negative sextic potential which vanishes at the originE] Such a problem
should exhibit a discrete spectrum with positive energy levels, and it is conceivable that in the

large N limit the gaps become exponentially small, leading to a nearly conformal behavior.

4 This is similar, for example, to the situation in the O(V) invariant cubic theory in 6—e dimensions [41142],
where Nt =~ 1038.266. For general discussions of mergers of fixed points, see [28.[30].

® A very similar d = 1 model with a stable sextic potential was studied in [43}/44] using the formulation [45]
where a rank-3 tensor is viewed as D matrices. It was argued [43l|44] that the sextic bosonic model does
not have a good IR limit. We, however, don’t find an obvious problem with the prismatic d = 1 model
because the complex scaling dimensions are absent for the bilinear operators. We note that the negative
scaling dimension , which we find for ¢, is quite far from the 1/6 mentioned in [43}44].
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For moderate values of N, this quantum mechanics problem may even be accessible to
numerical studies.
Solving for the scaling dimensions of type A/C bilinears in d = 1, we find that the

low-lying eigenvalues are
A =1, 1.57, 2, 3.29, 4.12, 5.36, 6.14, 7.38, 8.15, 9.39, 10.15, 11.40,... (6.1)

The plot for the eigenvalues is shown in figure [13]

d™@, a)
af

2;

Enmumame
U

Figure 13: The spectrum of scalar type A/C bilinears in 1d. Red vertical lines are asymptotes
corresponding to —2A4+2n and green vertical lines are asymptotes corresponding to —2A, +
2n.

The smallest positive eigenvalue, A = 1, is the continuation of the solution A = d
present for any d. As discussed in section , it may correspond to a redundant operator.
The next scaling dimension, A = 1.57317, may correspond to a mixture involving ¢®¢gebe.
The appearance of scaling dimension 2, which was also seen for the fermionic SYK and tensor
models, means that the its dualﬁ should involve dilaton gravity in AdSs .

Let us also list the type B scaling dimensions, i.e. the ones corresponding to operators
dPe9P . Here we find real solutions A = 1.01, 2.96, 4.94, 6.93, ....

For large excitation numbers n, the type A/C scaling dimensions appear to (slowly)
approach —2A, +2n and —2A, + 2n rather than 2A, +2n and 2A, + 2n, as shown in figure
. The type B scaling dimensions also appear to slowly approach —Ag — A, + 2n rather
than Ay + A, +2n. This is likely due to the fact that Ay is negative. Further work is needed

50f course, as observed in , there are important differences between the holographic duals of tensor
models and SYK models.
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to understand better the new features of the large N solution in the regime where d < 1.35

and Ay < 0.

7 Discussion

In this paper we presented exact results for the O(NN)? invariant theory (1.2)) in the prismatic
large N limit where g; N® is held fixed. This approach may be generalized to an O(N)?
invariant theory of a rank-p bosonic tensor ¢* % with odd p > 3. It has a positive

potential of order 2p:

o= [ (300 + L@y (1)

To solve these models in the large N limit where g, N? is held fixed, we may rewrite the

action with the help of an additional tensor field x:

1 g 1
d abc\2 ay...ap . ai...ap ai...ap . ai...ap

For discussions of the structure of the interaction vertex with odd p > 3, see [5,51,/52]. The
models are tensor counter-parts of the SYK-like models introduced in [16]; therefore,
the Schwinger-Dyson equations derived there should be applicable to the tensor models. It
would be interesting to study the large N solution of theories with p > 3 in more detail using
methods analogous to the ones used for p = 3.

In this paper we analyzed the renormalization of the prismatic theory at the two-loop
order, using the beta functions in |36},37]. The general four-loop terms are also given there,
and it would be interesting to study the effects they produce. It should be possible to extend
the calculations to even higher loops by modifying the calculations in [39] to an arbitrary
tensorial interaction, which we leave as a possible avenue for future work. In this context, it
would also be interesting to study the possibility of fixed points with other large N scalings,
perhaps dominated by the “wheel” interaction (go) of figure [l in addition to the large N
fixed point dominated by the prism interaction (g;) studied in this paper.m

Another interesting extension of the O(N)? symmetric model is to add a 2-component
Majorana fermion 1%, so that the fields can be assembled into a d = 3 N = 1 superfield

(I)abc — qz5abc + §¢abc + éexabc (73)

TA d = 0 theory with wheel interactions was studied in [53].
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Then the prismatic scalar potential follows if we assume a tetrahedral superpotential for
dabe |5]. Large N treatments of supersymmetric tensor and SYK-like models with two
supercharges have been given in [16,25], and we expect the solution of the A = 1 super-
tensor model in d < 3 to work analogously. An advantage of the tensor QFT approach is
that one can also develop the 3 — e expansion using the standard renormalized perturbation

theory. In the supersymmetric case, it is sufficient to introduce only three coupling constants:

W=aq Ppurbicr parbacz pazbicz gazbacr
+ G (q)m bici q)alblcg (I)a2b261 q)agbZCg + q)alblcl (I)a2b1 1 pat baco q)agbgcg + (I)a1b1 1 pat bacy q)agbwg (I)agbgcg)
+ gg(balblCl (I)alblcl q)angCQ(bangCQ , (74)

and it is possible to find explicit expressions for the beta functions and operator scaling
dimensions [54]. Also, directly in d = 3 it is possible to couple the N’ = 1 theory with the
above superpotential to O(N)g, X O(N )k, x O(N)y, supersymmetric Chern-Simons gauge

theory with levels kq, ko, k3, and derive the corresponding beta functions for couplings g; [54].
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A The two-loop beta functions and anomalous dimen-

sions

In this Appendix we state our explicit two-loop results for the O(N)? invariant theory with

the 8 coupling constants and interaction terms

2(25@1 bica (bu«leCQ ¢azb1 c2 ¢a3b301 ¢a3b203 ¢a2b303 T 92 ¢albl c1 ¢a1b202 ¢a2b263 ¢a2b301 ¢a3b302 (basblcs
6!

! 6!
+ 3-g'36‘ (¢a1b101 ¢a2b1c1 ¢a1b202 ¢a2b203 ¢a3b302 ¢a3b303 + ¢alb101 ¢a1b201 ¢U«2b102 ¢a2b203 ¢a3b302 <éGBbBCC’)
+ ¢a1 bica ¢a2b101 ¢a1b202 ¢a2bac2 ¢a3b263 ¢a3b363)

+ 3.%]46‘ (¢a1b101 ¢a1b102¢a2bgcz¢a2b203¢a36303¢a3bgc1 + ¢alblcl ¢a2b1cl ¢a2b202¢a3b202¢a3b303¢a1b303

+ ¢a1 bicy ¢a1 bacy ¢0«2b202 ¢a2b362 ¢a3b363 (;50351 63)
gs

306!

+ (bal bicy ¢a2b201 (bale c2 ¢a1b203 ¢a3b302 ¢a3b303)

+ %qbabcqbabcgbalblcl ¢a1b262 qbagblcg ¢a2b201

g7 (babc(babc((balblcl ¢a1blc2 ¢a2b201 ¢a2b202 + (balblcl ¢a2b101 ¢a1b202¢a2b202 + ¢a1blcl ¢a1b201 ¢a2b102¢a2b202>
3-06!

n %((babc(babc)?) _ (A1)

(¢a1 bicy ¢a1 baca ¢a2b102 ¢a3b201 ¢a2b303 ¢a36363 + ¢alb161 ¢a2b1 c2 ¢a1b262 ¢a1b263 ¢a3b263 ¢a3b363

+

We find

1
B =—2gie + TG ((9?, +3(g? 4 8¢2))N® + 3(3g2 + 4(291 + 392 + 496)gs + 61 (g1 + 392)) N?

+2(3293 + (90g1 + 7292 + 9696) g5 + 694(992 + 4g5) + 9(597 + 69291 + 169691 + 89791 + 995
+244296) )N + 2g5(N (N + 6) + 55) + 2g3(IN (g1 (N + 8) + 8g2) + 694(N + 6)

4 2g5(N + 10)(2N + 5) 4+ 2(60g; + 6392 + 96gs + 1697)) + 2(3693 + 36(591 + 392 + 295)94
+ 8093 + 495(4591 + 4(9g2 + 696 + 897)) + 3(3497 + 12(7ga + 4ge + 297 + 20gs)g1 + 2795

+ 12892 + 480296 + 297)) ) (A2)
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By = — 2g5€ + 5 <95(1291 +95)N? +2(13g2 + 18(g1 + g2)95 + 991(91 + 294 + 896) + T29297) N

1
270(87)?
+2g5(N(N + 6) +19) + 2g3(3N (3g2(N + 4) + 891) + 6g4(N + 2) + 6g5(N + 6) + 30g; + 369>
+ 32g7) + 2(36g7 + 54ga2g1 + 969791 + 4595 + 1293 + 2092 + 1294(391 + 992 + 295)

+ 12g5(491 + 392 + 8¢s) + 729297 + 7209298)> (A.3)

B3 = — 2g3€ + 2(g2 + 8g2)N? + 3(6¢% + 12g51 + 272 + 5g2)N? + 2(83¢2 + 2(66g,

1
P
+ 639> + 4895 + 6497) g5 + 9(291 + 392) (491 + 392) + 96(g1 + 392)97)N + g5(N(N(2N + 31)
+244) + 388) + 18g3 (N(N + 16) + 12) + 1294(3g1 (N + 1)(N + 14) + g5(5N(N + 6) + 72)
+ (N +2)(992(N + 3) + 897N ) + 96gs + 64g7) + 493(394(N(N(N + 6) + 28) + 102)

+ N(g5(11N + 74) 4 6(g1 + 392 + 4g7)N + 6691 + 7295 + 6096 + 84g7) + 194g;
+ 3(T1g; + 81gy + 3296 + 7697 + 120gg)) + 4(92g2 + 2(93g; + 909> + 7296 + 80g7)gs
+ 12892 + 9(797 + 159291 + 995 + 24(g1 + g2)96) + 144(g1 + 92)97)) (A.4)

By = —2g4e + 5 ((g?, +8¢2)N? + 4g5(3g1 + g5)N? + 6(397 + 995 + 8(g1 + 392)97

1
270(8)?
+205(5g1 + 992 + 4(gs + 397)))N + 292(N(N(N + 7) + 34) + 113) 4+ 9g2(N(N + 2)* 4 52)

4+ 493(9g2(N +2)* + 3g1 (N + 1)(N + 13) + N(g4(6N + 75) + g5(6N + 31) + 8g7(N +4))
+16(3g4 + 595 + 696 + 597)) + 1294(391(N + 12) + 2g5(N (N + 6) + 13) + 8N (g7(N + 2) + 3gs)
+ 48gy + 4497 4+ 120gg) + 2(5497 + 1629291 + 969791 + S1ga + 58g2 + 12842

+ 4g5(27gy + 2792 + 24gs + 3297))> (A.5)
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Bs = — 2g5¢ + 5 ((3(9195 + 89697)N* + 2(9g7 + 9(3g2 + g5)g1 + 95(27ga + 6gs + 16g7))N?

2
270(87)
+ (9997 + 6(45g + 35g5 + 3696 + 40g7) g1 + 8193 + 21692(gs + g6)

+ 4g5(21g5 + 4296 + 38¢g7))N + g3(N(5N + 52) + 161) + 3695 (N + 3)

+394(12g: (N(N +5) + 12) + g5(N(N(N + 6) + 52) 4+ 132) 4+ 6(N + 2)(4g6N + 9g2)
+ 9646 + 64g7) + 293(6g1 (N (3N + 16) + 37) + 9g2(10N + 23) + N(g4(6N + 39)

+ g5(N(N +13) 4+ 97) + 24g5(N + 4)) + 6(2394 + 3395 + 3296 + 2497)) + 27097

+ 24395 4+ 212g2 + 43291 gy + 4449195 + 5049295 + 4329196 + 4329276

+ 384g596 + 3849197 + 288gag7 + 3289597 + 7689697 + 72095953)) (A.6)

2
e | 2 3 12g5))N? + (6(9 4 2
270(8)? < (9597 + 396(91 + 1298))N” + (6(99296 + 4(91 + 296)97)

+ g5(391 + 1296 + 10g7 + 72g8)) N> + (792 + 2(3g1 + 992 + 1296 + 3297 + T29s) g5

B = — 2g6€ +

+ 3(3g1 4+ 12(296 + g7 + 12g5) g1 + 48¢2 + 8(3g2 + 596)g7))N + g2 (4N + 6)

+394(121N + g5(N(N + 6) + 10) 4 4g7(N + 2) + 18g5 + 60g5) + 295(6g1(N + 4)

+ g5(N(N 4+ 6) +19) + 3g6(N (N + 10) +4) + 297 N(N + 5) + 992 + 2194 + 18(g7 + 49s))
+ 1392 + 4842 + 369192 + 309195 + 189295 + 489196 + 729296 + 1089596 + 12091 g7

+ 369297 + 929597 + 1209697 + 4329295 + 1449598 + 12969698) (A7)

28



fr = —2gre + 5 <4(39596 + 97(293 + 394 + 369s))N° + (1095 + 24(g4 + 396

1
270(87)?
+2(g7 + 69s))gs + 795 + 3(993 + 8(3gs + 2(g7 + 995))94 + 8(59% + (91 + 392 + 295) g7
+ (391 + 95)96)))N? + (997 + 549591 + 729691 + 2169791 + 48¢3 + 63g7 + 2297 + 21643
+ 21697 + 216g2g6 + 2169596 + 1449297 + 160g597 + 5769697 + 144(3g1 + 992 + 595)gs
+ 694(6g1 + 182 + 2195 + 3646 + 527 + 72gs) + 4g3(3g1 + 9g2 + 3694 + 19g5 + 4296

4+ 90g7 + 144g5))N + 2(27g7 + 3(9g2 + 2393 + 3094 + 1295 + 48¢¢ + 4097 + 144g5) g1
+992(7g3 + 6(gs + 296 + 4g7)) + 2(31g5 + (81g4 + 50gs5 + 114gs + 112g; + 21695)g3

+ 5493 + 2197 4+ 108g; + 9645 + 669596 + 1069597 + 1449697 + 72(2g5 + 9g7) s
+394(17g5 + 369 + 6697 + 72gs)))> (A.8)

Ps = — 2gs€ + 2(95(2(3gs(N? + N +3) + Tg7 (N + 1) + 36gs) + 3g1) + 2(3g5 N”

1
P
+ 2N? +18¢2(3N? + 22) + 3¢2N? + 12¢697N? + 72gs(g7(N? + N + 1) + 3gsN) + 992 N

+ 217N + 12g69:N + g1(996N + 6g7) + 695 + 2397 + 99296 + 489697) + g5 (N + 1)

+ 394(2(6gsN + g7(N(N + 3) + 5) + 36gs) + 3g5)) + g3 (2N + 9) + 4g5(394N + 3g6(2N + 5)
+2:(N(N +3) +7) + 3695 N + 2g5) + 9g + 3993) (A.9)
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and

Yo =

12 - 902(8x)*

1
((Sgﬁ + 992 + g2 + 392 + g2 4+ 1292 + 492 + 7292)NS + (692 + 2(3g1 + 992

+6(g1 + g5) + 897) g3 + 995 + 595 + 12g7 + 549192 + 249195 + 249596 + 489697

+1294(g5 + 297) + 14497gs) N° + (81g7 + 12(9g5 + 694 + 595 + 1296 + 297)g1 + 8193

+ 3995 + 27g; + 515 + 3695 + 8445 + 108g394 + 769395 + 729495 + 969396 + 1449496

+ 48¢596 + 809397 + 969497 + 88g597 + 489697 + 3692(293 + g4 + 495 + 297)

+ 144(g3 + g4 + 396 + g7)g8)N* + (1027 + 6(75g + 475 + 54gy + 6445 + 2446

+ 6897 + 24g8)g1 + 54g5 + 16093 + 17197 + 14392 + 12097 + 14897 + 43293 + 28879304

+ 3449395 + 3369495 + 3369396 + 2889496 + 3609596 + 3369397 + 3369497 + 2967597

+ 3369697 + 144(295 + 3(ga + g5) + 97)9s + 1892(19g5 + 2494 + 1495 + 3296 + 1297 + 24gs))N*
4 2(189g7 + 6(45g5 + 58g3 + 6694 + 4995 + 7296 + 5497 + 108gs) g1 + 21695 + 17743

+ 18993 + 17642 + 21645 4 12093 + 3189394 + 330gsgs + 3369495 + 360gsgs + 2889496

+ 3129596 + 3289397 + 3129497 + 3729597 + 3369697 + T2(4g3 + 494 + 5g5 + 497)gs

+ 1842 (1795 + 1994 + 20gs + 12g6 + 2697 + 12gs))N? + 4(81g7 + 3(63g2 + 63g3

+ 51g4 + 6495 + 6096 + T0g7 + 369s)g1 + 81gs + 87g3 + 7295 + 90g: + 7295 + 9647

+ 2079394 + 1859395 + 1899495 + 1569396 + 2169496 + 2049596 + 1849397 + 1749497

+ 182¢5g7 + 1689697 + 36(6g3 + 394 + 595 + 1296 + 497)gs + 992(2393 + 1894 + 19¢5

+ 2496 + 1897 + 3695)) N + 4(48g7 + (90gs + 7893 + 90g4 + 8495 + 7296 + 6097 + T2g8) 1

+ 4595 + 4393 + 51g7 + 4292 + 48g7 + 5297 + 144493 + 729394 + 829395 + 789495 + 969396

+ 729496 + 729596 + 849397 + 969497 + 769597 + 969697 + 1892(4gs + 594 + 595 + 4(g6 + g7))

+72(g3 + 294 + g5 + 297)gs)> (A.10)

At the two-loop level we also find the relation vy = 327,.

We can study the anomalous dimensions for quartic operators

02:

Ol — Otetra — ¢a1b101 ¢a1b262 ¢a2b162 ¢a2b261,

1
Opillow = g (¢a1b1 c1 ¢a2b1cl ¢a1b202 ¢a2b202 + ¢a1blc1 ¢a1bgc1 ¢a2b102 (bagbgcz + (balblcl ¢a1b102 ¢a2bgc1 ¢a2b202 )

O3 = Oyt = ¢a1b101¢a1b101¢a2b202¢a2b202' (A.ll)

The matrix of anomalous dimensions for quartic operators can be written in the following
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way

11 _
10 = To0r2

(2(6g1 + 293 + 34 + 595 + 297 + 12gs) + g1 (N? + 12N + 8) + 4(gs + 396 + g7) N+
+992N? 4 295 N + g5 (6N + N?)) ,

Sig0=7 (20992 + 995 + 694 + 11gs + 1206 + 8g7) + 6916+ 3N +2N?) + 369N + 6gs N+

+1296(2N + N?) + 2g3(5N + N?) + g5(24N + 5N? + N?))

12
Yo =

1
o 80 (69> + 293 + 61N + g6(8 + N*) + g5(2 + 2N + N?))

e = 1291 + 99y + 11g3 + 1294 + 9g5 + 1296 + 8g7) + gs N>+

1
— (2
72072 ( (
+2(3g1 + 992 + 793 + 994 + 995 + 6gs + 10g7)N + 2(3(g1 + g3 + g4) + g5)N?)

1
22
70 516072 (

+394(18N + AN? + N?) + 2g3(27TN + 6N? + N?) + 4(6g6N + 4g7(2N + N?) + g5(10N + 3N?)))

6493 + 6694 + 6295 + 4896 + 60g7 + 7298 + 691(N + 1)(]\7 + 8) + 1892(4 + 2N + N2)+

1
7§ = 1302 (693 + 694 + 4g5 + 897 + 391 (N + 2) + 992N + 595N + g-N° + 3g4(N* + N)+

+2g5(2N + N?))

1
Vel = 0 (392 + 395 + 496 + 897 + 31N + g3(5 + 2N) + 694N + g5(N? + N)+

+4(g7N + 9gsN + g:N?) + 2g6(3N + N?))

(691 + Tgs + 2496 + 2297 + 36gs + 2g5(5 4+ 3N + N?) + 3g4(5 4+ 3N + N?) 4+ Tgs N+

1
32
70 T 516072

+12g6(N + N?) + 36gs(N + N?) + 2g:(13N + 3N? + N?)) (A.12)

The results for the quartic operator dimensions in the prismatic large N limit are listed in
(5.11)).
A consistent truncation of the system of eight coupling constants is to keep only gg non-

vanishing, since the triple-trace term is the only one which has O(N?3) symmetry. Then we
find

1
By = —2gge + —g§(3N3 +22) , Yo

15(8)? SN+ 2)(N® +4), (A13)

~1350(8n)
in agreement with [37,39]. Thus, there is a fixed point with

. 30(8m)%e

8 3N3+227 9; ) t ) ) ( )

g
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At this fixed point,

— L * 3 _ 2
0fs/0gs = —2¢ + 15(8#)298(3]\7 +22) =2+ O(€) , (A.15)

so the triple-trace operator is irrelevant. However, the other 7 operators appear to be relevant

for sufficiently large N. For example,

B 295 20 2
2L 9 el 24— ) Al
g1 “Toene -\ 2t aENeta) TOE) (A.16)

So, this fixed point has 7 unstable directions. Examination of 4-loop and higher corrections

[37,139] shows that the 3 — € expansions of operator dimensions at this fixed point do not

generally have a finite large N limit starting with order €3. This is in contrast with the

prismatic fixed point where all the g/ are non-vanishing and scale as (5.3)); as a result, the

large N limit is smooth.
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