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Feedback control of instabilities in the two-dimensional
Blasius boundary layer: The role of sensors and actuators
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We analyze the effects of different types and positions of actuators and sensors on
controllers’ performance and robustness in the linearized 2D Blasius boundary layer.
The investigation is carried out using direct numerical simulations (DNS). To facilitate
controller design, we find reduced-order models from the DNS data using a system
identification procedure called the Eigensystem Realization Algorithm. Due to the
highly convective nature of the boundary layer and corresponding time delays, the
relative position of the actuator and sensor has a strong influence on the closed-loop
dynamics. We address this issue by considering two different configurations. When
the sensor is upstream of the actuator, corresponding to disturbance-feedforward
control, good performance is observed, as in previous work. However, feedforward
control can be degraded by additional disturbances or uncertainties in the plant
model, and we demonstrate this. We then examine feedback controllers in which the
sensor is a short distance downstream of the actuator. Sensors farther downstream
of the actuator cause inherent time delays that limit achievable performance. The
performance of the resulting feedback controllers depends strongly on the form of
actuation introduced, the quantities sensed, and the observability of the structures
deformed by the controller’s action. These aspects are addressed by varying the
spatial distribution of actuator and sensor. We find an actuator-sensor pair that is
well-suited for feedback control, and demonstrate that it has good performance and
robustness, even in the presence of unmodeled disturbances. C© 2013 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4804390]

I. INTRODUCTION

The drag on a streamlined body increases as the surrounding flow transitions from laminar
to turbulent, and delaying this transition can increase performance in many applications, such as
airplanes and turbines. Many passive control techniques have been developed to delay transition,
but active control, in which actuation is based on sensor measurements, has the potential to be more
effective and more efficient.6 In the present study, we focus our attention on boundary layer flows
developing over a flat plate, emphasizing the influence of actuator and sensor placement on the
performance and robustness of the device.

Control design for the boundary layer requires special care because the governing equations are
high-dimensional and nonlinear. We begin by linearizing about the laminar convectively unstable
equilibrium, since our intention is to drive the flow towards this state. Many control design techniques
exist for linear systems, but they are computationally expensive to apply directly. Ideally, one
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would like to design a controller for the high-dimensional system, and then form a reduced-order
approximation of this controller for actual implementation;2 however, for fluid problems, usually
computing the controller from the high-dimensional model is not computationally tractable. A
common solution, and the one we adopt, is to first find a reduced-order model that approximates the
original high-dimensional system, and then apply standard control design techniques on the model.

A variety of methods exist for finding reduced-order models for the purpose of control design.
Perhaps the earliest such study is that of Aubry,3 who used Proper Orthogonal Decomposition
(POD) to obtain a very low-dimensional nonlinear model capturing many relevant features of the
boundary layer. These POD-based approaches have been effective for some flow control problems,
such as wake flows,15 but for shear flows with large non-normality, they often require physical
insight or tuning to make the models accurate and amenable to control.16 Much of the recent
work on controlling boundary layers has focused on linear models, including models based on
global eigenmodes.1, 19 From a control perspective, it is most appropriate to project the governing
equations onto a set of modes such that the input-output dynamics are well captured; these modes
are then the most controllable and observable. A method known as the Eigensystem Realization
Algorithm (ERA)17, 21, 22 does approximately this, and yields a new set of states which are ranked
by controllability and observability. Less controllable and observable states are easily truncated as
desired, and there are a priori error bounds on how little the truncated model differs from the original
system.

Previous studies4, 19, 25 have demonstrated effective control of Tollmien-Schlichting (TS) waves
in the boundary layer using active control. In Ref. 14, adaptive filters and active wave cancellation
were used for feedback control of a compressible boundary layer. Other studies4, 25 used a modeling
technique that is equivalent to ERA (balanced POD).21 Our intention is to build on these previous
results, and so we intentionally use a similar geometry, in order to remove unnecessary differences
and ease comparison. In previous works, the sensors were placed upstream of the actuators without
rigorously exploring other choices. However, the positions of the actuator and sensor can have a
significant effect on the performance and robustness of the active control. For example, for the
complex Ginzburg-Landau equation (a system similar to that of bluff body wakes), it was found that
the optimal actuator and sensor configuration significantly increased performance.11

The main contribution of this work is to analyze the effect of different actuators, sensors, and their
positions on the active control of the instabilities that lead to transition in the 2D spatially evolving
Blasius boundary layer. This parametric analysis can be crucial when considering implementing
control in experiments and applications; indeed, numerical simulations allow us to investigate the
influence of many actuator and sensor positions that would be difficult and costly in physical
experiments and applications, if possible at all.

We demonstrate how the relative position of the sensor and the actuator determines the con-
troller’s properties. In particular, when the sensor is located upstream of the actuator, the arrangement
results in a disturbance feedforward controller, in which the effect of the downstream actuator is
not detected by the upstream sensor due the convective nature of the boundary layer. This is the
same setup used in previous works4, 25 and we show that the best rejection of known disturbances
is achieved with this configuration. However, the performance of feedforward controllers often
degrades in the presence of additional disturbances and unmodeled dynamics, while feedback con-
trollers are usually much less sensitive to these uncertainties. For this reason, a different setup may
be desirable, in which the sensor does detect the effects of the actuator, i.e., a feedback configuration
with the sensor downstream of the actuator.

We shall see that the original choices of actuators and sensors are ineffective in feedback config-
urations. By using different actuators and sensors, however, a simple proportional-integral feedback
controller performs well at rejecting disturbances and is robust to unmodeled disturbances as well.
We show that the feedforward controller’s performance is degraded by an additional disturbance,
while the feedback controller’s performance is essentially unaffected.

This article begins by explaining the physical fluids problem and defining the input forcing and
output measurements in Sec. II. In Sec. III, we recast the fluid equations as a linear time-invariant
system for control, and show the equivalent block diagram. We explain the control design techniques,
and how we achieve an approximation of these controllers using reduced-order models. In Sec. IV,
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we form the reduced-order model and observe that it accurately approximates the input-output
dynamics of the original high-order system. In Sec. V, we analyze the performance of the controllers
with different actuator-sensor configurations, and explain why we need to use different actuators
and sensors for a feedback controller. Finally, we demonstrate that feedback control outperforms
feedforward in the presence of unmodeled disturbances.

II. PHYSICAL PROBLEM

The objective of active control is to delay the transition to turbulence in the two-dimensional
Blasius boundary layer by suppressing the (convectively) unstable growth of propagating distur-
bances. The governing equations are the incompressible Navier-Stokes equations, linearized about
the zero-pressure-gradient laminar base flow, V,

∂v
∂t

= −(V · ∇)v − (v · ∇)V − ∇ p + 1

Re
∇2v + f

∇ · v = 0.

(1)

Here, v is the deviation from the base flow, p is the pressure, ∇ is defined as (∂/∂x, ∂/∂y). The
Reynolds number is defined as Re = Uδ∗

0/ν where U is the free-stream velocity, ν is the kinematic
viscosity, and δ∗

0 is the displacement thickness at the inlet of the computational domain. We use
Re = 1000 in all cases and non-dimensionalize all lengths by δ∗

0 . The incompressible linearized
Navier-Stokes equations are convectively unstable at this Re, and the physical form of the instability
is exponentially growing Tollmien-Schlichting (TS) waves. We consider the linearized equations
because the controllers force the flow towards the laminar base flow, and so we expect the truncated
nonlinear terms to be small. This approximation also allows us to use existing control, modeling,
and analysis techniques available for linear systems.

A representative schematic of the problem is shown in Figure 1. Note that this arrangement is
the same as in Ref. 4 for ease of comparison. The momentum equation (1) is forced with

f = Bw(x, y)w(t) + Bu(x, y)u(t), (2)

where w(t) is a random disturbance, sampled from a normal distribution with zero mean and unit
variance, and u(t) is the actuator signal, provided by the controller. The terms Bw and Bu are the
spatial distributions of the disturbance and actuator. In the case that the force is not divergence-free,
then, as shown in Ref. 8, only the component of f that is divergence-free directly affects the velocity.
The other component affects the pressure, which is not of interest in this work. The original choice
of the forcing terms is drawn from previous work4 and is

Bw = S(35, 1), Bu = S(400, 1), where (3)

S(x0, y0) =
[

(y − y0)σx/σy

−(x − x0)σy/σx

]
exp

(
−

(
x − x0

σx

)2

−
(

y − y0

σy

)2
)

, (4)

FIG. 1. Overview of boundary layer, inputs, and outputs. The grey box denotes the computational domain. The upstream
disturbance is w(t), applied at xw = 35, and the control input is u(t), applied at xu = 400. The output z(t) is a low-order
approximation of the velocity, v(t). Output signal y(t) is from a localized velocity sensor, includes noise, and its location, xy,
is varied.
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FIG. 2. Contour plots of S(0, 0). Left: stream-wise component. Right: wall-normal component.

where σ x = 4 and σ y = 1/4, shown in Figure 2. Later (Sec. V B), we choose a different form of
actuation, Bu. We fix the location of the actuator at x0 = 400 and vary only the sensor position
because we find that, for this flow, the relative positions of the sensor and actuator are far more
important than their absolute positions (also see Ref. 10).

The output spatial distributions are Cz and Cy, and the corresponding output signals are
given by

y(t) =
∫

�

Cy · v dx + n(t), (5)

z(t) =
∫

�

Cz · v dx, (6)

where � is the computational domain. The original choice of Cy uses the same localized spatial
distribution as the actuator, Cy = S(xu, 1), where the stream-wise location of the sensor, x0, is a
key parameter investigated in Secs. IV and V. Physically, the single sensor measurement is a sum
of spatial integrals of both components of velocity. The signal y(t) also explicitly includes noise,
n(t), with zero mean and a variance of 0.1, a few percent of the magnitude of the noiseless signal.
Our focus is not on the effect of sensor noise, hence our choice of a relatively small amount. Higher
noise levels have little effect on the results presented later.

The second output signal z(t) is used to approximate the disturbance energy in the flow, for use
in a cost function for optimal control design. The details of this method, called output projection,
are explained in Sec. III B. The spatial support of Cz is global but primarily downstream because
the disturbance energy grows as it convects. While it is not realistic to construct a physical sensor to
measure Cz, this does not preclude the resulting controllers from use in experiments because z(t) is
not supplied to the controller; it is used only in the design of the controller.

III. METHODS

A. Numerical flow solver

Simulations are conducted using a pseudo-spectral solver code for incompressible boundary
layer flows.12 This solver has been extensively validated and tuned for performance,9 and recently
used in similar studies of boundary layers.4, 25 The numerical method uses Fourier modes in the
stream-wise and spanwise directions, and Chebyshev modes in the wall-normal direction, and is
similar to that used in Ref. 18. In order to simulate a spatially developing boundary layer, a so-called
“fringe” region near the outflow boundary is implemented.23 The domain shown in the grey box
in Figure 1 excludes this non-physical fringe region, which extends another 200 δ∗

0 to the right.
An artificial free-stream boundary condition is enforced at the top of the domain.5 The grid size is
784 × 101, and is chosen based on a resolution study for these boundary conditions and this
Re = 1000.
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FIG. 3. Block diagram of control setup. In Figure 1, the plant is the linearized Navier-Stokes equation (7).

B. Modeling and control

In this section, we cast the flow control problem in terms of linear control theory. The discretized
linearized Navier-Stokes equations (1) are expressed as a linear time-invariant system

vi+1 = Avi + Bwwi + Buui

zi = Czvi (7)

yi = Cyvi + ni ,

where A, Bw, Bu, Cz, and Cy are linear operators, and the subscript denotes the discrete time step. As
previously mentioned, only the divergence-free component of the inputs directly affects the velocity,
and so the inputs in (7) are assumed to be projected onto the divergence-free space. The discrete-time
formulation is used for consistency with the time-discretization of flow solvers. Note that we use the
same symbols for both discrete and continuous time variables, and rely on context for distinction.
We also cast the fluid system in Figure 1 as a generic plant and draw an equivalent block diagram in
Figure 3.

For each position of the sensor, we design controllers to limit the growth of the disturbance
energy, ‖v‖2 with efficient use of input energy u2. To do this on the full system is computationally
expensive. Instead, we find a reduced-order model that approximates the full linearized Navier-
Stokes equation and serves as the plant in Figure 3. Then we find controllers that are effective for
the model, and apply these controllers to the original system.

For control design, the plant is simply a map from inputs u and w (the noise is relevant
to the control, not the model) to outputs y and z as shown in Figure 3. Therefore, we seek a
reduced-order model that approximates the input-output behavior of the full linearized Navier-
Stokes plant; it does not necessarily need to approximate the internal state, the velocity v. In
control terminology, such a model is said to retain the most controllable and observable states
and neglect the others. A state is considered highly controllable if it is easily excited by an input,
and analogously, a state is considered highly observable if, when taken as an initial condition,
it excites large future outputs (in the absence of inputs). A method called balanced truncation
provides such a model: the state vector, v, is linearly transformed such that each element of the
state is equally controllable and observable, the state elements are ordered from most control-
lable/observable to least controllable/observable, and then the least controllable/observable states
are truncated. While not optimal, this method provides a priori bounds on the difference between
the original system and the model that are close to the best achievable by any model reduction
method.27 Balanced truncation is not computationally feasible directly, so we use an approximation
known as the Eigensystem Realization Algorithm (ERA).17, 21, 24 ERA gives theoretically equivalent
reduced-order models as balanced POD,21 which was used in previous work,4, 25 but requires no
adjoint simulations and is computationally cheaper by an order of magnitude. ERA requires only
a time-sampled series of outputs from an impulse-response simulation, and yields a discrete-time
model.
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We briefly outline the steps in computing ERA models. For a complete description, see Ref. 21.
ERA requires the Markov parameters,(

CB, CAB, CAP B, CAP+1B, . . . , CA2N P B, CA2N P+1B
)

B ≡ [
Bw Bu

]
C ≡

[
Cz

Cy

]
,

which we find via simulating impulse responses in each input individually. The variable P is the
number of time steps between each pair of Markov parameters, and N is the number of pairs. We
arrange the Markov parameters into Hankel matrices H and H′, defined by

H =

⎡
⎢⎢⎢⎢⎢⎢⎣

CB CAP B . . . CAN P B

CAP B CA2P B . . . CA(N+1)P B

...
...

. . .
...

CAN P B CA(N+1)P B . . . CA2N P B

⎤
⎥⎥⎥⎥⎥⎥⎦

(8)

and

H ′ =

⎡
⎢⎢⎢⎢⎢⎢⎣

CAB CAP+1B . . . CAN P+1B

CAP+1B CA2P+1B . . . CA(N+1)P+1B

...
...

. . .
...

CAN P+1B CA(N+1)P+1B . . . CA2N P+1B

⎤
⎥⎥⎥⎥⎥⎥⎦

, (9)

and use a singular value decomposition to write H = U�V∗, where U and V are unitary, � is
diagonal, and V∗ denotes the complex conjugate transpose of matrix V. Then we select the order
of the reduced-order model, r, and truncate the matrices, keeping the first r columns of U and V to
obtain Ur and Vr , and the first r rows and columns of � to obtain �r . Then we find the reduced-order
model matrices,

Ar = �−1/2
r U∗

r H′Vr�
−1/2
r

Br = the first [number of inputs] columns of �1/2
r V∗

r (10)

Cr = the first [number of outputs] rows of Ur�
1/2
r .

The reduced system is

qi+1 = Ar qi + Bw,r wi + Bu,r ui

zi = Cz,r qi (11)

yi = Cy,r qi + ni ,

where Br ≡ [Bw,r Bu,r ] and Cr ≡
[

Cz,r

Cy,r

]
. We use a slightly modified set of steps for comput-

ing many models efficiently; see the Appendix for details. The freely available modred library
(http://pypi.python.org/pypi/modred) is used to find the ERA models.

The original state v, and thus the disturbance energy ‖v‖2 = 〈v, v〉, is not accessible from only
the reduced-order model state q, but is important for evaluating the effectiveness of a controller. To
reproduce the full velocity would require a very large Cr and would defeat the purpose of the model
by dramatically increasing the computational cost of control design. It is appropriate to approximate
v by its projection onto a low-order basis with a method known as output projection.24 This basis is
spanned by the POD modes, such that Cz projects the velocity onto the POD modes, i.e., z = Czv
where z are the POD mode coefficients. The disturbance energy is optimally approximated as ‖z‖2

2.
We compute the POD modes via the method of snapshots,26 and again make use of the freely
availably modred library.
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The models are used for two different types of control design: H2-optimal control and
proportional-integral (PI) feedback (see a standard textbook).27 Many other types of control de-
sign exist, but these are selected because they are common, have clear physical meanings, and are
the simplest that demonstrate our results. To facilitate both types of control design, we return to
continuous time and write the plant transfer function, P(s), as

[
z′

y

]
= P(s)

⎡
⎢⎣

w

n

u

⎤
⎥⎦ =

[
Pw,z′ (s) Pn,z′ (s) Pu,z′ (s)

Pw,y(s) Pn,y(s) Pu,y(s)

]⎡
⎢⎣

w

n

u

⎤
⎥⎦, (12)

where z′ = [ z u ]
T

is used as the objective to keep small, and s is the complex frequency (the
Laplace transform of time). The noise is only in the sensor, so Pn,z′ (s) = 0 and Pn,y(s) = 1. We
do not place weights on z or u as our focus is primarily on the feasibility of feedback control, not
specific performance goals. The controller transfer function is Ky,u, u = Ky,uy. The closed-loop
transfer function from exogenous inputs w and n to objective z′ is given by the linear fractional
transform

Fl(P, Ky,u) = Pwn,z′ + Pu,z′ Ky,u(1 − Pu,y Ky,u)−1 Pwn,y. (13)

The first type of control, H2-optimal, finds the controller, Ky,u, that minimizes cost

cost = ‖Fl(P, Ky,u)‖2
2 = E(‖z′‖2

2)/E(w2 + n2), (14)

where E( · ) denotes the expected value. Physically, this is the optimal tradeoff between minimizing
the disturbance energy and actuation energy. For more details, see a standard textbook.27

The second type of control, PI, determines the input signal, u, based on the sum of the sensor
measurement and its integral: ui = kPyi + kI

∑i
j=1 y j , where kP and kI are the proportional and

integral gains. The proportional term simply forces the flow proportionally to the difference in y
from undisturbed laminar flow. The integral term improves the effectiveness by adding the sum of
all previous differences in y from undisturbed laminar flow. The two gains are tuned, and will be
chosen to effectively reduce E(‖z′‖2

2).

IV. MODEL REDUCTION RESULTS

The first ten POD modes capture over 90% of the disturbance energy and define Cz.
Figure 4 shows the first four. The spatial support is concentrated downstream, where the energy
has been amplified by the flow. The modes appear in pairs because of the traveling structure of
the TS waves. Since the modes are real (no imaginary part), a pair is required to span the different
phases.

We find that the ERA reduced-order models are accurate with r = 70 states. This is supported
by the 70th singular value being several orders of magnitude smaller than the first (Figure 5), and
by the small amount of error between the model and direct numerical simulations (DNS) impulse
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FIG. 4. Contour plots of stream-wise velocity of the leading POD modes. Dark corresponds to negative and light to positive,
ranging from −0.08 to 0.08.
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responses shown in Figure 6. More states are required than in previous studies16 due to the large
time delays present in this system. The delays exist because the spatially localized inputs in w and
u generate perturbations that must convect significantly downstream before the output signals are
non-zero. Approximations (such as Padè approximations) of time delays typically need to be high
order if the delay is large, as is the case here.

In Figure 6, showing input u to output y, the signal is essentially zero because the sensor,
Cy, is upstream of the actuator, Bu. This highlights an important difference between two classes
of actuator-sensor configurations; if the sensor measures the effect of the actuator, then this is a
feedback configuration since the controller has information about its effectiveness fed back to it.
The flow is highly convective, so this can only occur when the sensor is very near or downstream of
the actuator. Conversely, if the sensor does not sense the effect of actuator, then this is a feedforward
control configuration. Even though the flow is incompressible and all effects are technically global,
we observe that the effect of the actuator is negligible at points significantly upstream of the actuator.
This distinction is explained mathematically in Ref. 28, where, within the output feedback control
framework, this special case is referred to as disturbance feedforward controller, because only the
disturbance is sensed.

The two categories of control types are depicted as block diagrams in Figure 7, which are
equivalent to the first (Figure 3), but broken into four components. The feedback loop in Figure 7(a)
between u and y does not exist in the disturbance feedforward case. In previous works4, 25 the sensor
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(DNS) and model among all plots is 9.1 × 10−3.
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(a) (b)

FIG. 7. Comparison of feedback and feedforward actuator-sensor configurations. (a) Feedback, Pu,y 	= 0. (b) Feedforward,
Pu,y = 0. The dashed box denotes the plant, similarly to Figure 3.

is upstream of the actuator (centered at xy = 300), resulting in a disturbance feedforward control
configuration.

The difference between feedforward and feedback control is more than semantics—the two
types of control have fundamentally different properties. For many systems, feedback controllers
offer advantages over feedforward controllers, such as increased effectiveness in the presence of
plant uncertainties and unknown disturbances. In Sec. V, we examine the effects of sensor position
and feedforward versus feedback control.

V. CHOICE OF ACTUATOR, SENSOR, AND THEIR POSITIONS

A. Original actuators and sensors

We begin by varying the position (xy) of the sensor Cy. For each sensor position, the positions
of Bw, Bu, and Cz are unchanged, and we form a new ERA model from existing snapshots (see
Appendix). We compute a H2-optimal controller for each model and apply it to the full linearized
Navier-Stokes system. The resulting performance of the controllers as a function of sensor position
is shown in Figure 8.

First, we focus on the sensor positions in feedforward arrangements where Cy is centered at
x0 < 390. Figure 8(a) shows that these sensor locations result in controllers that reduce the cost
(Eq. (14)) to less than 2% of the uncontrolled cost when applied to both the model and the full
system (DNS). It is clear that any sensor position upstream of the actuator results in the same good
performance. Physically, feedforward is effective because the TS waves retain their structure as
they amplify and convect from the sensor to the actuator. This is effectively approximated by the
H2-optimal controller and the TS waves are damped by the controller as they convect by the actuator.

(a) (b)

FIG. 8. (a) Cost of H2-optimal controlled simulations normalized by the uncontrolled cost, ‖Fl (P, Ky,u)‖2
2/‖Pwn,z′ ‖2

2. (b)
Infinity norm of sensitivity function, ‖S‖∞, for H2-optimal controllers. In both figures, the actuator is centered at x0 = 400.
The controlled full system is unstable for Cy centered at x0 ≥ 390.
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FIG. 9. Input and output signals of H2-optimal controlled full system with sensor Cy centered at xy = 250 (feedforward).
The control is on from t = 4000 to 12000, the grey region.

The feedforward-controlled full system is excited by a stochastic disturbance and sensor noise,
and the input and output signals are shown in Figure 9. This case has the sensor centered at
xy = 250, and is representative of all feedforward configurations. The controller effectively drives
the approximate energy towards zero and uses relatively low levels of control, u, so the cost
(Eq. (14)) is low. The time delay of about 2000 time units between when control is turned on and
when the disturbance energy begins decreasing is due to the convective nature of the boundary layer.
The time delay is 2000 time units because the domain is long (800δ∗

0 ), and the convection speed in
this near-wall region is less than one. The same time delay is observed when the existing disturbed
flow downstream of the sensor exits the domain. There is no need to try other actuators, sensors,
or control design techniques for feedforward control because this choice is very effective and it has
been explored before.4, 19

Figure 8 also shows that the controller is more effective when applied to the model than
the full system, and this is because the controller was computed specifically for the model. The
slight difference between the input-output behavior of the full system and model results in slightly
degraded performance. Since this is feedforward control, the stability is unaffected by this small
error in approximating the plant.

However, when the sensor is further downstream and in the feedback regime, i.e., where the
effect of Bu is sensed by Cy for xy ≥ 390, this small difference results in instability for the full
controlled system. Thus, the full system’s controlled cost is infinite and omitted from Figure 8. The
instability is due to a lack of robustness, and is an issue only for feedback controllers in which the
stability can be changed by the controller. Robustness can be quantified as the infinity norm of the
sensitivity transfer function S(s),

S(s) = 1

1 − Pu,y(s)Ky,u(s)
, (15)

where, for good stability margins, one generally seeks ‖S‖∞ to be less than 2.0.27 Figure 8 shows
‖S‖∞ versus sensor location. For upstream sensors, robustness is a non-issue (Pu,y(s) ≈ 0 and
deviations from S(s) ≈ 1 are negligible). When feedback from u to y exists and Pu,y becomes
significantly non-zero, ‖S‖∞ is much greater than 2.0 and even small errors between the model and
the full system result in instability.

Physically, the actuation influences the flow field and sensor slightly out of phase with how it
is modeled. A measure of robustness related to ‖S‖∞ is the phase margin, the amount of allowable
phase error before instability. Typically, it is designed to be a minimum of 45◦ but for these feedback
controllers it is very low—less than 0.01◦. Therefore, when the effect of the actuation is fed back
to the controller, it actuates with a phase that adds to the disturbance, and instability results. Sensor
noise tends to expedite this process, but instability is present in the absence of noise. The same low
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FIG. 10. Zeros of transfer function Pu,y for four cases: (a) original actuator and sensor at xy = 450 with minimum RHP
zeros at s = 0.03 ± 0.067i; (b) original actuator and sensor at xy = 405 with no RHP zeros; (c) original actuator and point
sensor at xy = 405 with minimum RHP zero at s = 0.0065; and (d) new actuator and point sensor at xy = 405 with minimum
RHP zeros at s = 0.13 ± 0.62i.

levels of phase error exist in feedforward controllers, but because the error is not fed back, control
is not destabilizing.

Generally, poor robustness has a variety of root causes. To identify the root causes here, we
divide the feedback configurations into two cases: when the sensor is far downstream of the actuator
(roughly xy > 415) and when the sensor is closer to the actuator (roughly 390 ≤ xy ≤ 415). In the
first case, the sensor measures the effect of the actuator on the flow after a significant time delay due
to the highly convective nature of the boundary layer at this Re. This results in right-half plane (RHP)
zeros in the transfer function from actuator to sensor, Pu,y. RHP zeros are problematic in control
design because, following the “weighted sensitivity integral,”27 the frequency at which they exist is
the approximate maximum bandwidth, or the maximum frequency that can be controlled with good
performance and robustness. Therefore, RHP zeros at low frequencies place severe restrictions on
the tradeoff between performance and robustness. Figure 10 shows that for the sensor at x0 = 450,
the most restrictive (minimum) RHP zero is at s = 0.03 ± 0.067i, or a frequency of |s| = 0.073. In
Ref. 4, it is shown that the disturbance is amplified at frequencies up to approximately |s| = 0.12,
thus requiring a bandwidth of at least 0.12, significantly higher than 0.073. Thus, it is impossible to
find controllers with good performance and robustness for this actuator-sensor pair.

A physical interpretation is the sensor measures flow structures that convected past the actuator at
a previous time. The flow structures convecting over the actuator at any time cannot be approximated
well by the sensor’s outdated information. Thus the control signal cannot be chosen so as to cancel
the flow structures convecting over the actuator. This time delay is present for any choice of
localized actuator and sensor. Therefore, no controller can perform well and have good robustness,
and we restrict our focus to the second case: feedback configurations with the sensor near the
actuator.

Specifically, we focus on a feedback configuration with the sensor centered at xy = 405. In
this case, as we show over the remainder of this section and Sec. V B, the cause of the con-
troller’s lack of robustness is not a time delay but a property of this actuator-sensor pair. We
begin by noting that H2-optimal controllers have no guaranteed stability margins13 and in prac-
tice tend to lack robustness. A natural first thought, then, is that while H2-optimal controllers are
not robust, other controllers using this actuator-sensor pair may be robust and perform well. This
notion is not supported by the controllers we try. First, methods to recover robustness from a H2-
optimal controller, such as loop-transfer recovery, are not effective here because there are zeros
near the imaginary axis (Figure 10), which can result in highly oscillatory dynamics and ineffective
control.27

In an effort to achieve better robustness, we consider tuning simple PI controllers. The frequency
response of Pu,y is shown in the Bode plot in Figure 11. Since TS wave disturbances exist at low
frequencies, we want the controller to respond aggressively to low frequency signals. Thus the
loop transfer function (Pu,y Ky,u) should have a high magnitude (gain) at low frequencies. A simple
proportional controller (kP = 1 and kI = 0) achieves this, since Pu,y is already large at low frequencies.
With such a controller, the bandwidth (frequency at which the magnitude is 0 dB) is greater than the
required 0.12 and the phase margin (phase at the same frequency) is greater than 45◦. We find that
this controller is robust but does not significantly reduce the disturbance energy as compared to the
uncontrolled case, ‖Fl(P, Ky,u)‖2

2/‖Pwn,z′ ‖2
2 ≈ 0.9. The controller effectively forces y to be nearly
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FIG. 11. Frequency response (Bode plot) of Pu,y with original actuator and sensor centered at x0 = 405.

zero, but the disturbance energy is relatively unaffected, shown in Figure 12. For other choices of
gains kP and kI, the results are nearly unchanged; the sensor signal is forced to zero and the energy is
relatively unaffected. Forcing the sensor measurement to zero would be desirable if the measurement
was correlated with the structures one wants to diminish, as it often is. However, in this case the
actuation only deforms the TS waves to be a slightly different fluid structure—a structure that is
poorly observed by these sensors. The controller effectively cancels only the observable component
of the deformed TS wave structure, but that component contains little disturbance energy. Put
another way, the deformed TS waves are strongly controllable by the disturbance input, but weakly
observable by the sensor.

The poor observability of the deformed TS waves (after actuation) is attributed to this sen-
sor, which measures a linear combination of localized stream-wise and wall-normal velocities
(Figure 2). Figure 13 shows the effect of the actuation on the stream-wise velocity. The plot on the
left shows the uncontrolled TS wave, and the plot on the right shows the deformed TS wave has
two peaks of roughly equal magnitude. These peaks align with those in the stream-wise compo-
nent of the sensor’s spatial distribution (Figure 2), resulting in a nearly zero sensor measurement
(Eq. (6)). Only this linear combination of velocities is nearly zero, and the deformed TS waves are
not significantly damped, continuing to grow downstream.

In Sec. V B, we show that different actuator-sensor pairs have different properties that make feed-
back control effective. Thus the reason we do not find a feedback controller for this sensor-actuator
pair with good performance and robustness is attributable to this pair and the poor observability of
the deformed TS waves.
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FIG. 12. Input and output signals of proportional feedback control of the full system with the original actuator and original
sensor centered at xy = 405 (feedback). The control is on from t = 4000 to 12 000 in the grey region. The disturbance signal,
w, is the same as in Figure 9.
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B. New actuators and sensors for feedback

The previous actuator-sensor pair resulted in poor feedback controllers since the TS waves,
deformed by actuation, were poorly observable. By choosing new actuators and sensors, we overcome
this and design an effective feedback controller.

We begin by simplifying the sensor from the spatial distribution given in (3) to a point sensor so
that Cy measures only the stream-wise, dominant, component of velocity at xy = 405 and yy = 1.
We choose this sensor because it simplifies the input-output dynamics for easier interpretation and
controller design. It measures the TS wave structure more directly than the original sensor does.
Further, it is only a slight modification of the original sensor, and it allows us to achieve our primary
goal of comparing feedforward and feedback control. Larger changes to the sensor (or actuator) could
potentially give even better performance, robustness, or increased ease of practical implementation,
but optimizing the sensor is not our primary goal here.

At first we do not change the actuators from those previously described. The new ERA model
is as accurate as those for the original sensors. We find though that the resulting model has a transfer
function from input u to output y with a real right-half-plane zero at frequency s = 0.0065 (see
Figure 10), which again is less than the required minimum bandwidth of 0.12. Thus, it is impossible
to find a feedback controller with good performance and robustness for this actuator-sensor pair.

We chose a different actuator that directly and immediately affects the TS waves, and does not
result in a plant with RHP zeros at low frequencies (disturbance input, Bw, is unchanged). We use a
Gaussian distribution that forces only in the stream-wise direction, since this is the dominant direction
of the flow, and the stream-wise disturbance velocity is significantly larger than the wall-normal
component,

Bu =
(

exp

(
−

(
x − x0

σx

)2

−
(

y − y0

σy

)2
)

, 0
)
. (16)

By directly opposing the growth of the unstable TS waves, we expect this actuator to have the simple
and predictable effect of reducing the magnitude of the TS waves. In contrast, more complicated
actuators can create more complicated actuator-flow interactions, which can result in undesirable
behavior (such as RHP zeros) in the input-output system, as seen with the previous choice of actuator.
Figure 10 shows that there are RHP zeros at s = 0.13 ± 0.62i, but |s| = 0.63 is greater than the
required bandwidth, 0.12, and so the RHP zeros are not problematic. ERA models with r = 70 states
are again accurate. Generally, the choice of actuator and sensor requires physical insight. A rigorous
and general study would be valuable, but is not our intention. Instead, we use knowledge about the
flow to find a simple choice that is effective for feedback control (as will be shown), and generally
advocate this type of approach. Other choices of actuator and sensor can be effective; for example,
wall-normal actuation has been used in related studies.7, 20

The H2-optimal feedback controllers using this actuator-sensor pair suffers the same drawbacks
as the original pair—high performance but with unacceptably poor robustness. Again, lack of
robustness is a common drawback of H2-optimal controllers and methods to recover robustness are
not applicable due to many zeros near the imaginary axis and in the RHP.27
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FIG. 14. Input and output signals of PI feedback controlled full system with the new actuator, Eq. (16), and a stream-wise
velocity point sensor centered at xy = 405 (feedback). The control is on from t = 4000 to 12000, the grey region. The
disturbance signal, w, is the same as in Figure 9.

However, PI control has good performance and robustness. We begin by choosing gains kP and
kI that give an acceptable phase margin and high magnitude loop gain at low frequencies. Tuning
the gains results in a robust controller with ‖S‖∞ = 1.5, less than the maximum guideline value
of 2.0, and a phase margin of 70◦, above the minimum guideline value of 45◦. Due to improved
robustness, the control is not destabilizing when applied to the original full system. The approximate
disturbance energy, ‖z‖2

2, versus time is shown for the full system in Figure 14, and the overall
cost (Eq. (14)) is less than 25% of the uncontrolled case. While the performance is not as good
as feedforward’s, which reduces the cost to about 2% of the uncontrolled case, it is an effective
controller. More interestingly, it is robust to plant perturbations and unknown disturbances. More
advanced robust control design techniques might further improve the performance of feedback
control.

C. An unmodeled disturbance’s effect

To concretely demonstrate an instance where feedback is preferable to feedforward, we include
a second random disturbance that is unaccounted for in the control design. Generally speaking, any
disturbance downstream of the actuator is impossible to damp since the flow structures cannot be
sensed and then influenced by the actuator because the flow is highly convective. However, it is
possible, and desirable, for any disturbance upstream of the actuator to be damped by the controller.

We place an additional, unmodeled, disturbance at x = 300 (defined by S(300, 1)) and the
corresponding disturbance signal has a variance of 5.0. This is downstream of the feedforward
sensor at xy = 250. Thus the new disturbance’s effect is not sensed and the feedforward controller
is ineffective, only reducing the cost to 82% of the uncontrolled cost. The time signals are shown in
Figure 15. One could, of course, place the feedforward sensor downstream of the new disturbance,
for example, at x = 350, but this is missing the issue. The location of the unmodeled disturbance is
unknown during the control design, and, as mentioned before, we desire a controller that damps any
disturbance upstream of the actuator.

A feedback controller, with a sensor downstream of the actuator, can damp any unmodeled
disturbance upstream of the actuator. In our example, we find that the feedback controller reduced
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FIG. 15. Shown is a comparison of the effectiveness of feedforward and feedback controllers when a second, unmodeled,
disturbance is introduced at x = 300. The feedforward controller uses the original actuator and sensor, and the sensor is given
by S(250, 1). The feedback controller uses the new actuator and point sensor at xy = 405.
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the cost to 20% of the uncontrolled case. This is much better than the 82% achieved by the feedforward
controller, and also similar to the case with only the modeled disturbance (25%). Overall we find that
larger unmodeled disturbances worsen the feedforward controller’s performance, but have almost
no effect on the feedback controller’s performance.

VI. CONCLUSIONS

We use the Eigensystem Realization Algorithm to model the 2D linearized Blasius boundary
layer flow, then design controllers for the reduced-order models and apply them to the original
high-order system. We investigate the role of placement and choice of the actuator and sensor
on performance, stability, and robustness of the closed-loop. Due to the highly convective na-
ture of the system, an upstream sensor cannot significantly sense the effect of the downstream
actuator, even though this is incompressible flow. Thus the relative positions of the sensor and
actuator dictate whether control is feedforward or feedback. We confirm the physical intuition that
a feedforward configuration performs best, and that the particular upstream location is relatively
unimportant.

However, feedforward controllers have many significant drawbacks. Their performance depends
on the accuracy of the model, and so they are ineffective in the presence of unmodeled disturbances
and perturbations. Therefore, feedback configurations are attempted. Our first finding is that the
original choice of actuator and sensor was poor for feedback, both with H2-optimal and PI controllers.
The Tollmien-Schlichting waves are deformed by the actuation in such a way that they were poorly
observable due to the choice of sensor, which outputs a localized linear combination of velocity
components. The H2-optimal controllers perform well on the model, but are not robust. The PI
controllers are robust and significantly reduce the sensor signal, y, but perform poorly at reducing
the disturbance energy. For feedback, this strict tradeoff between performance and robustness renders
this actuator-sensor pair ineffective.

We change the sensor to be a simple point sensor of the stream-wise velocity. This actuator-
sensor pair results in a transfer function from actuator to sensor, Pu,y, which has a RHP zero at low
frequency. This places severe limitations on performance and robustness, preventing any controller
from being developed.

We then change the actuator to be a Gaussian distributed force in the stream-wise direction so
Pu,y has no RHP zeros. The H2-optimal controllers are again not robust. However, the PI controller
performs well and is robust, reducing the objective cost to about 25% of the uncontrolled cost. Thus
feedback control is shown to be effective for the boundary layer.

Feedback configurations where the sensor is far downstream of the actuator have large time
delays which also cause RHP zeros in the transfer function Pu,y, and this severely limits the tradeoff
between performance and robustness. Thus, for any localized actuator and sensor, feedback control
can be effective only when the sensor is near the actuator.

We demonstrate that feedback control outperforms feedforward control in the presence of
unmodeled disturbances. A second disturbance is introduced downstream of the feedforward sensor.
The feedforward controller reduces the cost to only 82% of the uncontrolled case, while the feedback
controller reduces the cost to 20% of the uncontrolled case. Thus for cases where the unmodeled
disturbances are known to be small, feedforward control is a good choice; otherwise, feedback
control is the better choice. This flow is only convectively unstable (not absolutely unstable), and
so the linear system (7) is stable, and feedforward control alone can potentially perform well.
However, for absolutely unstable flows, such as the wake behind a bluff body, the linear system has
unstable poles, and feedback control is necessary, since feedforward control cannot change the pole
locations.

A similar analysis for the case of 3D bypass transition and the corresponding stream-wise
streak structures would be interesting. In contrast to TS waves, stream-wise streaks do not strongly
vary in the stream-wise direction, the direction of information flow. Thus, good performance
and robustness might be obtained without requiring as careful consideration of actuators and
sensors.
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APPENDIX: EFFICIENT CALCULATION OF MANY ERA MODELS

We make two slight modifications to the procedure from Sec. III B for increased accuracy and
computational efficiency. The first accounts for the different amplitudes of the output signals. The
magnitude of output y is much smaller than that of z, and so ERA tends to weight the observability
space in favor of z, resulting in the truncation of states that improve the accuracy of y, but y is
vital for the controller. To remedy this, we normalize all of the outputs before applying ERA, then
adjust the resulting model. Specifically, we collect the Markov parameters, then divide all yi by their
maximum, ymax and all zi by the single maximum of all ten signals, zmax. We then perform the rest
of the ERA procedure, which provides the reduced-order model matrices specified in Eq. (11). Then
Cy,r �→ Cy,r · ymax and Cz,r �→ Cz,r · zmax.

The second modification increases the computational efficiency of calculating of many ERA
reduced-order models. Each model depends on B and C, so each sensor location requires a new
model. However, in this work the inputs are mostly kept fixed and the position of the outputs is
varied, i.e., we primarily change Cy. Instead of simulating an impulse response and collecting the
series of Markov parameters CAi B for each choice of Cy, we collect the full snapshots Ai B. Then,
for each choice of Cy, we compute CAi B as post-processing. This means we do only two impulse
responses for each B (one per input) rather than two impulses per sensor location. The same series
of snapshots, Ai B, is also used when finding the POD modes.
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