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The topological order is encoded in the pattern of long-range quantum entanglements, which cannot be
measured by any local observable. Here we perform an exact diagonalization study to establish the non-
Abelian topological order for topological band models through entanglement entropy measurement. We
focus on the quasiparticle statistics of the non-Abelian Moore-Read and Read-Rezayi states on the lattice
models with bosonic particles. We identify multiple independent minimal entangled states (MESs) in the
ground state manifold on a torus. The extracted modular S matrix from MESs faithfully demonstrates
the Ising anyon or Fibonacci quasiparticle statistics, including the quasiparticle quantum dimensions and
the fusion rules for such systems. These findings unambiguously demonstrate the topological nature of the
quantum states for these flatband models without using the knowledge of model wave functions.
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Introduction.—One of the most striking phenomena
theoretically predicted in the fractional quantum Hall
(FQH) system is the emergent fractionalized quasiparticles
obeying Abelian [1] or non-Abelian [2–4] braiding sta-
tistics. The interchange of two Abelian quasiparticles leads
to a nontrivial phase acquired by their wave function,
whereas the interchange of two non-Abelian quasiparticles
results in an operation of matrix to the degenerating ground
state space, and the final state will depend on the order of
operations being carried out. The non-Abelian quasipar-
ticles and their braiding statistics are fundamentally impor-
tant for understanding the topological order and also have
potential application in topologically fault-tolerant quan-
tum computation [5–7]. Two of the simplest states hosting
the non-Abelian statistics are Moore-Read (MR) [2,8,9]
and Read-Rezayi (RR) states [4,10]. In the MR and RR
states, the quasiparticles satisfy the following characteristic
fusion rules that specify how the quasiparticles combine
and fuse into more than one type of quasiparticle [7],

MR∶ σ × σ ¼ 1þ ψ ; (1a)

RR∶ τ × τ ¼ 1þ τ; (1b)

where 1 represents the identity particle, ψ the fermion-type
quasiparticle, σ the Ising anyon quasiparticle, and τ the
Fibonacci quasiparticle. In general, the fusion rule of
quasiparticles is encoded in the modular S matrix through
the Verlinde formula [11–19]. Moreover, S also determines
the quasiparticle’s individual quantum dimension (di),
statistics, and total quantum dimension (D ¼

ffiffiffiffiffiffiffiffiffiffiffiP
id

2
i

p
)

[20,21]. Therefore, the S matrix plays the central role in
identifying topological order and the corresponding quasi-
particle property [16–19].

Although non-Abelian quasiparticles have not been
definitely identified in nature, it is generally believed that
they exist in the FQH systems at filling factor ν ¼ 5=2 [22]
and 12=5 [23]. To demonstrate the non-Abelian nature of
quasiparticles in these states, numerical efforts have been
made to show the Berry phase of quasiparticles moving
adiabatically around each other [24–30]. However, the full
modular S matrix and the corresponding fusion rules for
these possible non-Abelian topological states have not been
identified, which is one of the major challenges in studying
the topological order of microscopic interacting systems.
The topological flatband model (TFB) with bosonic par-
ticles is another promising platform to study the non-
Abelian topological states [31–43], which could be realized
in optical lattices or strongly interacting and frustrated
condensed matter systems. For the TFB models, so far, the
ground state degeneracy, entanglement spectrum, and wave
function overlap have been used to identify the topological
order [36,37]. The direct access of the modular matrix and
non-Abelian quasiparticle statistics for these microscopic
systems are highly desired, which can fully distinguish
different topological states [12,19].
Recently, there is growing interest in characterizing

topological order through the quantum entanglement infor-
mation [20,21,44–52]. Among the recent progress, the
relationship between the entanglement measurement and
the modular matrix for topological nontrivial systems has
been uncovered [49], which may open a new avenue to this
challenging issue. The modular matrix and corresponding
quasiparticle statistics have been successfully extracted
through the minimal entangled states (MESs) for chiral
spin liquid and the Abelian FQH states [49,50,53], which
serve as direct evidence that the MES is the eigenstate of
the Wilson loop operator with a definite type of quasipar-
ticle [13,49,50]. For the non-Abelian case, as the
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quasiparticles usually have different quantum dimensions
and topological entanglement entropies, to target all MESs,
one needs to project out the previously identified lower
entropy MESs and focus on the projected Hilbert space. A
recent variational quantum Monte Carlo work studied the
quasiparticle statistics for a projected wave function based
on MESs [54]; however, the obtained result has relatively
larger error (see the Supplemental Material [55]) in
reproducing the known modular matrix including each
quasiparticle quantum dimension for the MR state. So far,
there are no qualitatively good results presented for the RR
state. Thus, it is of critical importance to clarify if the MESs
can lead to the accurate identification of the modular matrix
and the corresponding topological order for microscopic
non-Abelian quantum states.
In this Letter, we present an exact diagonalization

(ED) study of quasiparticle statistics of the possible MR
and RR non-Abelian states through extracting the modular
S matrix for TFB models [31–37] with bosonic particles at
filling numbers ν ¼ 1 and ν ¼ 3=2. We map out the
entanglement entropy profile for superposition states of
the near-degenerating ground states and identify the global
MES. We find that all other MESs can be obtained in the
state space which is orthogonal to the global MES. The
obtained MESs form the orthogonal and complete basis
states for the modular transformation. We extract the
modular S matrix and establish the corresponding fusion
rules, which unambiguously demonstrate the Ising anyon
and Fibonacci quasiparticles emerging in these systems. We
show that the obtained modular matrix as a topological
invariant [18] of the system remains to be universal in the
whole topological phase until a quantum phase transition
takes place. Thus, we establish that the MES method is
effective in identifying non-Abelian topological order for
microscopic interacting systems, which can be applied to
different numerical studies of topological nontrivial systems.
We study the lattice boson model with longer-range

hoppings, which can be generally written as

H ¼
X
rr0

½Jrr0eiϕr0rb†r0br þ H:c:�

þ
X
n

Un

n!

X
r

ðb†rÞnðbrÞn; (2)

where b†rðbrÞ creates (annihilates) a boson at site r ¼ ðx; yÞ.
Un is an on-site N-body repulsive interaction. Here we
consider two representative lattice models: the Haldane
model on the honeycomb (HC) lattice [31,43] and the TFB
model on the square (SQ) lattice [32].
On the HC lattice, we include up to the third nearest-

neighbor (NN) hopping and a nonzero ϕij on the second
NN hopping only (the net flux is zero in one unit cell), as
shown in Fig. 1(a). The NN hopping is set to be Jrr0 ¼ 1
and the other parameters are defined the same as in
Ref. [43]. On the SQ lattice [32], we select the phase

factor ϕr0r corresponding to half flux quanta per plaquette.
The amplitude of hopping satisfies a particular Gaussian
form, Jrr0 ¼ −tGðr − r0Þe−ðπ=4Þjr−r0j2 , where Gðr − r0Þ ¼
ð−1Þð1þx−x0Þð1þy−y0Þ and t ¼ 1 as the energy scale here.
For both models, we consider a finite size system withNx ×
Ny unit cells; the filling factor of the lower band is
ν ¼ Np=Ns, where Np is the boson number, and Ns is
number of single-particle states in the flatband.
We first obtain the low-energy spectrum of the SQ model

at filling number ν ¼ 3=2 and ν ¼ 1 (see the Supplemental
Material [55]). For ν ¼ 3=2, we set Un≥4 ¼ ∞ so that only
three bosons can go to the same lattice site, which is
effectively equivalent to a spin-3

2
system. Because of much

larger Hilbert space than the conventional hard-core boson
systems, the largest size we can deal with is limited to 4 × 4
for ν ¼ 3=2. The RR (MR) state is the exact ground state on
the SQ lattice forU3 ¼ 0 (U2 ¼ 0) at ν ¼ 3=2 (ν ¼ 1) [32].
Here, we find strong numerical evidence that the ν ¼ 3=2
RR state (ν ¼ 1MR state) extends to finiteU3 (U2) (see the
Supplemental Material [55]) on the SQ lattice. As shown in
Figs. 1(c) and 1(d), at the smaller U3 side, we find robust
fourfold degeneracy of ground states on a torus and the
right counting rule of quasiparticle excitations for the RR
state [56]. Our focus is to characterize the quasiparticle
statistics of the above non-Abelian states through calculat-
ing the modular S matrix.
To address the quasiparticle statistics, we first obtain the

quasiparticle eigenstates through determining the MESs on
a torus [49]. The entanglement entropy is defined as

(a) (b)

(c) (d)

FIG. 1 (color online). (a) Haldane model on HC lattice. The red
dashed and blue dashed lines represent the second NN hopping
and third NN hopping, respectively. (b) SQ lattice with long-
range hopping Jrr0eiϕr0r as shown by the blue dashed line.
(c) Low-energy spectrum En − E1 versus the U3 (U2 ¼ 0,
Un≥4 ¼ ∞) on a 4 × 4 SQ lattice at ν ¼ 3=2. The four lowest
eigenvalues are labeled by the blue square, purple cross, green
cross, and red circle. (d) Particle entanglement spectrum (PES)
for tracing out four bosons. There are 298 states below the PES
gap (red dashed line) for U3 < 0.3, in good agreement with the
counting of quasihole excitations in the RR state.
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S ¼ −TrρA log ρA, where the reduced density matrix ρA is
obtained through partitioning the full system into two
subsystems A and B and tracing out the subsystem B.
Here we consider two noncontractible bipartitions on torus
geometry (cut I and cut II) [Figs. 1(a) and 1(b)], which is
along the lattice vectors w1, w2, respectively.
Moore-Read state at ν ¼ 1.—We first study the HC

lattice at U2 ¼ 0, where it is found a stable ν ¼ 1MR state
with threefold quasidegeneracy of ground states on a torus
[43]. We denote the three ground states from the ED
calculation as jξji, (with j ¼ 1, 2, 3) [43]. Now we form the
general superposition states as

jΨðc1;c2;ϕ2;ϕ3Þi ¼ c1jξ1i þ c2eiϕ2 jξ2i þ c3eiϕ3 jξ3i;

where c1, c2, c3, ϕ2, ϕ3 are real superposition parameters.
For each state jΨi, we construct the reduced density matrix
and obtain the corresponding entanglement entropy. We
optimize values of ci ∈ ½0; 1� and ϕi ∈ ½0; 2π� to minimize
the entanglement entropy. In Fig. 2(a), we show the entropy
profile at optimized parameters (ϕo

2 , ϕ
o
3) for MESs on the

HC lattice. Here we draw the −S in the surface and contour
plots so that the peaks in entropy show up clearly
representing the minimums of S. In Fig. 2(a), we find
several peaks (entropy valleys) in c1 − c2 space. The first
peak (red arrow) relates to the first (global) MES jΞI

1i. After
determining jΞI

1i, we search for the states with minimal
entropy in the state space orthogonal to jΞI

1i as shown in
Fig. 2(b). The second and the third MESs are shown by
green and blue arrows (the two states labeled by blue
arrows are equivalent), which are separately located in
different entropy valleys, as shown in Fig. 2(a). We find that
the first two MESs have almost the same entropy value,
indicating they are, indeed, topologically equivalent with
the same quantum dimension. We calculate the entropy
difference δS between the third MES and the average of the
first two MESs to extract the information of the quantum
dimension of the third quasiparticle. As listed in Table I,

nonzero δS ≈ 0.576 implies the quantum dimension d > 1
for the third quasiparticle state [20,21], in agreement with
the theoretical expectation for a MR state. We also search
for MESs for the SQ lattice (see the Supplemental Material
[55]) and find similar results as listed in Table I.
To extract the topological information of the quantum

states fromMESs, we obtain the overlap between the MESs
for two noncontractible partition directions, which gives
rise to the modular matrix S ¼ hΞIIjΞIi [49],

S ≈
1

2.033

 
1.000 1.026 1.441
1.000 1.026 −1.441
1.463 −1.409 0.000

!
; (3)

for the HC lattice (U2 ¼ 0), and we find a very similar
result for the SQ lattice (see the Supplemental Material
[55]). At ν ¼ 1, the bosonic MR state is described by
SUð2Þ2 Chern-Simons theory, which can be further con-
firmed by identifying the chiral central charge to be c− ¼
3=2 based on the total Chern number C ¼ 3 of the three
near-degenerate ground states [55,57]. Indeed, the numerical
modular matrices we obtain are quite close to the theoretical
result from SUð2Þ2 Chern-Simons theory [13–15],

S ¼ 1

2

0
@ 1 1

ffiffiffi
2

p
1 1 − ffiffiffi

2
pffiffiffi

2
p − ffiffiffi

2
p

0

1
A;

which determines the quasiparticle quantum dimension as
d1 ¼ 1, dψ ¼ 1, dσ ¼

ffiffiffi
2

p
, D ¼ 2 and the nontrivial fusion

rule in Eq. (1a). From Eq. (3), we obtain dHCσ ≈ 1.463,
DHC ≈ 2.033 for the HC lattice (and dSQσ ≈ 1.392, DSQ ≈
1.961 for the SQ lattice [see the Supplemental Material
[55]]). Another striking point is that S33 ∼ 0, which
indicates that the two σ quasiparticles annihilate each other
and fuse into other quasiparticles. To demonstrate this
nontrivial behavior, we extract the fusion rule related to
the third quasiparticle from the numerical S matrix through
the Verlinde formula [11] a × b ¼PcN

c
abc where

Nc
ab ¼

P
mSamSbmS�

mc=S1m,

HC∶σ × σ ≈ 1.0051þ 1.056ψ þ 0.096σ; (4a)

SQ∶ σ × σ ≈ 0.9511þ 0.959ψ þ 0.004σ; (4b)

(a) (b)

FIG. 2 (color online). (a) Surface and contour plots of the
entanglement entropy (−S) of jΨc1;c2;ϕ2;ϕ3

i on a 3 × 4 HC lattice
at ν ¼ 1 for U2 ¼ 0. We show the entropy profile versus
c1, c2 (c3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − c21 − c22

p
) by setting optimized ϕo

2 ¼ 1.26π,
ϕo
3 ¼ 0.40π. Three nearly orthogonal MESs are marked by red,

green, and blue arrows (dots) in the surface (contour) plot. The
cyan dashed line represents the states orthogonal to the first MES
(red dot). (b) Entropy for the states along the cyan dashed line as
shown in (a). All calculations are for the partition along cut I.

TABLE I. Entropy of MESs for ν ¼ 1 and ν ¼ 3=2. Si
represents the entropy of the ith MES. For ν ¼ 1, we use
δS ¼ S3 − ðS2 þ S1Þ=2. For ν ¼ 3=2, δS ¼ ðS3 þ S4Þ=2−
ðS1 þ S2Þ=2. δS� is analytic prediction [20].

ν Lattice size S1 S2 S3 S4 δS δS� δS=δS�

1 HC 3 × 4 3.416 3.416 3.991 � � � 0.576 0.693 0.831
1 SQ 4 × 4 2.546 2.924 3.357 � � � 0.622 0.693 0.897
1 SQ 4 × 6 2.528 2.971 3.443 � � � 0.694 0.693 1.001
3
2

SQ 4 × 4 3.168 3.732 4.157 4.417 0.837 0.961 0.871
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which agrees excellently with the fusion rule of the MR
state [Eq. (1a)]. Both the dσ ≈

ffiffiffi
2

p
and the characteristic

fusion rule Eqs. (4a) and (4b) unambiguously demonstrate
the third quasiparticle σ representing an Ising anyon
quasiparticle. The fusion rule represents two ways to fuse
two σ quasiparticles; therefore, each pair of σ quasiparticles
can act as a qubit for quantum computation [7].
Read-Rezayi state at ν ¼ 3=2.—We turn to study the

possible non-Abelian phase on the SQ lattice at ν ¼ 3=2
and detect the Fibonacci quasiparticle statistics emerging in
this state. Following the similar route for MR at ν ¼ 1, we
search for the MESs in the space of the ground state
manifold using the following general wave functions:

jΨi ¼ c1jξ1i þ c2eiϕ2 jξ2i þ c3eiϕ3 jξ3i þ c4eiϕ4 jξ4i;

where ci and ϕi are the superposition parameters and jξji
(j ¼ 1, 2, 3, 4) are four ground states from the ED
calculation. We optimize the superposition parameters ci,
ϕi to minimize the entanglement entropy. In Fig. 3(a), we
show the global MES jΞI

1i in parameter space as labeled by
the black arrow. The other MESs jΞI

ii (i ¼ 2, 3, 4) are
determined in the parameter space orthogonal to jΞI

1i
[Fig. 3(b)]. The entropies of the last two MESs are different
from the lowest two MESs, as listed in Table I, which is
consistent with the non-Abelian behavior of the quasipar-
ticles. However, we also notice some finite size effect as all
the four entropies are different.
For the ν ¼ 3=2 bosonic RR state, the edge conformal

field theory is captured by the SUð2Þ3 Wess-Zumino-
Witten model [13,15–17], whose modular matrix can be
effectively described by a non-Abelian k ¼ 3Zk-parafermion
part coupled with an Abelian semion part as

S ¼ Spf ⊗ SUð1Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffi
2þϕ

p
�
1 ϕ
ϕ −1

�
⊗

1ffiffiffi
2

p
�
1 1

1 −1
�
;

where ϕ ¼ ð1þ ffiffiffi
5

p
=2Þ is the golden ratio number. As a

comparison, we obtain the numerical modular matrix by
calculating the overlap between theMESs along cuts I and II,

S ≈ Spf ⊗ SUð1Þ þ 10−2 ×

0
BBB@

4.3 −3.4 −0.4 1.1

−2.7 −3.1 −0.9 −0.1
2.1 −0.8 2.4 −0.7
0.0 −1.0 −0.1 −1.9

1
CCCA;

(5)

which agrees with the analytic prediction (with a finite size
correction of the order of 10−2). The modular matrix Spf
signals a Fibonacci quasiparticle including the quantum
dimension dτ ¼ ϕ ≈ 1.618 and the related fusion rule as
shown in Eq. (1b). Two Fibonacci quasiparticles may fuse
into an identity or a Fibonacci quasiparticle, which is similar
to two SUð2Þ spin-1=2 particles combining to either spin-1
or spin-0 total spin [58]. Using this property, Fibonacci
quasiparticles may be capable of performing universal
topological quantum computing [7].
Quantum phase transition.—By tuning the interaction

Un, we can drive a quantum phase transition from the non-
Abelian state to other quantum phases [43,55]. A natural
question is how the MESs and the related modular S matrix
evolve around the quantum phase transition region. Here
we study the SQ lattice model at ν ¼ 1 as an example in
which the quantum phase transition occurs around 0.3 ≤
Uc

2 ≤ 0.4 (see the Supplemental Material [55]). In the MR
phase (U2 ¼ 0.1), we find that the entropy profile of the
superposition state has three valleys labeled by I, II, and III,
as shown in Fig. 4(a). The three orthogonal MESs are
located in the above three valleys, respectively. The
resulting modular matrix remains close to the theoretical
one for the MR state,

S ¼ 1

1.965

 
1.000 1.041 1.316
1.006 0.888 −1.448
1.334 −1.440 0.028

!
.

We have also found that the S faithfully represents the
quasiparticle information for U2 < 0.3 with the accuracy

(a) (b)

FIG. 3 (color online). (a) The entropy profile of wave function
jΨi on a 4 × 4 SQ lattice (U2 ¼ U3 ¼ 0) at ν ¼ 3=2 in c1 −
c2 − c3 space by setting optimized ϕo

2 ¼ 0.90π, ϕo
3 ¼ 0.46π,

ϕo
4 ¼ 0.68π. The color of the dots represents the magnitude of the

entropy. The first MES is indicated by the black arrow. (b) The
entropy profile versus c2 − c3 in the space orthogonal to the first
MES. The second, third, and fourth MESs are labeled by red,
green, and blue arrows and dots, respectively. The calculation is
for a bipartition system along the cut-I direction.

1 0 1
1

0

1

c1

c 2

2.5

3.8(a)

1 0 1
1

0

1

c1

c 2

2.9

3.8(b)

FIG. 4 (color online). The entropy of superposition state jΨi in
c1 − c2 space (c3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − c21 − c22

p
) for (a) U2 ¼ 0.1 and

(b) U2 ¼ 0.5 by setting optimized ϕ2, ϕ3 at ν ¼ 1 on the SQ
lattice.
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error less than or around 10% (see the Supplemental
Material [55]). Only in the transition region
(U2 ∼ 0.3–0.4) the accuracy error jumps up. After the
quantum phase transition at U2 ¼ 0.5 > Uc

2, we can only
find two entropy valleys in the entropy map, as labeled by I,
II in Fig. 4(b), which relates to the first two MESs. The
third possible MES state (labeled by the white arrow)
determined by the orthogonality relation, actually is not a
local minimum. We continue to use these MESs as basis
states to obtain the modular S matrix,

S ¼ 1

3.731

 
1.000 2.873 2.037
2.899 0.750 2.354
2.015 2.354 2.082

!
;

which deviates significantly from the MR S matrix.
In particular, the quasiparticle fusion rule and statistics
have changed with S33 deviating from zero (see the
Supplemental Material [55]), which demonstrates the dis-
appearance of the MR phase.
Summary and discussion.—We have numerically studied

the non-Abelian quasiparticle statistics in the lattice boson
models which manifest the MR and RR non-Abelian states
at filling factor ν ¼ 1 and ν ¼ 3=2, respectively. Our work
provides the first convincing demonstration of quasiparticle
fusion rules and statistics in microscopic TFB models
without using the knowledge of model wave functions.
The obtained modular S matrix faithfully represents Ising
anyon and Fibonacci quasiparticle statistics as the finger-
print of the non-Abelian topological order. Our work also
supports that each MES is the eigenstate of the Wilson loop
operator with a definite type of quasiparticle, from which
the topological order can be extracted. We are currently
developing a numerical method in density-matrix renorm-
alization group simulations to target different MESs by
projecting out the previously identified lower entropy
MESs, which we believe will become a useful tool for
detecting the full information of the topological order
through modular matrix simulation in larger interacting
systems.
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Note added.—After we submitted this paper, we noticed

a similar result for a modular matrix of the MR state in an
unpublished work [59].
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