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We explore the problem of localization in topological and non-topological nearly-flat subbands
derived from the lowest Landau level, in the presence of quenched disorder and short-range interac-
tions. We consider two models: a suitably engineered periodic potential, and randomly distributed
point-like impurities. We perform numerical exact diagonalization on a torus geometry and use the
mean level spacing ratio 〈r〉 as a diagnostic of ergodicity. For topological subbands, we find there
is no ergodicity breaking in both the one and two dimensional thermodynamic limits. For non-
topological subbands, in constrast, we find evidence of an ergodicity breaking transition at finite
disorder strength in the one-dimensional thermodynamic limit. Intriguingly, indications of similar
behavior in the two-dimensional thermodynamic limit are found, as well. This constitutes a novel,
continuum setting for the study of the many-body localization transition in one and two dimensions.

The problem of electron localization in the quantum
Hall regime has a rich history. The realization that the
Hall conductance is robust to impurities[1] paved the
way for our understanding of the integer quantum Hall
plateau transition as a problem of electron localization in
a system with a diverging localization length protected
by a topological invariant [2–4]. Even after decades of re-
search, several aspects remain unclear, including the pre-
cise value of the localization length critical exponent [5–
7], the agreement between single-particle numerics and
experimental measurements [8–10], and the nature of the
effective field theory at the critical point [11, 12].

The last decade has also seen burgeoning interest in
many-body localization (MBL)[13–20], a generalization
of Anderson localization to highly excited eigenstates of
interacting many-body systems. However, the two fields
have remained largely separated. The presence of ex-
tended single-particle states in the Landau level has been
argued to delocalize the entire many-body spectrum in
the presence of interactions[21]: the topological extended
states indirectly couple states localized arbitrarily far
away from one other, and thus induce level repulsion
across the spectrum. Numerical exact diagonalization
results for electrons in the lowest Landau level (LLL)[22]
are consistent with this prediction, pointing to the ab-
sence of an MBL phase in the thermodynamic limit. On
the other hand, this may be due features of the LLL other
than its topological character, e.g., its dimensionality.

Whether or not MBL can exist in two dimensions is
still an open question. As a true thermodynamic phase,
it has been argued[23] to be unstable towards the prolifer-
ation of rare thermal regions in dimension d > 1 (though
the issue is not settled[24]). Nonetheless, there is experi-
mental evidence of slow thermalization or “glassiness” in
finite-sized two-dimensional systems[25, 26]. It is thus
interesting to explore the localization properties of inter-
acting electrons in the LLL, and clarify whether the rapid
drift of the critical disorder strength observed in Ref. [22]
is purely a consequence of the topological character, or
whether it is caused by any other properties of the sys-

tem (e.g. its dimensionality, or the continuum nature of
the LLL orbitals).

In this work, we isolate the effect of topological states
on localization, and confirm that there is in principle no
obstruction to MBL in non-topological LLL subbands
(barring issues with rare-region effects in two dimen-
sions). These bands therefore constitute a novel setting
for the study of MBL, where a finite Hilbert space is
obtained through Landau level quantization in a contin-
uum, rather than by a tight-binding discretization.

Topologically trivial subbands of the LLL can be en-
gineered in several ways. Periodic potentials in the LLL
give rise to Hofstadter subbands with various distinct
Chern numbers[27, 28]. The value C = 0 is quite com-
monly obtained, and by appropriately engineering the pe-
riodic potential one can ensure that the Hofstadter sub-
band structure features a C = 0 band which is nearly flat
and well separated from the rest of the LLL, forming an
ideal setting for studies of localization.

Another possibility is to lift one state at a time by in-
serting a point impurity (modeled by a δ function poten-
tial) in the system[29]. Each impurity lifts a topologically
trivial bound state. Upon inserting Nδ impurities (with
Nδ < Nφ, number of fluxes through the system), one has
a degenerate manifold of states that avoid all impuri-
ties, carrying total C = 1, and an orthogonal manifold of
C = 0 states. If the impurities have similar strength and
are sufficiently dilute, the C = 0 band is quite flat, and it
is sensible to consider the localization problem projected
to such states.

In this paper, we study the issue of MBL within these
bands derived from the LLL. The details of single parti-
cle localization in both scenarios will be discussed in an
upcoming paper[30].

Method. We consider electrons in the LLL on a torus
geometry with periodic boundary conditions

H = PsbPLLL [V1-body + Vint]PLLLPsb, (1)

where V1-body and Vint are the single-particle and interac-
tion terms in the Hamiltonian. PLLL is the projector onto
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the LLL and Psb further projects onto the eigenstates of
one specified subband of the single-particle Hamiltonian.
We choose Vint to be a Haldane V1 pseudopotential in-
teraction, Vint(q) = UL1(q2`2B)e−q

2`2B/2, where U is the
interaction strength, L1(x) is the Laguerre polynomial,
and `B =

√
eB/~ is the magnetic length. We study two

different models for the single-particle term V1-body.
First we consider the sum of a periodic potential and

quenched disorder in real space,

V1-body(r) =
∑
nx,ny

Vnx,nye
2πi(nxx+nyy)/a + Vdis(r) . (2)

The unit cell a of the periodic potential contains two
quanta of magnetic flux, i.e. a2 = 4π`2B . Such a potential
splits the LLL in two subbands. We optimize their flat-
ness (bandwidth over bandgap ratio) in the space of co-
efficients Vnx,ny that preserve square symmetry (keeping
ni ≤ 3), and find optimal results at the values shown in
Tab. I. For these values of Vnx,ny , the potential in Eq. (2),
shown in real space in Fig. 1(a), gives rise to two nearly
flat bands. In units of the mean bandwidth, the bandgap
is ∆ ' 8735 (see Fig. 1(b)), while the bandwidths are
1.0024 and 0.9975 respectively. The other term in Eq. (2)
is a stochastic short range correlated disorder potential,
〈Vdis(r)Vdis(0)〉 = W 2σ−2e−r

2/2σ2

, where σ is a correla-
tion length and W quantifies the strength of disorder.
We use σ = 2lB [31].

Vnxny × 10−4 nx = 0 nx = 1 nx = 2 nx = 3

ny = 0 0.0000 0.4156 0.0000 −3.5801
ny = 1 −0.5108 0.8079 −3.8980
ny = 2 −0.0002 2.0097

ny = 3 2.0665

TABLE I. Values of potential Fourier components Vnxny , from
Eq. (2), that optimize the band flatness (width-to-gap ratio)
at flux per unit cell φ = 2. We only show the upper triangle
nx ≥ ny; entries with ny > nx are related by symmetry.

Next, we consider a single particle Hamiltonian con-
sisting of a number Nδ of δ-function potential scatterers
randomly distributed on the torus,

V1-body(r) = −
Nδ∑
j=1

Vj δ(r− rj). (3)

Each scatterer picks a topologically trivial state out of
the Landau level. Provided they are sufficiently dilute
(Nδ/Nφ is small enough), the C = 0 band so obtained can
be flattened to high accuracy. Localized single-particle
orbitals are obtained as a result of disorder in the po-
sitions rj and amplitude Vj of the scatterers. We en-
force a minimum distance d = 4.38`B between any two
scatterers, as shown in Fig. 2. The excluded distance is
chosen to be large enough that it limits rare fluctuation
effects (band tails) due to clusters present in the purely

0 1x/a
0

1

2

y
/a

Γ X M Γk

E

0.9976

∆ = 8734.9

1.0024

C = 0

C = 1

40 0 40

V (x, y)× 10−4

(a) (b)

FIG. 1. (a) The periodic real space potential (with coefficients
given in Tab. I) is shown here over a 1×2 plaquette. (b) With
2 magnetic flux quanta per unit cell, it leads to two nearly flat
bands with Chern numbers C = 0 and 1 respectively.

Poissonian distribution, while it is small enough to allow
sufficient randomness and sample to sample variations.
Fig. 2 shows two typical configurations for the excluded
distance we choose for our current study[32]. We ran-
domly draw Vj from a box distribution in [1−W, 1+W ].
W and d act as two independent parameters character-
izing disorder. Details of the localization problem in
this two-parameter disorder space are explored further
in Ref. [30]. For the present purpose, we note that while
each realization of the spatial distribution of scatterers
breaks translational and rotational symmetry, the ensem-
ble is homogeneous and isotropic, leading to an unbiased
two-dimensional scaling analysis. The main advantage of
this potential compared to the periodic one is the greater
flexibility in choosing system sizes, owing to the lack of
a lattice structure. Additionally, disorder here does not
mix the two subbands, so the only contribution to the
projection error comes from the interaction. The disad-
vantages are a worse flatness ratio, and the absence of
a nearly-identical C = 1 counterpart to the C = 0 sub-
band.

FIG. 2. Two examples of configurations of Nδ = 16 δ-
function scatterers (dark dots) randomly placed on a torus
with Nφ = 6Nδ and exclusion distance d = 4.38`B (red circles
have radius d/2).



3

In either case, we set Psb in Eq. (1) to be the projector
on the subband of interest and diagonalize the projected
many-body Hamiltonian. This is the result of first-order
degenerate perturbation theory[33] in U/∆ and W/∆,
and is justified as long as U , W � ∆ (bandgap). Con-
tributions involving single-particle orbitals outside Psb
(and hence, potentially, the topological extended states)
have amplitude O(∆−1), and induce non-local Hamilto-
nian matrix elements at order O(∆−2), which are dis-
carded by the projection.

We obtain the full eigenvalue spectrum of the projected
many-body Hamiltonian via exact diagonalization, and
compute the average level spacing ratio 〈r〉, where rn =
min(δEn,δEn+1)
max(δEn,δEn+1)

and δEn = En+1 − En. This quantity is
a diagnostic of level repulsion [14, 15, 22, 34]: a localized
system is well described by the Poisson random matrix
ensemble, for which 〈r〉 ' 0.386; an ergodic system on
the other hand shows level repulsion and has 〈r〉 ' 0.600
(Gaussian unitary ensemble, GUE) in the absence of time
reversal symmetry, which is the case of interest here. We
generate an ensemble of quenched disorder realizations;
for each realization we average rn over the central 1/6
of the integrated density of states, and finally average
the result over the disorder ensemble. The sample-to-
sample standard deviation is used as a measure of the
uncertainty.

Results. For the periodic potential, Eq. (2), we fix
the interaction strength U = 8, so that it is larger than
the bandwidth, but much smaller than the bandgap of
the single-particle Hamiltonian. We place the system on
a rectangular torus and increase one of the sides while
leaving the other fixed. In the thermodynamic limit,
this becomes an infinite cylinder with fixed circumfer-
ence. As a one-dimensional problem with short-range
interactions and quenched disorder, when projected into
a non-topological C = 0 band, this is expected to exhibit
an ergodic-to-MBL transition at a finite value of disorder
strengthWc. We consider rectangular tori with 3×n unit
cells of the potential, where n = 3, 4, 5, 6; this gives a to-
tal of Nφ = 6n fluxes through the torus and Nφ/2 = 3n
single-particle states in each band. We consider Ne = n
electrons (i.e., filling of the band is ν = 1/3) and project
onto the C = 0 band. Results for 〈r〉 are shown in
Fig. 3(a) and clearly display a transition at a finite crit-
ical disorder Wc ≈ 8. Moreover the value of W at which
〈r〉 = 0.5 (roughly halfway between Poisson and GUE)
shows signs of saturating to a finite value as Ne → ∞.
On the contrary, when projecting onto the C = 1 band,
the situation is radically different. The data, shown in
Fig. 3(b), features no crossing and a rapid drift of the
crossover disorder strength W (〈r〉 = 0.5) to infinity with
system size. This is consistent with existing results for
the entire LLL[22], and in line with arguments suggesting
that a divergence in the single particle localization length
is enough to delocalize the entire many-body spectrum.
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FIG. 3. The mean 〈r〉 statistic as a function of W at filling
ν = 1/3 of the (a) C = 0 and (b) C = 1 band. The torus is
square at Ne = 3; for Ne > 3, one side is kept fixed while the
other is scaled, approaching a 1D thermodynamic limit. The
inset shows the dependence of critical disorder W (〈r〉 = 0.5)
on system size.

Because of lattice commensurability constraints and
limits on system sizes amenable to exact diagonalization,
a two-dimensional scaling study for this model is not able
to yield conclusive results at present. The C = 1 band is
clearly found to delocalize; however, the fate of the C =
0 band for this model remains unclear with the sizes we
have access to at this stage.

To circumvent this limitation, we turn to the C = 0
band obtained from random δ scatterers, Eq. (3). This
allows us to perform two-dimensional scaling with more
flexibility in the choice of sizes. We take one δ-function
scatterer per 6 quanta of magnetic flux (Nφ = 6Nδ) and
set the electron filling to ν = 1/2 (Nδ = 2Ne). The
minimum distance between δ-function scatterers is set to
d = 4.38`B . These parameters are found to give a single-
particle C = 0 band with average flatness ratio f ' 10−2

when W = 0 (i.e. when all scatterers have the same
strength).

We set Ne = 4 and consider a square torus.
From there, we perform both one-dimensional and two-
dimensional finite-size scaling: in one case we increase
only one side of the torus, making it rectangular, Fig. 4;
in the other we maintain the square aspect ratio, Fig. 5.
We go up to Ne = 8 and we average 5× 104 realizations
at the smallest size and 103 at the largest (in each re-
alization the scatterers have independent positions and
strengths). We see clear indications of a transition at a
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FIG. 4. Level spacing ratio 〈r〉 as a function of disorder W
for the random scatterer model of Eq. (3). Ne electrons are
projected in the topologically trivial band created by 2Ne δ-
function scatterers (filling is ν = 1/2) on a rectangular torus
pierced by 12Ne magnetic fluxes. The minimum distance be-
tween two scatterers is fixed at d = 4.38`B . At Ne = 4 the
torus is square, then one side is kept fixed as the other is in-
creased. The data for different sizes cross atWc ' 8.5×10−3.
Inset: scaling collapse of the data in the main plot. The lo-
calization length exponent ν that achieves the best collapse
is ν = 1.3± 0.1.

finite disorder strength ofWc ' 0.0085 in the 1D case. A
single-parameter scaling collapse yields the critical expo-
nent ν1D ≈ 1.3, in violation of the CCFS criterion[35, 36]
ν ≥ 2/d for disorder-driven transitions. This violation
seems to be common in exact diagonalization studies of
MBL in one-dimensional spin chains [37, 38]. The re-
lationship between these results and the CCFS bound,
as well as strong-disorder renormalization group studies
suggesting a much higher value of ν[39–41], is unclear.
Moreover, here as well as in the periodic potential case
of Fig. 1, we find 〈r〉 ' 0.41 at the transition, very close
to the Poisson value and in line with previous findings in
spin systems[42], suggesting the value may be universal
at the MBL transition.

The two-dimensional scaling yields similar data with
a clear inversion in the order of sizes beyond W ≈ 0.01,
but the crossings of consecutive sizes slowly drift towards
larger W (see Fig. 5). If the drift slows down at larger
sizes, this may simply signal that the transition in the
thermodynamic limit is happening at largerW compared
to the one dimensional case, which would be expected.
However, it is also possible that the drift may continue
indefinitely and signal instability of the MBL phase in
two dimensions. Results on larger sizes are needed to
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FIG. 5. Level spacing ratio 〈r〉 as a function of disorder W
for the same model as Fig. 4, but for two dimensional scaling
of square tori. Curves for consecutive sizes cross at values of
W that drift to the right, from W ' 7.5× 10−3 (Ne = 4 and
5) to Wc ' 1.0× 10−2 (Ne = 7 and 8).

establish conclusively if there is lack of ergodicity in the
two-dimensional thermodynamic limit.

Conclusion. We have investigated the problem of
many-body localization of electrons in the lowest Landau
level in the absence of single-particle extended states. We
have removed such states, which are known to delocal-
ize the many-body spectrum, by isolating a nearly-flat,
topologically trivial (C = 0) band in two different ways:
(i) by using a suitably engineered periodic potential, and
(ii) by means of dilute, randomly distributed δ-function
(point-like) scatterers. Both methods yield strong evi-
dence of a transition in the one-dimensional (cylindrical)
thermodynamic limit, showing non-topological Landau
level subbands as a novel, continuum seeting for many-
body localization. Moreover, method (ii) points to the
same scenario for the two-dimensional (planar) thermo-
dynamic limit. It remains to be clarified whether the
transition point in the latter case is drifting towards fi-
nite or infinite disorder with increasing size.

It should be noted that the Landau level subbands that
we project out generally introduce non-local Hamiltonian
matrix elements with strength ∼ E3∆−2, where ∆ is the
bandgap and E is the largest energy scale in the projected
problem. These non-local couplings are expected to drive
thermalization over a time scale t ∼ ~∆2/E3, which is
long but finite. Thus “localization” in the present context
should be more appropriately understood as slow ther-
malization. Nonetheless, ∆/E can in principle be made
arbitrarily large, leading to an arbitrarily long transient
in which the system is effectively localized.

Finally, in this work we have used the level spacing
ratio r to diagnose lack of ergodicity. It would be inter-
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esting to test dynamical features of the MBL phase, such
as memory of initial conditions, logarithmic spreading of
entanglement, and emergent integrability, in the setting
we have proposed. We leave these problems for future
work.
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