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Abstract  

The Livengood-Wu (L-W) correlation has been widely used to predict the state of auto-

ignition in internal combustion engines, although its application to two-stage ignition 

processes remains unresolved.  In this study, the original L-W integral is extended to such 

two-stage ignition process, and applied to simulations of typical operations within HCCI 

engines. Specifically, based on recent understanding of the global and detailed kinetics of 

low-temperature chemistry leading to ignition, simplified Arrhenius-based global 

reaction expressions were developed for both stages of constant state autoignition. It is 

shown that the original L-W integral works well for the first-stage ignition delay, as 

demonstrated in previous studies. Furthermore, by also accurately describing the cool 

flame temperature and pressure increment at the end of the first-stage ignition, the 

second-stage ignition delay can in addition be coupled with the first stage ignition and 

predicted satisfactorily with a second integral. This formulation is then applied to 

extensive HCCI engine operation conditions, showing satisfactory predictive capability.  
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1. Introduction 

Auto-ignition assumes a crucial role in the operation of internal combustion engines due 

to its close relation to knock onset in spark-ignition (SI) engines and control of 

combustion phase in compression ignition (CI) engines such as conventional diesel 

engines and the homogeneous charge compression ignition (HCCI) engines [1-2]. To 

interpret auto-ignition and predict the occurrence of knock in engines, Livengood and Wu 

[3] correlated the auto-ignition delay in internal combustion (IC) engines with those in 

rapid compression machines (RCMs). Specifically, by considering the ignition delay time 

as a measure of the mixture reactivity, a predictive, integral method based on the 

attainment of a critical concentration of the chain carriers was developed. Experiments 

showed satisfactory agreement between the predicted and actual auto-ignition timing, for 

the conditions tested. This method, hereafter referred to as the L-W correlation, has been 

widely used in the prediction of auto-ignition in SI [4], HCCI [5-6] and RCCI [7] engines 

due to its simplicity and accuracy, especially for cases in which the ignition delay can be 

well described by the single-step Arrhenius kinetics [8-9]; the cited references are the 

recent ones in order to emphasize the importance and currency of this work.  

Useful as it is, it is also generally recognized that during the course of autoignition, the 

controlling chemistry for extensive fuel-oxidizer systems can fundamentally change such 

that the ignition response can vary non-monotonically with the global system parameters 

such as pressure and temperature. Prominent among them are the Z-curve explosion 

limits of hydrogen-oxygen mixtures in response to variations in the system pressure [10], 

and the negative temperature coefficient (NTC) ignition response of large hydrocarbons 

in the low- to intermediate-temperature range of, say, 600-800K at atmospheric pressure 
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[11]. Concerning the latter, which is of interest to the present study, the entire auto-

ignition process in the NTC regime proceeds in two stages, with the first controlled by 

low-temperature chemistry involving large oxygenated species, and the second controlled 

by intermediate-to-high temperature chemistry involving the small species. The change 

of the thermodynamic state due to heat release as well as the characteristic chain carriers 

during the two-stage autoignition is fundamentally beyond the capability of the original 

L-W correlation.  

We note in passing a few worthwhile studies which attempted such a two-stage L-W 

based method, albeit with mixed success. Yates et al. [12, 13] proposed a global 

empirical model for the auto-ignition delay considering the cool flame temperature rise 

and NTC for constant volume auto-ignition of alcohol-PRF (Primary Reference Fuel) 

blends. However, the second-stage delay model actually shows an incorrect trend 

compared with detailed chemistry. In addition, a few ambiguities exist in their engine 

ignition delay correlation, including cool flame state identification, the exact form of the 

staged integral, the “X coefficient” in the prediction of the overall ignition delay and 

another tuning factor “local temperature tuning parameter”. Colin et al. [14] presented a 

method for two-stage combustion based on tabulated reaction rates including cool flame 

fuel consumption and ignition delay, with the utilization of the inverse of ignition delay 

as a progress variable. However, their method involves solving both species and energy 

conservation equation, and the preparation of a high-dimension reaction rate table. The 

work by Hernández et al. [15] is a mostly related study to the current investigation, in 

which the staged L-W model and alternative forms have been proposed and tested for the 

two-stage ignition of n-heptane. However, these strategies are either unable to predict 
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two-stage ignition delay due to the difficulty in resolving the cool flame state, or show 

poor accuracy. 

In light of the above considerations, in this study we shall extend the L-W correlation to 

capture the NTC, two-stage ignition chemistry. Furthermore, capitalizing on recently 

identified, unique characteristics of the NTC chemistry, simple, Arrhenius-based 

correlations are developed to separately describe the ignition delays of the first and 

second stages as well as the temperature increase at the end of the first stage that couples 

the two stages. This approach, including the related correlations, enables its ready 

application to realistic fuel mixtures and engine operations. We shall then demonstrate 

the utility of the present staged correlation to the attainment of auto-ignition in the 

operation of HCCI engines.  

2.  Formulation  

2.1 The L-W Integral 

The integral correlation of Livengood and Wu aims to predict the state of auto-ignition in 

internal combustion engines based on the delay time determined for constant 

thermodynamic states. The formulation assumes a global reaction for the concentration of 

a chain carrier, 𝑐𝑐, that reaches a critical value of 𝑐𝑐∗ at the instant of ignition.  Specifically, 

in a constant-(T, P) ignition process such as that within an RCM when the heat release 

during ignition is minimal, the reaction rate of c can be readily related to the inverse of 

the ignition delay time 𝜏𝜏 corresponding to the particular T and P. Under engine conditions 

with varying temperature 𝑇𝑇(𝑡𝑡)  and pressure 𝑃𝑃(𝑡𝑡) , where 𝑡𝑡  is the time, the L-W 

formulation then posits that 𝑐𝑐∗ is reached by summing its continuous increment at each 
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instantaneous thermodynamic state of (T, P) imposed by the engine operation, with the 

accumulation rate in each interval represented by the corresponding auto-ignition delay 

time, 𝜏𝜏(𝑇𝑇,𝑃𝑃) . Mathematically, this requires an integration procedure over the 

thermodynamic states that the mixture goes through: 

1 = �
𝑑𝑑𝑡𝑡

𝜏𝜏(𝑇𝑇(𝑡𝑡),𝑃𝑃(𝑡𝑡))

𝜏𝜏𝐼𝐼𝐼𝐼𝐼𝐼

0
          (1) 

where 𝜏𝜏 is the auto-ignition delay corresponding to the instantaneous, imposed 𝑇𝑇 and 𝑃𝑃, 

and  𝜏𝜏𝐼𝐼𝐼𝐼𝐼𝐼 is the predicted overall ignition delay for the engine process.  

It is also noted that the L-W formulation assumes a zeroth-order reaction, while realistic 

fuel oxidation processes invariably consist of a network of elementary reactions that can 

be propagating, branching or terminating, with the associated elementary reaction orders 

that can be first, second or third, which individually exert either promoting or retarding 

influences on the net progress of the reactions. Consequently, even the global progress of 

the radical concentration can indeed be approximated by a one-step overall reaction, it is 

fundamentally inconceivable that the progress of the radical concentration can be of 

zeroth order and as such is independent of, say, its own instantaneous concentration as 

well as the system pressure. In response to this consideration, in the Appendix we shall 

reformulate the L-W integral, but for a global, n-th-order reaction, and show that the 

result degenerates to the L-W integral by interpreting it on an averaged basis. This then 

explains the apparent success of the L-W integral when applied to realistic fuels. 

2.2. L-W Integrals for Staged Ignition 
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We now apply a staged form of the L-W integral to account for two-stage ignition 

processes, with its performance evaluated at diverse combustion processes and conditions. 

There are basically two tasks here: we shall first construct an ignition delay database with 

detailed chemical kinetic mechanisms for the two stages under different conditions of 

initial temperature 𝑇𝑇, pressure 𝑃𝑃 and equivalence ratio f, which is then used to develop a 

set of global reaction expressions for the convenience of integration. We shall then 

demonstrate the predictive capability of the staged L-W integral to HCCI engine 

conditions. 

The SENKIN code in the Chemkin II package [16] was used to produce ignition delay 

data under various conditions. The code solves mass conservation and energy equations 

under a homogeneous, adiabatic environment with detailed chemistry. Normal-heptane 

and dimethyl ether (DME) were selected as the target fuels because they clearly exhibit 

two-stage auto-ignition behavior and their oxidation chemistry has been extensively 

modeled and validated. Skeletal chemical kinetic models of n-heptane and DME, which 

respectively consist of 88 species and 387 reactions [17] and 39 species and 175 reactions 

[18], were used as both of them are well validated and adopted for low- to high-

temperature applications [19-23]. 

2.2.1 Ignition Delay Chemistry, Database and Global Kinetic Expressions 

Figure 1 shows a schematic of the NTC behavior and ignition histories (i.e., T vs. t) in the 

low-temperature, NTC and the high-temperature autoignition regimes. It is seen that 

ignition consists of two stages within the NTC regime in which the ignition delay varies 

non-monotonically with temperature, with the chemical reactions experiencing distinct 
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pathways for each stage. Specifically, during the first stage, instead of going through 

thermal pyrolysis and 𝛽𝛽  scission, alkyl radicals formed from H abstraction would 

combine with an oxygen molecule to produce alkylperoxy 𝑅𝑅𝑅𝑅2, which then isomerizes to 

alkylhydroperoxy 𝑄𝑄𝑅𝑅𝑅𝑅𝑄𝑄, and eventually leads to the formation and decomposition of 

ketohydroperoxide. This process represents low-temperature chain branching and 

increases the mixture temperature by an amount ∆𝑇𝑇 at the end of the first-stage ignition 

delay, 𝜏𝜏1. As a result, the equilibrium of the critical exothermic reaction 𝑅𝑅 ∙ +𝑅𝑅2 = 𝑅𝑅𝑅𝑅2 

shifts backwards to suppress the low-temperature kinetics, and initiate the second-stage 

ignition delay, 𝜏𝜏2. During this stage, the major species are those produced from the first-

stage, such as 𝐶𝐶𝑅𝑅 , 𝑄𝑄2𝑅𝑅 , 𝑄𝑄2𝑅𝑅2 , aldehydes and carbonyls, etc. With the temperature 

gradually increasing during the second stage, the accumulated 𝑄𝑄2𝑅𝑅2 eventually branches 

into the 𝑅𝑅𝑄𝑄 radicals, and drives the second ignition event leading to intense combustion 

[24]. Therefore, the entire ignition delay profile exhibits two distinct stages separated by 

a finite temperature rise, ∆𝑇𝑇, which is the manifestation of the cool flame. Due to this 

two-stage ignition event, most large hydrocarbons show an NTC effect on their auto-

ignition behavior, as demonstrated in [11, 25]. It is noted that the instant of the maximum 

temperature rise rate is taken as the indicator of ignition for each stage, and ∆𝑇𝑇 is 

evaluated by the difference between the temperature corresponding to the point with the 

minimum temperature increment rate during the second-stage ignition and the initial 

temperature. 

For temperatures either below or above the NTC regime, ignition occurs in a single stage, 

with the low-temperature ignition following the first ignition delay, and the high-

temperature ignition following another route leading to the high-temperature ignition 
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delay, 𝜏𝜏ℎ. In the following, we shall present models to describe each of the parameters: 𝜏𝜏1, 

∆𝑇𝑇, 𝜏𝜏2, and 𝜏𝜏ℎ. 
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Fig. 1 Schematic showing the NTC behavior and typical temperature histories (i.e., 

temperature T v.s. time t) of low-temperature, NTC, and high-temperature auto-ignition 

regimes. 

To evaluate the staged L-W integrals, a database for the constant volume ignition delays 

with various initial parameters (such as temperature, pressure and equivalence ratio) 

needs to be constructed. Such a database can be readily determined by solving the 

detailed chemistry. However, the excessive CPU time is computationally demanding for 

practical purposes, and the calculated results cannot be readily organized for further use. 

To circumvent this difficulty, and recognizing the unique characteristics of the NTC 
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chemistry [11], we shall show that the reaction progress in each of the two stages can be 

adequately described by a global Arrhenius expression, which can be readily used in 

assessments and detailed engine simulations. In order to be comprehensive in our 

representation, the detailed autoignition calculation is performed in the parameter range 

of pressure 1~40 atm, temperature 600~1400 K and equivalence ratio 0.4~1.2 under 

constant volume conditions and the corresponding parameter intervals for the simulation 

are 10K, 5 atm and 0.1 respectively. Note that the NTC regime shifts towards higher 

temperatures as the system pressure increases, which is included in the development of 

the global expressions. 

For the first-stage ignition delay prior to the appearance of the cool flame, several 

observations [11] can be made based on previous studies on 𝜏𝜏1 in the regime before its 

minimum point, as shown in Fig. 1. First, it is demonstrated in [11] that 𝜏𝜏1  is quite 

insensitive to the equivalence ratio f. Second, it is also insensitive to the system pressure 

𝑃𝑃 in the manner of 𝜏𝜏1~𝑃𝑃−0.1. Third, the isomerization reaction 𝑅𝑅𝑅𝑅2 = 𝑄𝑄𝑅𝑅𝑅𝑅𝑄𝑄 dominates 

during the first ignition stage, such that its activation energy is fairly close to the global 

activation energy of the first-stage ignition delay, 𝜏𝜏1. According to these characteristics, 

an Arrhenius-based global expression for 𝜏𝜏1 was developed, with its parameters listed in 

Table 1. The first-stage ignition delay 𝜏𝜏1 calculated by using the detailed kinetic model 

and the global expression are compared in Fig. 2, with the solid line as a reference for 

equality. It is seen that the global expression is capable to well describe 𝜏𝜏1, except for the 

regime near its minimum value (see Fig. 1) under the prevailing pressure. This minimum 

is the consequence of the competition between the low-temperature chain branching 

reactions and the decomposition of low-temperature species under intermediate 
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temperatures, and is particularly prominent for delays less than 1 ms. This minimum is 

not captured by the present, single Arrhenius expression, hence placing a lower limitation 

on the present correlation, especially for high engine speed operations. The state of this 

minimum, which is a manifestation of the essential nonlinearity of the global ignition 

response, has so far eluded simplified descriptions, either empirically or analytically [26]. 

On the other hand, as shown in Fig. 1, for most situations the second ignition delay 

chemistry would have initiated well before the state of this minimum is reached. Further 

study on this issue is nevertheless merited, even though it does not affect the present 

methodology.  

Table 1 Coefficients of the global expressions for n-heptane  

Formula [P(atm), T(K)] 𝑙𝑙𝑙𝑙(𝐴𝐴) 𝛼𝛼 𝛽𝛽 𝛾𝛾 𝑇𝑇𝑎𝑎 (𝐾𝐾) 

τ1=ATαPβexp(Ta/T) 

∆T=APβϕγ(Tceil-T) 

τ2=A(P+∆P)βϕγexp( Ta (T+∆T)⁄ ) 

τh=APβϕγexp(Ta/T) 

−11.05 

2.07 

−23.72 

−8.33 

−1.76 

− 

− 

− 

−0.1 

0.12 

−0.56 

−0.91 

− 

0.45 

−0.21 

−0.53 

13521 

− 

24213 

15563 
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Fig. 2 Comparison of detailed kinetic calculations and the current global kinetics for the 

evaluation of first-ignition delay 𝜏𝜏1of n-heptane. Symbols are calculated results and the 

line is a reference showing equality.  

Before addressing the second-stage ignition delay 𝜏𝜏2, the cool flame temperature increase, 

∆𝑇𝑇, through which the first- and second-stage ignition delays, 𝜏𝜏1 and 𝜏𝜏2, are coupled, 

must be accounted for. Two observations on the characteristics of ∆𝑇𝑇 can be made from 

recent investigations [11, 12, 25]. First, ∆𝑇𝑇 varies approximately linearly with the initial 

temperature under different pressure and equivalence ratio conditions, as shown in Fig. 

3(a, b). Second, for mixtures with different equivalence ratios under the same system 

pressure, ∆𝑇𝑇  gradually vanishes as the initial temperature increases, and the initial 

temperature corresponding to the state where ∆𝑇𝑇 = 0 approximately approaches the same 

value, as shown in Fig. 3(b). This extrapolated temperature, termed the “ceiling 
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temperature”, 𝑇𝑇𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, serves as the upper limit for the initial temperature exhibiting two-

stage ignition under each pressure.  

Base on the above considerations, a global expression for ∆𝑇𝑇  is developed using 

regression analysis, as shown in Table 1. The ∆𝑇𝑇 predicted by the global expression is 

compared with the calculation from detailed kinetic calculations, shown in Fig. 4, 

demonstrating the satisfactory performance of the global expression. 
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Fig. 3 Calculated cool flame temperature rise ∆𝑇𝑇 at different initial temperatures: (a) n-

heptane/air mixture with equivalence ratio 0.8 under 10, 20 and 40 atm; (b) for n-

heptane/air mixture with different equivalence ratios under 10 atm. 



14 

 

0

100

200

300

400

500

Detailed kinetic model ∆T (K)

 

 

0 100 200 300 400 500

Em
pi

ric
al

 m
od

el
 ∆

T 
(K

)

 

Fig. 4 Comparison of detailed kinetic calculations and the global expression for the 

evaluation of cool flame temperature rise ∆𝑇𝑇 of n-heptane. Symbols are calculated results 

and the line is a reference showing equality.  

Having determined ∆𝑇𝑇 at the beginning of the second ignition delay, an Arrhenius 

expression has then been generated for 𝜏𝜏2 , as given in Table 1. Figure 5 shows its 

satisfactory performance against the detailed calculations.  
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Fig. 5 Comparison of detailed kinetic calculations and global expressions for the 

evaluation of ignition delay 𝜏𝜏2 in NTC regime. Symbols are calculated results and the 

line is a reference showing equality. 

 

With further increase of the initial temperature, the mixture transitions to the regime 

beyond the NTC, in which the ignition is single staged and is primarily driven by high-

temperature kinetics. For these situations, it has been shown that Arrhenius-based 

formulation can well describe the high-temperature ignition delay 𝜏𝜏ℎ [27, 28]. 

Consequently, an Arrhenius expression for the high-temperature ignition delay has also 

been developed, given in Table 1, while its satisfactory performance, in the high 

temperature ignition regime is shown in Fig. 6.  
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The pressure and temperature ranges for the application of each ignition delay expression 

in Table 1 are listed in Table 2. When using intermediate pressures, the corresponding 

temperature limits basically could be adjusted linearly for convenience. For temperatures 

between the fitting parameter ranges of 𝜏𝜏2 and 𝜏𝜏ℎ around the high temperature limits of 

NTC, the ignition delay can be well approximated by the average of the two. It should be 

noted that all the data calculated are used in the regression process and the corresponding 

R2 values for the fitting formulas for 𝜏𝜏1, ∆𝑇𝑇, 𝜏𝜏2 and 𝜏𝜏ℎ are 99.5 %, 96 %, 99 % and 99.1 % 

respectively. 
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Fig. 6 Comparison of detailed kinetic calculations and global expression for the ignition 

delay 𝜏𝜏ℎ in the high-temperature regime of n-heptane. Symbols are calculated results and 

the line is a reference showing equality.   
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Finally, we verify the validity of the combined global expressions, developed in 

predicting the entire ignition delay, as compared with the detailed kinetic calculations, for 

a fixed environment. The comparison of the overall ignition delay for stoichiometric n-

heptane/air mixture as a function of initial temperatures under 10 and 20 atm are shown 

in Fig. 7. It is seen that there is generally good agreement between the global expression 

and detailed kinetics for the entire ignition delay throughout both stages. Ignition delay 

data under 10 bar and 20 bar from a shock tube measurement [29] is adopted for further 

comparison in Fig. 7, showing good agreement. 

Table 2 Pressure and temperature range for empirical models for n-heptane 

P (atm) & T (K) 𝜏𝜏1 𝜏𝜏2 𝜏𝜏ℎ 
P 𝑇𝑇𝑙𝑙𝑙𝑙𝑙𝑙 𝑇𝑇𝑢𝑢𝑢𝑢 𝑇𝑇𝑙𝑙𝑙𝑙𝑙𝑙 𝑇𝑇𝑢𝑢𝑢𝑢 𝑇𝑇𝑙𝑙𝑙𝑙𝑙𝑙 𝑇𝑇𝑢𝑢𝑢𝑢 

1 560 740 620 800 860 1400 

5 560 780 680 860 920 1400 

10 560 800 720 900 960 1400 

20 560 840 760 940 980 1400 

30 560 880 780 940 1000 1400 

40 560 920 800 960 1020 1400 
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Fig. 7 Comparison between detailed chemical kinetic calculations (line) and combined 

global expressions (dash-dot) for the ignition delays of stoichiometric n-heptane/air 

mixture under 10 (red) and 20 (blue) atm. 

2.2.2 The Staged L-W Integral  

For a two-stage auto-ignition process in an environment of varying temperature and 

pressure, it was suggested that a separate integral is used for each stage [3, 13, 15]. We 

shall now present such an approach. To predict the first-stage ignition, Eq. (2) is 

employed following Refs. [15, 30] 

1 = �
𝑑𝑑𝑡𝑡

𝜏𝜏1(𝑇𝑇,𝑃𝑃)

𝑡𝑡1

𝑡𝑡0
          (2) 

where 𝑡𝑡0 is the initial time, which corresponds to the instant when chemistry becomes 
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important, for example the start of the compression stroke 𝑡𝑡1, corresponding to the unity 

of the integral value, is the predicted time for the appearance of the cool flame and 𝜏𝜏1 is 

the first-stage ignition delay at the instantaneous thermodynamic states of 𝑇𝑇 and 𝑃𝑃 during 

the non-reactive adiabatic compression-expansion engine process.  

For the prediction of the major ignition event leading to the second-stage combustion, Eq. 

(3) is employed as:  

1 = �
𝑑𝑑𝑡𝑡

𝜏𝜏′(𝑇𝑇′,𝑃𝑃′)

𝑡𝑡2

𝑡𝑡1
          (3) 

where 𝑡𝑡2  is the time for the major ignition, and 𝜏𝜏′  represents either the second-stage 

ignition delay 𝜏𝜏2 in the NTC regime or 𝜏𝜏ℎ in the higher temperature regime, depending 

on the instantaneous thermodynamic states for the non-reactive adiabatic compression-

expansion beyond the appearance of the cool flame. It should also be noted that 𝑇𝑇′ and  𝑃𝑃′ 

represent the initial thermodynamic states for 𝜏𝜏2 or 𝜏𝜏ℎ . Specifically, for the case of 𝜏𝜏′ 

= 𝜏𝜏2, 𝑇𝑇′ and  𝑃𝑃′ represent the state with the effect of heat release from the cool flame at 

the end of the first-stage ignition delay. We shall also present the prediction of cool flame 

temperature increment during HCCI process in the next Section, which is essential to 

making this method completely predictive. 

For the first-stage integral shown in Eq. (2), it is generally considered that the integral is 

insensitive to the starting time since the contribution to the integral by the initial 

chemically inactive states is negligible due to the corresponding long delay times. For the 

second-stage integral shown in Eq. (3), the integral starts from the predicted 𝑡𝑡1 using Eq. 

(2).  

In the following, it is seen that this staged L-W integral method is able to predict the two-
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stage ignition phenomena in processes such as the HCCI engine in Section 3. 

3. Performance Evaluation under HCCI Engine Conditions 

In this section, the viability of the staged L-W integral method in predicting the two-stage 

auto-ignition is evaluated based on its performance in an HCCI engine fueled with either 

n-heptane or DME.  

The engine geometry considered is similar to that of Ref. [15]: an HCCI engine with a 30 

cm3 combustion chamber and a crank-rod ratio of 3. Two different compression ratios 

(CR) are used here (CR 18 for n-heptane and CR 16 for DME). Furthermore, the intake 

pressure (Pin) is chosen to be one atmosphere, similar to the case of naturally aspirated 

engines, and the intake temperature (Tin) and equivalence ratio f vary in a range of values 

to further represent different operation conditions. In addition, two different engine 

speeds (𝑙𝑙) are selected, 1000 r/min and 3000 r/min, identified from typical operation 

conditions of HCCI engines. Detailed information of the engine tests are given in Table 3. 

Taking the similar engine operation conditions as in [15], with a time step for the integral 

reduced to 1.0E-6, equivalent to 0.006 CAD at an engine speed of 1000 r/min and 0.018 

CAD at engine speed of 3000 r/min, to further eliminate the effect from time step on the 

numerical evaluation of the integral. The ICEN code [16] was adopted to simulate the 

combustion process of the engine. The same set of ignition database and parameters is 

utilized for both engine speeds. 
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Table 3 Engine operation conditions for current simulation 

Fuel CR Tin (K) n (r/min) f 

n-heptane 18 300~400 1000, 3000 0.4~1.2 

DME 16 300~400 1000, 3000 0.6~1.2 

 

Figure 8 shows calculated results of the first-stage ignition delay for n-heptane at 

different engine speeds using direct engine simulation with detailed kinetic model and the 

staged L-W integral. It is seen that the match is very close, indicating the predictive 

capability of the staged integral method at this engine speed. The extent of agreement, 

however, is slightly off at the higher engine speed of 3000 r/min, with an under-

prediction of less than 2% for the shorter ignition delays. As mentioned earlier, this is 

caused by the inaccuracy of the present model for very small values of 𝜏𝜏1,  which exerts 

stronger influence at higher engine speeds. Specifically, as engine speed increases, 

ignition delay decreases, eventually to the regime where the current model diverges from 

the detailed kinetics, causing an overestimation for the integral and therefore an under-

prediction of the first-stage ignition delay. However, the discrepancy in delay time is 

actually within the acceptable range for most practical applications.  



22 

 

0.0070 0.0072 0.0074 0.0076 0.0078 0.0080 0.0082
0.0070

0.0072

0.0074

0.0076

0.0078

0.0080

0.0082

 

 
L-

W
 in

te
gr

al
 o

f τ
1(s

)

ICEN simulation of τ1 with detailed kinetics (s)

 

 

n=3000 r/min

0.020 0.021 0.022 0.023 0.024 0.025
0.020

0.021

0.022

0.023

0.024

0.025

  

 

n=1000 r/min

 

Fig. 8 Results of first-stage ignition delay for n-heptane at engine speed of 1000 r/min 

and 3000 r/min, with line denoting references for ideal prediction and symbol denoting 

calculations. 

We next note that the predictability of the staged integral for the second-stage ignition 

delay depends critically on the accurate prediction of the first-stage ignition delay as well 

as the cool flame temperature rise ∆𝑇𝑇  in the engine process, since they provide the 

starting time and thermodynamic state for the integration of Eq. (2), respectively. As 

temperature varies considerably at the instant of ignition, it is essential to choose a well-

defined state to evaluate the cool flame temperature rise both for calculation and 

prediction. To clearly illustrate the methodology, Fig. 9 shows the temperature histories 

of case A with non-reactive adiabatic compression-expansion and case B of engine 

combustion calculation with detailed kinetics. For the detailed calculation of cool flame 
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temperature increment, we choose the inflection point with the minimum temperature 

increasing rate at the end of cool flame event as the reference state, where the calculated 

∆𝑇𝑇 based on detailed kinetic model is obtained from the difference between cases A and 

B at the inflection point. On the other hand, the predicted cool flame temperature 

increment ∆𝑇𝑇  is obtained by substituting the pressure and temperature of case A 

corresponding to the predicted 𝜏𝜏1 into the empirical model for ∆𝑇𝑇 in Table 1. The small 

deviations between the calculated ∆𝑇𝑇  and the predicted ∆𝑇𝑇  as shown in Fig. 10 

demonstrate the good predictability of empirical model for cool flame temperature rise, 

for n-heptane at different engine speeds. The capability of predicting the cool flame 

temperature rise renders the current method completely predictive as compared to the 

options suggested in [15], and the good agreement facilitates the prediction of second-

stage ignition delay with Eq. (3). 
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Fig. 9 The schematic of predicted and calculated cool flame temperature rise, where the 

predicted ∆𝑇𝑇 is obtained using global expression based on the pressure and temperature 

corresponding to the predicted 𝜏𝜏1for the non-reactive adiabatic compression ignition case 

A, and the calculated ∆𝑇𝑇 is evaluated at the inflection point from detailed calculations. 
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Fig. 10 Results of cool flame temperature rise for n-heptane at engine speed of 1000 

r/min and 3000 r/min, with line denoting references for ideal prediction and symbol 

denoting the staged L-W prediction. 

Comparison of the second stage ignition delay is shown in Fig. 11, which shows that the 

good predictability of the current staged L-W integral method for the second stage 

ignition delay. It should be noted that the current prediction is still quite conservative, 

since the errors in the prediction of first-stage delay and cool flame temperature under 

engine conditions further propagate into the predicted second-stage delay.   
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Fig. 11 Results of second-stage ignition delay for n-heptane at engine speed of 1000 

r/min and 3000 r/min, with line denoting references for ideal prediction and symbol 

denoting the staged L-W prediction. 

To further show the detailed prediction, individual simulation results at different initial 

temperatures are presented at engine speed of 3000 r/min, leading to different combustion 

phasing relative to Top Dead Center (TDC), as shown in Fig. 12. As can be seen, both 

first-stage and overall ignition delays are well predicted by the staged integral method 

regardless as whether auto-ignition occurs before or after the TDC. For the high initial 

temperature case shown in Fig. 12 (Tin = 390 K), the corresponding cool flame 

temperature rise is lower compared to the cases of Tin = 310 and 340 K. However, it is 

seen from Fig.10 that the current empirical model over-predicts the cool flame 

temperature rise a little when the practical cool flame temperature rise is relatively low. 
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In the NTC regime, it is clear that ignition delay 𝜏𝜏2 will become longer when temperature 

increases, consequently leading to under-predicted second integral and therefore an over-

prediction of ignition timing by about 3 CA, indicating the inherent consistency of the 

current method.  
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Fig. 12 Instantaneous evolutions of temperature and staged L-W integration for n-heptane 

at engine speed of 3000 r/min and equivalence ratio of 0.8. 

Finally, we have conducted a similar investigation for DME, with similar models of the 

ignition database quantities and the corresponding parameter range listed in Table 4 and 5, 

as well as equally satisfactory agreement, as shown in Fig. 13.  
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Table 4 Coefficients of the empirical models for DME  

Formula [P(atm), T(K)] 𝑙𝑙𝑙𝑙(𝐴𝐴) 𝛽𝛽 𝛾𝛾 𝑇𝑇𝑎𝑎(K) 

τ1=APβexp(Ta/T) 

∆T=APβϕγ(Tceil-T) 

τ2=A(P+∆P)βϕγexp( Ta (T+∆T)⁄ ) 

τh=APβϕγexp(Ta/T) 

−24.00 

1.81 

−24.91 

−9.56 

−0.1 

0.07 

−0.41 

−0.89 

− 

0.23 

−0.11 

−0.63 

13820 

− 

22812 

16293 

 

Table 5 Pressure and temperature range for empirical models for DME 

P (atm) & T (K) 𝜏𝜏1 𝜏𝜏2 𝜏𝜏ℎ 
P 𝑇𝑇𝑙𝑙𝑙𝑙𝑙𝑙 𝑇𝑇𝑢𝑢𝑢𝑢 𝑇𝑇𝑙𝑙𝑙𝑙𝑙𝑙 𝑇𝑇𝑢𝑢𝑢𝑢 𝑇𝑇𝑙𝑙𝑙𝑙𝑙𝑙 𝑇𝑇𝑢𝑢𝑢𝑢 

1 560 720 620 820 880 1400 

5 560 800 660 880 940 1400 

10 560 820 700 920 980 1400 

20 560 840 740 940 1000 1400 

30 560 880 760 960 1020 1400 

40 560 900 780 980 1040 1400 
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(b) 

Fig. 13 Results of first-stage (a) and second-stage (b) ignition delay for DME at engine 

speed of 1000 r/min and 3000 r/min, with line denoting references for ideal prediction 

and symbol denoting the staged L-W prediction.  

 

4. Conclusions  

In this study, a predictive staged Livengood-Wu integral correlation was applied to fuels 

characterized by two-stage auto-ignition, achieving satisfactory prediction for typical 

engine processes. To efficiently obtain the ignition delays for various conditions from 

detailed kinetics, we have developed global expressions based on current understanding 

on the detailed and global chemical kinetics controlling NTC, to satisfactorily describe 

the characteristics of the two-stage ignition phenomena and reduce computational cost. 

Furthermore, a staged L-W integral method is used to predict ignition delays of both 

stages for both n-heptane and DME. Particularly, for the main ignition event prediction, 

the cool flame temperature rise at the end of first-stage ignition has been predicted 

accurately, which in turn makes staged L-W integral method predictable and effectively 

enhances its performance. It is seen that regardless of the combustion phase, the current 

method is able to capture the entire ignition event.  

From these extensive comparisons, it could be seen that there are three major 

characteristics of the current method compared with existing ones: first, the current 

model is very simple and completely predictive for both of the two ignition stages; 

second, new correlation has been developed to correlate the engine cool flame state; third, 
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the current work presents physics-based empirical kinetic models for the ignition of fuels 

with NTC, based on the insights from recent kinetic studies. The predictability of the 

current method allows it to be useful in a homogeneous reciprocating engine or the end-

gas auto-ignition in a spark-ignition engine. As long as the fuel ignition model and the 

trace of pressure/temperature of the hot spot could be obtained, the first and second 

integrals, and the cool flame temperature could be evaluated.  

We nevertheless note that there have been extensive efforts in the development of 

surrogate models to mimic the property of practical fuels, and the utilization of 

oxygenated biofuel as alternative fuels in engines. In addition, the practical engine 

combustion process involves the mature technique of exhaust gas recirculation (EGR), 

which is another important parameter with dilution, thermal and chemical effects on the 

autoignition process. The application of the current approach in engine environment with 

practical fuels and EGR certainly merits further study. 
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Appendix – Role of Reaction Order in the L-W Integral  

In spite of the apparent success of the L-W correlation, the authors themselves recognized 

that the experimental success of the correlation for some fuels under the conditions tested 

is not a definitive and comprehensive proof of the validity of the assumptions underlying 

the approach [3]. A major assumption of the L-W correlation is the zeroth-order global 

reaction during a constant state autoignition. Indeed, recognizing the prevalence of the 

elementary reactions involving chain initiation, branching, propagation and termination 

that constitute the complex reaction networks describing the oxidation of hydrocarbon 

fuels, that the reaction orders of most of these reactions are not zero, and that the 

termination reactions are actually inhibiting instead of promoting the ignition runaway, it 

is physically unrealistic to expect that the global progress of the ignition delay is 

independent of the reactant concentrations and remains constant during ignition. In 

particular, recent high-fidelity shock tube measurements [27] for the auto-ignition of 

alkanes and simple oxygenates under high-temperature conditions showed that the global 

reaction order is generally not zero. To understand the reason why the L-W integral has 

predicted well the occurrence of auto-ignition in many systems, it is necessary to revisit 

the restrictive assumption on the reaction order. 

Since the L-W method relies on the ignition delay under constant state as an indicator of 

reactivity, we shall first derive the instantaneous reaction rate and its correlation to the 

ignition delay time for auto-ignition in a homogeneous and adiabatic system at constant 
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thermodynamic state, with a general reaction order for the critical chain carrier. 

Specifically, The net reaction rate, 𝜔𝜔, of a chain carrier undergoing an n-th order (𝑙𝑙 ≥ 0) 

reaction can be expressed as,  

�

𝑑𝑑𝑐𝑐
𝑑𝑑𝑡𝑡

=  𝜔𝜔 = 𝑘𝑘𝑐𝑐𝑐𝑐

𝑡𝑡 = 0, 𝑐𝑐 = 𝑐𝑐0

           (𝐴𝐴1) 

where 𝑘𝑘 is the reaction rate constant, normally denoted as 𝐴𝐴𝑇𝑇𝑏𝑏𝑒𝑒𝑒𝑒𝑢𝑢(−𝐸𝐸𝑎𝑎/𝑅𝑅𝑇𝑇) [31] and 

can be considered as a constant during constant-state auto-ignition. Integrating (A1) and 

designating the state of the critical concentration by (𝑡𝑡 = 𝑡𝑡∗ ≡ 𝜏𝜏, 𝑐𝑐 = 𝑐𝑐∗), we obtain the 

instantaneous concentration c  and the correlation of k with 𝜏𝜏 and 𝑐𝑐∗: 

𝑐𝑐 = �
[𝑐𝑐0(1−𝑐𝑐) + (1 − 𝑙𝑙)𝑘𝑘𝑡𝑡]

1
1−𝑛𝑛  ( 𝑙𝑙 ≠ 1)

𝑐𝑐0𝑒𝑒𝑘𝑘𝑡𝑡 (𝑙𝑙 = 1)
   ,  𝑘𝑘 =

⎩
⎪
⎨

⎪
⎧1
𝜏𝜏
𝑐𝑐∗(1−𝑛𝑛)−𝑐𝑐0(1−𝑛𝑛)

1−𝑐𝑐
  ( 𝑙𝑙 ≠ 1)

1
𝜏𝜏
𝑙𝑙𝑙𝑙 𝑐𝑐∗

𝑐𝑐0
  (𝑙𝑙 = 1)

     (A2) 

with the normalized chain carrier accumulation rate during the constant state auto-

ignition rewritten as a function of 𝜏𝜏 and 𝑐𝑐∗: 

𝑑𝑑𝑐𝑐/𝑐𝑐∗

𝑑𝑑𝑡𝑡
=

⎩
⎪
⎨

⎪
⎧1
𝜏𝜏
𝑐𝑐∗(1−𝑐𝑐) − 𝑐𝑐0(1−𝑐𝑐)

1 − 𝑙𝑙
1
𝑐𝑐∗

{𝑐𝑐0(1−𝑐𝑐) + [𝑐𝑐∗(1−𝑐𝑐) − 𝑐𝑐0(1−𝑐𝑐)]
𝑡𝑡
𝜏𝜏

}
𝑐𝑐

1−𝑐𝑐  ( 𝑙𝑙 ≠ 1)

1
𝜏𝜏
𝑙𝑙𝑙𝑙
𝑐𝑐∗

𝑐𝑐0
𝑐𝑐0
𝑐𝑐∗

(
𝑐𝑐∗

𝑐𝑐0
)
𝑡𝑡
𝜏𝜏   (𝑙𝑙 = 1)

   (𝐴𝐴3) 

Although the reformulation is quite straightforward, the insight here is that the reaction 

rate is generally not a constant during ignition and that it can be correlated to the key 

parameter, ignition delay 𝜏𝜏.  
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For a zeroth-order reaction where n = 0, we have 

𝑐𝑐 = 𝑘𝑘𝑡𝑡 + 𝑐𝑐0,𝑘𝑘 =
𝑐𝑐∗ − 𝑐𝑐0
𝜏𝜏

  ≈  
𝑐𝑐∗

𝜏𝜏
        (𝐴𝐴4) 

𝑑𝑑𝑐𝑐/𝑐𝑐∗

𝑑𝑑𝑡𝑡
=  

𝑘𝑘
𝑐𝑐∗

 ≈  
1
𝜏𝜏

                  (𝐴𝐴5) 

by assuming, realistically,  𝑐𝑐∗ ≫ 𝑐𝑐0.  Consequently, for a zeroth-order global reaction 

under constant state conditions, the instantaneous reaction rate during ignition is a 

constant and can be exactly expressed by the inverse of the ignition delay as Eq. (A5). 

Integrating Eq. (A5) for a process with variable thermodynamic conditions then yields the 

exact form of the L-W integral, Eq. (1), where 𝜏𝜏 varies with the instantaneous P and T in 

the process. 

On the other hand, for cases with arbitrary non-zero reaction orders, the normalized 

reaction rate for the chain carrier would vary with time, even for constant k, as shown in 

Eq. (A3). However, if we evaluate the average reaction rate of the chain carriers during 

the ignition process from t=0 to t= 𝜏𝜏, by using Eq. (A3), we obtain 

𝑑𝑑𝑐𝑐/𝑐𝑐∗

𝑑𝑑𝑡𝑡
��������

=
1
𝜏𝜏
�

𝑑𝑑𝑐𝑐/𝑐𝑐∗

𝑑𝑑𝑡𝑡

𝜏𝜏

0
𝑑𝑑𝑡𝑡 =

1
𝜏𝜏
�1 −

𝑐𝑐0
𝑐𝑐∗
� ≈  

1
𝜏𝜏

         (𝐴𝐴6) 

We have therefore demonstrated that the average normalized reaction rate during 

constant-state auto-ignition is exactly the inverse of 𝜏𝜏, and it holds for arbitrary reaction 

order n. Integrating Eq. (A6) in an engine process then leads to the L-W integral, Eq. (1), 

where the inverse of 𝜏𝜏 denotes the average normalized reaction rate corresponding to the 

instantaneous thermodynamic state T(t) and P(t) of each interval. 
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The above analysis therefore demonstrates the applicability of the L-W integration 

procedure in realistic combustion systems with general reaction orders, but interpreted 

and evaluated on an averaged basis, with T(t) and P(t) being imposed values.  
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