
J. Chem. Phys. 137, 094109 (2012); https://doi.org/10.1063/1.4743954 137, 094109

© 2012 American Institute of Physics.

Exploiting time-independent Hamiltonian
structure as controls for manipulating
quantum dynamics
Cite as: J. Chem. Phys. 137, 094109 (2012); https://doi.org/10.1063/1.4743954
Submitted: 12 January 2012 . Accepted: 25 July 2012 . Published Online: 06 September 2012

Vincent Beltrani, and Herschel Rabitz

ARTICLES YOU MAY BE INTERESTED IN

Attaining persistent field-free control of open and closed quantum systems
The Journal of Chemical Physics 134, 124110 (2011); https://doi.org/10.1063/1.3569797

http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/www.aip.org/pt/adcenter/pdfcover_test/L-37/1858055942/x01/AIP-PT/MB_JCPArticleDL_WP_0818/large-banner.jpg/434f71374e315a556e61414141774c75?x
https://doi.org/10.1063/1.4743954
https://doi.org/10.1063/1.4743954
https://aip.scitation.org/author/Beltrani%2C+Vincent
https://aip.scitation.org/author/Rabitz%2C+Herschel
https://doi.org/10.1063/1.4743954
https://aip.scitation.org/action/showCitFormats?type=show&doi=10.1063/1.4743954
https://aip.scitation.org/doi/abs/10.1063/1.3569797
https://doi.org/10.1063/1.3569797


THE JOURNAL OF CHEMICAL PHYSICS 137, 094109 (2012)

Exploiting time-independent Hamiltonian structure as controls
for manipulating quantum dynamics

Vincent Beltrani and Herschel Rabitza)

Department of Chemistry, Princeton University, Princeton, New Jersey 08544, USA

(Received 12 January 2012; accepted 25 July 2012; published online 6 September 2012)

The opportunities offered by utilizing time-independent Hamiltonian structure as controls are ex-
plored for manipulating quantum dynamics. Two scenarios are investigated using different mani-
festations of Hamiltonian structure to illustrate the generality of the concept. In scenario I, opti-
mally shaped electrostatic potentials are generated to flexibly control electron scattering in a two-
dimensional subsurface plane of a semiconductor. A simulation is performed showing the utility
of optimally setting the individual voltages applied to a multi-pixel surface gate array in order to
produce a spatially inhomogeneous potential within the subsurface scattering plane. The coherent
constructive and destructive electron wave interferences are manipulated by optimally adjusting the
potential shapes to alter the scattering patterns. In scenario II, molecular vibrational wave packets are
controlled by means of optimally selecting the Hamiltonian structure in cooperation with an applied
field. As an illustration of the concept, a collection (i.e., a level set) of dipole functions is identified
where each member serves with the same applied electric field to produce the desired final transi-
tion probability. The level set algorithm additionally found Hamiltonian structure controls exhibiting
desirable physical properties. The prospects of utilizing the applied field and Hamiltonian structure
simultaneously as controls is also explored. The control scenarios I and II indicate the gains offered
by algorithmically guided molecular or material discovery for manipulating quantum dynamics phe-
nomenon. © 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4743954]

I. INTRODUCTION

Quantum control experiments often seek to find a field
ε(t) that drives the dynamics of a system toward some de-
sired chemical or physical response. This paradigm has been
used extensively to accomplish many objectives, including
selective bond breaking,1 selective excitation of very simi-
lar species,2 and ultrafast switching in semiconductors.3 In
the latter circumstances, the physical system remains fixed
while searching for an effective optimal field. However, the
chemical or material composition of a sample can also be ex-
ploited as controls. From this perspective, the goal of prop-
erty optimization in chemistry can be viewed in a control
context.4 For example, the search for an optimal catalyst
for a particular reaction can be expressed as a control prob-
lem in which the chemical composition acts as Hamilto-
nian structure controls.6 In this fashion, Hamiltonian struc-
ture controls may be optimized by drawing on the chemi-
cal or material “stockroom.” In an even more general frame-
work, the entire Hamiltonian, including both time-dependent
fields and Hamiltonian structure elements, can serve as con-
trols; utilizing the entire Hamiltonian can overcome con-
straints present in either the applied field, the Hamiltonian
structure, or both to possibly enable new and demanding
applications.

The variables that characterize the Hamiltonian struc-
ture depend on the particular application. In simulations,
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the Hamiltonian structure control variables may be chosen
for computational convenience (e.g., a potential represented
by its coupling matrix elements or as a function in coordi-
nate space). Such variables will generally be surrogates for
the available structure controls in the laboratory, which may
include chemical moieties reflecting the composition of a
molecule or material, etc. The laboratory scenarios are of-
ten beyond the realm of reliable computer simulation for
design purposes, thereby likely calling for adaptive closed-
loop guided discovery analogous to the commonly employed
procedure to find shaped electric fields.7 Nevertheless, the-
oretical analysis can provide an understanding of the gen-
eral opportunities enabled by Hamiltonian structure controls.
This knowledge could provide insights into how to best uti-
lize optimal materials or chemical structures, possibly cou-
pled with shaped fields to meet demanding electro-optic
applications.

The prospects for utilizing Hamiltonian structure con-
trols are extremely rich, yet mostly unexplored. In order to
illustrate the flexibility afforded by these controls, two dis-
tinct scenarios are introduced that employ different manifesta-
tions of Hamiltonian structure. In scenario I, the Hamiltonian
structure controls are electrostatically generated spatially in-
homogeneous potentials employed to direct two-dimensional
electron scattering patterns in a semiconductor. In scenario II,
the Hamiltonian structure controls are field-coupling poten-
tials (e.g., a molecular dipole function) used in conjunction
with an applied field to drive molecular wave packets into a
desired final state. As an introduction, an overview of the two
scenarios is given below.
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A. Scenario I: Control of electron scattering in
semiconductors with tailored multi-pixel static fields

The feasibility of using optimally shaped electrostatically
generated potentials to control electron scattering in a semi-
conductor heterostructure is investigated. This study is mo-
tivated by the increasing ability to fabricate semiconductor
structures with desired properties (e.g., band gaps, mobilities
of charge carriers, etc.),8–11 as well as many applications, in-
cluding the possibility to usher in electronic devices governed
by uniquely quantum-mechanical effects.12, 13 For example,
shaped potentials can be used to encode (and decode) infor-
mation by filtering the Fourier components of the electron’s
wave function, or by imparting a particular wave function pat-
tern, thus allowing for an information transfer capability.14

Operating in the ballistic regime, where electron phase
coherence can be maintained over relatively long distances,
is an attractive domain for utilizing shaped potentials as con-
trols. One possible physical realization is a two-dimensional
electron gas (2DEG) formed at the heterojunction between
semiconductor materials. A testbed for the control concept is
shown in Fig. 1(a). A multi-pixel gate array is affixed to a
semiconductor surface and is connected to a variable voltage
regulator, where each pixel can be independently addressed to
produce a flexible inhomogeneous shaped potential within the
subsurface scattering layer. The multi-pixel gate array would
function in an analogous manner to a spatial light modulator
commonly employed to shape laser pulses in quantum con-
trol experiments.15 The fabrication of a high density gate ar-
ray with nanoscale features is a significant challenge, but it is
already possible to create nanodots.16 Systems that provide a
2DEG with ballistic carriers include two-dimensional materi-
als such as graphene;17 considerations regarding construction
of the “device” in Fig. 1(a) are beyond the scope of this paper
where the degree of scattering control will be explored with
various types of gate arrays.

B. Scenario II: Molecular wave packet control by
means of tailored Hamiltonian structures in tandem
with temporal fields

The manipulation of wave packets is explored in a ma-
terial/molecular system using Hamiltonian structure control
in tandem with a fixed form applied electric field. This in-
vestigation is motivated by advances in automated molecular
and material discovery, especially with high-throughput syn-
thesis and screening techniques where a large set of candi-
date samples may be tested to find one that yields optimal
performance.5, 18 In a more general setting, the entire Hamil-
tonian, including the electric field and the Hamiltonian struc-
ture, may be manipulated in a synergistic fashion to accom-
plish control. In this case, it is envisioned that automated
discovery and synthesis techniques would be coupled to adap-
tive pulse shaping technology to simultaneously discover op-
timal electric fields and Hamiltonian structures.

A sketch of Hamiltonian structure controls working to-
gether with an applied field is shown in Fig. 1(b). The
molecule or material (shown in the figure as a generic
molecule) is described by a Hamiltonian structure that is char-

FIG. 1. (a) Schematic of a possible testbed to study the control of electron
wave packet scattering in a semiconductor heterostructure. A multi-pixel sur-
face gate array must be created that can be rapidly addressed by a computer
to produce a static potential with the desired shape within the scattering layer.
Here, an array of metal surface dots is shown that may be individually con-
nected via nanowires to a variable voltage regulator. This arrangement is anal-
ogous to the pixels of spatial light modulators used to shape laser pulses. In
Sec. II, the resultant optimal electrostatic potentials are discovered using an
adaptive closed-loop learning procedure (cf., Fig. 3) in which the potential
is shaped to optimally manipulate electron scattering patterns. The pixel size
and spacing need to be sufficiently small to resolve all relevant electron scat-
tering features. (b) Schematic of an electric field ε0(t) of some fixed form in-
teracting with a molecule/material (indicated by an arbitrary molecule in the
figure) to explore the feasibility of using Hamiltonian structures (e.g., dipole
functions) to manipulate wave packet behavior. The interaction of the elec-
tric field ε0(t) with a molecule/material is through the dipole function μ(�x),
where �x describes one or more internuclear coordinates. In practice, chang-
ing the Hamiltonian structure would entail, for example, substituting atoms
or different functional groups on a molecular scaffold or varying the compo-
sition of a material. As a result, the field-free and field-coupling portion of the
Hamiltonian would change simultaneously. As an illustration here, the field
and red (blue) dipole moment function act together to produce the series of
transitions indicated by the red (blue) arrows. Either red or blue dipole func-
tions act with ε0(t) to achieve the same final transition probability, thus they
belong to the same level set, even though the associated dynamical mecha-
nisms differ (i.e., they exploit a different series of transitions). Level sets of
dipole functions as controls are explored in Sec. III.



094109-3 V. Beltrani and H. Rabitz J. Chem. Phys. 137, 094109 (2012)

acterized by field-free variables (e.g., masses, potential func-
tion, etc.), as well as any field coupling operators, shown here
as the dipole moment function μ(�x), where �x describes some
appropriate set of intranuclear coordinates. This perspective
considers that Hamiltonian structures can be selected from a
“stockroom” exhibiting graded chemical and physical proper-
ties, which would be more accessible through the flexibility
available with polyatomic molecules or multi-component ma-
terials. In the laboratory, any implementation of an optimal
material/molecular discovery process, especially one coupled
to a pulse shaping component, will likely be accomplished
using a closed-loop procedure.15 Thus, the goal of the present
theoretical investigation is to explore some basic features of
operating with the Hamiltonian structure acting as controls.

As introduced above, this work considers two qualita-
tively different scenarios I and II, aiming to explore the
prospects of utilizing Hamiltonian structure controls. The dis-
tinct scenarios illustrate the generality of the concept offered
by Hamiltonian structure controls. A variety of algorithms
could be used to search for optimal Hamiltonian structure
controls, and scenarios I and II employ different algorithms to
illustrate this point. The remainder of this paper is organized
as follows: Sec. II considers scenario I on electrostatically
produced inhomogeneous potentials to manipulate electron
scattering patterns. Section III investigates scenario II on the
control of wave packet dynamics in a molecule/material in the
presence of a fixed electric field by accessing a “stockroom”
of Hamiltonian structures. Section IV extends the study in
Sec. III to consider the added flexibility of shaping the applied
electric field as well as the Hamiltonian structure. Section V
presents concluding remarks.

II. SCENARIO I: OPTIMAL ELECTROSTATIC
POTENTIALS TO CONTROL ELECTRON SCATTERING
PATTERNS IN SEMICONDUCTORS

Coherent transport through a semiconductor heterostruc-
ture is feasible when operating at sufficiently low tempera-
tures and low electron energies.19 For example, in the 2DEG
formed at the interface between GaAs and AlxGa1-xAs, a
phase coherence length of ∼10 μm has been attained for
electron injection energies on the order of ∼ meV.20 Due
to the coherent nature of the electron phase in this regime,
quantum-mechanical constructive and destructive wave inter-
ference effects may be observed.21 The interference can be
manipulated by potentials created in the subsurface scatter-
ing layer of the heterostructure. For example, the traversal
time of electron wave packets traveling through a two-
dimensional heterostructure can be manipulated by adjust-
ing the potential barrier height.22 Present methods can only
produce potentials with very simple shapes, however ad-
vances in the fabrication and characterization of semicon-
ductor structures show promise for creating flexibly tailored
subsurface potentials with desired forms23, 24 opening up the
possibility to control the full dynamic evolution of quantum
electron transport. Considering future semiconductor devices,
including enhanced characterization techniques25 as well as
adjustable gate voltage-dependent surface potentials,26, 27 here
we explore the ability of optimally shaped potentials to di-

FIG. 2. A schematic of a testbed to investigate the feasibility of control-
ling electron scattering patterns using shaped electrostatic potentials (see
Fig. 1(a)). The initial wave packet of probability density |ψ0(x, y)|2 moves
in the +x direction, with wave vector kx > 0, and scatters from the poten-
tial V (x, y). The wave packet probability distribution at later times |ψ(x, y,
t)|2 exhibits constructive and destructive interference and has components
distributed in a range of directions. The collector D with angular resolution
integrates the electron flux ĵ = (2/¯)Im[ψ∗∇ψ] over time as it crosses from
the interior scattering domain to the exterior into the detector. An example of
the subsurface potential V (x, y), shown magnified in inset (a), is produced
by applying different voltages to the pixels of the surface gate array (cf.,
Fig. 1(a)). The outcome of the scattering event (e.g., the flux collected over
angle θ ) can be used as a feedback to a learning algorithm to discover the op-
timal potential shape using closed-loop control techniques. The measurement
made at the detector boundary, D, is shown magnified in inset (b), where ĵ

is the flux and n̂ is a unit vector normal to the detector boundary. The flux
crossing the boundary is integrated over time and a polar plot such as (c) can
be produced showing the total flux as a function of the scattering angle θ . In
the simulations, R = 5 μm, kx = 72 × 106 m−1.

rect the dynamic evolution of electron wave packets toward
predetermined regions of the semiconductor heterostructure.
This study builds on previous work that designed electrostatic
potentials, motivated by analogous principles in optics,14 to
combine or disperse scattered electron wave packets.21 The
latter work considered limited potential forms with open loop
adjustment of strengths and shapes.

The sketch in Fig. 2 shows a testbed to assess the abil-
ity of shaped electrostatic potentials to manipulate electron
wave packet scattering patterns. Within the proposed configu-
ration, the initial wave packet, ψ0(x, y), moves to the right,
with wave vector kx > 0, toward the subsurface potential
V (x, y) lying in the scattering plane of the semiconductor.
In practice, some external action (i.e., likely introduced by a
laser pulse) must be taken to promote an electron from the va-
lence band to the conduction band.28 Thus, the precise form
of the initial wave packet (at t = 0) will depend on the prepa-
ration in the period t < 0. The initial wave packet preparation
may also be subject to adaptation (control) in the laboratory.
Here, we put aside the details of the electron’s promotion and
simply specify an initial wave packet at t = 0. A particular
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subsurface scattering potential is shown magnified in inset (a)
of Fig. 2 resulting from voltages applied to the multi-pixel
gate array (cf., Fig. 1(a)). The potential felt by an electron in
the subsurface scattering plane is determined by the distance
between the charged surface pixels, the dielectric constant
of the material, etc., resulting in a subsurface potential with
diffuse character. The particular incarnation of the gate ar-
ray would likely be determined by manufacturing constraints,
e.g., the semicircular array in Fig. 2 could be replaced by a
simpler arrangement likely at the expense of reduced scatter-
ing resolution and flexibility. In this regard, an overall goal
of the design in Fig. 1(a) is to have the capability to rapidly
switch from one scattering pattern to another through alter-
ation of the pixel voltages, thereby providing multi-purpose
utility in a single manufactured device.

The subsurface potential is described by a set of ad-
justable parameters that can be independently addressed by a
computer learning algorithm to control the spatial shape and
strength of the potential. In practice, the learning algorithm
would adjust the voltages applied to the multi-pixel array,
however, in this initial study, the algorithm shapes the subsur-
face potential directly. The electron wave packet evolves and
scatters from the potential to produce a diffuse wave packet,
illustrated as |ψ(x, y, t)|2 in Fig. 2. A circular detector, D,
surrounds the scattering potential at a distance R, and accu-
mulates the electron flux as it passes from the interior domain
into the detector. In practice, the resolution of the detector
is more important than its shape, which would likely be de-
termined by manufacturing constraints. Figure 2 (inset (b))
shows a portion of the wave packet as it passes the detector,
with the flux vector ĵ and vector n̂ normal to the detector indi-
cated. The flux collected (integrated) over time, as a function
of scattering angle θ , is shown in Fig. 2 (inset (c)).

The closed-loop learning procedure is schematically il-
lustrated in Fig. 3 with black and purple text. Figure 3 shows
that after the controls have been selected (here, the elec-
trostatic potential), adaptive learning is accomplished in a
closed-loop fashion by cycling from the evaluation of trial po-
tentials to the selection of the most successful candidates and
then to the creation of new trial potentials aiming to ultimately
identify an optimal electrostatic potential shape. A variety of
learning algorithms could be used to discover optimal con-
trols, with the options including evolutionary algorithms,29

neural networks,30 particle-swarms,31 etc. Here, we employ
an evolutionary algorithm.

Section II A describes the model for coherent electron
transport. Sections II B 1 and II B 2 show that a variety of
electron scattering patterns can readily be produced by suit-
ably shaped potentials. Given a sufficiently flexible potential
form, the closed-loop procedure should be able to discover
optimal potential shapes to meet challenging scattering ob-
jectives.

A. Model for coherent electron transport

We utilize the effective mass approximation, which is ap-
propriate for heterostructures with sharp boundaries between
layers, such as the GaAs/AlxGa1-xAs heterostructure.32 An
electron of effective mass meff = 0.067me is described by

FIG. 3. The closed-loop methodology to treat Hamiltonian structure and ap-
plied fields as controls. The lower boxed components indicate operations
common to a variety of control scenarios. The purple and green compo-
nents indicate stochastic and gradient-based strategies, respectively. The se-
lection of controls is the first step in either algorithm. In this work, the con-
trols are selected mainly from the Hamiltonian structure; in the most gen-
eral case, the field and Hamiltonian structure can be used as dual controls
(cf., Sec. IV). The control of electron scattering (cf., Figs. 1(a) and 2) used
a stochastic algorithm where excursions around the loop involve the selec-
tion of the most successful candidates for the generation of new trial poten-
tials through reproduction and mutation steps to ultimately find the optimal
electrostatic potential shape. The manipulation of molecular vibrational wave
packets (cf., Fig. 1(b)) used a gradient-based method where the controls are
advanced in the direction determined by the solution to the D-MORPH equa-
tions (cf., Sec. III).

the wave function ψ(x, y, t) satisfying the time-dependent
Schrödinger equation,

i¯
∂ψ(x, y, t)

∂t
= [T̂ + V (x, y)]ψ(x, y, t),

ψ(x, y, 0) = φ(x, y),

(1)

where T̂ is the kinetic energy operator

T̂ = − ¯2

2meff

(
∂2

∂x2
+ ∂2

∂y2

)
, (2)

and V (x, y) is the tunable subsurface potential. In practice,
the electron would experience a distorted potential Ṽ (x, y)
arising from the image of the controlled voltage applied to the
multi-pixel gate array located some distance from the scatter-
ing plane. A host of physical effects can enter to influence
the scattering process. These include inhomogeneities in the
material and coupling to lattice phonon modes. Such defects
and resolution issues are not considered here. Closed-loop op-
timization in the laboratory would operate to best overcome
the impact of these influences.

The scattering occurs in the xy-plane over a domain rang-
ing from −10μm to 10μm in each direction. A spatial grid of
2048 × 2048 was used to represent the potential V (x, y) and
the wave function ψ(x, y, t). The adequacy of the spatial res-
olution was confirmed at the conclusion of each closed-loop
optimization by a final test on a finer grid of 4096 × 4096.
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The initial wave packet,

φ(x, y) = N exp{ikxx} exp

[
− (x − x0)2

2σ 2
x

− (y − y0)2

2σ 2
y

]
,

(3)
is centered at x0 = −4μm, y0 = 0, with width σ x = σ y

= 150 nm, and the wave vector kx = 72 × 106m−1 corre-
sponds to the packet moving in the +x direction. In Eq. (3), N
is the normalization constant. The initial wave packet has an
average kinetic energy 3.104 meV and de Broglie wave length
2π /kx = 86 nm.

The explicit form of the subsurface scattering potential,
V (x, y) in Eq. (1), is discussed in the particular examples. In
general, the qualitative action of the potential on the incoming
wave packet can be seen by expanding in Fourier components

φ(x, y) =
∫ ∞

−∞

∫ ∞

−∞
f (kx, ky)ei(kxx+kyy) dkx dky. (4)

From this perspective, the scattering potential can (a) act as
an energy “filter” by allowing through only certain specified
energy components and (b) alter the amplitude and phase of
each Fourier component. Taken together, properties (a) and
(b) allow the scattering potential to produce a wide variety of
wave packet structures.

The total electron flux that crosses the detector, D, at an
angle θ , between t = 0 to T = 30 ps, is expressed as

J (θ ) =
∫ T

0

�j (x, y, t) · n̂(x, y) dt, (5)

where n̂ is a unit vector normal to the detector boundary
(cf., Fig. 2(b)). The current is

�j (x, y, t) = (¯/m)Im[ψ∗(x, y, t) �∇ψ(x, y, t)], (6)

and x = R cos (θ ), y = R sin (θ ). In all the examples,
R = 5 μm. The time T = 30 ps was sufficient to carry the
wave packet beyond the region where V (x, y) had any signif-
icant magnitude and also adequately converge the flux. The
flux J (θ ) is integrated over a finite detector resolution of 	θ

= π /24

J (θ ′) =
∫ θ ′+	θ

θ ′−	θ

J (θ ) dθ. (7)

To perform the simulations, the propagation of Eq. (1) is per-
formed using a second order split-operator method (SOM)
combined with the Fast Fourier Transform technique, where

exp{−(i/¯)H	t} ≈ exp{−(i/2¯)V 	t} exp{−(i/¯)T 	t}
× exp{−(i/2¯)V 	t}, (8)

with 	t = 10 fs. The time step was selected to resolve the
fastest modulation in the wave function by testing conver-
gence of the propagation for successively smaller step sizes
down to 	t = 0.01 fs.

Although wave packet dynamics are utilized in the mod-
eling, the physical setup is actually time-independent. The in-
tegration over time in the detection of Eq. (5) removes the
temporal character. Timing of the evolving electron scattering
pattern would permit the introduction of temporal demands,
but we do not consider this extension. Thus, the scattering
could be reformulated here in a time-independent fashion.

Doing so would also show that the scattering objectives re-
quire the potential V (x, y) to function with a range of energies
revealed by the spatial Fourier transform of the initial packet
in Eq. (3).

B. Discovery of optimal potentials to manipulate
electron scattering patterns

The simulations presented in this section were chosen as
illustrations from many performed to indicate the nature of
control over scattering that may be achieved by adjusting the
subsurface potential V (x, y) in Eq. (1). The simulations pre-
sented in Sec. II B 1 consider a constrained multi-pixel gate
array that can only produce restricted potential forms, and
Sec. II B 2 considers a more flexible multi-pixel gate array.

1. A constrained multi-pixel gate array to control
electron scattering patterns

In this section, the subsurface potential V (x, y) is
expressed as

V (x, y) =
L∑


=1

V
(x, y), (9)

where

V
(x, y) = A
 exp

[
−

(
x − x


0

)2

2σ̃ 2
x

−
(
y − y


0

)2

2σ̃ 2
y

]
. (10)

In Eq. (10), the Gaussian “post” V
(x, y) is the image, ly-
ing in the scattering plane, of the voltage applied to the 
th
pixel of the surface gate array. The finite size of each sur-
face pixel is captured here by the diffuse nature of each post
through setting σ̃x = σ̃y = 150 nm in Eq. (10). The resultant
potential V (x, y) has spatial features on the order of the di-
mensions of the initial wave packet. The centers of the posts,
{x


0, y


0}
=1,...L, are arranged along three semicircular arcs

(cf., Fig. 2). The amplitudes, {A
}
 = 1, . . . L, are the control
variables optimized by the learning algorithm, and each am-
plitude can be set to one of the eight values {0.0, 0.8, 1.7, 2.6,
3.4, 4.3, 5.1, 6.0}. A discrete, rather than continuous, repre-
sentation was selected to reduce the dimensionality of the pa-
rameter search space. In practice, negative post values (with
respect to a reference ground potential) can also be introduced
as they will scatter the electron wave packet as well. How-
ever, in many simulations (not shown), using negative values
did not contribute significant additional flexibility beyond em-
ploying only positive values to meet the desired scatting pat-
terns. A total of L = 31 posts were used as arranged in the
sketch in Fig. 2. Within the learning algorithm, the potential
V (x, y) is represented by 31 three-bit binary strings.

During each iteration of the learning procedure (cf.,
Fig. 3), a population of sixty potential shapes are tested.
The ten potential shapes that achieve the highest value of
the scattering outcome relative to the particular posed ob-
jective are selected as the parents of the next generation.
The subsequent trial potentials (the offspring) inherit traits
of the more successful shapes through the reproduction stage
of the algorithm.29 To introduce variations into the sample
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FIG. 4. Controlled electron scattering from Sec. II B 1: The left column
shows the potential shape when (a) all the posts are set to 3.4 meV, and when
the shape is optimized to scatter the flux in the direction (b) θ = π /4 and (c)
θ = 3π /4. The xy-plane shown is −2 to 2μm in each direction, as in Fig.
3(a), and the ray θ = 0 corresponds to the line y = 0, x > 0. The optimization
over each of the 31 potential posts is performed with a learning algorithm
searching the amplitudes, where each can be set to any of eight discrete val-
ues ranging from 0 to 6 meV. The right column shows the collected flux (for
the corresponding potential in the left column) as a polar plot in terms of the
scattering angle θ .

pool, there is a 5% probability that an amplitude A
 mu-
tates to one of the other seven values. With L = 31 posts,
and each having eight possible amplitudes, there are a total
of ≈1027 possible overall potentials. Since the learning al-
gorithm samples 60 shapes per generation, and the optimal
shapes were nearly always discovered by the 100th genera-
tion, about 6000 total shapes were sampled per optimization
run. This small fractional sampling size is reminiscent of the
success of closed-loop learning procedures to control quan-
tum systems with time-dependent fields33 where the origin of
the efficiency has been linked to the attractive topology of the
optimal landscape topology.4, 6 Similar to other Hamiltonian
structure landscapes,7, 34 a reasonable expectation is that the
topology of the scattering landscape contains (level) sets of
potentials that produce the same scattering outcome.

To illustrate the effect of varying the subsurface potential
on the electron scattering patterns, Fig. 4 shows three differ-
ent potentials V (x, y) in the left-hand panel and the corre-
sponding fluxes, as a function of polar scattering angle θ , in
the right-hand panel. In Figs. 4(a)–4(c), the xy-plane is mag-
nified to show the range -2 to 2μm in each direction, as in
Fig. 2(a). Figures 4(a) and 4(d) show, respectively, the po-

tential when each post is set to 3.4 meV (i.e., no optimiza-
tion was performed) and the flux (in polar coordinates). To
demonstrate the capability of directional electron scattering
by shaped subsurface potentials, two separate optimizations
were performed: one case sought to optimize the forward scat-
tered electron flux at an angle θ = π /4, and the other case
aimed to optimize the backscattered electron flux at an angle
θ = 3π /4. Figures 4(b) and 4(c) show, respectively, the elec-
trostatic potential discovered by the algorithm for the goal of
directional scattering at θ = π /4 and θ = 3π /4, and Figs. 4(e)
and 4(f) reveal the corresponding flux. Figure 4(e) shows that
scattering toward θ = π /4 can be accomplished with minimal
flux occurring at other angles. The shape of the subsurface
potential in Fig. 4(b) does not have easily explained quanti-
tative features, although there is an evident “window” along
the target direction. Although Fig. 4(f) shows that the shaped
subsurface potential in Fig. 4(c) can direct scattering toward
θ = 3π /4, the potential shape is not flexible enough to cause
significant constructive interference toward this direction.

2. A more flexible multi-pixel gate array to control
demanding scattering patterns

In the previous simulations, the learning algorithm was
allowed to alter only the amplitudes of the posts in Eq. (10),
corresponding to adjustment of the voltages applied to each
member of the multi-pixel array. In this section, we permit
the multi-pixel array to produce more flexible subsurface po-
tentials. This freedom is investigated by allowing the posts
to additionally be stretched and rotated, representing a higher
degree of finesse of the potential shape.

To show what can be achieved with extended flexibility
in potential shape, we set the goal to scatter the wave packet
toward θ = π /2. As a reference to compare with, Fig. 5(a)
shows the prior restricted potential discovered by the learning
algorithm using the form in Eq. (10). The resultant flux shown
in Fig. 5(c) reveals minimal scattering at θ = π /2. Despite
optimizing the amplitudes of the posts, the restricted potential
shape makes it nearly impossible to achieve this task, similar
to the situation in Figs. 4(c) and 4(f) for the θ = 3π /4 target.
In order to investigate the added benefit of a more flexible
potential shape, each post was allowed to have the form

V ′

(x, y) = A
 exp

{ − β

x

(
x − x


0

)2 − 2β

xy

(
x − x


0

)(
y − y


0

)
−β


y

(
y − y


0

)2}
, (11)

where

β

x = cos2(γ 
)/

(
2α


xσ̃
2
x

) + sin2(γ 
)/
(
2α


yσ̃
2
y

)
, (12a)

β

xy = − sin(2γ 
)/

(
4α


xσ̃
2
x

) + sin(2γ 
)/
(
4α


yσ̃
2
y

)
, (12b)

β

y = sin2(γ 
)/

(
2α


xσ̃
2
x

) + cos2(γ 
)/
(
2α


yσ̃
2
y

)
. (12c)

In Eq. (11), {x

0, y



0} are the same as in Sec. II B 1 (i.e., the

posts are still centered around the semicircular arcs). How-
ever, the set of parameters defining each post V ′


(x, y) was
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FIG. 5. Controlled electron scattering from Sec. II B 2: Comparison of added
flexibility in potential shape to direct scattering toward θ = π /2. The axes
are the same as in Fig. 4. (a) The restricted potential shape and (c) the flux,
when the potential posts only have the freedom to vary the amplitudes (as
in Fig. 4). (b) The flexible potential shape and (d) the flux, when the posts
can additionally be rotated and stretched. The restricted form of the potential
shape in (a) makes it nearly impossible to direct the flux toward θ = π /2,
as shown in (c); however, the more flexible potential form in (b) can direct
nearly all the flux along θ = π /2 as shown in (d).

augmented to include, not only the positive amplitudes A
, but
also the scaling parameters 0.5 < α


x, α


y < 1.5, and γ 
 ∈ (0,

2π ). This choice of parameters, rather than {β

x, β



xy, β



y}, has

a clear physical interpretation with γ 
 specifying the orienta-
tion of the ellipsoidal posts’ principle axis and α


x, α


y scaling

the magnitude of the Gaussian widths σ̃x, σ̃y .
The added potential flexibility allowed the learning algo-

rithm to discover the potential in Fig. 5(b) that produced the
scattering results in Fig. 5(d). Figure 5(d) shows that the flexi-
ble subsurface potential shape resulted in significant scattered
flux toward θ = π /2, compared to the results of Fig. 5(c).
The optimal potential in Fig. 5(b) has a complex form reflec-
tive of the need to manage the scattering. Furthermore, with
the added freedom in Eq. (11), the closed-loop algorithm was
also able to discover a potential shape to direct nearly all the
flux toward θ = 3π /4, in contrast to what was attained in Figs.
4(c) and 4(f) (not shown).

The proposed multi-pixel gate array configuration repre-
sents a significant technological challenge to create. The illus-
trations above show that electrostatically produced inhomoge-
neous potentials meeting this challenge may very significantly
control electron scattering patterns.

III. SCENARIO II: HAMILTONIAN STRUCTURE AS
CONTROLS TO MANIPULATE MOLECULAR WAVE
PACKETS

We investigate the utility of Hamiltonian structure con-
trols in tandem with a fixed applied temporal field to drive

wave packets in materials/molecules toward a desired final
form. In the presence of an electric field, the Hamiltonian
structure variables that characterize a molecule/material in-
clude a field-free component (e.g., masses, potential func-
tions) and a field-coupling component (e.g., dipole moment
function). During a search over Hamiltonian structures (e.g.,
when considering complex molecules), both the field-free and
field-coupling components will change simultaneously as the
materials or molecules are sampled over. As an initial study, it
is natural to explore Hamiltonian structure control with a fixed
field, which is the analog of traditional external field control
with a fixed Hamiltonian structure. Section IV will consider
dual control utilizing Hamiltonian structure and a field.

In the laboratory, the search for a suitable Hamiltonian
would most likely be accomplished using a closed-loop learn-
ing procedure that is capable of overcoming the lack of
precise knowledge about the Hamiltonian each time a new
molecule/material is sampled. Studies with objectives rang-
ing from catalytic activity to luminescent properties demon-
strate that good, if not optimal, results often can be found
by screening a small portion of the search space guided by
machine learning algorithms (e.g., GA’s or neural networks)
[see Ref. 4 and references therein]. In this regard, a set of
molecules nominally presents a discrete library to search over
(e.g., a set of chemical moieties functionalized on a scaffold).
However, for large molecules, it is often the case that chang-
ing the identity of an atom or group leads to almost continu-
ous variation of the chemical property of interest. For exam-
ple, a molecular library was considered for its electron do-
nating ability, and this property was shown to vary smoothly
over the family of molecules.35 In another example, the dis-
tinct molecules, flavin mononucleotide (FMN) and riboflavin
(RBF), have only slightly different absorption and emission
spectra, and they were subject to laser control.2 Based on
many such examples, the smooth continuous variation of
chemical properties across similar molecules has been used
to construct a so-called substituent reordering algorithm for
organizing molecular libraries with control and optimization
in mind.36, 37 Moreover, when multi-component condensed
phase materials are considered, they generally have contin-
uous control variables (e.g., the fractional composition of the
material components). In practice, Hamiltonian structure vari-
ables can be drawn from either molecular, or material compo-
sition and with sufficient freedom in selecting and manipulat-
ing the controls, they can be considered as continuous.

The laboratory scenarios described above for finding op-
timal molecules or materials are generally beyond the capa-
bility of reliable computational design. Nevertheless, we can
illustrate the principles of Hamiltonian structure control by
working with the simple model

H (x, t) = H0(x) − μ(x)ε0(t), (13)

where x represents one degree of internuclear freedom, μ(x)
is the dipole moment function, H0(x) is the field-free Hamil-
tonian, and ε0(t) is the fixed applied electric field. Thus, in
the following study, the dipole moment function μ(x) will
be treated as a continuous control variable. The fundamental
principles of employing Hamiltonian structure controls can be
explored within this simple model. As an interpretation of this
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situation, the chemical species under control may be viewed
as a complex substance with one radiatively active degree of
freedom isolated from the rest of the vibrational modes (i.e.,
a complex molecule with limited intra-vibrational coupling to
the radiatively active mode).

We particularly focus on the study of level sets, or fami-
lies of dipole moment functions where each member can work
together with the same fixed field form to produce a consistent
physical objective value. The level set members correspond
to multiple solutions to the posed control objective. The ex-
istence of control level sets provides the flexibility to meet
other ancillary objectives including the prospect of achieving
control via distinct mechanisms. As a schematic, in Fig. 1(b),
the fixed field and red dipole moment function act together to
produce the series of transitions indicated by the red arrows,
whereas the same fixed field and blue dipole moment func-
tion act together to produce the series of transitions indicated
by the blue arrows. Since both red and blue controls achieve
the same final transition probability, they belong to a level set,
even though they manage the population transfer differently,
i.e., each dipole function exploits a distinct series of transi-
tions. Particular mechanisms may be more desirable than oth-
ers (e.g., one mechanism may be more robust to noise in the
field) and this capability could be exploited automatically in
the laboratory. The exploration of these dipole function level
sets will be facilitated, in the simulations, by the diffeomor-
phic modulation under observable response preserving homo-
topy (D-MORPH) method,34, 38, 39 which is adapted in Secs.
III A–III C to address the special needs of this application. As
shown in Fig. 3, the D-MORPH method is a gradient-based
closed-loop procedure.

The model for the laser driven oscillator is presented in
Sec. III A. The level set algorithm used to explore families of
dipole functions that achieve near perfect control is given in
Sec. III B, and the simulations are presented in Sec. III C.

A. The model oscillator

The time-dependent Schrödinger equation for the laser
driven Morse oscillator is

i¯
∂ψ(x, t)

∂t
= H (x, t)ψ(x, t), ψ(x, t = 0) = ψ0(x),

(14)
where H (x, t) = H0(x) + VI (x, t), and the field-free Hamil-
tonian has the form

H0(x) = (−¯2/2m)(∂2/∂x2) + V0(x), (15)

with potential

V0(x) = D {exp [−2ax] − 2 exp [−ax]} . (16)

The variable x is the bond displacement from equilibrium,
m is the reduced mass, D is the well depth, and a−1 spec-
ifies the potential range. The field-free Hamiltonian, H0(x),
admits d bound states and a continuum of dissociative states.
Here, the bound state eigenfunctions are denoted as φk(x), for
k = 0, . . . , d − 1. The interaction potential,

VI (x, t) = −μ(x)ε0(t), (17)

describes an electric field ε0(t) linearly polarized along the
molecular dipole function μ(x). The field is chosen to have
the fixed form

ε0(t) = exp{−σt (t − T/2)2}
∑

j

aj cos(ωj t + ηj ), (18)

where the amplitudes aj, frequencies ωj, and phases ηj are
specified in the illustrations. The population transfer between
the ith and fth bound eigenstates is

Pi→f =
∣∣∣∣
∫ ∞

−∞
φ∗

f (x)ψ(x, T ) dx

∣∣∣∣
2

, (19)

where the wave function ψ(x, t) satisfies Eq. (14) with the
initial condition ψ0(x) = φi(x), and T is the time at which
the population transfer is measured. The outcome, Pi → f in
Eq. (19), implicitly depends on the dipole function μ(x)
through ψ(x, t) being the solution to Eq. (14). Equation
(19) may also be viewed as describing the Pi → f control
landscape33, 40 considered as a functional of the Hamiltonian
structure, i.e., the dipole functional μ(x). Previous studies
have analyzed the Pi → f landscape for discrete Hamiltonian
structure controls that took the form of the time-independent
matrix elements of the Hamiltonian.7 Under physical assump-
tions, which are generally expected to hold in practice, this
analysis showed that the landscape does not contain any
“traps,” or suboptimal maxima, capable of halting a local my-
opic optimization algorithm (e.g., a gradient ascent).7 The
present study investigates a similar Pi → f landscape, but here
the Hamiltonian structure is the spatially defined function
μ(x). In Sec. III B, the D-MORPH method is introduced to
explore the landscape specified by Eq. (19).

B. Exploring Hamiltonian controls

Within D-MORPH, the Hamiltonian structure is param-
eterized by a morphing variable s that allows for smooth
changes from one Hamiltonian structure to the next, i.e., as
s is scanned, the Hamiltonian structure continuously morphs
from one structure to another. In the most general setting, the
entire Hamiltonian could be parameterized by the morphing
variable. To facilitate this consideration, let h = {H0(x), μ(x),
ε(t)} represent the Hamiltonian structure and applied field.
Characterizing the Hamiltonian by the morphing variable s
then entails considering h(s) = {H0(s, x), μ(s, x), ε(s, t)}.
This general framework allows for smoothly morphing from
one Hamiltonian to another, i.e., h(s) → h(s + ds), includ-
ing changes in the Hamiltonian structure and the field. In the
case of seeking to discover an optimal electric field ε(t), the
morphing parameter would be introduced into ε(t) → ε(s, t),
whereas H0(x) and μ(x) would be held fixed and independent
of s. This latter circumstance has been the traditional focus of
most quantum control applications. The converse perspective
of exploring Hamiltonian structure control fixes the applied
field, ε0(t), while H0(x) → H0(s, x) and μ(x) → μ(s, x) are
dependent on s to find their optimal forms. To illustrate the
basic features of Hamiltonian structure control, here we fo-
cus on considering only on the dipole moment μ(s, x) as a
function of s. Section IV will consider the more general case
of μ(x) and ε(t) serving as dual controls. The morphing vari-
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able s labels the form of μ(s, x) as a function of x while it
is scanned from s = 0 to smax. The dependence of μ upon s
leads to the wave function ψ(x, t) being implicitly dependent
on s, as well, in Eq. (14), and ultimately Pi → f ⇒ Pi → f(s) in
Eq. (19), i.e.,

Pi→f (s) =
∣∣∣∣
∫ ∞

−∞
φ∗

f (x)ψ(s, x, T ) dx

∣∣∣∣
2

. (20)

The eigenfunctions {φk(x)}k = 0, . . . , d − 1 do not depend on s
because they are defined with respect to the s-independent
operator H0(x); a simple generalization of the D-MORPH
method may include s-dependent eigenfunctions of the field-
free Hamiltonian, H0(s, x). Importantly, the variable s can la-
bel variations of μ(s, x) with a particular goal in mind while
searching over the family of dipole functions. Below, we will
use this flexibility in two distinct ways. In Sec. III B 1, s labels
the search from s = 0 to smax while climbing the landscape to
seek a single dipole function μ(smax, x) that produces Pi → f

≈ 0.99. In turn, in Sec. III B 2, s labels the search starting with
the latter optimal dipole function to investigate an entire level
set of dipole functions where each member produces Pi → f

≈ 0.99.

1. Climbing the transition probability landscape
using Hamiltonian structure controls

As explained above, the algorithm presented in Sec. III
B 2 aims to explore a level set of dipole functions by morph-
ing from one member to another. To initiate that algorithm,
a control residing on the level set first must be identified.
Since a randomly selected dipole function μ0(x) operating to-
gether with a fixed field ε0(t) and H0(x) will generally pro-
duce a small value for the outcome (i.e., Pi → f � 1.0 ), here
we present a D-MORPH procedure to ascend the landscape
seeking a single dipole moment function μclimb(x) that pro-
duces high transfer efficiency (working together with the fixed
H0(x) and ε0(t)). Consider the first derivative of Pi → f(s) with
respect to the morphing parameter s

dPi→f (s)

ds
=

∫ ∞

−∞

δPi→f (s)

δμ(s, x)

∂μ(s, x)

∂s
dx ≥ 0. (21)

The functional derivative δPi → f(s)/δμ(s, x) in Eq. (21) is de-
rived in Appendix. To ascend the landscape, it is necessary to
specify that dPi → f(s)/ds ≥ 0 as in Eq. (21), which is assured
by setting

∂μ(s, x)

∂s
= Sc

μ(x)

(
δPi→f (s)

δμ(s, x)

)
, μ(s = 0, x) = μ0(x),

(22)
with the function Sc

μ(x) ≥ 0. The integration of Eq. (22) is
performed while monitoring Pi → f(s) until the dipole function
μclimb(x) = μ(smax, x) is found that produces Pi → f ≈ 0.99.
The particular value of smax is not known before integrating
Eq. (22).

The function Sc
μ(x) can be used to enforce desirable be-

havior on the dipole moment function over the ascent of the
landscape. For example, the constraint that certain regions
of the dipole moment function remain essentially unchanged
over the ascent is accomplished by setting Sc

μ(x) = 0 over the

desired spatial region. The function μ0(x) in Eq. (22) is an
initial trial dipole, which may be freely chosen to have some
reasonable physical form.

2. Exploring level sets of Hamiltonian
structure controls

In terms of the morphing variable s, exploring a level set
can be formulated as requiring that Pi→f (s) = P̄i→f for all
values of s, where P̄i→f is the transition probability produced
by all level set members (cf., Fig. 1(b) illustrated for two such
distinct dipole functions). The illustrations in Sec. III C con-
sider P̄i→f = 0.99. The demand that Pi → f(s) maintains the
value P̄i→f can be expressed as

dPi→f (s)

ds
=

∫ ∞

−∞

δPi→f (s)

δμ(s, x)

∂μ(s, x)

∂s
dx = 0, s ≥ 0.

(23)
The requirement that ∂μ(s, x)/∂s satisfy Eq. (23) can be recast
as

∂μ(s, x)

∂s
= Q̂(s) · fμ(s, x), (24a)

μ(s = 0, x) = μclimb(x), such that Pi→f (μ0(x)) = P̄i→f .

(24b)

The projector Q̂(s) acts on the function fμ(s, x) according
to

Q̂(s) · fμ(s, x) = Sμ(x)

[
fμ(s, x) − λ(s)

(
δPi→f (s)

δμ(s, x)

)]
,

(25)

where

λ(s) =
∫ ∞
−∞ Sμ(x)[δPi→f (s)/δμ(s, x)]fμ(s, x) dx∫ ∞

−∞ Sμ(x)[δPi→f (s)/δμ(s, x)]2 dx
. (26)

In Eqs. (24)–(26), the function fμ(s, x), to be discussed fur-
ther in Sec. III B 2, can be freely selected with a particu-
lar choice resulting in μ(s, x) taking an associated trajectory
over the level set as s varies. The D-MORPH formulation in
Eq. (24) is coupled to Eq. (14) and can be seen to satisfy the
level set demand, dPi → f(s)/ds = 0, by substituting Eq. (24)
into Eq. (23) and utilizing Eq. (25). By construction, the ini-
tial condition μclimb(x) in Eq. (24b) is a level set member pro-
ducing P̄i→f (i.e., μclimb(x) = μ(smax, x) from Sec. III B 1).
The right-hand side of Eq. (25) can be seen to remove from
fμ(s, x) its component along δPi → f(s)/δμ(s, x) as a function
of x in order to ensure that changes in μ(s, x) (i.e., to first
order ∂μ(s, x)/∂s) satisfy Eq. (23). Thus, the solution to Eq.
(24) produces a trajectory μ(s, x) over the level set, originat-
ing from μclimb(x), that is guided by the choice of free function
fμ(s, x) (see Sec. III B 3 for details on choosing fμ(s, x)).

The shape function Sμ(x) ≥ 0 can be selected to enforce
desirable behavior on the dipole μ(s, x) over the D-MORPH
level set run, much like Sc

μ(x) employed in Eq. (22) along
the ascent. According to Eq. (24a), differential changes ∂μ(s,
x)/∂s can only be made in regions of the dipole function where
the shape function Sμ(x) is nonzero (i.e., the dipole will retain
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its original form in regions over x where the shape function is
very small). For example, the dipole shape function

Sμ(x) = exp{−ν(x − x ′)2}, (27)

with an appropriately chosen ν > 0, can be selected to ensure
that the dipole functions on the level set only vary signifi-
cantly near x ≈ x′ and maintain the appropriate asymptotic
behavior at large non-equilibrium distances x → ±∞.

3. Taking particular level set trajectories using
Hamiltonian structure controls

All dipole moment functions that belong to a common
level set operate with the fixed field ε0(t) to produce the same
transition probability, however, there are many other attributes
of the level set members that may be distinguishing. For ex-
ample, two dipole moment functions belonging to the same
level set may have vastly different functional forms, often im-
plying that the mechanism (i.e., the series of transitions attain-
ing P̄i→f ) induced by the level set members is distinct (cf.,
Fig. 1(b)). One may wish to search over a level set, seeking
dipole moment functions that display desirable qualities such
as either a mechanism involving fewer transitions, or dipoles
with small overall magnitude. The level set algorithm, pre-
sented in Sec. III B 2, can be utilized in this fashion by the
appropriate choice of the free function fμ(s, x).

With regard to the goal above, consider moving on a level
set while also seeking to minimize an auxiliary cost K(s),
which is a functional of μ(s, x). As the trajectory specified
by the solution to Eq. (24) advances, changes in K will be
given by

dK(s)

ds
=

∫ ∞

−∞

δK(s)

δμ(s, x)

∂μ(s, x)

∂s
dx. (28)

In order to explore a level set while seeking to minimize K,
the free function fμ(s, x) in Eq. (24a) must be selected to en-
sure that dK/ds ≤ 0 in Eq. (28). This can be accomplished
by setting

fμ(s, x) = ρ
δK(s)

δμ(s, x)
, ρ < 0, (29)

which can be verified by substituting Eqs. (29) and (24a) into
Eq. (28). Likewise, setting ρ > 0 in Eq. (29) will maximize K
on the level set.

Dipole moment functions acting as controls may be char-
acterized with various qualitative features, with the selection
of one desirable quality over another depending on the phys-
ical situation. For example, since molecular dipole moment
functions are often slowly varying, one may wish to search
over a level set seeking a dipole function μflat(x) with min-
imal oscillatory character. This search can be accomplished
by minimizing the cost

K1(s) =
∫ ∞

−∞
w(x)

[
∂μ(s, x)

∂x

]2

dx. (30)

Level set optimizations using the cost K1 in the D-MORPH
method are presented in Sec. III C.

C. Exploring level sets

The propagation of Eq. (14) is performed using the sec-
ond order split-operator method described in Eq. (8). The time
extends to T = 1.5 ps with 	t = 0.025 fs. This choice of
time length and step-size guaranteed that the fastest modu-
lation in the wave function and electric field were resolved.
The spatial grid extends from x = −10 a0 to x = 30 a0 and
	x ≈ 0.1 a0, where a0 is the Bohr radius. The large value of
the grid boundaries eliminates the need to use an absorbing
potential or other numerical device to prevent the unphysi-
cal re-appearance of the wave packet after it extends past the
grid boundary. In Eq. (15), m = 0.957 amu and the param-
eters of the Morse potential in Eq. (16) were selected to il-
lustrate the salient features of level set exploration: D = 6.5
eV, a = 1.17 a−1

0 . These parameters correspond to d = 6
bound states. The bound states {φk(x)}k = 0, . . . , 5 were calcu-
lated using the Fourier Grid Hamiltonian method.41 The goal
is the population transfer P0 → 5. The fixed field ε0(t) was se-
lected to have moderate strength, which kept the wave func-
tion amplitude significant only over the discrete states, and
thus avoided the continuum. This behavior was checked by
monitoring the populations |〈φk|ψ(t)〉|2 for k = 0, . . . , 5 to
ensure that 1 − ∑5

k=0 |〈φk|ψ(t)〉|2 < 0.01 for 0 ≤ t ≤ T.
Figure 6 shows the potential V0(x) (not to ordinate

scale) and the probability distributions |φ0(x)|2 and |φ5(x)|2
(to scale). High population transfer between φ0(x) → φ5(x)
is a nominally strong demand, as these states draw on
significantly different portions of the bond displacement.
Figure 6 also shows the shape function Sμ(x) (to scale) in
Eq. (27) with ν = 0.35 a−2

0 and x′ = 2.25 a0. This function
dictates the regions in which dipole changes can occur (cf.,
Eq. (25)). We also choose Sc

μ(x) = Sμ(x), although other
forms could be used as well. Importantly, Sμ(x) only al-
lows the dipole to be significantly adjusted within the region
−1.5 a0 ≤ x ≤ 6.5 a0 even though the target state φ5(x) ex-
tends considerably past x > 6.5 a0.

FIG. 6. Molecular vibrational wave packet control from Sec. III C: The
Morse potential V0(x) (not to ordinate scale), initial wave function ψ(x, t
= 0) = φ0(x), target wave function φ5(x), and dipole shape function Sμ(x) (ν
= 0.35 a−2

0 and x′ = 2.25 a0 in Eq. (27)), with respect to the bond displace-
ment x. The goal is to drive the initial wave function at t = 0 to the target
wave function at t = T by manipulating the dipole μ(x) (shown in Fig. 7(c));
the dynamics are facilitated by the presence of a fixed electric field ε0(t), 0
≤ t ≤ T. In these simulations, T = 1.5 ps. Note that the target wave function,
φ5(x), extends into regions where Sμ(x) ≈ 0. The shape function Sμ(x) is also
used for Sc

μ(x) in Sec. III C 1.
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FIG. 7. Molecular vibrational wave packet control from Sec. III C 1: (a) The
fixed field, ε0(t), that operates with the individual dipole functions in (c),
to transfer population from the initial to the target state (shown in Fig. 6).
(b) The spectrum, |ε̃(ω)|2, where each peak is labeled by the frequency ωjk

= (Ek − Ej)/¯. (c) The dipole function μ0(x) used as the initial condition
for the optimization routine that produced P0 → 5 ≈ 0.99 and resulted in
μclimb(x). The function μclimb(x) was used in a subsequent level set optimiza-
tion procedure to discover successive dipoles that exhibited less oscillatory
behavior. The final result of the optimization μflat(x) is shown, along with
three of the intermediate dipole functions (solid lines). The level set opti-
mization procedure assures that each of the intermediate dipoles also pro-
duces P0 → 5 ≈ 0.99 when acting with the field ε0(t) in (a).

1. Employing the dipole moment function to climb
the transition probability landscape

Here, we seek a dipole moment function μclimb(x) that
produces P0 → 5 ≈ 0.99 using the D-MORPH landscape
climbing technique presented in Sec. III B 1. The fixed field
ε0(t) was created from Eq. (18) in the following way: σ t = 10
ps−2, the frequencies ωj correspond to the transitions be-
tween all of the six bound states, and the amplitudes 0 ≤ aj

≤ 100 MV (megavolt)/cm, and phases 0 ≤ ηj < 2π are chosen
randomly from a uniform distribution. The field ε0(t) is shown
in Fig. 7(a), and its spectrum is given in Fig. 7(b), where the
labels correspond to particular system transitions (i.e., the la-

bel ωjk = (Ek − Ej)/¯ corresponds to the frequency of the
j → k transition). In order to perform the D-MORPH ascent
Eq. (22), the trial dipole function

μ0(x) = κ(1 − e−2ζx) (31)

was selected, where κ = 1.2 Debye and ζ = 0.40 a−1
0 . The

dipole function μ0(x) shown in Fig. 7(c) works with the fixed
field-free Hamiltonian H0(x) and field ε0(t) to produce the ini-
tial yield P0 → 5 ≈ 0.1.

The D-MORPH ascent was performed by integrating
Eq. (22) until the dipole function μclimb(x) was discovered that
produced P0 → 5 ≈ 0.99 as shown in Fig. 7(c). The oscillations
in the dipole function μclimb(x) have an imprint of the initial
and target wave functions φ0(x) and φ5(x), respectively, indi-
cating that the dipole function was manipulated to facilitate
the transfer φ0(x) → φ5(x). Analyzing the matrix elements,
μ

jk

climb ≡ 〈φj |μclimb|φk〉, showed that the element μ05 grew
by ∼200% in magnitude to aid the transfer, while the other
matrix elements remained nearly fixed at their initial values,
i.e., at the values given by 〈φj|μ0|φk〉.

The shape function, Sc
μ(x) = Sμ(x) in Fig. 6 forced the

D-MORPH algorithm to adjust the dipole only over the region
−1.5 a0 � x � 6.5 a0 even though the target, φ5(x), extends
significantly beyond this region. This behavior shows that the
tuned dipole function μclimb(x) was able to influence the dy-
namics outside the region in which it could be adjusted. Thus,
the dipole worked together with the fixed field ε0(t) and field-
free Hamiltonian H0(x) to fully manipulate the wave packet
even in the region where Sc

μ(x) ≈ 0.

2. Seeking a dipole function of minimal structure
on the high yield level set

Although the dipole function μclimb(x) was able to pro-
duce P0 → 5 ≈ 0.99, it exhibited an unattractive oscillatory
character. In order to illustrate the wide variety of dipole
functions belonging to the level set, a D-MORPH run was
initiated from μclimb(x), seeking a dipole μflat(x), that also
achieved P0 → 5 ≈ 0.99 but with less oscillatory behavior. For
this task, the free function fμ(s, x) in Eq. (24a) was selected
to be fμ(s, x) = −δK1/δμ(s, x) with w(x) = Sμ(x), cf.,
Eqs. (27) and (30). Equation (24) was integrated, starting from
s = 0, while the value of K1 was monitored. For reference,
the cost value was K1 = 32.15 for μclimb(x). The value of
K1 asymptotically approached 15.81 and resulted in the dis-
covery of μflat(x) shown in Fig. 7(c). Snapshots of the evolv-
ing dipole function discovered by D-MORPH, from μclimb(x)
through μflat(x), are also shown in Fig. 7(c), as solid lines.
The pressure placed on the oscillatory nature of the dipole
resulted in the magnitude of μflat(x) becoming quite large
relative to the magnitude of μclimb(x). For example, the av-
erage matrix element μjk ≡ 〈φj|μ|φk〉 grew in magnitude
by more than 50% going from μclimb(x) to μflat(x). More-
over, unlike the plot of μclimb(x), there is no imprint of the
initial or final wave function evident in μflat(x). The differ-
ence in functional form between μclimb(x) and μflat(x) suggests
that distinct mechanisms are being utilized to achieve P0 → 5

≈ 0.99 in each case, and that higher-order processes are being
generated by μflat(x) versus that by μclimb(x); this behavior is
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FIG. 8. Molecular vibrational control from Sec. III C 1: Populations pro-
duced by the field, ε0(t) in Fig. 7(a), acting with (a) μclimb(x) and (b) μflat(x).
The populations |〈φk|ψ(t)〉|2 are labeled by k = 0, . . . 5, where the initial state
is ψ(x, 0) = φ0(x). The states {φk(x)}k = 0, . . . 5 are the eigenfunctions of the
Morse potential V0(x) in Fig. 6. The distinct bound state population dynamics
(a) and (b) indicate that different mechanisms were used to achieve the same
final result of P0 → 5 ≈ 0.99. The inclusion of more interacting states in (b)
over (a) reveals that higher-order processes were exploited by μflat(x) than by
μclimb(x).

evident from examining the populations of the bound states
over time. The dipole μclimb(x) produces the population dy-
namics shown in Fig. 8(a), while the dipole μflat(x) resulted
in the population dynamics shown in Fig. 8(b). Figure 8(a)
shows that μclimb(s) coupled states φ0(x) and φ5(x) to a such
a degree that other states play an insignificant role in the pop-
ulation transfer; while Fig. 8(b) shows that μflat(x) utilized a
higher-order mechanism that more significantly involved the
intermediate states. Importantly, both dipole functions work
with the same Hamiltonian H0(x) and field ε0(t). The results
presented here are representative of a number of studies us-
ing the D-MORPH algorithm (not shown). Collectively, these
simulations show that a broad variety of shaped dipole func-
tions can be readily used together with a fixed temporal field
and H0(x) to manipulate quantum dynamics behavior.

IV. EXPLOITING THE DUAL CAPABILITIES OF
HAMILTONIAN STRUCTURES AND TEMPORAL
FIELDS AS CONTROLS TO MANIPULATE
QUANTUM DYNAMICS BEHAVIOR

Thus far, this work has focused on using Hamiltonian
structures as controls, acting alone (cf., Sec. II) or together
with a field of fixed form (cf., Sec. III), to manipulate quantum
dynamics behavior. An even richer opportunity for control
is afforded by exploiting the dual optimization of Hamilto-
nian structure and temporal field controls. In this fashion, the
Hamiltonian structure, including the field-free Hamiltonian

H0(x) and the dipole moment function μ(x), may be tuned
along with the electric field ε(t) to attain better yields than
can be achieved with either control independently.

In the laboratory, quantum control experiments are of-
ten carried out with constrained fields compared to the nec-
essary resources (e.g., characterized by central wavelength,
bandwidth, and energy) to take advantage of all relevant dy-
namical opportunities offered by the physical system. Addi-
tionally, various practical limitations may constrain the free
access to Hamiltonian structure controls. However, when the
Hamiltonian structure and the applied field simultaneously act
as controls, any constraints present in either (or both) forms
of control possibly can be overcome.7 Specifically, a rich set
of controls may be accessed by adjusting H0 so that the sys-
tem’s energy-level-difference structure falls within the oper-
ating frequency and natural bandwidth of the driving laser,
while the dipole moment function may be manipulated to
make certain transitions more favorable.

In order to demonstrate the opportunities offered by si-
multaneously utilizing Hamiltonian structure and field con-
trols, we generalized the D-MORPH level set formalism in
Sec. III to also include the ability to shape the field ε(t), in ad-
dition to the dipole function μ(x) (here, the field-free Hamil-
tonian H0(x) was held fixed). The level set exploration was set
to minimize the cost

K2(s) = 1

2

∫ T

0
ε2(s, t) dt ×

∫ ∞

−∞
w(x)μ2(s, x) dx, (32)

which is a generalization of the customary field fluence cost
placed on optimal control theory calculations. The weight
function w(x) was chosen to be Sμ(x) in Fig. 6. The optimiza-
tion was performed over the level set P0 → 5 ≈ 0.99 originat-
ing from ε0(t) in Fig. 7(a) and μflat(x) in Fig. 7(c). This pair
was shown to produce P0 → 5 ≈ 0.99 in Sec. III C 2. The ap-
propriate D-MORPH equations were solved, and the result-
ing trajectory discovered level set members (here, a dipole
function and electric field pair at each s value) that decreased
K2. The fluence of the optimal field εmin(t) decreased by over
200% in magnitude and the peak amplitude decreased by
over 50% in magnitude; likewise, the magnitude of the dipole
function μmin(x) never exceeded 1.0 Debye over −1.5 a0 ≤ x
≤ 6.5 a0.

Exploiting the opportunities through simultaneously tun-
able molecules/materials and tailored laser pulses will likely
be a complex laboratory undertaking. In practice, incorpo-
rating both Hamiltonian structure and applied field controls
would entail pairing automated synthesis and screening tech-
niques with automated laser pulse shaping technology in a
closed-loop fashion. The present theoretical investigations
provide a guideline for considering experimental studies with
either individual or dual controls.

V. CONCLUSION

This paper illustrates the rich dynamical opportunities
enabled from utilizing Hamiltonian structure as controls, act-
ing either independently, or in conjunction with an applied
electric field. The control variables that most conveniently
characterize the Hamiltonian structure will depend on the
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application. For scenario I in Sec. II, the goal was to manipu-
late electron scattering patterns, and the Hamiltonian structure
control was the subsurface potential lying in the scattering
plane of the semiconductor heterostructure. In the laboratory
for this situation, the controls would be the voltages applied
to the multi-pixel gate array. For scenario II in Sec. III, the
goal was to manipulate the final form of a molecular wave
packet, and as an illustration the Hamiltonian structure con-
trol was chosen as the dipole moment function working with
a fixed H0(x) and ε0(t). In the laboratory for this case, the con-
trol variables could be the moieties on a molecular scaffold,
or the composition of a material in which case H0(x) would
also be part of the controls.

In the most general setting, the entire Hamiltonian, in-
cluding the Hamiltonian structure and the applied field, could
be treated as controls. The use of dual controls has the poten-
tial to overcome constraints present on both controls. For ex-
ample, the constraint of limited laser bandwidth may be mit-
igated by the freedom to alter the transition energies of the
system. Section IV presented a simple illustration of operat-
ing with dual controls. One possible application is the con-
struction of a photochromic molecular switch, where the goal
may be to discover a molecular species with two (or more)
stable conformations used as “on” and “off” indicators with-
out stringent demands on either the particular nature of the
chemical species, or the applied field. In this case, the laser
pulse used to initiate switching could be optimized together
with the nature of the molecular switch in order to discover,
for example, the most robust pulse and molecular switch pair.

Choosing variables that represent the Hamiltonian struc-
ture adequately in the laboratory presents challenges similar
to the discovery of useful chemiometrics as molecular de-
scriptors to characterize function and activity (e.g., quanti-
tative structure-activity relationship (QSAR)).42 Importantly,
the key requirement is a proper set of variables that captures
the relation between the molecule (or material) and fields
with the resultant observable signal. As with laboratory field
variables (e.g., modulated pixel voltages) suitable surrogate
variables (e.g., composition) for molecules and materials may
suffice. The use of molecules and materials calls for either a
large pre-assembled library to draw from, or high-throughput
synthesis and screening guided by learning algorithms in a
closed-loop fashion.7 The efficiency of the learning compo-
nent may depend on the encoding scheme used to represent
the controls within the algorithm.43 We hope that the present
work indicates that additional control freedom available from
using Hamiltonian structure controls and stimulates further
research along this direction to exploit this possibility.
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APPENDIX: FUNCTIONAL DERIVATIVE OF
TRANSITION PROBABILITY WITH RESPECT TO
DIPOLE

We derive a practical expression for the functional deriva-
tive δPi → f/δμ(x), which is employed in Secs. III and IV. For

this purpose, consider the Schrödinger’s equation

i¯
∂

∂t
|ψ(t)〉 = [H0 − μ(x)ε0(t)]|ψ(t)〉, |ψ(0)〉 = |φi〉,

(A1)
where H0 is the field-free Hamiltonian, μ(x) is the dipole mo-
ment function, and ε0(t) is the applied field. The population
transfer goal, Pi → f, can be written as

Pi→f = |〈φf |ψ(T )〉|2, (A2)

where |φf〉 is the target state. Taking a variation of Eq. (A2)
gives

δPi→f = 2Re
{〈ψ(T )|φf 〉〈φf |δψ(T )〉} , (A3)

and an expression for |δψ(T)〉 can be derived by varying
Eq. (A1)

|δψ(T )〉 = − i

¯

∫ T

0
U (T , t)δμ(x)|ψ(t)〉ε0(t) dt. (A4)

Substituting Eq. (A4) into Eq. (A3) yields

δPi→f =− 2

¯
Im

{
〈ψ(T )|φf 〉

∫ T

0
〈φ̃f (t)|δμ(x)|ψ(t)〉ε0(t) dt

}
,

(A5)

where |φ̃f (t)〉 ≡ U †(T , t)|φf 〉 is the solution to Schrödinger’s
Eq. (A1) propagated backwards in time with the terminal
condition at t = T that |φ̃f (T )〉 = |φf 〉. Finally, expressing
Eq. (A5) in the coordinate space representation yields

δPi→f

δμ(x)
= − 2

¯
Im

{∫ ∞

−∞
ψ∗(x ′, T )φf (x ′) dx ′

×
∫ T

0
φ̃∗

f (x, t)ψ(x, t)ε0(t) dt

}
. (A6)

In practice, the functional derivative in Eq. (A6) is calculated
by propagating ψ(x, t) forward in time and φ̃f (x, t) backward
in time using the FFT split operator technique discussed in
Sec. II A.
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