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DNA-binding-protein inhomogeneity in E. coli modeled as biphasic facilitated diffusion
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We have recently shown that nonspecifically bound lac repressors are spatially inhomogeneous in E. coli
cells and depends upon the location of its encoding gene and the DNA compaction state [Kuhlman and Cox,
Mol. Syst. Biol. 8, 610 (2012)]. Here we model this inhomogeneity as a consequence of diffusion within and
exchange between two distinct intracellular phases: the condensed chromosomal DNA and an extrachromosomal
compartment, the cytoplasm. We discuss the consequences of this model for the target search process.
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I. INTRODUCTION

One of the primary mechanisms by which organisms
respond and adapt to their environment is through the dif-
ferential regulation of genes by protein transcription factors
(TFs). It has long been thought that TFs locate their targets by
facilitated diffusion, a mixture of one-dimensional (1D) sliding
along nonspecifically bound DNA in combination with 3D
diffusion throughout the cytoplasm [1–9]. Simple models of
the facilitated diffusion process in Escherichia coli predict that
TFs, such as the lac repressor protein LacI, will be distributed
homogeneously throughout the cell since the in vivo diffusion
constant of LacI has been measured to be ∼0.4 μm2/s [10] and
LacI can therefore diffuse from one end of E. coli to the other
in 1–10 s. Furthermore, because the turnover of LacI occurs
primarily due to dilution from cell growth [11], the half-life of
LacI protein is greater than 20 min, the fastest doubling time
for these cells. That the diffusive time scale is 100–1000 times
smaller than the turnover time scale leads to the conclusion
that steady-state LacI inhomogeneity is improbable.

We have recently demonstrated that the steady-state distri-
bution of nonspecifically bound LacI in E. coli cells is in fact in-
homogeneous and that the distribution depends on the location
of the encoding gene and the condensation state of the DNA
[12]. Figure 1 summarizes our findings. When growth is rapid,
cells are morphologically large and the DNA is loosely packed
within the cell [Fig. 1(a)]. When the LacI protein is produced
from an extrachromosomal plasmid it binds nonspecifically
and homogeneously to the DNA [Fig. 1(b), top]. However,
when the LacI protein is encoded intrachromosomally, the
LacI concentration shows an increasing enhancement near
its encoding gene as growth slows and the DNA becomes
progressively more compact [Fig. 1(c), top]. Similar results
are obtained for other intrachromosomal integration locations
[12]. Moreover, when the DNA binding domain is removed
from the protein by deleting the first 42 base pairs (bp) of
the LacI coding sequence (yielding a protein we refer to
as LacI42), the protein shows an increasing tendency to be
excluded from condensed DNA, eventually excluded entirely
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towards the poles of the cell in deep stationary phase [12]
[Figs. 1(b) and 1(c), bottom].

To ensure that the protein-gene colocalization we observe is
not due to spurious LacI binding sites inadvertently integrated
along with the lacI gene, we scanned a LacI binding energy
matrix [13] across the native E. coli genome and the integrated
cassette to determine the distribution of binding energies for
every possible LacI binding sequence. These binding energies
are shown as the blue (genome) and red (cassette) points
in Fig. 2(a). The specific binding sites O1, O2, and O3
of the native lac promoter [14,15] are highlighted as green
spots; recall that these specific operators were deleted from
those cells used to generate Fig. 1 [12,16]. The lowest-energy
binding site within the cassette is highlighted by the horizontal
red line. Assuming 20 LacI dimers per cell [14,15,17], the
LacI binding probabilities for each possible site are shown in
Fig. 2(b) [17]. We therefore conclude that the protein-gene
colocalization we observe is not due to specific binding or
other experimental artifacts [12] and instead must be due to the
intrinsic processes of diffusion of the protein and its exclusion
from compact DNA.

Here we demonstrate that TF diffusion within the DNA and
exchange with the free cytoplasm can explain the observed TF
inhomogeneity. We model this as an exchange between phases,
driven by two competing tendencies: the binding to DNA of
TFs and the exclusion of TFs and other proteins from within
the chromosomal volume.

II. STEADY-STATE PROTEIN INHOMOGENEITY

Intracellular TF diffusion is generally believed to occur as
1D sliding of TFs along nonspecifically bound DNA combined
with 3D diffusion between DNA domains and the cytoplasm
[1–3]. Here we appeal to a simplifying assumption that while
TFs remain within the nucleoid, target searching processes
can be coarse grained as 1D diffusion along the length of
the nucleoid. However, chromosomal compaction produces a
tendency to exclude proteins from within the chromosomal
volume and we assume that this exclusion occurs with a linear
rate constant k1. In this simplified view, TFs excluded from the
nucleoid into the cytoplasm are regarded as undergoing free
3D diffusion (Fig. 3).
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FIG. 1. (Color) Average spatial distribution of nonspecifically bound LacI-Venus. (a) The top shows images of cells grown in a rich medium
(doubling time 22 min), minimal medium (doubling time 110 min), and stationary phase resulting from 24-h growth in a minimal medium.
DNA is stained with 4′,6-diamidino-2-phenylindole and is falsely colored green. The bottom shows the corresponding ensemble-averaged DNA
distributions. Averages are also taken over all cell orientations, resulting in the symmetry of each plot. (b) Corresponding ensemble-averaged
LacI (top) and LacI42 (bottom) distributions obtained when the gene encoding LacI is located on an extrachromosomal plasmid. The average
location of the plasmid was determined by the fluorescent operator-reporter system [12,39] and is shown in the rightmost column. (c) Same
as (b), except the lacI gene has been intrachromosomally integrated into the middle of the left half of the circular chromosome (i.e., left
midreplichore, near the ygcE gene locus [12,16]). The quantitative color scale is for LacI distributions only.

We propose that diffusion along the nucleoid can be
treated as 1D because of the colinearity of the physical and
genomic maps [5,18–20]. Colinearity implies that a short
3D jump between proximal DNA domains corresponds to a
proportional jump on the 1D genomic map. Consequently, a
1D random walk along the chromosome combined with short
3D hops within the nucleoid is isomorphic to a 1D random
walk on the genomic map with an appropriate distribution
of step sizes. With this simplifying assumption, the TFs
in the cell can be divided into two subpopulations: those
undergoing 3D diffusion throughout the cytoplasm [TF3] and
those undergoing effective 1D diffusion along the nucleoid
[TF1]:

[TF]total = [TF1] + [TF3]. (2.1)

We can then model the rate of change of the local TF
concentration density as

∂[TF(�x,t)]total

∂t
= αδ(�x − �x0) + D1∇2[TF1]

+ D3∇2[TF3] − β[TF]total, (2.2)

where we assume that the TF is produced from its source
gene at the location �x0 at a rate α, it diffuses in one and three
dimensions at rates characterized by the effective diffusion
coefficients D1 and D3, respectively, and it turns over with

rate constant β. Here δ(�x − �x0) is the Dirac delta function,
which spatially localizes TF production at the encoding gene
[12,21]. Since proteolytic degradation of TFs is very slow, β

is reasonably assumed to be proportional to cell growth rate
(see, e.g., [11]).

The spatiotemporal evolution of the subpopulation concen-
tration densities [TF1(�x,t)] and [TF3(�x,t)] are then

∂[TF1(�x,t)]

∂t
= αf δ(�x − �x0) + D1∇2[TF1]

− (k1 + β)[TF1] + k2[TF3],
∂[TF3(�x,t)]

∂t
= α(1 − f )δ(�x − �x0) + D3∇2[TF3]

− (k2 + β)[TF3] + k1[TF1]. (2.3)

Here k1 characterizes the rate of escape from 1D nucleoid
diffusion to 3D cytoplasmic diffusion and k2 characterizes the
rate at which TFs in the cytoplasm are captured back into the
nucleoid (Fig. 3). As TFs are produced at the gene source, a
fraction f is immediately captured by the nucleoid, while the
remaining fraction 1 − f escapes to the cytoplasm. Because
of the results presented in Fig. 1, we expect that all parameters
of the model will be functions of the growth rate μ.

The steady-state solutions of [TF1] and [TF3] will be
determined by the ratio of the appropriate diffusion constants
to the corresponding turnover rates [22]. Since the 3D diffusion
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FIG. 2. (Color) Nonspecific LacI binding energies and proba-
bilities. (a) LacI binding energies of the native E. coli genome (blue
points) and the integrated LacI cassette (red points). Relative genomic
position is defined such that zero and one correspond to the first and
last base, respectively, of the genome and cassette. Binding energies
are calculated using a LacI binding energy matrix obtained using the
in vivo sort-seqmethod [13]. The binding energy of the consensus
sequence is marked by a horizontal black line and the specific lac
operators O1, O2, and O3 are shown as large green points; these
operators were deleted from those cells used to generate Fig. 1.
The lowest binding energy within the integrated cassette is marked
by the horizontal red line. (b) Probability of LacI binding to those
sequences in (a), assuming 20 LacI dimers per cell [17,40].

constant of LacI-Venus is ∼100 × larger than that characteriz-
ing diffusion in one dimension [10], [TF3] can be approximated
as a spatially homogeneous pool, i.e., [TF3(�x)] = [TF3].
Then [TF3] contributes to the [TF1] equation as a spatially
homogeneous constant, decoupling Eqs. (2.3).

We next focus on the nucleoid-confined concentration den-
sity [TF1(�x,t)]. The bacterial chromosome is circular and the
majority of the genomic map is collinear with the physical map
along the length of the cell [18–20,23,24], which we designate
as the x axis. For simplicity, we assume homogeneity along the
short axis of the cell (i.e., ∂2[TF1]/∂r2 = ∂2[TF1]/∂θ2 = 0),
integrate out these dimensions, and absorb any resulting
arbitrary constants into the constants of the model. We are
left with a simple one-dimensional equation for [TF1] with
periodic boundary conditions on the circular chromosome:

∂[TF1(x,t)]

∂t
= αf δ(x − x0) + D1

∂2[TF1]

∂x2

− (k1 + β)[TF1] + k2[TF3]. (2.4)

Intranucleoid Diffusion
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FIG. 3. Mean-field model of facilitated diffusion. The TFs are
produced at the site of the source gene (small gray circle) within
the nucleoid. The TFs are initially confined to and diffuse along the
nucleoid, which we consider as effective 1D diffusion. The TFs are
excluded from the nucleoid to the cytoplasm with rate constant k1,
where they homogenize to form a pool of repressor. The TFs are
recaptured into the nucleoid with rate constant k2 and are degraded
or diluted out from the cell with rate constant β.

With the assumption that [TF3] is a constant, this equation can
be solved to yield

[TF1(x)] = k2

k1
[TF3] + αf√

D1(k1 + β)

× (e−|x−x0|/λ + e−(2−|x−x0|)/λ). (2.5)

Here λ = √
D1/(k1 + β) and x ∈ [0,1], where x = 0 corre-

sponds to the origin of replication and x = 1 corresponds
to the replication terminus [25,26]. The first exponential term
describes the short way around the circular chromosome, while
the second term describes the long way around.

We interpret the close correspondence between the gene
and TF distributions in Fig. 1 to imply that the decay length
scale of the inhomogeneity is significantly shorter than the cell,
i.e., λ � 1, such that we need only keep the term describing
the TF taking the short route. We are left with

[TF(x)] = [TF](1 + γ e−|x−x0|/λ); [TF] ≡ k2

k1
[TF3],

(2.6)

γ ≡ αf

[TF]
√

D1(k1 + β)
.

The solution (2.6) has two terms: a constant background
concentration [TF] and a local enhancement of concentration
around the encoding gene whose magnitude relative to
the background is characterized by the parameter γ . This
parameter is directly proportional to the fraction of TFs
immediately captured by the nucleoid after translation f . Thus,
when the production source is located within the nucleoid,
f > 0, yielding nonzero γ and localized inhomogeneity.
When TFs are produced directly into the cytoplasm from an
extrachromasomal source such as a plasmid, f = 0, resulting
in homogeneous distribution throughout the DNA, as observed
experimentally (Fig. 1).
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III. SEARCH KINETICS

It is also likely that localized TF inhomogeneity will affect
the kinetics of the target search process [6,7,9]. We can make
a simple analytical prediction for the expected functional
dependence of the mean target search time 〈t(x)〉 on the
intergenic distance x.

A. Single-particle search time

The mean first-passage time 〈t1(x)〉 for a single TF to find
its target binding site in one dimension can be found according
to

〈t1(x)〉 = N/F, (3.1)

where N is the steady-state number of TFs in the system and
F is the particle flux [27]. For the 1D case, these are given by

N =
∫ x

0
[TF1(x ′)]dx ′, F = −D1

d[TF1(x ′)]
dx ′ , (3.2)

where the source gene is located at x ′ = 0 and the target
binding site is located at x ′ = x. Here [TF1(x ′)] is the steady-
state solution to the diffusion equation with the absorbing
boundary conditions [TF1(x ′ = 0)] = c0 and [TF1(x ′ = x)] =
0. This yields the result [27,28]

〈t1(x)〉 = x2

2D1
. (3.3)

Once the TF escapes from the nucleoid, the mean search time
in three dimensions, t3, will be approximately independent
of distance due to the comparatively large size of the cell
relative to TF and target binding site sizes [29,30]. Following
Wunderlich and Mirny [9], we obtain

〈t(x)〉 = plocal(x) 〈t1(x)〉 + pglobalt3plocal(x)〈t1(x)〉
+ [1 − plocal(x)]t3

= e−x/λ x2

2D1
+ (1 − e−x/λ) t3 (3.4)

where plocal(x) is the probability of a TF finding its target by 1D
search before escaping from the nucleoid (derived explicitly
in the Supplemental Material of Ref. [9]) and pglobal(x) is the
probability of the TF instead finding its target by a global
search after nucleoid escape. This result is plotted in Fig. 4(a)
for various values of λ.

B. Multiparticle search

The problem becomes more complex for multiple particles
searching simultaneously. Because the search process is
stochastic, particles searching in three dimensions may find
the target before particles searching simultaneously in one
dimension even if 〈t1(x)〉 � t3. Therefore, the observed mean
search time will be the mean of the minimum search time of
a group of particles with number N1 searching locally and N3

searching globally:

〈t(x)〉 =
〈
min

[
t1(x)

N1
,

t3

N3

]〉
. (3.5)

However, the local inhomogeneity reduces the probability of
the globally searching pool finding the target before the locally
searching population. In terms of the local enhancement factor,
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FIG. 4. Search kinetics. Predictions for the mean target search
time as a function of intergenic distance. (a) Mean search time of a
single TF for its target [Eq. (3.4)]. Results are shown for λ = 100 bp
(solid curve), λ = 1000 bp (fine-dashed curve), and λ = 100 000 bp
(heavy-dashed curve) and t3 = 30 min. The result is insensitive to
D1 so long as 〈t1(x)〉 < t3. Vertical dashed lines indicate the values
of λ. (b) Approximate mean search time of multiple TFs for a single
target [Eq. (3.8)]. Results are shown for λ = 1000 bp, t3 = 30 min,
and γ = 0.1 (solid curve), γ = 0.5 (fine-dashed curve), and γ = 1
(heavy-dashed curve), with ten total TFs and the number of TFs
engaged in local search N1 = γN .

the number of TFs searching locally is N1 = γN3. In this case,
plocal(x) is the probability of any one of N1 = γN3 TFs finding
and binding to the operator during a local search:

plocal(x) = 1 − p
N1
global = 1 − (1 − e−x/λ)N1

= 1 − (1 − e−x/λ)γN3 . (3.6)

Approximating (3.5) as

〈t(x)〉 = plocal(x)
〈t1(x)〉

N1
+ [1 − plocal(x)]

t3

N3
, (3.7)

we obtain

〈t(x)〉 = [1 − (1 − e−x/λ)γN3 ]
x2

2D1γN3
+ (1 − e−x/λ)γN3

t3

N3
.

(3.8)

This result is plotted in Fig. 4(b) for various values of γ ,
demonstrating that enhancement of the local TF concentration
extends the effective range of the 1D search process.

IV. DISCUSSION

As demonstrated, spatial inhomogeneity of TF protein
will influence the kinetics of the TF target search process.
Additionally, because the strength of regulation is determined
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by the probability of operator occupancy and this probability is
in turn determined by the local concentration of TFs [31–33],
it is expected that operators located closer to the encoding
TF gene will be occupied more frequently and regulated
more strongly. Consequently, we expect that regulatory targets
located physically close to the TF gene will be regulated
more quickly and more strongly than those located further
away. Because of the correspondence between genomic and
physical maps, close physical proximity is proportional to
genomic proximity. Local TF inhomogeneity may then provide
a mechanism driving the observed organization of TF genes
proximal to their regulatory targets [34–36].

The advantage gained by the approach outlined here is
its simplicity. Using a simple analytical framework, it yields
quantitative results similar to more complex numerical simula-
tions of the effects of TF-target colocalization on search [9]. It
captures the experimentally observed steady-state behavior of
the system and makes testable predictions regarding search
kinetics. Moreover, our results and model are consistent
with previously observed effects of molecular crowding on
intracellular diffusion of green fluorescent protein under con-
ditions of severe osmotic shock [37,38]; however, our results

demonstrate that E. coli can modify the degree of molecular
crowding and alter the intracellular diffusivity of TFs and other
proteins as a natural part of its life cycle in response to growth
conditions and that these effects influence gene regulation [12].
In a microscopic sense, issues such as molecular crowding
or the details of intranucleoid sliding and short hops may
influence the behavior of the system. However, ensemble
averaging over many cells provides us with the same benefits
it does in thermodynamics: We are able to describe the average
macroscopic behavior of the system while gaining analytical
simplicity and insight into the relevant physical mechanisms.
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