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S1. SCALING ANALYSIS FOR THE MUTUAL COHERENCE

In this section, we use qualitative arguments based on single-parameter scaling theory [S1] to derive the
scaling behavior of the mutual coherence across the localization transition. Unlike the arguments based
on the random quantum circuit model discussed in the main text, the formalism introduced in this section
explicitly takes energy conservation into account. In principle, this formalism could be extended to derive
the behavior in the entire critical regime /L ~ 1; however, for simplicity, we focus on the behavior in the
two phases and at the critical point.

We can write a formula for the disorder averaged, non-equilibrium contribution to the mutual coherence
as a double-energy integral over scattering states
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where c&(z,y) is the disorder average of |q%(w,y)’2 and f(F,A) is an energy correlation function. This

formulation is convenient because the energy-resolved spatial correlation functions qféd(m,y) evolve under
an Anderson model
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where § indexes nearest neighbor sites. This implies that c%(x,y) satisfies a diffusion equation for 0 < W <
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where |J]?y(a:’)|2 is an effective DC source term centered near ' = y and Y2 (z,2’,w) is the disorder
averaged density-density response function on the diffusive length scale (Gg/ R are the retarded /advanced
Green’s functions). Since there is no diffusion in the leads, Y2 (z, ', w) has to satisfy the boundary condition
that it vanishes in the leads [S2]. As a result, this equation will have the solution

Y (x,2',0) = +VPR(x), |z — | > €, (S8)
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where & ~ |W — W, |” is the correlation length on the diffusive side and V.7 (z) is non-singular at = z’ and
is chosen to satisfy the boundary conditions.

At a given energy there are strong fluctuations in both the density gradient and local current, which means
that the source term for the non-equilibrium density will simply scale as the difference in the Fermi functions,
|5y (@2~ [nG]? = (nf — ni)?; however, the diffusive description is only valid for | — /|
than the correlation length &, whereas the scaling c%(:c, Y) ~ [n‘fEF only holds on lengths scales on the order
of the mean free path ¢. To match the two scales ¢ < |x — y| < £, we use the approximate description of the

critical regime in terms of a scale dependent diffusion constant [S1]

much greater
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where D.(x — ') ~ |& — x'|>~% for spatial dimension dy. The solution to this anomalous diffusion equation

in the absence of boundaries is scale-invariant, which can be seen by rescaling space * — ax. Integrating
both sides of Eq. (S9) over a ball of radius € and applying Green’s theorem in the limit ¢ — 0 we find

1
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where V¢ () is non-singular at @ = x’ and is needed to match the boundary conditions on Y§ away from
the source. The solution for the coherence field will then be given by
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Finally, in the vicinity of |& —y| = ¢, the diffusion constant saturates to its microscopic value Do = vgf/dy
where vp is the Fermi velocity. The solution in the critical regime has the property that the amplitude
of ¢4(x,y) is independent of the length scale, which implies that it inherits the scaling [n%]? from the
microscopic regime. Matching this scaling to the diffusive region we arrive at the result
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The functional form for separations on the order of Ly can be found by solving the diffusion equation with
the appropriate boundary conditions at the leads, which inherits the scaling of Eq. (S12).

The mutual coherence also depends on the energy correlation function; however, this correlation function
will only have significant correlations on the scale of the Thouless energy Et, = D/L3. Assuming this
scaling, and using the fact that D ~ 1/£, we arrive at an overall volume law scaling for the mutual coherence
in the low-temperature regime 7' < éu that is independent of &

Cy(L: R) ~ /dE[ndEFLg ~ |op| LY. (S13)
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At the critical point (§ — oo) there is no diffusive region and ch (z,y) maintains an amplitude on the
order of [n%]? throughout the entire sample. On the other hand, the Thouless energy is reduced to scale
as the level spacing Ery, ~ 1/L3 because that is the transit time through the sample in the presence of the
anomalous diffusion. In this case, we still find a volume law scaling for the mutual coherence, but its precise
prefactor will differ from the diffusive phase

Cy(L: R) ~ |6u|L3. (S14)

This scaling will persist until é approaches the mobility edge.

For the resonant states in the insulating phase W > W,_, the coherence field remains localized in the
region |z — y| < € with amplitude on the order of [n%]2, which strongly reduces the total amount of mutual
coherence. The energy correlation range is, however, much larger. A sensible upper bound is to use the level
spacing in the localized region ~ 1/£3. Together these two scalings predict the upper bound for the scaling
for the mutual coherence in the localized phase

Ca(L: R) S I6ul¢L3. (S15)

S2. CAVITY MODEL FOR LOCALIZED PHASE

In this section, we present a simplified cavity model to describe the mutual coherence in the localized phase.
Transport in the localized phase occurs through “resonant” states in the sample that have exponentially
small, but nearly equal, tunneling rates to both leads. These states give rise to narrow transmission peaks,
whose width is much less than the single-particle level spacing in the sample ~ L 3.

Since many qualitative aspects of the localized phase in 3D are present already in 1D, we consider a 1D
model of the form

H= Z (chcoyr + hoc) + tL(c(T)cl + h.c.) + tR(cTLOcLOH + h.c.) + anb}:bn
x<0,2>Log n

(S16)
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where ¢, are fermion operators on an infinite lattice, the sample consists of sites 1, ..., Lo, with local tunneling

rates tr,/p to the left/right lead (taken to be exponentially small in analogy to the resonant states), and
b, =), ¢lc, are operators that create eigenstates of the sample when t;, = tg = 0 with energies w,,. For
a disordered system, ¢7 are the localized wavefunctions, but they could also be eigenstates of a finite chain
with hopping tg, in which case

wp, = 2tgcosinm /(Lo +1)], n=1,..., Lo, (S17)
o x sinfnem/(Lo+1)], z=1,..., Lo. (S18)

This effectively models a Fabrey-Perot cavity. The scattering state wavefunctions can be found from
Schrédinger’s equation

exty =V LY STur, (S19)

k __ n, .k k n k
ekwn - tLQSl d)O + wvﬂﬁn + tR¢LO¢LO+17 (SQO)
Ekﬂjfo-;-l = wfo-ﬂ +ir Z L, ) (S21)

+ikx

where €, = 2cos k is the energy of a scattering state in the lead with wavefunctions e . Assuming e, = wy,
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for a given ng, we find the solution
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The transmission coefficient for a state incoming from the right lead is given by

2isin k
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evaluated for 15 = 1. The solution to the right incoming scattering state Wavefunction is then given by
Eqgs. (S22) and (S25) with ¢§ = t,. In the vicinity of a resonance, for t2,t% and § = w,, — €, much less
than the level spacing in the sample, the transmission coefficient is approxnnately given by

24 sin keZik¢no (,an?)tLtR
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This corresponds to a Lorentzian profile about the resonance with a width given by the same result one
obtains from a Fermi’s golden rule calculation

Vg = (71072 + ¢"°2tR) sin? k. (528)

The behavior of the current and density gradient in this cavity model is more subtle because one also has
to take into account the exponentially suppressed amplitude of the off-resonant states. We can gain some
intuition for the properties of this solution by considering a two-site system with ng = 1. In this case, the
expectation value of the current and density gradient in the scattering state from the right lead with energy
€ are given by

TR =i(0]al (clea — cher)alit|0) o< 2(¢103 — d3d?)Im[yf*yh], (S29)
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For a two mode system without disorder, one mode is symmetric and the other is anti-symmetric, implying
that the wavefunction coefficient is non-zero. From these expressions we can determine that the current and
density gradient on resonance both scale as [t |* ~ 1 when ¢, ~ tg. On the other hand, the coherence
between the two sites actually diverges as

(0lafl cleaalif|0) o $1a3 |0t ~ 1/63 . (S31)

This implies that after summing over the scattering states in the vicinity of the resonance, which has a width
Yy~ tL/R, one finds that J-Vn ~ tL/R and (cJ{cQ) ~ 1. This is consistent with our intuitive picture that the
coherences are sourced at an exponentially slow rate, but live for an exponentially long time, leading to an
order one coherence density within each resonant localized state. The contribution to the current and mutual
coherence from scattering states that are far detuned in energy from the resonant states is exponentially
suppressed.
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S3. MUTUAL COHERENCE BOUNDS MUTUAL INFORMATION

In this section, we show that the mutual coherence serves as a generic lower bound to the mutual infor-
mation for Gaussian fermionic states. Near infinite temperature, the mutual coherence approximates the
mutual information and the fermionic entanglement negativity [S3].

The Renyi entropies can be expressed in terms of the correlation matrix G as

— log Tr[p®] = ﬁ Tr[log(G* + (I — G)¥)], a # 1, (S32)
S1(p) = — Tr[plog p] = — Tr[Glog G] — Tr[(I — G) log(I — G)], (533)

Salp) = 7 :

where G;; = Tr[pc;rcj] and the second equality in Eq. (S32) and Eq. (S33) holds for Gaussian fermionic
states that conserve particle number. To prove the bound on the mutual information I1(A : B) = S1(pa) +
S1(ps) — S1(pap), we first transform into a basis where G is diagonal in subspace A and B, i.e.,

UGU' =D +e, (S34)

o= (5 0). (35)

where D is a diagonal matrix with eigenvalues between 0 and 1 and ¢ is only nonzero in the upper and lower
right blocks.

We define the particle number N, = Tr[D] and hole number Ny = Nap — N% 5, where Nap is the
total number of sites in A and B. We introduce the single-particle/hole density matrices (i.e., positive,
semidefinite Hermitian matrices with unit trace) p? = (D + ¢)/N% g and p" = (I — D — ¢)/N% 5 and the
diagonal density matrices p) = D/N% 5 and p/t = (I — D)/N" ;. The mutual information can be written as
the sum of relative entropies in this N4 pg-dimensional Hilbert space

Li(A: B) = NipS(oP|py) + NigS(p" (), (S36)
where the relative entropy is defined as S(p|o) = —Tr[plogo] — Si(p). Using the bound on the relative
entropy S(p|o) > 1||p — o||? and the inequality ||X||;> Tr[XY]/||Y]| [S5], we arrive at the bounds

1 (T[] 1 (Tr[}]\*>_ C(A: B)?
NisSld) 2 sy () = 3w > A B (537)
AT = aNgs UGl ) 2N G 2Nis
Together, these two inequalities imply the lower bound
NAB 2
Ii(A:B) > ———5—C(A: B)~. (S38)
2NipNig

As a result, when N%Bh and C(A : B) are all extensive quantities (i.e., proportional to Nag), then the
mutual information must also be extensive.

One limit where C(A : B) is directly proportional to the mutual information is when the fermionic system

is close to an infinite temperature state with G = g +0G. Expanding in powers of 6G for any o > 0, we find
S.(p) = Nlog2 — 2a Tr[6G?] + O(Tr[6G?]), (S39)

ILi(A:B)=2C(A: B). (540)

Using identities proved in [S6], one can show that the fermionic entanglement negativity [S3] can also be
approximated in terms of the mutual coherence when the system is near infinite temperature.
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