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We recently showed how it is possible to use a cubic Galileon action to construct classical cosmological 
solutions that enter a contracting null energy condition (NEC) violating phase, bounce at finite values of 
the scale factor and exit into an expanding NEC-satisfying phase without encountering any singularities 
or pathologies. A drawback of these examples is that singular behavior is encountered at some time 
either just before or just after the NEC-violating phase. In this Letter, we show that it is possible to 
circumvent this problem by extending our method to actions that include the next order L4 Galileon 
interaction. Using this approach, we construct non-singular classical bouncing cosmological solutions that 
are non-pathological for all times.

© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

Cosmological scenarios that involve a phase of contraction fol-
lowed by a bounce to a phase of expansion are of great interest 
since they can smooth and flatten the cosmological background [1]
and generate a nearly scale-invariant spectrum of super-horizon 
curvature modes [2,3] while avoiding the multiverse and initial 
conditions problems of inflationary cosmology. In these theories, 
the smoothing contraction phase is fully described by Einstein 
gravity and the quantum generation of curvature modes is de-
scribed by standard semi-classical perturbation theory. The chal-
lenge has been to find a non-pathological theoretical framework 
for describing the bounce, i.e., the transition from contraction to 
expansion. One possibility is to realize the transition through a sin-
gular (‘quantum’) bounce in which the scale factor passes through 
or tunnels through zero, as was proposed in [4]; this idea is in-
triguing, though the approach relies on some as-yet unproven as-
sumptions about the analyticity of quantum gravity [5].

Another approach is a ‘classical bounce,’ in which the uni-
verse bounces after contracting to a small but finite size with 
energy density well below the Planck scale such that quantum 
gravity effects can be neglected. The transition occurs through vi-
olation of the null energy condition (NEC) over a finite period of 
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time that includes the bounce. On a smooth and flat Friedmann–
Robertson–Walker (FRW) cosmological background with ds2 =
−dt2 + a2(t)dxidxi (where a(t) is the scale factor), NEC violation 
means that the Hubble parameter H = ȧ/a increases with time, 
Ḣ > 0, where dot denotes differentiation with respect to time t . 
The classical bounce has the advantage of not requiring any knowl-
edge of quantum gravity. However, it is a well-known problem that 
NEC violation is prone to ghost or gradient instabilities or leads to 
singular behavior.

In [6], we showed that it is possible to construct classical so-
lutions that enter a contracting NEC-violating phase, bounce, and 
exit in an expanding NEC-satisfying phase without introducing 
pathologies by realizing the NEC-violating stage through a scalar 
field described by the generalized cubic Galileon action. We pre-
sented an ‘inverse method’ for constructing the solutions and used 
it to derive explicit examples. The examples show that the universe 
can undergo a cosmological bounce at finite values of the scale fac-
tor and low energies well below the Planck scale without encoun-
tering singular behavior or requiring superluminal sound speed of 
co-moving curvature modes during the NEC-violating phase.

A feature of the examples based on the cubic Galileon action, 
though, is that singular behavior is always encountered at some 
time either shortly before or shortly after the NEC-violating phase. 
Hence, the remaining open issue is whether these pathologies are 
inevitable or if a stable NEC-violating bounce stage can be embed-
ded into a cosmology that is stable and non-singular throughout 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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cosmic evolution. In this Letter, we show explicitly that it is pos-
sible to construct a fully stable bouncing cosmology by naturally 
extending our inverse method to actions that include the next or-
der L4 Galileon interaction.

This Letter is organized as follows: First, we give a brief re-
view of Galileon cosmology and derive the stability conditions for 
linear-order scalar and tensor perturbations. Next, we explain why 
the cubic Galileon action inevitably leads to divergences and/or 
other singular behavior either just before or just after the stable 
NEC-violating phase in Sec. 3. In Sec. 4, we show that, in princi-
ple, by extending the action to include the L4 Galileon interaction, 
the pathological behavior can be avoided for all times. In Sec. 5, 
we use our inverse method to construct explicit solutions. (Read-
ers only interested in the existence of non-pathological bouncing 
solutions may wish to jump to the figures.)

2. Galileon cosmology

We consider bouncing Galileon cosmologies (also known as 
Horndeski theories) described by the action of a single scalar field,

S =
∫

d4x
√−g

(
1

2
M2

Pl R +Lφ

)
, (1)

where MPl is the reduced Planck mass in the limit that the 
Galileon action converges to pure Einstein gravity (in our exam-
ple, in the asymptotic past before or the asymptotic future after 
the bounce); R is the Ricci scalar; and g is the metric determi-
nant. Throughout, we work in reduced Planck units (M2

Pl = 1). The 
Lagrangian density of the Galileon field φ is given by

Lφ =
5∑

i=2

Li , (2)

with

L2 = G2(X, φ), (3)

L3 = −G3(X, φ)�φ, (4)

L4 = G4(X, φ)R + G4,X (X, φ)
(
(�φ)2 − (∇μ∇νφ

)2
)

, (5)

L5 = G5(X, φ)Gμν∇μ∇νφ + (6)

− G5,X

6

(
(�φ)3 − 3�φ

(∇μ∇νφ
)2 + 2

(∇μ∇νφ
)3

)
.

Here, X = −(1/2)∇μφ∇μφ is the canonical quadratic kinetic term 
and the functions Gi(X, φ) characterize the ith Galileon interac-
tion. The action was shown by Horndeski [7] to lead to classical 
equations of motion that are only second order in time derivatives, 
thus avoiding an Ostragadski ghost. Horndeski and Galileon the-
ories have had numerous applications in cosmology in the past, 
including massive gravity and attempts to explain late-time accel-
eration [8]. Here we apply them to construct stable cosmological 
solutions that violate the NEC and bounce.

For the purposes of illustration, we shall work with the concrete 
example defined through the coupling functions

G2(X, φ) = k(φ)X + q(φ)X2 − V (φ) , (7)

G3(X, φ) = b(φ)X , (8)

G4(X, φ) = 1

2
f1(φ) + f2(φ)X , (9)

G5(X, φ) = 0 , (10)

where k(φ) is the dimensionless quadratic coupling; q(φ) is the di-
mensionless quartic coupling; b(φ) is the dimensionless coupling 
of the scalar field φ to the cubic Galileon term; and V (φ) is the 
scalar potential. The positive definite coupling to the Ricci scalar 
(1/2) f1(φ) + f2(φ)X is distinctive of the L4 Galileon interaction. 
Note that positivity of the non-minimal coupling ensures that anti-
gravity regions and associated instabilities are avoided.

2.1. Background

On a spatially-flat, FRW cosmological background, the corre-
sponding homogeneous equations of motion take the form

3H2 = 1

2
kφ̇2 + 1

4

(
3q − 2b′) φ̇4 + V − 3 f ′

1 Hφ̇ (11)

+ 3
(
b − 3 f ′

2

)
Hφ̇3 − 3

(
f1 − 3 f2φ̇

2
)

H2 ,

−2Ḣ = (
k + f ′′

1

)
φ̇2 + (

q − b′ + f ′′
2

)
φ̇4 + f ′

1φ̈ (12)

+ (
3 f ′

2 − b
)
φ̈φ̇2 − f ′

1 Hφ̇ + (
3b − 11 f ′

2

)
Hφ̇3

− 4 f2 Hφ̇φ̈ + 6 f2φ̇
2 H2 + 2Ḣ

(
f1 − f2φ̇

2
)

,

where prime denotes differentiation with respect to the scalar φ. 
The first Friedmann equation characterizes the different contri-
butions to the total energy density ρtot while the second Fried-
mann equation gives the sum of total energy density and pres-
sure ptot. The ratio −Ḣ/H2 is equal to the equation of state 
ε ≡ (3/2)(ρtot + ptot)/ρtot. It is a distinctive feature of the Galileon 
that there is a non-trivial mixing between spatial curvature terms 
and the scalar field, leading to possible ambiguities in defining the 
stress-energy tensor [9]. Here, we have followed the convention 
and derived Tμν by varying the covariantized theory with respect 
to the metric.

2.2. Perturbations

On a homogeneous background, the source of leading-order in-
homogeneities is linear fluctuations of the metric and the scalar 
field. To ensure stability, the linear theory must not have any 
pathologies.

To study the stability behavior of the linear theory, we expand 
the ADM decomposition of the Galileon action up to second order 
in perturbation theory. The ADM metric is defined through

ds2 = −Ndt2 + gij

(
Nidt + dxi

)(
N jdt + dx j

)
, (13)

where N is the lapse, Ni is the shift, and gij is the spatial metric. 
We parametrize linear-order perturbations to the shift and lapse as

δN = N − N̄ = α, δNi = Ni − N̄i = ∂iβ , (14)

with N̄ = 1, N̄i = 0 and ḡi j = a2δi j being the FRW background 
metric. Since throughout we consider a single field, to study the 
perturbed scalar sector, we are free to choose the unitary gauge in 
which all spatial inhomogeneities are promoted to the metric,

gij = a2e2ζ

(
δi j + hij + 1

2
hikhkj

)
, (15)

while the scalar does not carry any perturbations, δφ ≡ 0. Here, 
ζ is the co-moving curvature mode and hij is the linear-order ten-
sor perturbation with ∂ jhi j = 0, hi

i = 0. Note that both ζ and hij

are gauge-invariant.
The second-order action for ζ , α and β is given by the La-

grangian
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L(2)
ζ,α,β = a3

(
− 3Ah ζ̇

2 + Bh
(∂iζ )2

a2
+ mαα2 (16)

+ 6γ αζ̇ − 2Ahα
�ζ

a2
+ 2

�β

a2

(
Ah ζ̇ − γ α

))
,

where

Ah(t) = 1 + f1 − f2φ̇
2 , (17)

Bh(t) = 1 + f1 + f2φ̇
2 , (18)

mα(t) = 1

2
kφ̇2 + 1

2

(
3q − 2b′) φ̇4 − 3 f ′

1φ̇H

+ 6
(
b − 3 f ′

2

)
Hφ̇3 − 3

(
1 + f1 − 6 f2φ̇

2
)

H2 , (19)

γ (t) =
(

1 + f1 − 3 f2φ̇
2
)

H + 1

2
f ′
1φ̇ (20)

− 1

2

(
b − 3 f ′

2

)
φ̇3.

Varying the perturbed action with respect to the shift yields the 
momentum constraint which is, at the same time, a closed-form 
expression for the lapse α,

Ah(t)ζ̇ = γ (t)α. (21)

The equation for the shift follows from substituting into the Hamil-
tonian constraint,

γ 2(t)
�β

a2
=

(
mα(t)Ah(t) + 3γ 2(t)

)
ζ̇ − γ (t)Ah(t)

�ζ

a2
. (22)

Note that, for finite α, if γ = 0, ζ̇ = 0 or Ah(t) = 0.
Substituting the expression for α and β back into Eq. (16), we 

obtain the second-order action for co-moving curvature modes ζ ,

S(2)
ζ =

∫
d4xa3

(
A(t)ζ̇ 2 − B(t)

(∂iζ )2

a2

)
, (23)

where the coefficients of the kinetic and gradient terms are de-
fined as

A(t) = mα(t)

(
Ah(t)

γ (t)

)2

+ 3Ah(t) , (24)

B(t) = a−1(t)
d

dt

(
a(t)

A2
h(t)

γ (t)

)
− Bh(t) . (25)

Similarly, the second-order action for tensor modes takes the sim-
ple form

S(2)

hij
=

∫
d4xa3

(
Ah(t)ḣ

2
i j − Bh(t)

(
∂lhi j

)2

a2

)
, (26)

where the coefficients of the kinetic and gradient terms are as de-
fined above in Eqs. (17)–(18). (The perturbed Horndeski action was 
previously obtained in [10]; here we re-derived the action for our 
specific example to emphasize some pedagogical points, in partic-
ular, the role of the quantity we call γ .)

For the theory to be linearly stable, both the scalar and the 
tensor sector have to be stable, i.e., the coefficients A, B , Ah , or Bh
must not become negative.
3. Singular behavior with L3 only

In Ref. [6], we showed that it is possible with the cubic (L3) 
Galileon action (i.e., without including L4 and L5) to enter a NEC-
violating phase, bounce, and restore the NEC without encountering 
any instability or singularity during this bounce phase. However, 
there remained bad behavior either shortly before or shortly after 
the NEC-violating phase, depending on whether γ was positive or 
negative when entering the NEC-violating phase.

To see the problem, note that Eq. (25), which determines gradi-
ent stability or instability, can be rearranged and integrated from 
t to t0, where t0 is the time at the beginning of the NEC-violating 
phase and t < t0, to yield the relation

aA2
h

γ

∣∣∣∣
t
= aA2

h

γ

∣∣∣∣
t0

−
t0∫

t

a(B + Bh)dt ≡ aA2
h

γ

∣∣∣∣
t0

− I(t) . (27)

Without loss of generality, we take γ (t0) = γ0 positive. Hence, the 
first term on the right hand side is non-negative.

In the case of the cubic Galileon action, Ah = Bh = 1. For a non-
singular bounce where a > 0 for all t , the integrand in the second 
term is positive definite, so I(t) is divergent as t → −∞. Conse-
quently, aA2

h/γ must become negative at some finite t < t0, which 
is where trouble is encountered. Either γ diverges (which requires 
couplings and/or kinetic energies to diverge) or γ passes through 
zero, which requires that a or B in the integrand become negative 
and diverge. As emphasized in [6], this trouble occurs outside the 
NEC-violating regime, more precisely at t < t0, and is not directly 
related to NEC violation or the bounce; it is a feature of the cubic 
Galileon action.

4. Removing the singular behavior with L4

The introduction of the next order Galileon interaction, L4, pro-
vides the freedom for Ah and Bh to become functions of time, 
which makes it possible to satisfy Eq. (27) for all times without 
encountering any bad behavior.

First, we show that it is possible to have smooth evolution if 
γ (t) crosses continuously through zero at some finite time tγ (in 
particular, γ (t) ∼ γ0(t − tγ ) at zero-crossing with γ0 > 0) if we 
choose Ah and Bh to be proportional to (t − tγ )2. Because tγ can 
be well before NEC violation, we have the freedom to choose Ah(t)
and Bh(t) to approach unity throughout the bounce phase. This 
means that L4 and L5 are negligible during the bounce phase, 
and we automatically recover the same stable, non-singular be-
havior during the bounce described in [6] assuming the L3 action 
only. We also have the freedom to choose Ah(t) and Bh(t) to ap-
proach unity and the coefficient of the L3 term to approach zero 
in the asymptotic past and future, which ensures that the past 
converges to a contracting universe described by Einstein gravity 
and the future converges to an expanding universe described by 
Einstein gravity. That is, it is straightforward to design models in 
which the Galileon is only active for a short period surrounding 
the bounce and pure Einstein gravity applies at all other times. 
Notably, since the scale factor a(t) diverges in the infinite past and 
infinite future, the total solution with bounce is geodesically com-
plete.

As illustrated in the example below, we can simplify further by 
choosing Ah(t) = Bh(t), so that the sound speed for tensor pertur-
bations is

c2
T = Bh = 1 for all t . (28)
Ah



292 A. Ijjas, P.J. Steinhardt / Physics Letters B 764 (2017) 289–294
Near the zero-crossing point tγ , Ah(t) = Bh(t) ∼ A0
h(t − tγ )2. Since, 

for all finite times t , both a(t) and H(t) are finite, it is straightfor-
ward to determine the behavior of A, B at any time t . In particular, 
in the vicinity of the zero-crossing point, γ ∼ γ0(t − tγ ) where 
γ0 > 0, a → a(tγ ) > 0; H → H(tγ ); and

A ∼ A0
h

⎛
⎝mα(tγ )

(
A0

h

γ0

)2

+ 3

⎞
⎠ (t − tγ )2 +O((t − tγ )4) , (29)

B ∼ A0
h

(
3

A0
h

γ0
− 1

)
(t − tγ )2 +O((t − tγ )4). (30)

Finally, the expression for the sound speed of co-moving curvature 
modes simplifies to

c2
S →

3
A0

h
γ0

− 1

mα(tγ )

(
A0

h
γ0

)2

+ 3

as t → tγ . (31)

As we will illustrate in the next section by giving a concrete ex-
ample (see Fig. 3), we have the freedom to choose the coefficients 
A0

h and γ0 such that c2
S ∼O(1) for all times.

If the second order action Eq. (23) is re-expressed in terms of 
the canonical variable v ≡ zζ (with z2 = a2(t)A(t)), then the equa-
tion of motion for v ,

v̈ +
(

c2
Sk2 − z̈

z

)
v = 0 , (32)

has the solution v = constant near tγ , where the constant is ex-
ponentially small if the preceding contraction consists of an ekpy-
rotic smoothing phase. The same conclusion can be drawn for the 
canonically normalized tensor modes u = zhhij ,

ü +
(

c2
T k2 − z̈h

zh

)
u = 0 , (33)

where z2
h = a2(t)Ah(t) and c2

T ≡ 1. (Technically, the derivatives in 
Eqs. (32) and (33) should be with respect to conformal time de-
fined by adτ = dt , but this makes no difference to our conclusions 
when expanding around t = tγ where a ∼ a(tγ ) is nearly con-
stant.) The behavior of z and v is very similar to the case of 
inflation when the inflaton field approaches a turning point dur-
ing oscillations about the true minimum during reheating, which 
is known to be non-singular [11]. Since the sound speeds are O(1)

at the zero-crossing of γ (and for all t) in our examples, there 
are not any of the usual signs of a strong coupling problem. Fu-
ture work will include a complete analysis of this issue and a 
full non-linear treatment using the techniques of numerical gen-
eral relativity [12].

Remarkably, the zero-crossing for γ can be shifted to the in-
finite past (tγ → −∞) such that γ can stay positive for arbi-
trarily long finite times before the bounce provided B and Bh
approach zero rapidly enough for I(t) in Eq. (27) to converge 
to a finite value as t → −∞. (We note that T. Kobayashi, in 
presenting his no-go theorem in Ref. [13], explored the possi-
bility of Bh → 0 for t → −∞ in the context of Galilean Gen-
esis but did not consider the implications for bouncing solu-
tions.) There is, though, an important difference compared to the 
case where the zero-crossing occurs at a finite time tγ because 
H → 0 and a → ∞ at t → −∞ instead of approaching non-zero 
values. While it is possible to choose Ah such that the tensor 
sound speed cT = 1 as t → −∞, the scalar sound speed cS ap-
proaches zero. The fact that Ah(t) and Bh(t) must approach zero 
in this limit means that gravity deviates from pure Einstein even 
Fig. 1. An example of input background solutions that can generate a stable, non-
singular bounce: Ḣ (dashed orange curve), φ̇(t) (dotted blue curve) and V (φ(t)) ≡
V (t) (solid green curve); plots of H(t) and γ (t) are shown in Fig. 3. The time co-
ordinate is given in reduced Planck units; the units for the y-axis are arbitrary; 
the functions are rescaled for the purposes of illustrating their shapes. The specific 
functional forms are given in the text. The range around t = 0 where Ḣ > 0 is the 
bounce stage that encompasses the period of NEC-violation. (For interpretation of 
the references to color in this figure legend, the reader is referred to the web ver-
sion of this article.)

as tγ → −∞; for this reason, the infinite limit is less practi-
cal for model-building and may be best considered as an aca-
demic exercise that shows the power of our singularity resolu-
tion.

5. Examples

To construct examples of fully stable cosmological solutions 
with a non-singular classical bounce employing the ‘inverse
method,’ we make use of the fact that, once L4 is included, 
we have enough degrees of freedom that we can independently 
choose the background behavior H(t), the behavior of γ (t) de-
rived from the shift constraint, the dynamics of the tensor sector 
Ah(t) and Bh(t), and the potential V (t) and that this freedom 
is enough to find a broad family of solutions in which A(t)
and B(t) are non-negative for all t . See Fig. 1 for a particu-
lar example corresponding to the background profile given by 
H(t) = d1t/3(1 + d1t2) where d1 = 5.5 × 10−6; φ̇(t) = −1/(1 +
d1t2)1/2; and V (t) := −d2/[1 +{d3(t − tγ )}4] where d2 = 4 × 10−6, 
d3 = 2.2 × 10−3 and tγ = −390. In addition, the example uses 
Ah(t) = Bh(t) = d5(t − tγ )2/(1 + (d5(t − tγ ))2), where d5 = 10−5. 
The action converges to pure Einstein gravity and scale factor di-
verges as t → ±∞, so the solution is geodesically complete.

Using these input functions, the couplings f1, f2, b, k, and q as 
a function of time t can be determined using the following rela-
tions:

f1(t) = Ah + Bh

2
− 1 , (34)

f2(t) = Bh − Ah

2 φ̇2
, (35)

b(t) = 2

φ̇3

(
−γ + (2Ah − Bh) H + 1

2
ḟ1 + 3

2
ḟ2φ̇

2
)

, (36)

k(t) = − 2

φ̇2

(
γ̇ + 3Hγ + d

dt

((
Ah + Bh

)
H

)
(37)

+ 3
(Ah + Bh) H2 + f̈1 − 2V

)
,

2
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Fig. 2. A plot of the dimensionless kinetic coefficients in Eqs. (34)–(38) obtained us-
ing the inverse method. The time coordinate is given in Planck units; the units for 
the y-axis are arbitrary; the functions are rescaled for the purposes of illustrating 
their shapes. Quantitatively, the coupling parameters are several orders of magni-
tude smaller than unity throughout the evolution.

q(t) = 4

3φ̇4

(
γ̇ + 9Hγ + d

dt
((Ah + Bh) H) (38)

+ 9

2
(Bh − Ah) H2 + f̈1 − 3V

)
+ 2

3
b′ ;

the couplings as a function of φ follow immediately after sub-
stituting the inverse function t(φ) for the variable t . The first 
three relations follow from the definition of Ah , Bh and γ while 
the last two relations can be easily derived from the background 
equations (11)–(12). We note that the inverse method is not con-
strained to the specific Lagrangian given by Eqs. (7)–(10) but 
straightforwardly applies to arbitrary Galileon couplings Gi(X, φ).

Finally, we can compute mα as a function of the input dynami-
cal variables H , φ̇, Ah , Bh , γ and V (t),

mα(t) = γ̇ + 3Hγ + d2

dt2

(
Ah + Bh

2

)
+ 3H

d

dt

(
Ah + Bh

2

)

+ 3 (Ah + Bh) H2 + d

dt
((Ah + Bh) H) − 4V , (39)

substitute into Eq. (24) and check that A(t) is non-negative. As 
noted above, the freedom to introduce a potential makes this 
condition easy to attain. In our example, for the purposes of il-
lustration, we selected V (φ) corresponding to a typical ekpyrotic 
potential [14]; see Fig. 1. For Ah = Bh = 1, Eqs. (34)–(38) reduce to 
the corresponding expressions for the generalized cubic Galileon 
that we derived in Ref. [6].

Employing the inverse method, the analysis of the linear the-
ory dramatically simplifies. It is now possible to systematically and 
rapidly search for fully stable, non-singular bouncing background 
solutions that show the asymptotic behavior outlined in the pre-
vious section. Using the example in Fig. 1, the resulting kinetic 
coefficients are shown in Fig. 2. In Fig. 3, we have plotted the cor-
responding sound speeds. For all times, the tensor sound speed 
is constant, c2

T ≡ 1 and the sound speed for co-moving curvature 
modes is real (A(t), B(t) > 0) and subluminal, with 0 
 c2

S ∼O(1). 
In the asymptotic past and future, c2

S → 1, and the theory ap-
proaches pure Einstein gravity.

We emphasize that, in applying the inverse method, one must 
specify more than the desired background solutions H(t) and φ(t)
as input since they do not form a complete set for characterizing 
the linear theory. Rather, it is important to choose the right com-
Fig. 3. A plot of the sound speed cS ≡ (B(t)/A(t))1/2 (dashed blue curve) for co-
moving curvature modes and cT ≡ (Bh(t)/Ah(t))1/2 for tensor modes as a function 
of time t where γ (t) (dotted red curve) passes through zero at tγ < 0, where tγ
is during the NEC-satisfying stage prior to the bounce stage. cS (t) approaches unity 
and γ (t) approaches H(t) (green solid curve) as t → ±∞, which corresponds to 
approaching a contracting (expanding) universe described by Einstein gravity in the 
two limits; cT = 1 throughout. The units for the y-axis have reduced Planck mass 
equal to unity where appropriate; γ (t) and H(t) are rescaled as indicated for the 
purposes of illustrating their shapes on the same plot. (For interpretation of the ref-
erences to color in this figure legend, the reader is referred to the web version of 
this article.)

bination of dynamical background variables that fully describe the 
linear theory, as exemplified above.

6. Discussion

In this Letter, we presented geodesically complete, stable non-
singular bouncing cosmological solutions that are non-pathological 
over all time, confirming and extending our previous result in 
Ref. [6] where we demonstrated that it is possible to construct so-
lutions that are non-pathological during the NEC-violating bounce 
stage. The key was to identify the source of the singular behavior 
in cubic Galileon cosmologies, i.e., actions where the coefficients of 
L4 and L5 are set to zero. What we have shown is that the bad 
behavior in this case is not directly related to the NEC-violating 
bounce stage, but to the fact that the Hubble parameter H(t)
switches sign at some point during cosmic evolution. Before or af-
ter H(t) changes sign, the dynamical quantity derived from the 
shift constraint, γ (t), has to change sign as well, which is what 
causes the pathological behavior. In fact, the pathological behav-
ior arises in cubic Galileon cosmologies that smoothly transit from 
expansion to contraction without any bounce or NEC violation. 
This observation explains why earlier authors were able to find 
non-pathological NEC-violating solutions in cubic Galileon genesis 
models where H(t) does not change sign (e.g., see [15]), but failed 
to find fully stable solutions with a bounce.

Notably, the pathology of the cubic Galileon action is resolved 
in a natural way, simply by extending the action to include 
the next-order L4 interaction. Using this extension, we showed 
that we can construct geodesically complete, stable, non-singular 
bounce solutions. Another natural extension is to include addi-
tional degrees of freedom corresponding to NEC-satisfying mat-
ter and radiation [16]. The resulting construction of a fully stable 
bouncing solution should give one pause. Together with Ref. [6], 
it removes the last major roadblock that has been holding back 
interest in cosmologies that explain the origin of the large-scale 
structure of the universe in terms of a contracting phase connect-
ing to the current expanding phase through a cosmological bounce.
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