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We argue that classical strings, both bosonic and supersymmetric, can have finite energy and momentum
at their endpoints. We show that in a general curved background, string endpoints must propagate along
null geodesics as long as their energy remains finite. Finite endpoint momentum allows strings with a fixed
energy to travel a greater distance in a five-dimensional anti–de Sitter Schwarzschild background than has
been possible for classical solutions considered previously. We review the relevance to heavy ion phenom-
enology of the dependence of this distance on energy, and we propose a scheme for determining the in-
stantaneous rate of energy loss.
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I. INTRODUCTION

Standard boundary conditions for open strings are that
the boundary moves along a lightlike trajectory which is
always transverse to the string. However, one of the most
obvious and well-studied classical solutions of the open
string explicitly violates these boundary conditions: namely
the so-called yo-yo solution, where a string extended a
length 2L along the x axis is released from rest at time
0 and shrinks to a point at time t ¼ L, then reexpands
to its original length and repeats. The string endpoint is
always moving at the speed of light, in either the þx or
−x direction, which is to say longitudinal to the string.
Yo-yo-type trajectories can be obtained as limits of string
configurations obeying the usual boundary conditions
(i.e. zero endpoint momentum), so they are definitely part
of the classical theory. We argue that in order to obtain
an energy conserving description of the string that works
in gauges where the string embedding function is one
to one, we must augment the classical action by explicit
boundary terms whose form is the classical massless par-
ticle. We also describe the extension of these ideas to the
superstring, where the type I light-cone Green-Schwarz
action is augmented by a boundary action whose supersym-
metry variation cancels against a boundary term from the
supersymmetry variation of the bulk action.
In flat space, a notable feature of solutions of the bosonic

string equations of motion with finite endpoint momentum
is that the endpoint trajectories are piecewise null line seg-
ments along which the endpoint momentum is a linear
function of coordinates. We will show that one obtains
an analogous situation in curved spacetime: namely, in
the presence of finite endpoint momentum, the endpoint

trajectories are piecewise null geodesics along which the
endpoint momentum evolves according to equations that
do not refer to the bulk shape of the string except at discrete
instants when the endpoint switches direction.
Yo-yo solutions and generalizations of them were stud-

ied quite early [1] and play a prominent role in the Lund
model [2]. Our interest in them stems from the work on
energy loss of gluons and light quarks via a dual description
in terms of falling strings [3–7] (see also [8] for an early
related work). In these works, classical string trajectories
in the five-dimensional anti–de Sitter (AdS5)
Schwarzschild geometry lead to a relation between the
energy E of an energetic light quark or gluon and the maxi-
mum distance Δx which it can travel through a thermal
medium. This relation takes the form Δx ∝ E1=3=T4=3

where T is the temperature of the black hole [9].
Finding the coefficient of proportionality hinges on deter-
mining the string configuration with fixed energy which
will result in the largest Δx. It can be argued that the opti-
mum string configurations are indeed the ones with finite
endpoint momentum. Briefly, the argument is that no part
of a string can get further than an appropriately chosen null
geodesic; so if the endpoint follows that null geodesic and
the rest of the string trails behind as the classical equations
dictate, Δx will attain its maximum. In order to stay on the
given null geodesic, the string endpoint must have positive
energy as long as it remains outside the horizon. This puts a
lower bound on the initial endpoint energy which folds into
the final bound for Δx=E1=3.
The organization of the rest of this paper is as follows. In

Sec. II we explain how the action of the bosonic string can
be augmented by massless particle actions on the end-
points. We provide some examples of classical solutions
in flat space, and we explain how the light-cone Green-
Schwarz action can be similarly modified to include
endpoint momentum without sacrificing supersymmetry.
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In Sec. III we explain how to analytically understand
the upper bound on Δx obtained numerically in [5], and
we explain how to surpass that bound using string
configurations with finite endpoint momentum in the
AdS5-Schwarzschild geometry. We also explain two com-
plementary numerical strategies for solving the classical
equations of motion in the presence of finite endpoint
momentum. We conclude with a discussion in Sec. IV.

II. ACTION PRINCIPLES AND BASIC EXAMPLES

A. Bosonic string action

For the classical bosonic string, the simplest action
including momentum at the endpoints is

S ¼ − 1

4πα0

Z
M
dτdσ

ffiffiffiffiffiffiffi−hp
hab∂aXμ∂bXνGμν

þ
Z
∂M

dξ
1

2η
X
: μX

: νGμν; (2.1)

where M is the world sheet and ∂M is its boundary trav-
ersed counterclockwise in a picture where τ ¼ σ0 points
upward and σ ¼ σ1 points to the right. Dots denote differ-
entiation by ξ, which (thus far) is an arbitrary way of para-
metrizing the boundary. As usual, hab is an auxiliary world
sheet metric whose equation of motion reads

habffiffiffiffiffiffiffi−hp ¼ γabffiffiffiffiffiffi−γp ; (2.2)

where γab ≡ ∂aXμ∂bXνGμν. That is to say, the auxiliary
world sheet metric is conformally equivalent to the induced
metric. The field η is also an auxiliary field, and its equation
of motion is simply

X
: μX

: νGμν ¼ 0; (2.3)

which tells us that the endpoints of the string do move at the
speed of light in spacetime.It is useful to define

Pa
μ ¼ − 1

2πα0
ffiffiffiffiffiffiffi−hp

habGμν∂bXν; pμ ¼
1

η
GμνX

: ν:

(2.4)

Then the equations of motion following from (2.1) can be
concisely expressed as

∂aPa
μ − Γκ

μλ∂aXλPa
κ ¼ 0; p

:
μ − Γκ

μλX
: λpκ ¼ σ

: aϵabPb
μ;

(2.5)

where ϵab is antisymmetric with ϵτσ ¼ 1, and σ
: a means

dσaðξÞ=dξ where σaðξÞ is the location of the boundary.
To derive (2.5), we note that

δS ¼
Z
M
d2σ∂aðδXμPa

μÞ

þ
Z
M
d2σδXμ½−∂aPa

μ þ Γκ
μλ∂aXλPa

κ �

þ
Z
∂M

dξδXμ½−p: μ þ Γκ
μλX

: λpκ�: (2.6)

An application of Stokes’ theorem to the first term leads
immediately to the equations of motion (2.5).
The equation for endpoint momentum can be simplified

to read

p
:
μ − Γκ

μλX
: λpκ ¼ ∓ η

2πα0
pμ ¼ ∓ 1

2πα0
GμνX

: ν; (2.7)

where in the last step we have used the definition (2.4) of
pμ to eliminate η. The ∓ signs in (2.7) are minus when the
string endpoint is moving longitudinally outward as time
(and ξ) increase, and plus when it is moving inward. In
the next paragraph, we will derive (2.7). Before we do,
let us note a key conclusion that follows directly from
(2.7): string endpoints with finite momentum follow space-
time geodesics. To see this explicitly, note that (2.7) can be
rewritten in the form

~p
:

μ − Γκ
μλX

: λ
~pκ ¼ 0; (2.8)

where

~pμ ¼
1

~η
GμνX

: ν (2.9)

and

~ηðξÞ ¼ ηðξÞ exp
�
∓
Z

ξ
d~ξ

ηð~ξÞ
2πα0

�
: (2.10)

The Eqs. (2.8) and (2.9) are the standard equations for
determining spacetime geodesics. The flat-space case of
this result is well known [2].
It remains to derive (2.7). If we subtract (2.7) from the

second equation in (2.5), we obtain

σ
: aϵabPb

μ �
η

2πα0
pμ ¼ 0: (2.11)

Next we use the identity X
: ν ¼ σ

: a∂aXν to express

pμ ¼
1

η
Gμνσ

: a∂aXν: (2.12)

Using also the definition (2.4) of Pa
μ, we can reexpress

(2.11) as

�
ϵab

ffiffiffiffiffiffiffi−hp
hbc∓δca

�
σ
: a∂cXν ¼ 0: (2.13)
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Note that Mc
a ≡ ϵab

ffiffiffiffiffiffiffi−hp
hbc is a matrix which squares to

unity. Thus (2.13) is satisfied if σ
: a is an eigenvector of

Mc
a with eigenvalue �1, where according to our claims

above, eigenvalueþ1 is supposed to correspond to the end-
point moving longitudinally outward on a null trajectory.
At this stage it helps to pass to a coordinate system in which
hab ¼ diagf−1; 1g. Then

Mc
a ¼

�
0 1

1 0

�
;

and we see that the eigenvectors with eigenvalues �1 are

�
1

�1

�
:

These are indeed null vectors on the world sheet, so
the corresponding trajectories are null in spacetime;
furthermore, the þ sign does correspond to outward
motion, completing the derivation of (2.7).
To complete the treatment of endpoints, we must pre-

scribe when and how their trajectories change directions.
The question of when is settled once we demand that
p0 ≤ 0 always, where 0 is the timelike direction in any con-
venient coordinate system. We work in mostly plus signa-
ture, so p0 ≤ 0 is the requirement that the endpoint energy
is non-negative. If p0 ¼ 0, then all other components of pμ

also vanish because pμ is lightlike. Precisely at instants
where pμ ¼ 0, the endpoints must change directions, which
we refer to as the “snapback.” The new direction of the end-
point is easiest to state in world sheet terms. Before the
change of directions, the tangent σ

: a to the boundary on
the world sheet is one of two future-directed null directions
on the world sheet. After the change of directions, it is the
other direction. Because X

: ν ¼ σ
: a∂aXν, we can determine

the new direction of the endpoint in spacetime by comput-
ing the limit of ∂aXν at the corner from the precollision side
and then demanding that it is continuous during the change
of direction.
As previously advertised, the endpoint trajectories are

determined by an Eq. (2.7) that does not refer to the shape
of the bulk of the string; only when the endpoint changes
direction does the rest of the string enter into the equations.
This is counterintuitive, because one would naturally sup-
pose that by shaking the bulk one could eventually influ-
ence the motion of the endpoint. The resolution is that
string trajectories with finite endpoint momentum are rather
special: general motions of the bulk of the string are not
compatible with finite endpoint momentum. In flat space,
for example, it is explained in [2] that polygonal endpoint
trajectories with finite endpoint momentum imply string
configurations which are also polygonal (in conformal
gauge) at any given instant of world sheet time.

B. Flat space examples

At this stage, it helps to consider some standard classical
motions of the bosonic string in R2;1. Let us work in con-
formal gauge, hab ¼ diagf−1; 1g, and let us consider
strings centered on the origin and symmetrical with respect
to reflections through the spatial origin. Define a vector-
valued function YμðξÞ through the equations

dYμ

dξ
¼

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2
1sin

2ξþ l2
2cos

2ξ
p

l1 sin ξ

l2 cos ξ

1
CA; Yμð0Þ ¼

0
B@

0

−l1

0

1
CA:

(2.14)

Observe that Yμ is a lightlike trajectory, but not piecewise
geodesic unless l1 ¼ 0 or l2 ¼ 0. Let

Xμðτ; σÞ ¼ 1

2
Yμðτ − σÞ þ 1

2
Yμðτ þ σÞ: (2.15)

By construction, Xμ satisfies the bulk equations of motion
∂þ∂−Xμ ¼ 0, where ∂� ¼ 1

2
ð∂τ � ∂σÞ. Also, Xμ satisfies

the constraints ∂þXμ∂þXμ ¼ ∂−Xμ∂−Xμ ¼ 0, because
both of these equations are implied when Yμ is a lightlike
trajectory. Furthermore, we see immediately that
Xμðτ; 0Þ ¼ YμðτÞ, so we can prescribe that σ ¼ 0 is a string
endpoint. The other string endpoint is at σ ¼ π. It can be
explicitly checked that the solution (2.15) obeys standard
boundary conditions ∂σXμ ¼ 0 at the endpoints: that is,
there is no endpoint momentum and hence (2.15) is a sol-
ution of the usual Polyakov action without the boundary
term in (2.1). The case l1 ¼ l2 is the rigid rotating rod.
Now consider the yo-yo limit where l2 → 0. Then

Xμ ¼

0
B@

X0ðτ; σÞ
−l1 cos τ cos σ

0

1
CA; (2.16)

where, for τ ∈ ð0; π=2Þ,

X0 ¼

8>><
>>:

l1ð1 − cos τ cos σÞ for σ ∈ ð0; τÞ
l1 sin τ sin σ for σ ∈ ðτ; π − τÞ
l1ð1þ cos τ cos σÞ for σ ∈ ðπ − τ; πÞ:

(2.17)

The central triangular region σ ∈ ðτ; π − τÞ maps to the
bulk of the string, in a mapping which is conformal: that
is, the metric in the space of world sheet coordinates
induced from the flat metric on spacetime takes the form

ds2 ¼ Ωðτ; σÞ2ð−dτ2 þ dσ2Þ: (2.18)

Outside the central triangular region, the mapping of world
sheet coordinates to spacetime is not one to one; instead, it
collapses a whole region in the ðτ; σÞ plane into a lightlike
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interval in spacetime. The induced metric in the space of
world sheet coordinates vanishes identically, so the form
(2.18) still holds, in a degenerate sense: Ω vanishes.
Standard boundary conditions ∂σXμ ¼ 0 still hold at the
endpoints, except when τ ¼ 0. Physically, one should
imagine part of the string as “rolled up” at the endpoints,
except at discrete instants of time, such as τ ¼ 0, when
snapback occurs. See Fig. 1.
Finite endpoint momentum allows us to give an

account of the yo-yo where the world sheet mapping is non-
degenerate and one to one. Let us do it in static gauge, with
ðt; xÞ as world sheet coordinates. For brevity, we omit the
second spatial direction and write l in place of l1. The
string embedding is trivial: X0 ¼ t and X1 ¼ x, with t ∈
ð0;lÞ and x ∈ ð−lþ t;l − tÞ corresponding to the patch
of the world sheet described in (2.16). The total string
energy is

E ¼ −
Z

l−t
−lþt

dxPt
0 − 2p0 ¼

l − t
πα0

− 2p0; (2.19)

where −p0 is a so far unknown energy at one endpoint.
From (2.19) we can determine it to be

Eendpoint ¼ −p0 ¼
E
2
− L − t

2πα0
¼ t

2πα0
; (2.20)

where in the last equation we used that the endpoint
momentum vanishes (by assumption) at t ¼ 0. It is easy
to see that (2.20) can be recovered from (2.7), and there-
fore, that (2.20) is a solution of the full action (2.1). The
lower sign in (2.7) is the right choice because the endpoint
is moving longitudinally inward, but for generality let us
allow either choice of sign for now. Using the definition
of pμ, we have

p
:
μ ¼ ∓ 1

2πα0
X
:

μ; (2.21)

which implies

pμ ¼ pð0Þ
μ ∓ 1

2πα0
Xμ; (2.22)

where pð0Þ
μ is some constant vector.

C. An AdS5 example

It is straightforward to generalize the yo-yo solution to
global AdS5, whose line element is

ds2 ¼ L2ð−cosh2ρdτ2 þ dρ2 þ sinh2ρdΩ2
3Þ; (2.23)

where dΩ2
3 is the line element of the unit three-sphere. In

the simplest type IIB constructions, open strings are not
allowed in AdS5, so let us work instead with doubled
closed strings with finite momentum at the points where
the string folds back on itself. At the level of our treatment,
this simply amounts to doubling the string tension, that is
replacing α0 → α0=2. Let us initialize our system at t ¼ 0
with a pointlike string at the “center” of AdS5, where
ρ ¼ 0, with equal and opposite endpoint momenta whose
directions are specified by a pair of antipodal points on S3,
call them P�. The subsequent motion of the string is con-
fined to an AdS2 slice of AdS5 along the P� axis, whose
metric is

ds22 ¼ L2ð−cosh2ρdτ2 þ dρ2Þ: (2.24)

In this AdS2 description, ρ > 0 corresponds to moving
outward in the Pþ direction, while ρ < 0 corresponds to
moving outward in the P− direction. The string does both,
equally, and its endpoint follows a trajectory determined by
the equation

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.5

1.0

1.5

2.0

2.5

3.0

1.0 0.5 0.0 0.5 1.0
0.0

0.5

1.0

1.5

2.0

X1

X
0

FIG. 1 (color online). The world sheet mapping for the yo-yo solution in the form (2.16). The gray area of the world sheet maps to the
edge of the string.
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tan
τ

2
¼ tanh

ρ

2
: (2.25)

According to (2.7) (adjusted by the aforementioned
replacement α0 → α0=2), the endpoint energy evolves as

p
:
τ ¼

L2

πα0
cosh ρ; (2.26)

where we have employed a parametrization ξ ¼ ρ: thus
p
:
τ ¼ dpτ=dρ. Keeping in mind that the initial value of

pτ is − EL
2
, where E is the energy of the entire string,

we see that

pτ ¼ −EL
2

þ L2

πα0
sinh ρ: (2.27)

The radius at which snapback occurs is therefore

ρ� ¼ sinh−1
�
πα0

2L
E

�
: (2.28)

This matches onto the flat-space yo-yo in the limit ρ� ≪ 1.
In this limit, the maximum half-length of the string is
l ¼ Lρ� ¼ πα0E=2, which agrees with (2.19) (adjusted
by α0 → α0=2 as before) with t and p0 set to 0. Indeed,
another way to determine ρ� without using the equations
of motion explicitly is to calculate the energy integral on
the time slice (in static gauge) at which snapback occurs:

E ¼ − 1

L

Z
ρ�

−ρ�
dρPτ

τ ¼
2L
πα0

sinh ρ�: (2.29)

We propose that the field theory dual of the AdS5 yo-yo just
described is an operator of the form

O ¼ trXIð∇iÞSXI; (2.30)

where XI is an adjoint scalar of N ¼ 4 super-Yang-Mills
and i is a spatial direction corresponding to the chosen
direction on S3. This is, of course, very similar to the pro-
posal of [10], with the difference that the main example
considered there was strings rotating with the maximum
possible spin S in one of the S3 directions allowed for a
given energy E [11]. Here the string does not have a non-
zero component of angular momentum, but it is plausible
that it resides in the same multiplet as the spinning strings
of [10]. To extract the value of S that appears in (2.30), we
should therefore define Δ ¼ ELwhere E is given in (2.29),
and then use the formula

Δ − S ¼
ffiffiffi
λ

p

π
log

Sffiffiffi
λ

p þOðS0Þ; (2.31)

whose exact form is available in principle from integral
expressions recorded in [10].

D. Light-cone Green-Schwarz action

In subsequent sections, we will explore classical open
string solutions in AdS5-Schwarzschild. We will employ
the equations of motion (2.5) following from the bosonic
string action (2.1). This is justified from superstring con-
structions provided the bosonic string action, including
endpoint momentum, can be embedded into the action
of open superstrings propagating in a background of the
form AdS5 × X5 with D-branes filling the AdS5 volume,
at least as far down as the horizon. Such actions are some-
what complicated (see for example the recent work [12]),
and their intricacies are beyond the scope of this article.
However, in this section we will take a first step in the
desired direction by showing that the light-cone Green-
Schwarz superstring action in light-cone gauge admits a
generalization to finite endpoint momentum in a manner
that preserves 16 real supercharges in ten dimensions.
In this section, we employ the conventions of [13]

(for example, α0 ¼ 1=2), except that instead of using their
pþ wewill use qþ ¼ pþ=π and reserve pþ for the Xþ com-
ponent of momentum on the boundary. Light-cone gauge in
the bulk of the string consists of setting

Xþ ¼ πqþτ; Γþθ ¼ 0: (2.32)

First let us consider the bulk action:

Sbulk ¼
Z
M
d2σ

�
− 1

2π
ηab∂aXi∂bXi þ iqþθ̄Γ−ρa∂aθ

�
;

(2.33)

where θ̄Aa ≡ θBbΓ0
ABρ

0
ab and we recall that θ is a Majorana-

Weyl spinor in both the ten-dimensional and two-
dimensional senses. The supersymmetry variations are

δXi ¼ 2θ̄Γiϵ; δθ ¼ 1

2πiqþ
ΓþΓiρa∂aXiϵ: (2.34)

A straightforward calculation leads to

δSbulk ¼
Z
M
d2σ∂a

�
1

π
θ̄ρbρaΓi∂bXiϵ

�
: (2.35)

As a warm-up, consider a world sheet boundary at σ ¼ 0,
with the string continuing to negative σ. For simplicity we
will ignore any other boundary. Then an application of
Stokes’ theorem gives

δSbulk ¼
Z
∂M

dτ
1

π
θ̄ρbρσΓi∂bXiϵ: (2.36)

Standard boundary conditions are

∂σXi ¼ 0; θ ¼ −iρσθ; (2.37)
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together with the requirement that

ϵ ¼ iρσϵ; (2.38)

which implies that 16 real supercharges are symmetries of
the action. [In the usual basis, where

ρσ ¼
�
0 i
i 0

�
;

the boundary conditions (2.37) on θ are θ1 ¼ θ2.] Plugging
∂σXi ¼ 0 into (2.36), one obtains

δSbulk ¼
Z
∂M

dξ
1

π
θ̄ρ3ΓiX

: iϵ; (2.39)

where we have used ξ ¼ τ to parametrize the boundary, and
dots denote d=dξ as usual. It is easy to see that the boun-
dary conditions (2.37) on θ together with the requirement
(2.38) force the integrand in (2.36) to vanish.
In passing to endpoints with finite momentum, we must

impose the same condition (2.38) on the supersymmetries
preserved by the action. This is because an open string
might have, for example, one endpoint with finite momen-
tum and one without, and ϵ (in our current treatment) is a
constant both on the world sheet and in spacetime. To begin
with, let us focus on a boundary at σ− ¼ 0, meaning σ ¼ τ,
where as before the string stretches out toward more neg-
ative σ. It is convenient to parametrize this boundary using
ξ ¼ σþ. Our normalization conventions are

σ� ¼ τ � σffiffiffi
2

p : (2.40)

Using Stokes’ theorem, and ignoring any boundary other
than the one at σ− ¼ 0, we obtain

δSbulk ¼ −
Z
∂M

dξ
1

π
θ̄ρþρ−X

: iΓiϵ

¼ −
Z
∂M

dξ
1

π
θ̄ð1 − ρ3ÞX

: iΓiϵ: (2.41)

We must now ask how to improve the bosonic endpoint
action,

R
∂M dξ 1

2ηX
: 2
i , in such a way that its variation under

the transformations (2.34) cancels against (2.41). The claim
is that the requisite boundary action is

Sbdy ¼
1

2

Z
∂M

dξ
1

η
½X: 2i þ 2πiqþθ̄ρ−Γ−θ

:
�; (2.42)

where as usual dots represent derivatives with respect
to ξ ¼ σþ.
In order to demonstrate that the variation δSbdy cancels

against (2.36), we will need some partial integrations along
the boundary, and so we must know the ξ derivative of 1=η.
To obtain this we must consider what light-cone gauge

means on the boundary. As a direct consequence of
(2.32) together with our choice ξ ¼ σþ, we see that

Xþ ¼ πqþffiffiffi
2

p ξ; Γþθ ¼ 0 (2.43)

on the boundary. Using the definition (2.4) of pμ, we find

pþ ¼ 1

η
X
: þ ¼ πqþffiffiffi

2
p

η
: (2.44)

On the other hand, we know from the equation of motion
(2.5) for pþ that

p
: þ ¼ − 1

π
X
: þ ¼ − qþffiffiffi

2
p : (2.45)

Comparing (2.44) and (2.45), we conclude

d
dξ

�
1

η

�
¼ − 1

π
: (2.46)

Note that although we have used the equation of motion for
pþ, we will not use any additional equations of motion: the
supersymmetry holds off shell with respect to the transverse
dynamics.
The supersymmetry variation of the boundary action is

δSbdy ¼
Z
∂M

dξ

�
2

η
θ̄
:

X
: iΓiϵ − 1

η
θ̄
:

ρ−ρþX
: iΓiϵ

þ 1

η
θ̄ρ−ρþX

:: iΓiϵ

�
: (2.47)

To get to the form (2.47), we have already used the identity
θ̄Γ−Γþ ¼ 2θ̄, which follows from the gauge condition
Γþθ ¼ 0. Terms proportional to ∂−Xi occur in the variation
δθ, but they can be dropped because they come with a
factor of ρ−, and δθ is always multiplied on the left by
an additional factor of ρ−, which squares to 0. If we
now use the relation ρ−ρþ ¼ 1þ ρ3 and perform partial
integrations with respect to ξ in order to eliminate expres-
sions involving θ

:
(dropping all terms which are total ξ

derivatives) we obtain

δSbdy ¼
Z
∂M

dξ

�
2

η
θ̄ρ3X

:: iΓiϵþ 1

π
θ̄ð1 − ρ3ÞX

: iΓiϵ

�
: (2.48)

The second term, which cancels against the bulk variation
δSbulk from (2.36), arises from terms proportional to d

dξ ð1ηÞ.
The first term vanishes under precisely the same boundary
conditions, θ ¼ −iρσθ, that were used in (2.37) for ordi-
nary boundaries of the world sheet where there is no
momentum. Note that we did not need to use any informa-
tion about boundary conditions on Xi.
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So far we treated only the situation where the endpoint
is at σ− ¼ 0 with the string stretching out to negative σ
(meaning positive σ−). The generalization to arbitrary
boundaries is

S ¼
Z
M
d2σ

�
− 1

2π
ηab∂aXi∂bXi þ iqþθ̄Γ−ρa∂aθ

�

þ
Z
∂M

dξ
1

2η
½X: 2i − 2πiqþθ̄Γ−ηabρaσ

: bθ
:
�: (2.49)

The equations of motion resulting from (2.49) are

∂a∂aXi ¼ 0; Γ−ρa∂aθ ¼ 0 (2.50)

in the bulk, and

1

η
p
: i ¼ ∓ 1

π
pi;

1

η
Γ−ηabρaσ

: bθ
:
¼ 0 (2.51)

on the boundary. With the factors of η arranged as in (2.51),
one can smoothly take the limit η → ∞ and still have
correct equations.

III. STRING MOTIONS IN
AdS5-SCHWARZSCHILD

A. Falling strings revisited

In this subsection we will revisit the falling string
configurations studied in [5], where the string is initially
pointlike, and the endpoints’ initial velocity has no
component in the radial direction. An explicit requirement
in the numerical studies of [5] is that the endpoints must
move transversely to the string: that is, there is no
endpoint momentum. We will demonstrate how one can
obtain their result for the stopping distance of end-
points of highly energetic strings using relatively simple
analytical arguments.
We will work in the following coordinates of the AdS5-

Schwarzschild spacetime:

ds2 ¼ L2

z2

�
−fðzÞdt2 þ dx⃗2 þ dz2

fðzÞ
�
; (3.1)

where fðzÞ ¼ 1 − z4=z4H and the boundary of the space is at
z ¼ 0. Here L is the curvature of AdS5 and zH is the
(inverse) radial position of the event horizon. We will also
assume that the string is moving in the x-z plane.
The main idea in our argument is to recognize that the

initial energy of a falling string with the initial conditions
considered in [5] can be well approximated by the UV part
of the energy of a trailing string [14,15] whose endpoint is
moving at the same radial height at the local speed of light.
To see why this is so, note that the endpoints of highly ener-
getic falling strings move close to the boundary (z ≪ zH)
and approximately follow null geodesics (as the whole

string is close to being null). Null geodesics in the geometry
(3.1) are given by

dxgeo
dz

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðz�Þ − fðzÞp ¼ z2Hffiffiffiffiffiffiffiffiffiffiffiffiffiffi

z4 − z4�
p ; (3.2)

where z� is the minimal radial distance the geodesic
reaches. We are interested in a high-energy regime in which
string endpoints start (with no initial radial velocity) at
z ¼ z� ≪ 1. The endpoints then stay approximately at con-
stant z ¼ z� for a long time compared to z�, and they move
at an approximately constant velocity v ¼ ffiffiffiffiffiffiffiffiffiffiffi

fðz�Þ
p

. A sen-
sible expectation is that, near the endpoints, the string
assumes the shape of the trailing string moving at a velocity
v before the endpoint falls to appreciably larger values of z.
Consider then the energy [15] (for a more detailed account
see [16]) of a trailing stringwhose endpoint is held at z ¼ z�
and forced to move in the x direction at a velocity v:

Etrailing ¼
L2

2πα0
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − v2
p

�
1

z�
− 1

zH

�
þ 1

v
dE
dt

Δxðz�; zHÞ:
(3.3)

Here dE=dt is the well-known drag force and Δxðz�; zHÞ ¼
xðt; z�Þ − xðt; zHÞ is the distance the endpoint of the string
has traveledwhile beingdragged.This expression shows that
theenergyof the trailingstringis just theboostedstaticenergy
plus the net input of energy required to move the endpoint a
distance Δx at a velocity v. The latter is formally divergent,
reflecting the unbounded energy input into the trailing string
via the electric field that has been applied for an infinite
amountof time.For thefallingstringwedonothavethat term,
as there isnoexternal forceapplied.Hencewesee that theUV
partof theenergyof the fallingstring forz� ≪ zH canbeasso-
ciated with (see also a related discussion in [15])

E� ¼
ffiffiffi
λ

p

2π

1

z�

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p ¼
ffiffiffi
λ

p

2π

z2H
z3�

; (3.4)

where
ffiffiffi
λ

p ¼ L2=α0. In the second equality of (3.4) we
used v ¼ ffiffiffiffiffiffiffiffiffiffiffi

fðz�Þ
p

.
The distance in the x direction this endpoint travels

(or the stopping distance) can be obtained simply by
integrating (3.2):

Δxstop ¼
z2H
z�

ffiffiffi
π

p
Γð5

4
Þ

Γð3
4
Þ − 2F1

�
1

4
;
1

2
;
5

4
;
z4�
z4H

�
zH; (3.5)

where 2F1 is the ordinary hypergeometric function. In the
limit z� ≪ zH, the last term can be neglected, and we can
easily relate Δxstop to E� through the common UV scale z�:

Δxstop ¼
�
21=3ffiffiffi
π

p Γð5
4
Þ

Γð3
4
Þ
�
1

T

�
E�ffiffiffi
λ

p
T

�
1=3

; (3.6)
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where we used zH ¼ 1=ðπTÞ. The numerical factor in the
brackets is ≈0.526, precisely the value obtained numeri-
cally in [5].

B. Pointlike initial state with finite endpoint momentum

In Sec. IIIA, we reanalyzed the problem studied numeri-
cally in [5]. The spirit of that problem is to determine
the maximum distance traveled by a string in AdS5-
Schwarzschild with a pointlike initial condition in which
no part of the string has momentum upward toward the
boundary. Intuitively, such an initial condition with fixed
energy is supposed to represent the state of a quark-anti-
quark pair just after it is created through a hard scattering
event. In this section, we want to revisit the same problem,
but with initial conditions that include finite endpoint
momentum. Initial conditions which assign most of the
energy to the endpoints seem quite sensible if one thinks
of the endpoints as representing massless quarks, while
the string between them represents the color field that they
generate. In outline, Δx is computed as before by tracing
out a null spacetime geodesic; but now the string endpoint
exactly follows that geodesic because it has finite momen-
tum. We will restrict our attention to string motions that
have no snapbacks. To compute the initial energy, we
assume that the endpoint energy vanishes just as the end-
point crosses the horizon. To give the endpoints more initial
energy would be “wasteful” in the sense that we would be
increasing energy without increasing Δx.
What we will find is that finite endpoint momentum

allows the string to go about 19% farther than found in
[5] and Sec. IIIA. Intuitively, this is because some of the
energy in the initial state considered in [5] is devoted to
downward velocity of the bulk of the world sheet.
With these preliminaries in mind, let us consider

the endpoint momentum of a falling string. From the def-
inition of endpoint momenta (2.4), we have in the ξ ¼ z
parametrization:

pt ¼ − 1

η

L2

z2
ft
:
; px ¼

1

η

L2

z2
x
:
; pz ¼

1

η

L2

z2
1

f
;

(3.7)

where, as usual, by a dot we denote differentiation with
respect to ξ ¼ z. From the equation of motion for endpoint
momenta (2.7), we have

p
:
t ¼ ∓ η

2πα0
pt ¼ �

ffiffiffi
λ

p

2π

f
z2
t
:
: (3.8)

Asweshowed inSec. II, the right-handsideof this equation is
completely determined by null geodesics and one does not
need to solve the bulk equations of motion. Along any geo-
desic inAdS5, themomentapt;geo andpx;geo (in theabsenceof
the string) are conserved and hence we can parametrize the
null geodesic by a purely kinematical quantity:

R≡ pt;geo

px;geo
¼ −f t

:

x
: ; (3.9)

which can also be related to the minimal radial distance z�
from (3.2), R2 ¼ fðz�Þ. Using this in (3.8) together with
(3.2) we have

dE
dz

¼ −
ffiffiffi
λ

p

2π

1

z2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − f=R2

p ; (3.10)

wherewe identifiedptwith−E at theboundaryandwechose
the“−” sign for the casewhen theendpoint energy isdecreas-
ingwithtime.Assumingthat theendpointenergyat thebegin-
ning (when z ¼ z�) is E�, while at the end of the trajectory
(z ¼ zH) it vanishes, we get

E� ¼
ffiffiffi
λ

p

2π

" ffiffiffi
π

p
Γð3

4
Þ

Γð1
4
Þ

z2H
z3�

− 2F1ð12 ; 34 ; 74 ; z
4�

z4H
Þ

3zH

# ffiffiffiffiffiffiffiffiffiffiffi
fðz�Þ

p
: (3.11)

Again, in the limit z� ≪ zH, we can neglect the last term and
fðz�Þ → 1. Combining this with (3.5) in the same limit, we
get for the stopping distance the following expression:

Δxstop ¼
�
21=3

π2=3
Γð5

4
ÞΓð1

4
Þ1=3

Γð3
4
Þ4=3

�
1

T

�
E�ffiffiffi
λ

p
T

�
1=3

: (3.12)

The numerical factor in the brackets is approximately 0.624.

Note that this isgreaterbya factorof ð Γð1=4Þffiffi
π

p
Γð3=4ÞÞ

1=3 ≈ 1.19 than

the numerical factor in (3.6) obtained for falling stringswith-
out endpoint momentum.

C. Explicit solutions with pointlike initial conditions

Here we will provide an explicit numerical solution of
bulk equations of motion (2.5) with endpoints which
exactly follow null geodesics because they have finite end-
point momentum. Because the endpoint motion is known
analytically, what we are really doing with the numerical
code is to determine the motion of the bulk of the equation
subject to boundary conditions for the motion of the end-
points. Our approach will be largely based on the numerical
procedure described in [5], where the world sheet metric
was chosen to be of the following form:

hab ¼ diagf−sðτ; σÞ; 1=sðτ; σÞg; (3.13)

hence modifying the conformal gauge with the “stretching
function” sðτ; σÞ, which is chosen in such a way that the
numerical computation is well behaved. In this gauge,
the equations of motion for the world sheet metric are
explicitly
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Gμν∂τXμ∂σXν ¼ 0;

Gμνð∂τXμ∂τXν þ s2∂σXμ∂σXνÞ ¼ 0:
(3.14)

We choose the “pointlike” initial conditions, where the
string is initially a point at some radial coordinate z0:

tð0; σÞ ¼ 0; xð0; σÞ ¼ 0; zð0; σÞ ¼ z0: (3.15)

Choosing these immediately satisfies the first constraint
equation in (3.14). For this set of initial conditions we
choose the following stretching function:

sðτ; σÞ ¼ sðzÞ ¼ zH − z
zH − z0

�
z0
z

�
2

: (3.16)

The simplest way to introduce the null geodesic as a boun-
dary condition is to numerically solve the equations of
motion for null geodesic in the ξ ¼ t gauge with (3.15)
as initial conditions and obtain xgeoðtÞ and zgeoðtÞ. For
endpoints located at σ ¼ 0 and σ ¼ π, the null geodesic
boundary conditions can then be introduced as

∂τtðτ; 0Þ ¼ ∂τtðτ; πÞ ¼ 1;

∂τxðτ; 0Þ ¼ −∂τxðτ; πÞ ¼ x
:
geoðt ¼ τÞ;

∂τzðτ; 0Þ ¼ ∂τzðτ; πÞ ¼ z
:
geoðt ¼ τÞ: (3.17)

The initial velocity profiles are chosen similarly as in [5],
but consistent with the new boundary conditions (3.17):

∂τxð0; σÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
fðz0Þ

p
cosðσÞ; ∂τzð0; σÞ ¼ 0: (3.18)

The initial t-velocity profile is then determined by the
second constraint equation in (3.14)

∂τtð0; σÞ ¼ j cosðσÞj: (3.19)

The bulk equations of motion do not have a particularly
illuminating explicit form, but can be straightforwardly
solved with Mathematica’s NDSolve. After obtaining
Xμðτ; σÞ, we can transform to the static gauge Xiðt; σÞ
and plot the string shapes at different (fixed) times. A sam-
ple numerical solution is presented in Fig. 2, for a string
initially at z0 ¼ 0.2=ðπTÞ.

D. Strings with one endpoint behind the horizon

So far, in asking how far a string can travel in AdS5-
Schwarzschild, we have restricted attention to initial con-
ditions in which the initial state has x → −x symmetry and
no upward momentum in the radial direction. Let us now
relax both requirements and ask: If we start with an arbi-
trary state with all parts of the string at x ≤ 0, with some
part of the string behind the horizon, and with a total energy
E outside the horizon, what is the maximum positive x that
the string can attain without experiencing a snapback and
before falling completely into the horizon? In the limit
E ≫ T, we argue that the answer is

Δxstop ¼
�

2

π2=3
Γð5

4
ÞΓð1

4
Þ1=3

Γð3
4
Þ4=3

�
1

T

�
Effiffiffi
λ

p
T

�
1=3

: (3.20)

The numerical factor in brackets is approximately 0.990.
The logic behind (3.20) starts with the assertion that the

6 4 2 0 2 4 6
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z

FIG. 2 (color online). A numerically determined string trajectory with finite momentum at the endpoints for initial z0 ¼ 0.2=ðπTÞ.
Each string shape is plotted at a fixed time t. The black dashed line indicates the relevant null geodesic trajectory that endpoints follow.
For the purpose of comparison, the purple dashed line indicates the trajectory of endpoints of an analogous falling string with vanishing
momentum at its endpoints, whose energy is equal to 2E� from (3.11) and whose initial conditions were taken from [7].
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optimal string configuration to start with packs essentially
all its energy into one endpoint which is located very close
to the horizon. The rest of the string is allowed to dangle
down into the horizon. The motion of the energetic
endpoint is a spacetime geodesic which first rises to a mini-
mum value z� of the radial coordinate, and then falls back
into the horizon. We require, as before, that the endpoint
momentum should vanish just as the endpoint finally falls
behind the horizon. The energy of the endpoint when it
reaches the apex z� of its trajectory is precisely the value
E� found in (3.11). The initial endpoint energy is E ¼ 2E�.
Because the rising and falling parts of the trajectory are
symmetrical, Δxstop also doubles relative to the value found
in (3.12). The claimed result (3.20) follows immediately in
the limit E ≫ T. Note that we have not shown that even the
factor in (3.20) is the largest one possible, because it could
be that a cleverly designed trajectory with snapback at or
near the top results in a larger stopping distance for a given
initial energy.
As with falling strings with finite endpoint momentum,

it is interesting to construct numerical solutions which
implement the sort of trajectory envisioned in the previous
paragraph. Finding such a numerical solution is the main
aim of this section. Because we consider strings which pass
through the horizon, it is important to employ a coordinate
system which is regular at the horizon. We therefore solve
the string equations of motion using static gauge in infal-
ling Eddington-Finkelstein coordinates. The first step is to
write the AdS5-Schwarzschild metric (3.1) in the radial
coordinate r ¼ L2=z:

ds2 ¼ −gðrÞdt2 þ yðrÞdx⃗2 þ dr2

gðrÞ ; (3.21)

where

gðrÞ ¼ r2

L2

�
1 − r4H

r4

�
and yðrÞ ¼ r2

L2
: (3.22)

The defining equation for Eddington-Finkelstein time,
usually denoted v, is

dv ¼ dtþ dr
gðrÞ : (3.23)

When integrating (3.23), one can insist that v coincides
with the Killing time t at the boundary, r ¼ ∞. One can
straightforwardly show that the metric takes the form

ds2 ¼ −gðrÞdv2 þ 2dvdrþ yðrÞdx⃗2: (3.24)

Trajectories with constant x⃗ and constant v describe light
rays going directly down into the black hole: thus v is a null
coordinate in the bulk, even though it is timelike on the
boundary.

As can be shown from (3.24), it takes an infinite
Eddington-Finkelstein time to get started going upward
from the horizon along a null geodesic, but only a finite
time to reach the horizon going down along a null geodesic.
Because of this we do not have the slowdown problem near
the horizon, which was present in the Killing time coordi-
nates, and because of which we needed to choose a particu-
lar modification of the conformal gauge (3.16) to be able to
solve the equations of motion numerically. This constitutes
the main advantage of this coordinate system, as now we
can choose to work in the static gauge, which will simplify
the equations of motion significantly and allow us to
develop a practical numerical scheme in which time slices
of the string are at constant v.
We will work in the static gauge where σ ¼ r and τ ¼ v,

so that we only need to solve for xðv; rÞ. Note again that
the motion of the endpoints is completely determined by
null geodesics, which, similarly as before, can be obtained
numerically in the ξ ¼ v parametrization, xgeoðvÞ and
rgeoðvÞ. The equations in (2.5) for the bulk of the string,
together with some useful definitions, can be assembled
into the following list of equations that can be solved in
order to track the classical motion of the string:

h≡− det hab ¼ 1þ gyð∂rxÞ2 þ 2yð∂vxÞð∂rxÞ; (3.25)

Pv
x ¼ −

ffiffiffi
λ

p

2π

yffiffiffi
h

p ∂rx; (3.26)

Pr
x ¼ −

ffiffiffi
λ

p

2π

yffiffiffi
h

p ð∂vxþ g∂rxÞ; (3.27)

∂vPv
x þ ∂rPr

x ¼ 0: (3.28)

Suppose x and Pv
x are known on a time slice of constant v.

Then we may use (3.26) to obtain h and then solve (3.25)
for ∂vx. Next we can obtain Pr

x from (3.27) and then ∂vPv
x

from (3.28). All these manipulations involve only r deriv-
atives and algebraic manipulations, so we see that we can
design a numerical scheme which advances x and Pv

x from
one time step to the next. The main potential issue with this
scheme is that the expressions needed involve ∂rx and Pv

x
as denominators, so if either of them vanishes, there is a
problem with the numerical method.
Because of their high level of accuracy and stability, we

have decided to use pseudospectral methods for evaluating
the r derivatives (see for example [17]). The idea is to
choose the collocation points on a scaled Gauss-Lobatto
grid:

rjðvÞ ¼ rH þ rgeoðvÞ − rH
2

�
1þ cos

πj
N

�
; (3.29)
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where j runs from 0 to N. The r derivatives on any given
time slice can then be taken using standard pseudospectral
expressions involving the appropriate cardinal functions.
Therefore, the data on a given time slice v are composed
of 2N numbers xj and ðPv

xÞj for 0 ≤ j < N, indicating
where the string is and what value of Pv

x it has at each
of the collocation points rj. We insist that xN ¼ xgeo and
that ðPv

xÞN satisfies a matching condition

Pv
x ¼ −

ffiffiffi
λ

p

2π

y∂rx
1þ yx

:
geo∂rx

(3.30)

found by demanding that the endpoint limit of the quantity
∂vxþ r

:
geo∂rx should equal x

:
geo. The minus sign here

corresponds to the minus in (2.7). We therefore have a
system of 2N coupled first-order ordinary differential equa-
tions in v, for whichMathematica’s NDSolve is particularly
effective in solving.
For studying strings with one of the endpoints behind the

horizon, we can use the trailing string profile for the initial
(v ¼ 0) values of xðrÞ and Pv

xðrÞ. Its form in the Eddington-
Finkelstein coordinates is

xtrailing ¼ β

�
v − L2

rH
tan−1 r

rH

�
; (3.31)

where β is the velocity [18]. Essentially this form was
found in [19] (though the focus there was on Kruskal coor-
dinates). An odd feature is that in this coordinate system, at
a fixed “time slice” (meaning fixed v), the string world
sheet is further forward near the horizon than it is near
the boundary.

In our sample numerical solution in Fig. 3, we chose
the initial trailing string profile cut off at r0 ¼ 2πTL2.
The endpoints are moving on a null geodesic whose
maximum radial height is rmax ¼ 3.46πTL2. Note that
we do not need to specify the value of λ, as it drops
out of equations of motions for the bulk of the string
and only governs the rate at which the endpoint momen-
tum is being drained.

E. Instantaneous energy loss

A challenging question which has been addressed in
several previous works [5,7] is how to read off the
instantaneous rate of energy loss of an energetic quark
from the falling string description. Let us focus here on
energy loss in the rising-and-falling trajectories consid-
ered in Sec. IIID. Our philosophy is that the energy of
the energetic quark equals the energy of the string end-
point [20]. Perhaps surprisingly, this is a gauge-invariant
way of distinguishing between energy in the hard probe
and energy in color fields surrounding it. The general
formalism (2.5) and (2.7) tells us how quickly energy
bleeds out of the endpoint into the rest of the string,
so we only have to specify the endpoint trajectory of
interest, and then with suitable definitions we can
extract dE=dx.
We have actually already obtained the expression for

instantaneous energy loss in (3.10), we just need to use
the null geodesic equation (3.2) to express it as dE=dx:

dE
dx

¼ −
ffiffiffi
λ

p

2π

ffiffiffiffiffiffiffiffiffiffiffi
fðz�Þ

p
z2

; (3.32)
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FIG. 3 (color online). A numerically determined string trajectory with finite momentum at the endpoint in the Eddington-Finkelstein
coordinates. Each string shape is plotted at a fixed Eddington-Finkelstein time v. The black dashed line indicates the relevant null
geodesic trajectory that endpoints follow.
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where we used R2 ¼ fðz�Þ [21]. Note that this expression is
valid for both the falling and the rising part of the trajectory,
as in the latter case we need to flip the signs in both (3.2)
and (3.10). Because of this, the energy loss will be symmet-
ric around x ¼ Δxstop=2 from (3.20). To express dE=dx
as a function of x, we first need to integrate the null geo-
desic equation (3.2) (with a minus sign, for the rising
phase), assuming that the endpoint starts at x ¼ 0 close
to the horizon z ¼ zH:

xgeoðzÞ ¼
z2H
z 2F1

�
1

4
;
1

2
;
5

4
;
z4�
z4

�
− zH2F1

�
1

4
;
1

2
;
5

4
;
z4�
z4H

�
:

(3.33)

Now, for a given z�, we can invert (3.33) to obtain zðxÞ for
the rising phase and then plug it in (3.32) to obtain dE=dx
as a function of x, an example of which is plotted in Fig. 4.

IV. CONCLUSIONS

Finite energy at the endpoints of the yo-yo solution is
crucial to our account of energy conservation in
Sec. IIB. One might wonder if energy conservation might
be saved in another way, for example by putting extra
energy near but not on the endpoints. This does not work
because the bulk of the string is perfectly stationary until
the endpoint reaches it. The bulk of the string cannot
“know” that the endpoint is coming until it arrives, because
the endpoint travels at the speed of light along the world
sheet. For both of these reasons, it makes no sense to alter
the usual account of energy on the bulk of the world sheet.
Moreover, we cannot exclude the yo-yo solution from the
classical theory, because (as explained also in Sec. IIB) it
can be recovered as a limit of open string solutions with no
endpoint momentum. In this limit, there is a degeneracy in
the string embedding, such that a finite region of the world
sheet coordinates maps to the edge of the string world
sheet. Perhaps (2.1) can be recovered by starting with just
the Nambu action but allowing similar degeneracies in the
world sheet embedding.

Once finite endpoint momentum is recognized as part of
classical string theory, there are a variety of additional for-
mal developments that seem natural. As we have discussed
in Sec. IIC, a doubled string can have finite energy at the
point where it folds over. One can consider string configu-
rations with finite or even countably infinite number of
double-backs as well as finite endpoint momentum; indeed,
similar considerations go back to the original literature
[1,2]. Perhaps one can go even further and consider finite
energy and momentum supported on arbitrary sets of
measure zero within D-brane and M-brane world volumes,
including at boundaries when boundaries are permitted.
Are additional terms, in particular boundary terms,
required, and if so, what is their supersymmetric, kappa-
symmetric form? To what extent can localized momentum
on branes be understood in terms of world-volume embed-
dings that are degenerate, so that finite volume patches of
coordinate space map to zero volume loci in spacetime?
Besides the intrinsic interest of such constructions in the
theory of classical branes, it may be that an understanding
of localized energy and momentum is important in the
quantization of branes. Generally speaking, a challenge
to understanding quantum states of branes is that small
areas on the world sheet can extend a long way in space-
time, and perhaps a clearer understanding of localized
energy and momentum will be of help.
As an application of finite endpoint momentum, we stud-

ied highly energetic strings in the AdS5-Schwarzschild
geometry. A pointlike string with most of its energy packed
into its endpoints seems like a natural holographic dual to
the initial state of a pair of quarks that have just undergone a
hard scattering event. As the endpoints fly apart and fall
toward the horizon, the dual physics is that the quarks
are separating and thermalizing. At large energies, the
distance Δxstop that they can travel is greater by a factor

of ð Γð1=4Þffiffi
π

p
Γð3=4ÞÞ

1=3 ≈ 1.19 than was possible for the string

motions without endpoint momentum studied numerically
in [5]. This may seem like a minor effect, but because
Δxstop ∼ E1=3, it corresponds to increasing E by a factor
of about 1.67, so it is of potential phenomenological inter-
est [22]. A key point in the development of these calcula-
tions is that as long as the endpoint energy is positive, the
endpoint itself must follow a spacetime geodesic: this was
argued in detail in Sec. II and does not require any high-
energy limit; it is an exact fact about classical trajectories
with finite energy and momentum. To optimize the stop-
ping distance, we have assumed that the endpoint energy
goes to zero just as the endpoint falls through the horizon.
This seems reasonable at least as a starting point, because
snapback (at least, frequent repeated snapback) is associ-
ated with mesonic bound-state behavior, which is far from
our interest in discussing energy loss from highly energetic
quarks.
In a phenomenological context, it is sensible to regard

the energy remaining in the endpoint as the energy of
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FIG. 4 (color online). Instantaneous energy loss (3.30) as a
function of x, for z� ¼ 0.2=ðπTÞ.
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the energetic quark in the dual theory. Doing so leads us
immediately to a rate of energy loss which we developed
in Sec. IIIE which is somewhat different from previous
treatments [5,7]. Note that our development was for an end-
point trajectory that starts close to the horizon rather than
high above it. However, the basic formula (3.32) applies
generally.
We look forward to making a more thorough exploration

of the phenomenological consequences of these ideas in a
future publication [23].
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