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Invariance of quantum optimal control fields to experimental parameters
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We consider an ensemble of closed finite-level systems described by a density matrix where the goal is to find
an optimal control field to maximize the expectation value of an observable. The eigenvalues of the initial density
matrix are assumed to depend on an experimental parameter (e.g., the temperature), whereas the eigenvalues
of the observable may depend on an additional application-specific experimental parameter. We show that an
optimal control will remain optimal for all such experimental parameters, if the relative ordering, by magnitude,
of the eigenvalues of the initial density matrix as well as of the observable is unaltered regardless of the parameter
values. More generally, we show like invariance of a control associated with any particular critical point on the
corresponding control landscape. The invariance of control laser fields with respect to temperature is illustrated
for vibrational excitation of diatomic molecules and photoassociation of atoms.
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I. INTRODUCTION

Quantum control is generally concerned with finding an
optimal field that can steer a system from an initial state
to a final state that maximizes the expectation value of
an observable [1–10]. In the laboratory, the initial state
and the observable often depend on continuously adjustable
experimental parameters. Naturally, the outcome of applying
an optimal control will produce a final expectation value
that depends on these experimental parameters. Here we
seek to establish conditions for when a control field remains
optimal, regardless of the values of the parameters, such that
an optimal field determined at one set of parameter values
will again produce an optimal outcome at any other values of
the parameters. An understanding of the physical conditions
consistent with such invariance properties for the optimal
control field is important in the laboratory as well as for
performing control designs.

The energy spectrum of a molecule is composed of both
discrete bound rotational-vibrational-electronic energy levels
and continuous ionization or dissociative channels. In practice,
however, many situations can be viewed as a finite N -level
quantum system, including possibly by proper discretization
of continuum states. In addition, some systems (e.g., spins)
are inherently finite dimensional. Thus, in this work the
corresponding field-free Hamiltonian H0, dipole moment
operator μ, density operator ρ(t), and observable O are
all assumed to be effectively represented by N -dimensional
Hermitian matrices. As a result, the initial state ρ(0) can be
written in diagonal form

ρ(0) =
N∑

k=1

pk|φk〉〈φk|,
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where the eigenvalues {pk} specify the probabilities (statistical
weights) that the system initially resides in the various
orthogonal pure states {|φk〉}. Correspondingly, the observ-
able O, characterized by a set of eigenvalues {λj }, can be
written as

O =
N∑

j=1

λj |ψj 〉〈ψj |,

with {|ψj 〉} being the associated eigenstates of O.
The optimal control problem for a closed system may be

formulated as maximization of the cost functional J [ε] =
Tr[ρ(tf )O], i.e.,

max
ε(·)

J [ε], (1)

where J [ε] is the expectation value of O at final time tf
and forms a control landscape as a functional of the squared-
integrable control ε(t) ∈ L2[0,tf ] [11]. The key features of
the control landscape J [ε] are the critical points where
δJ/δε(t) = 0, t ∈ [0,tf ]. Without loss of generality, consider
that the eigenvalues of both the initial density operator and the
target operator are arranged in the decreasing order p1 � p2 �
· · · � pk � · · · � pN and λ1 � λ2 � · · · � λj � · · · � λN .
Assuming that (1) the system is fully controllable [12–14], (2)
the control to the final state differential map δε(·) �→ δρ(tf )
is surjective [15], and (3) that the controls are unconstrained
[16,17], then each critical point corresponds to a permutation
of the eigenvalues of ρ(0) or O such that [18–25]

Jcritical[ε] =
N∑

i=1

piλπ(i) =
N∑

i=1

pπ−1(i)λi,

where π (i) denotes a permutation of N indices and π−1(i) its
inverse. In particular, the upper limit for the expectation value
of the observable is

Jmax[ε] =
N∑

i=1

piλi,
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which is the maximum value attainable by an optimal control
field.

The weights pk of the initial density matrix ρ(0) will often
depend on some adjustable experimental parameter X, i.e.,
pk = pk(X). For example, the statistical weights (i.e., the
Boltzmann factors) for a thermal ensemble are determined
by the temperature X ≡ T . The observable may be chosen
a priori such that its eigenvalues λj are arbitrary functions
of some parameter Y , i.e., λj = λj (Y ) in a suitably designed
measurement apparatus. As a result, the value of Jcritical[ε] at a
critical point of the landscape, including the upper limit for the
optimal solution, will generally depend on the experimental
parameters X and Y . However, this paper aims to present
sufficient conditions whereby a control field ε corresponding
to a particular critical point Jcritical[ε] for one value of X

and Y also corresponds to the same critical point for other
values of these parameters. The special case of interest is
an optimal control remaining optimal to produce Jmax[ε],
regardless of the values for X or Y . The key to these invariance
prospects lies in the fact that the field serves to create a unitary
permutation matrix from the dynamics thereby providing a
particular critical point outcome Jcritical[ε] [18–25].

The paper is organized as follows. Section II presents
sufficient physical conditions for the existence of critical point
preserving fields. The symmetric roles played by ρ(0) and O

in the expectation value J are emphasized in the formulation.
Section III presents illustrations for the molecular vibrational
excitation and for the photoassociation in a thermal gas of
atoms; in both cases the adjustable laboratory parameter is the
temperature X = T . Concluding remarks are given in Sec. IV.
Appendix A introduces a monotonically convergent iteration
scheme to find optimal control fields by extending the TBQCP
method to the density matrix framework [26]. Appendix B
describes a search scheme to find saddle critical points on the
control landscape.

II. CRITICAL POINT INVARIANCE

Consider an ensemble of N -level quantum systems with the
initial state specified by a density matrix ρ(0,X),

ρ(0,X) =
N∑

k=1

pk(X)|φk〉〈φk|, (2)

where the set of eigenstates {|φk〉} of ρ(0,X) forms an
orthornormal basis and the initial population distribution
{pk(X)} over {|φk〉} is determined by the values of some
laboratory parameter X. Moreover, we assume that all N

eigenstates |φk〉 are completely discernible experimentally
regardless of whether they are degenerate or not. For example,
states with degeneracy in the magnetic quantum number m

can in principle be distinguished in the laboratory using
appropriate polarized or DC fields. Thus, even upon the
occurrence of degenerate eigenvalues pk(X), their association
with a particular state |φk〉 can be established in the laboratory.
Similarly, the observable matrix is assumed to depend on an
application-specific experimental parameter Y ,

O(Y ) =
N∑

j=1

λj (Y )|ψj 〉〈ψj | (3)

with {|ψj 〉} being eigenstates of O(Y ). The matrix O(Y ) in the
{|φk〉} basis can be obtained by the unitary transformation D,

O(Y ) = D†	(Y )D, (4)

where an element (O)kl of the observable matrix in Eq. (4) is
〈φk|O|φl〉, with Djk = 〈ψj |φk〉, and 	(Y ) is a diagonal matrix
composed of the eigenvalues λ1(Y ), . . . ,λN (Y ). In practice, the
Y dependence of O(Y ) may be constructed with considerable
freedom, assuming that the projection into the eigenstate |ψj 〉
can be observed in separate, identically setup experiments.
Then, the outcomes can be weighted at will with eigenvalues
{λj (Y )}. We point out the special structure assumed for the
initial state ρ(0,X) and for the observable O(Y ), expressed
in Eqs. (2) and (3): while their eigenvalues depend on the
parameters X and Y , the corresponding eigenstates do not
depend on these parameters.

The cost functional associated with the control problem of
Eq. (1) can be written as

J [X,Y,ε] ≡ Tr{ρ(tf ,X)O(Y )} = Tr{ρ(0,X)O(tf ,Y )}, (5)

where

ρ(tf ,X) = U (tf ,0)ρ(0,X)U †(tf ,0) (6)

and

O(tf ,Y ) = U †(tf ,0)O(Y )U (tf ,0). (7)

The propagator U (tf ,0) dictates the evolution of the quan-
tum system from t = 0 to t = tf in the presence of the
control field ε(t). The roles played by ρ(0,X) and O(Y )
are physically distinct, but mathematically interchangeable
in the optimal control formulation, manifested in Eqs. (5)
to (7). The control problem may be formulated as either
steering forward from ρ(0,X) to ρ(tf ,X) to maximize the
expectation value Tr{ρ(tf ,X)O(Y )} or steering backward from
O(Y ) to O(tf ,Y ) to maximize the equivalent expectation value
Tr{ρ(0,X)O(tf ,Y )}. Substituting Eqs. (2) and (4) in (5), we
obtain

J [X,Y,ε] = Tr{ρ(0,X)
†	(Y )
}

=
N∑

k=1

pk(X)〈φk|
†	(Y )
|φk〉

=
N∑

k=1

pk(X)
N∑

j=1

λj (Y )〈φk|
†|ψj 〉〈ψj |
|φk〉, (8)

where


 ≡ DU (tf ,0) (9)

is a unitary matrix and U (tf ,0) is understood to be in the {|φk〉}
basis.

The so-called kinematic critical points of the control land-
scape are associated with particular unitary transformations
of ρ(0,X) and O(Y ), according to Eqs. (6) and (7), such that
ρ(tf ,X) and O(Y ) commute [25], i.e.,

[ρcritical(tf ,X),O(Y )] = 0, (10)

or, equivalently, ρ(0,X) and O(tf ,Y ) commute, i.e.,

[ρ(0,X),Ocritical(tf ,Y )] = 0. (11)
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The kinematic critical points correspond to either global
extrema (maxima or minima) or to local saddles of the control
landscape,

Jcritical[X,Y ] =
N∑

j=1

pj (X)λπ(j )(Y ) =
N∑

j=1

pπ−1(j )(X)λj (Y ),

(12)
where

π (j ) = {j → π (j ),j = 1,2, . . . ,N}
denotes any one of the permutations of N indices {1,2, . . . ,N}.
Comparing Eqs. (8) and (12), it can be inferred that the
evolution operator which leads to a critical point must satisfy
the relation


critical = DUcritical(tf ,0) = �, (13)

where � is a permutation matrix. The effect of � is to
transform the diagonal matrix 	(Y ) into another diagonal
matrix �T 	(Y )� or, equivalently, ρ(0,X) into �ρ(0,X)�T ,
rearranging the diagonal elements in a different order.

If the eigenvalues of both ρ(0,X) and O(Y ) remain in
decreasing order, regardless of the values for the parameters
X and Y ,

p1(X) � p2(X) � · · · � pk(X) � · · · � pN (X) � 0 (14)

and

λ1(Y ) � λ2(Y ) � · · · � λj (Y ) � · · · � λN (Y ) � 0, (15)

then this criterion presents a sufficient condition that ε(t) will
produce the same critical point independent of the values for
X and Y . The conclusion follows since the ordering of the
eigenvalues of ρ(0,X) and O(Y ) is independent of X and Y ,
implying that the permutation matrix leading to a particular
critical point has the same invariance to X and Y . In particular,
when � = IN , we obtain the upper limit (i.e., the maximum
value attainable by a control field) for the expectation value of
the observable,

Jmax[X,Y ] =
N∑

i=1

pi(X)λi(Y ). (16)

Thus, in general a field ε(t) that leads to a particular critical
point specified by � will still produce the same critical point
independent of the experimental parameters X and Y . Al-
though the eigenvalue orderings are preserved by assumption,
the individual eigenvalues pi(X) and λj (Y ) can vary with X

and Y , implying that the critical value Jcritical[X,Y ] can depend
on X and Y . Nevertheless, we have that the achieved critical
value J [X,Y,ε] will satisfy J [X,Y,ε]/Jcritical[X,Y ] = 1 for a
control field ε(t) associated with a particular critical point,
independent of X and Y .

III. ILLUSTRATIONS

As examples of critical point control field invariance
to experimental parameters, we consider one-dimensional
molecular control problems with the Hamiltonian

H (t) = H0 − μ(r) ε(t), (17)

where H0 = − �
2

2M
∂2

∂r2 + V (r) is the unperturbed molecular
Hamiltonian, with reduced mass M and the internuclear po-
tential V (r). Here μ(r) is the dipole moment operator and ε(t)
is the control electric field, with the dynamics starting at t = 0
and ending at t = tf . An efficient technique to optimize the
control field within the density matrix framework is provided
in Appendix A. Appendix B presents a method to find saddle
points on the control landscape. Both examples will illustrate
the basic principles of Sec. II with the temperature being
the laboratory adjustable parameter, X = T . The dependence
of O on Y is put aside here, but that may be included at
will (provided that the eigenvalues of O remain monotonic
regardless of the value of Y ) without changing the conclusions.

A. Vibrational excitation

Consider laser-induced vibrational excitation of IBr ori-
ented in a lattice at temperature T with the field coincident
with the molecular axis. We assume that no significant
relaxation occurs with the lattice during the fast control
pulse. A Morse oscillator model is employed for the ground
electronic state, V (r) = De[e−α(r−re) − 1]2, with parameters in
atomic units given by De = 0.067, re = 4.67, α = 0.996, and
M = 89379 [27]. An analytical form for the dipole function
μ(r) is taken from Ref. [28]. The molecule is modeled with
N = 5 bound vibrational energy levels Eν corresponding to
the nondegenerate states |φν〉, ν = 1, . . . ,5. The energy lev-
els are given by Eν = De − �

2α2(ζ − ν + 1)2/(2M), where
ζ = √

2MDe/(�α) − 1/2, implying that E5 > E4 > E3 >

E2 > E1.
The initial density operator is

ρ(0,T ) = 1

Z

N=5∑
ν=1

e−βEν |φν〉〈φν |, (18)

where Z is the partition function, β = 1/(kBT ), with kB

being the Boltzmann constant. The objective is to increase the
vibrational energy of the system, corresponding to the operator

O =
N=5∑
ν=1

λν |ψν〉〈ψν |, (19)

where λν = EN−ν+1 and |ψν〉 = |φN−ν+1〉. The control prob-
lem is specified by maximization of the cost functional

J [T ,ε] = 1

Z

N=5∑
ν=1

e−βEν

N=5∑
ν ′=1

λν ′ |〈ψν ′ |U (tf ,0)|φν〉|2, (20)

at tf = 2 ps. The monotonically increasing energy levels Eν

assure the ordering in Eq. (14) and (15) independent of T .
From Eq. (16), the maximum value of J [T ,ε] is

Jmax[T ] = 1

Z

N=5∑
ν=1

e−βEν λν = 1

Z

N=5∑
ν=1

e−βEν EN−ν+1. (21)

Using the technique of Appendix A and fixing the temperature
at T = 500 K, we found a nearly optimal field ε∗(t) starting
from a trial field of the form εtrial = ε0S(t)

∑
i,j sin(ωi,j t),

where ωi,j = |Ei − Ej |/� (i,j = 1, . . . ,N) and S(t) =
sin2(πt/tf ) is an envelope function. The resultant opti-
mized field achieved the yield J [T ,ε∗]/Jmax(T ) ≈ 0.99 for
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FIG. 1. (a) Ratio J [T ,ε]/Jmax[T ] as a function of the tempera-
ture. Each curve was constructed for a different control field. The
curve with filled circles corresponds to the nearly optimal control
field ε∗(t) determined at T = 500 K, and then utilized again at all
other temperatures T . The other curves in (a) with nonoptimal fields
do not exhibit temperature invariance. The near invariance to T for
the curve created with ε∗(t) occurs, despite the fact that the value of
Jmax[T ] in (b) varies significantly as a function of T .

T = 500 K. Figure 1(a) shows that the ratio J [T ,ε∗]/Jmax[T ]
remains close to 0.99 for all temperatures upon using the nearly
optimal field ε∗ determined at 500 K (filled circles), consistent
with the analysis of Sec. II. For comparison, Fig. 1(a) also
shows the ratio J [T ,ε]/Jmax[T ] for three other nonoptimal
control fields (open circles, triangles, and squares), which were
obtained while performing the optimization at T = 500 K.
In contrast to ε∗, for the three nonoptimal control fields,
J [T ,ε]/Jmax[T ] changes considerably as the temperature is
varied. While J [T ,ε∗]/Jmax[T ] remains near 0.99 for all
temperatures in Figs. 1(a), 1(b) shows that Jmax(T ) given in
Eq. (21) decreases significantly with the temperature.

Additionally, consider the following saddle point of the
control landscape:

Jsaddle[T ] = 1

Z
(e−βE1λ2 + e−βE2λ1) + 1

Z

N=5∑
ν=3

e−βEν λν. (22)

We have applied the technique described in Appendix B
to find a control field εs(t) producing an outcome close to
the intended saddle point, such that J [T ,εs]/Jsaddle(T ) ≈ 0.98
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FIG. 2. (a) Ratio J [T ,ε]/Jsaddle(T ) as a function of the tempera-
ture. Each curve was constructed for a different control field identified
at 500 K and then utilized at other temperatures. The curve with filled
circles corresponds to the control field εs(t) closest to the saddle.
The nearly constant value for J [T ,εs]/Jsaddle(T ) with respect to
temperature occurs, despite the saddle point value Jsaddle[T ] in (b)
having a significant nonmonotonic variation with temperature T . In
contrast, the other curves in (a) obtained with nonsaddle creating
fields do not show temperature invariance.

at T = 500 K. Figure 2(a) shows the ratio J [T ,ε]/Jsaddle[T ]
as a function of the temperature for εs (full circles) and
for three other nonsaddle point control fields (open circles,
triangles, and squares). The ratio J [T ,εs]/Jsaddle(T ) remains
very close to 0.98, regardless of the temperature. In contrast,
for the three other nonsaddle point control fields, the ratio
J [T ,ε]/Jsaddle[T ] changes considerably as the temperature is
varied. While εs(t) determined at T = 500 K identified the
saddle at other temperatures, Fig. 2(b) shows that the critical
value Jsaddle[T ] given in Eq. (22) varies significantly with T .
The results of Figs. 1 and 2 show that the field determined at a
critical point will maintain that particular critical character of
J [T ], irrespective of the temperature.

B. Photoassociation

Consider a one-dimensional photoassociation model
[29,30], where the Hamiltonian in Eq. (17) describes the
relative motion of two colliding atoms, and the atoms are
on a line aligned with the laser field. The function V (r) is a
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Morse potential with a infinite barrier placed at long range [31],
which leads to a nondegenerate energy spectrum composed of
NB bound levels EB

ν with eigenstates |φB
ν 〉 and NS densely

packed discretized scattering levels ES
n with eigenstates |φS

n 〉.
The parameters of the Morse potential in atomic units are
De = 0.0092, re = 0, α = 2.1, and M = 1836 along with the
infinite barrier located at L = 100 a.u. The dipole function is
given by μ(r) = qr exp(−r/rd ), where rd = 0.9524 a.u. and
q = 1 a.u. For the chosen parameters, the number of bound
levels is NB = 3, while the number of scattering levels is
truncated to NS = 100.

The gas corresponding to the model above at thermal
equilibrium will contain some fraction of bound diatomic
molecules. However, before the control field is turned on, we
focus only on the remaining unbound atoms or, equivalently,
we consider a nascent gas consisting of atoms at translational
thermal equilibrium. Therefore, the initial density operator can
be written as

ρ(0,T ) =
NS∑
n=1

1

Z
e−βES

n

∣∣φS
n

〉〈
φS

n

∣∣, (23)

with e−βES
1 > · · · > e−βES

n > · · · > e
−βES

NS and Z being the
partition function associated with the scattering states and
thereby satisfying Eq. (14). With the aim of maximizing the
overall photoassociation probability, the observable operator
is chosen as

O =
NB∑
ν=1

∣∣φB
ν

〉〈
φB

ν

∣∣, (24)

where all NB bound vibrational levels are weighted equally.
Thus, the goal is to find a field ε∗(t) that maximizes the cost
functional J [T ,ε] = Tr[ρ(tf ,T )O],

J [T ,ε] = 1

Z

NS∑
n=1

e−βES
n Pn→B, (25)

where

Pn→B =
NB∑
ν=1

∣∣〈φB
ν

∣∣U (tf ,0)
∣∣φS

n

〉∣∣2
(26)

and tf = 30 ps.
The maximum attainable photoassociation yield at a

temperature T is

Jmax[T ] = 1

Z

NB∑
n=1

e−βES
n . (27)

This photoassociation upper limit will be reached when the
transition probabilities from each one of the lowest NB

scattering levels to all of the bound levels are 1, that is,
when Pn→B = 1, n = 1, . . . ,NB . By the analysis in Sec. II,
an optimal control field ε∗(t) determined at a particular
temperature T that leads to the maximum limit in Eq. (27)
should remain an optimal field independent of the temperature.

At the temperature T = 30 K, we sought an opti-
mized field ε∗(t) starting from a trial field of the
form εtrial = ε0S(t)

∑
i,j sin(ωi,j t), where ωi,j = |Ei − Ej |/�

(i,j = 1, . . . ,N ) and S(t) = sin2(πt/tf ). The resultant (nearly
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FIG. 3. (a) Ratio J [T ,ε]/Jmax[T ] as a function of the temperature
for photoassociation. Each curve was obtained for a different control
field determined during the optimization process performed at
T = 30 K. The curve with filled circles corresponds to the control
field ε∗(t) producing a yield of ≈ 0.94 at T = 30 K. All of the fields
asymptote to a constant value at high temperature, but only the case
of ε∗(t) approaches the optimal limit of 1.0. (b) The value of Jmax[T ]
changes significantly as a function of T .

optimal) control field gives the yield J [30 K,ε∗]/
Jmax(30 K) ≈ 0.94; attaining a higher yield should be possible,
but the effort is computationally intensive. Figure 3(a) shows
the ratio J [T ,ε∗]/Jmax[T ] as a function of the temperature
T (filled circles) utilizing the field determined at 30 K.
Figure 3(b) shows that Jmax[T ] given in Eq. (27) decreases
significantly with the temperature. For comparison, Fig. 3(a)
also shows the ratio for two other noncritical control fields
(open triangles and squares) which were obtained during the
optimization at T = 30 K. For all fields, the ratio increases and
approaches a constant value as the temperature increases. This
behavior can be understood, since as the temperature increases,
ZJmax[T ] = ∑NB

n=1 e−βES
n becomes equal to the number of

bound states, NB , since βES
n ≈ 0. Simultaneously, ZJ [T ,ε]

also approaches a constant value approximately equal to∑N
n=1 Pn→B, for each control field. Thus, in this model, the

ratio between the photoassociation yield for any control and
the maximum attainable yield always increases and approaches
a constant value as the temperature rises. However, only the
case with ε∗(t) produces a ratio that is close to the optimal
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limit 1.0, because for this field the transition probabilities
Pn→B of the lowest NB scattering levels to all of the bounds
are approximately one. Finally, we note that J [T ,ε]/Jmax[T ]
decreases as T → 0 due to the fact that Jmax[T ] always
increases faster than J [T ,ε] for any nonoptimal field (i.e.,
Pn→B of the lowest NB scattering levels to all of the bound
levels are less than 1.0).

IV. CONCLUSION

This paper presented an analysis of the nature of control
fields associated with the critical points of quantum ensemble
control problems with respect to experimentally adjustable
parameters. We show that a control field ε(t) that produces a
particular critical point on the control landscape will then pro-
duce the same critical point independent of the experimental
parameters, if the orderings of the eigenvalues of the initial
density operator and the target observable operator do not
change with respect to these parameters. In particular, when
this sufficient condition holds, an optimal control field will
remain optimal independent of the experimental parameters.
This invariance property can be very important for saving
optimization effort in the laboratory and in simulations, as
an optimization at one set of parameter values will suffice to
produce the same optimal outcome at other values.
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APPENDIX A: TBQCP OPTIMIZATION SCEHEM
WITHIN THE DENSITY MATRIX FRAMEWORK

This appendix presents an algorithm to determine an
optimal control field within the density matrix framework. The
goal is to formulate a monotonically convergent algorithm to
find a control field ε(t), t ∈ [0,tf ], that can steer the quantum
system from an initial state ρ(0) to a final state ρ(tf ) in a
finite time tf such that the corresponding expectation value
〈O(tf )〉 ≡ Tr{ρ(tf )O} of a given observable operator O is as
close as possible to its admissible maximum value. Consider
the equation for the density matrix ρ(t) with the Hamiltonian
given in Eq. (17):

∂

∂t
ρ(t) = 1

ı�
[H0 − μ(r)ε(t),ρ(t)]. (A1)

In order to extend a recently formulated fast monotoni-
cally convergent optimal control search algorithm, the two-
point boundary-value quantum control paradigm (TBQCP)
[26,32,33], to mixed-state quantum optimal control problems,
we introduce a time-dependent Hermitian operator O(t)
satisfying the equation

∂

∂t
O(t) = 1

ı�
[H0 − μ(r)ε(0)(t), O(t)], (A2)

with the boundary condition O(tf ) = O, associated with
a reference control field ε(0)(t). From Eq. (A2), it can
then be shown that the expectation value Tr{ρ(0)(t)O(t)} is
independent of time t , where the density matrix ρ(0)(t) is also
associated with the reference control field ε(0)(t) and satisfies
the equation

∂

∂t
ρ(0)(t) = 1

ı�
[H0 − μ(r)ε(0)(t),ρ(0)(t)], ρ(0)(0) = ρ(0),

(A3)

From Eqs. (A1) and (A2), we may derive the relation

d

dt
〈O〉(t) ≡ d

dt
Tr{ρ(t)O(t)} = fρ(t){ε(t) − ε(0)(t)}, (A4)

where

fρ(t) = − 1

ı�
Tr{[O(t),μ(r)]ρ(t)}. (A5)

Integrating Eq. (A4) leads to

〈O(tf )〉 − 〈O(0)〉 =
∫ tf

0
fρ(t){ε(t) − ε(0)(t)}dt, (A6)

which is a nonlinear integral equation for the control field
ε(t). From Eqs. (A4) and (A6), a monotonically convergent
iteration scheme can be obtained by choosing the control field
ε(t) according to the relation [26,32,33]

ε(t) = ε(0)(t) + η0S(t)fρ(t), (A7)

where η0 > 0, and S(t) is a non-negative envelope function for
the control field. Substituting Eq. (A7) into Eq. (A6) gives

〈O(tf )〉 − 〈O(0)〉 = η

∫ tf

0
S(t)f 2

ρ (t)dt � 0, (A8)

i.e.,〈O(tf )〉= 〈O(tf )〉= Tr{ρ(tf )O}�Tr{ρ(0)(tf )O} = 〈O(0)〉.
Equation (A7) forms a recurrence relation for the two-point
boundary-value quantum optimal paradigm for the density
matrix that can be applied iteratively to refine the control
field such that the targeted expectation 〈O(tf )〉 increases
monotonically.

APPENDIX B: FINDING KINEMATIC CRITICAL POINTS

This appendix shows how a field may be found which
corresponds to a specific suboptimal critical point of the
control landscape J [ε]. We use the same definitions of Sec. II,
but without explicitly labeling with the parameters X and Y .

Consider a new cost functional

J [ε�] ≡ Tr{ρ�(T )O} = Tr{U�(T ,0)ρ�(0)U †
�(T ,0)O}

(B1)

associated with the observable O and with a modified initial
density matrix

ρ�(0) = �ρ(0)�T , (B2)

where � is a permutation matrix and U�(t,0) is the evolution
operator associated with a control field ε�(t), t ∈ [0,tf ].
Thus, the new initial density matrix ρ�(0) and the initial
density matrix ρ(0) contain the same set of eigenvalues,
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but with a different ordering. Furthermore, Eq. (B1) can be
written as

J [ε�] = Tr{ρ(0)U ′†(T ,0)D′	′D′†U ′(T ,0)}
= Tr{ρ(0)U ′†(T ,0)O ′U ′(T ,0)}, (B3)

where

U ′(T ,0) = �T U�(T ,0)�, (B4)

D′ = �T D�, (B5)

	′ = �T 	�, (B6)

and

O ′ = D′	′D′† = �T O�, (B7)

with U ′(t,0) being the evolution operator associated with a
control field ε�(t) and the transformed Hamiltonian H ′(t) =
�T H (t)�. Here O ′ and O contain the same set of eigenvalues,
but with permuted ordering, according to Eq. (B6).

It is easily seen that a critical control ε�(t) on the landscape
J [ε�] satisfies the commutation relation[

ρ�
critical(tf ),O

] = 0, (B8)

or equivalently, [
ρ�(0),O�

critical(tf )
] = 0, (B9)

where

O�(tf ) ≡ U
†
�(tf ,0)OU�(tf ,0) (B10)

and

ρ�(tf ) = U�(tf ,0)ρ�(0)U †
�(tf ,0). (B11)

Assuming that ρ(0) is fully nondegenerate, Eq. (B9) leads
to the relations

Jcritical[ε�] = Tr{ρ�(0)�′T 	�′}, (B12)

where �′ is an arbitrary permutation matrix. Comparing
Eq. (12) with the above expression, we conclude that every
kinematic critical point of J [ε�] is also a kinematic critical
point of J [ε]. In particular, both control landscapes have the
same maximum,

Jmax[ε�] = J
[
ε

opt
�

] =
N∑

j=1

pjλj = Jmax[ε], (B13)

where ε
opt
� is an optimal control field that maximizes J [ε�].

Finally, if J [ε] is evaluated at ε
opt
� , we obtain

J
[
ε

opt
�

] = Tr{U ′(T ,0)ρ(0)U ′†(T ,0)O}
= Tr{�T Dρ(0)D†�O}
= Tr{ρ(0)D†�D	D†�T D}
� Tr{ρ(0)	} = Jmax[ε]. (B14)

Therefore, ε
opt
� (t) corresponds to a saddle of J [ε]. All of the

kinematic critical points of the two control landscapes J [ε]
and J [ε�] are equivalent through a permutation. As a result,
we can search for kinematic critical points using the same
algorithm of Appendix A.
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