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ABSTRACT: Correlators of local operators inserted on a straight or circular Wilson loop
in a conformal gauge theory have the structure of a one-dimensional “defect” CFT. As
was shown in arXiv:1706.00756, in the case of supersymmetric Wilson-Maldacena loop
in A/ = 4 SYM one can compute the leading strong-coupling contributions to 4-point
correlators of the simplest “protected” operators by starting with the AdSs x S° string
action expanded near the AdS; minimal surface and evaluating the corresponding tree-
level AdS, Witten diagrams. Here we perform the analogous computations in the non-
supersymmetric case of the standard Wilson loop with no coupling to the scalars. The
corresponding non-supersymmetric “defect” CFT; should have an unbroken SO(6) global
symmetry. The elementary bosonic operators (6 SYM scalars and 3 components of the SYM
field strength) are dual respectively to the S° embedding coordinates and AdSs coordinates
transverse to the minimal surface ending on the line at the boundary. The SO(6) symmetry
is preserved on the string side provided the 5-sphere coordinates satisfy Neumann boundary
conditions (as opposed to Dirichlet in the supersymmetric case); this implies that one
should integrate over the S® expansion point. The massless S° fluctuations then have
logarithmic propagator, corresponding to the boundary scalar operator having dimension
A= % + ... at strong coupling. The resulting functions of 1d cross-ratio appearing in the
4-point functions turn out to have a more complicated structure than in the supersymmetric
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case, involving polylog (Lis and Lis) functions. We also discuss consistency with the
operator product expansion which allows extracting the leading strong coupling corrections
to the anomalous dimensions of the operators appearing in the intermediate channels.
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1 Introduction

Wilson loops are important observables in gauge theories. In addition to the standard
Wilson loop (WL), in the A/ = 4 super Yang-Mills theory one can define also a special
Wilson-Maldacena loop (WML) which is locally-supersymmetric due to an extra coupling
to SYM scalars. In the case of a straight line or circular loop that we shall consider below,
the WML is also globally supersymmetric (BPS).

Both WL and WML are natural objects to study [1, 2]. For smooth contours their
expectation values do not have logarithmic divergences and thus are consistent with con-
formal covariance. For straight line or circular contour they preserve a SL(2, R) subgroup
of the 4d conformal group, and hence they may be viewed as examples of one-dimensional
conformal defects of the 4d gauge theory. In fact, the WL and WML may be interpreted
respectively as the UV and IR fixed points of a 1d RG flow of the scalar coupling constant
in the Wilson line exponent [2] (see also [3]). In the large NV limit, their expectation values
in the strong coupling (A >> 1) expansion are given by the AdSs x S° string path integral
over the world surfaces ending on an infinite line (or circle) at the boundary of AdSs and
with the S5 scalars subject to the Dirichlet (in the WML case) or the Neumann (in the
WL case) boundary conditions [1, 2].

In addition to the WL expectation value it is interesting also to study correlation
functions of local operators inserted along the loop (see, e.g., [1, 4-8]).! These correlators
are constrained by the SL(2,R) 1d conformal symmetry, and define an effective defect 1d
CFT [5, 6, 9.2 In the supersymmetric WML case this CFT; was studied in [9, 11] (see
also [12-23] for some recent discussions of the 1d defect CFT approach to Wilson loop
computations in N’ =4 SYM). In [11] it was shown how to compute some correlation func-
tions on the supersymmetric WML at strong coupling using string theory, i.e. AdS/CFT.
Our aim below will be to perform analogous computations in the case of the standard WL
which should correspond to a different, non-supersymmetric defect CF'T.

Let us first review the supersymmetric WML case, i.e. W = Tr Pel dt(iﬂA”H”bqu)A),
where ®4 are the SYM scalars (A = 1,...,6). For an infinite straight line (or circle)
and 64 being a constant vector this operator preserves 16 of the 32 supercharges of the
N = 4 superconformal group PSU(2, 2[4). Choosing the defining line as the Euclidean time
20 =t € (—o00,00) and 64 pointing in the 6-th direction we get W = TrPe/ dt(idi+®e)
The correlators of the gauge-theory operators O(x) inserted along the line (we suppress
exponential factors appearing between the operators)

(O(th) -+~ O(t)) = (Tr P |O(w(t1)) - -- O(a(ty)) ef “AtPe) ) (1.1)

can be interpreted as correlators of the corresponding conformal operators O(t) in an
effective defect CF'T;. We shall use the notation (- - -)) for correlators of operators inserted

!The operator insertions are equivalent to deformations of the Wilson line [5, 9], so that the knowledge
of all of the correlators should, in principle, allow one to compute the expectation value of a general Wilson
loop which is a deformation of a line or circle.

2More generally, the data of a defect CFT include additional observables, such as “bulk-defect” correla-
tors, that describe the coupling between operators on the defect and “bulk” operators inserted away from
the defect. See e.g. [10].



on the Wilson line. We shall sometimes not distinguish between O(z(t)) and O(t) like in
eq. (1.2) below.

This CFT has d = 1, N/ = 8 superconformal symmetry OSp(4*|4) C PSU(2,2|4)
which contains: (i) SO(5) subgroup of the SO(6) rotating 5 scalars ¢, (@ = 1,...,5)
not coupled directly to the loop; (ii) SO(3) x SO(2,1) subgroup of the 4d conformal group
SO(2,4) (SO(3) rotations around the line and dilatations, translation and special conformal
transformation along the line); (iii) 16 supercharges preserved by the WML. The operators
O on the line belong to representations of OSp(4*|4) (i.e. are labelled by the 1d scaling
dimension A and representation of “internal” SO(3) x SO(5)). The simplest multiplet
contains 8+8 operators corresponding to a short representation of OSp(4*|4) with protected
dimensions; the bosonic ones are the 5 scalars ¢, (with A = 1) and the 3 “displacement”
operators in the directions (i = 1, 2, 3) transverse to the line Fy; = i Fy;+ D;$¢ (with A = 2).
Their 2-point functions in the planar SYM theory then have the exact form

Cs

(Palt)Pp(t2)) = 5ab@ ; (1.2)

where Cp(A) = 2B(\) = ﬁ - % + ... is twice the Bremsstrahlung function B(\) =

VXL (VX P Cr(A
ﬁ((\ﬁ)) [7, 8]. Similarly, one finds (F;(t1)Fui(t2)) = 5ij(£—i)2, where Cr = 12B(\).
The three-point functions of these elementary operators O = (®,,F) vanish by the
SO(3) x SO(5) symmetry while their four-point correlators are non-trivial functions of
the 1d conformal cross-ratio x and the 't Hooft coupling. For example, for 4 operators of

the same dimension

(Oa(1) Oa(t2) Oa(t) Oalt) = sz GOxiN). x= P22 (1)

Ref. [11] computed these correlators at strong coupling using the dual string theory in
1

AdSs x S°. At large string tension T = % the minimal surface corresponding to the 3
BPS Wilson line is represented by AdSs space embedded into AdS5 and fixed at a point in
the S°. The 1d conformal group SO(2, 1) is then the isometry of AdSs, i.e. one gets a novel
example of the AdSs/CFT; duality. This CFTy, which is “induced” from the 4d CFT on
the 1d defect, is not expected to have a description based on a local 1d Lagrangian (for
example, representing the Wilson loop path ordered exponential in terms of a 1d auxiliary
fermionic path integral [24-29] and integrating out the 4d fields would lead to a non-local
1d fermion action).

The AdSs multiplet of string fluctuations transverse to the string surface includes [30]:
(i) 5 massless scalars y® (S° fluctuations near the fixed vacuum point); (ii) 3 massive
(m? = 2) scalars ' (AdSs fluctuations), and (iii) 8 fermions with m? = 1. These
AdS; fields are then naturally identified with the 8+8 basic CFT; operators [6, 31, 32].
The standard relation A(A — d) = m? between the AdSgy; scalar mass and the corre-
sponding CFT; operator dimension implies that the massless y® fields should be dual to
the scalars ®* with A = 1 inserted on the line and subject to the standard (Dirichlet)
boundary conditions, while the AdSs fluctuations z* with m? = 2 should be dual to Fy

with A = 2.



As was explained in [11], using the quartic vertices between the y, and z; fields ap-
pearing in the expansion of the string action around the AdSs minimal surface one is able
to compute the corresponding tree-level Witten diagrams in AdS, and extract the strong
coupling predictions for the four-point functions of the protected operators on the WML

(O(t1) - O(tn)) = (X(t2) - - X(tn)) (1.4)

Adsy *

Here (.- >Ad52
boundary propagators attached to the points ¢1,--- ,t, at the boundary, X ~ y® corre-

is the expectation value in the 2d world-sheet theory with the bulk-to-

sponds to O ~ ®* and X ~ z’ corresponds to @ ~ F;;. The expansion parameter for the
2r 3
%
Applying the OPE to (1.3) one can extract the leading corrections to the scaling

AdS, Witten diagrams is the inverse string tension 77! =

dimensions of the “two-particle” operators built out of products of two of the protected
insertions (¥40;'Ya, etc.). In particular, for the lowest-dimension unprotected operator y,y,
at strong coupling one finds [3, 11]

A:2—\%+0<(\/})2). (1.5)

The y,y, operator may be identified with ®¢ for which at weak coupling one finds [1]

Co, A

A
% AN A=1+ -2 1., 1.
()25 ° Cog=g 5+ + -5+, (1.6)

(P6(t1)Ps(t2)) = e

so that (1.5) is consistent with a smooth growth of A from weak to strong coupling.

Let us now turn to our present case of interest — correlators on the standard (non-
supersymmetric) Wilson line. Since here W = Tr Pet ] dt# Au hag no coupling to scalars,
the full SO(6) global symmetry should be preserved, i.e. the correlators of operators inserted
on the line should correspond to a non-supersymmetric CFT; with the SO(2,1) conformal
and SO(3) x SO(6) “internal” symmetry. Since there is no supersymmetry, the dimension
of the scalars will no longer be protected. In particular, instead of (1.2) (and (1.6)) we

should get
C A A
<<®A(t1)¢’B(t2)>>:5ABﬁ, Co=gztn A=l-cmt (L7

The leading weak-coupling term in Cj is the same as in (1.2) or (1.6), as it is determined
just by the normalization of the free scalar propagator. In general, however, the 2-point
function normalization factor like Cf is scheme dependent and hence arbitrary, since the

3 As the 2d theory defined by the fundamental superstring action is to be UV finite, the duality with the
boundary 1d CFT should hold for any value of A, including world-sheet loop corrections.



operator gets renormalized and has non-trivial scaling dimension.* The leading correction
to A in (1.7) was computed in [1].?

Our aim will be to explore these CFT; correlators at strong coupling using similar
AdSy/CFT; set-up as in [11]. The minimal surface in AdSs corresponding to the straight-
line WL at the boundary has the same AdSs geometry and thus the spectrum of string
fluctuations will again contain 5 massless S° scalars y®, 3 AdSs scalars * with m? = 2 and
8 fermions with m? = 1. The boundary conditions for the scalar z* do not change, and this
should be dual to the usual field strength operator Fy;. The latter, being the displacement
operator in the defect CFT1, should have protected dimension, i.e. Ap = 2 for all .

In the supersymmetric WML case, where the expansion is around a particular point
in $°, one may use an explicit parametrization of S° like (YaY4 = 1)

1,2

Voe U o TV = g —avady, = B (g
I+1y I+1y (1+ 542
Then the expansion in % is equivalent to expansion in powers of y, subject to Dirichlet
b.c. and one is left with SO(5) as manifest symmetry of their correlators [11].°
The key difference with the supersymmetric WML case is that now the S° scalars
should be subject to the Neumann (or “alternative” [34]) boundary conditions which break
supersymmetry [1-3]. This leads, in particular, to an additional integration over a point
in S° restoring the full SO(6) symmetry in the corresponding correlators.” We will assume
that the counterparts of the SYM scalars ® 4 on the string side should be the S° embedding
coordinates Y4 (YaYa = 1) on which SO(6) acts linearly. For a massless AdSy scalar one
has A(A — 1) = 0 which gives A = 0 for the Neumann (N) boundary conditions. The first
non-vanishing strong-coupling correction to A in this case was argued to be [1]

A_\%+O<Ml)\)2>. (1.9)

4The reason why the normalization constant Cs in (1.2) in the supersymmetric WML case is meaningful

is that ®“ has protected dimension and is in the same multiplet as the displacement operator Fy; =
iFt; + D;®g; this has a natural normalization due to its relation to translations in the directions orthogonal
to the defect. Hence the normalization constant in its 2-point function defines a meaningful observable,
somewhat analogous to the “central charge” coefficient C'r in the correlator of two stress tensors. In the
non-supersymmetric WL case the displacement operator dual to z° will be simply proportional to the field
strength component Fy; = iFy; [8] and the coefficient in the corresponding 2-point function (5.1) will also be
a meaningful function of A\. However, the scalar operator normalization Cj = Cy will be scheme-dependent
and we shall fix it in a particular way (see (4.3)).

®Recently, it was rederived as a consequence of integrability of a certain SO(6) invariant spin chain [16].
This provides a weak-coupling indication that correlators on the standard WL may be described by an
integrable theory. Since the AdSs x S® superstring action is an integrable 2d theory, the approach of [11]
suggests that the same may be expected also at strong coupling (both in the supersymmetric and non-
supersymmetric cases).

SLet us note also that in the present case of UV finite AdSsxS® superstring model there will be no
automatic restoration of SO(6) symmetry (either in flat 2d space or AdS,, cf. [33]).

"The contribution of the S® zero modes implies also that in contrast to the large A asymptotics (W) ~
(ﬁ)f‘q’meﬁ of the WML [35], for the standard WL one gets (W) ~ Vaer [3]. Let us note also that
integration over sphere 0-modes is important also in the context of ratio of BPS Wilson loops in [36].



The same result was found also in [3], following [2].® We will reproduce (1.9) di-
rectly by computing the 2-point function (1.7) interpreted as the scalar correlator
<YA(t1)YB(t2)>Ad52 below.

In the case of Neumann boundary conditions on y, in (1.8) one is to integrate over
their zero mode or position of the expansion point on S°. This is equivalent to integrating
over the embedding coordinates Y4 without breaking SO(6). Then we should have the
following analog of (1.4), (1.7)

(Pa,(t1) - Pa, (tn)) = (Ya, (t1) -+ Ya, (tn)) (1.10)

AdSy *

The computation of (1.10) can be implemented in a manifestly SO(6) covariant way by
setting Y4 = ng + Ca(o) + ... (naCa = 0) and integrating over the fluctuations (4 and
the constant direction n4. In practice, it is sufficient to consider the SO(6) singlets like
(Ya(t1)Ya(t2)YB(t3)Yp(t4)) which will not depend on the position of the expansion point
n and thus averaging over n4 will not be required. Such SO(6) singlets will also be IR
finite in the quantum theory [37-39).

The rest of the paper is organized as follows. In section 2 we shall first review the
computation of 4-point correlators on the supersymmetric Wilson line at strong coupling,
following [11]. The starting point is the bosonic part of the AdSsx S° string action expanded
near the AdSs minimal surface that defines the corresponding quartic vertices between the
z' and y® fields. After summarizing some general relations for 4-point functions in CFTy
we will present the expressions for the leading-order strong-coupling terms in the G(x)
functions in the scalar 4-point correlators in (2.34) and (2.38). In section 2.4 we make
some comments on the analytic continuation to the out of time order correlators relevant
for chaos [40], which appear to display a maximal Lyapunov exponent.

In section 3 we will turn to the non-supersymmetric Wilson line case and describe
the general SO(6) invariant computational scheme, based on using the Neumann propa-
gator for the fluctuations of the Y4 fields and averaging over the S° expansion point n4.
In section 4 we shall use it to compute the 2-point function (1.7) at strong coupling or
(Ya(t1)Yp(t2)) for SO(6) scalars in AdSy (see (4.1), (4.2)). We shall reproduce the leading
term in the dimension A in (1.9) and also demonstrate (in section 4.2) that the subleading

( \/IX)Q log? corrections “exponentiate”, i.e. have the right coefficient to be consistent with

the 1d conformally invariant form of the 2-point function in (4.1). The subleading i \/%)2 log

. . . . . . _ 5 da
correction in (4.1) corresponding next to leading coefficient dy in A = sttt

should receive contributions from the fermionic 1-loop graphs (cf. figure 3) and we will not

attempt to compute it here.

In section 5 we will compute the mixed correlator (F,(t1)F/ (t2)®a(t3)®p(ts))
at strong coupling or the leading contribution to the G(x) function in
(z'(t1)2? (t2)Ya(t3)Yp(t4)) in (5.2) coming from the diagrams in figures 6 and 7.

®As Yo =1— 2yaya +--- (see (1.8)) at strong coupling ®¢ may be identified with y.ya and thus should
have the dimension 2 — % +...asin (1.5). Since in the WL case all 6 scalars have the same dimension, (1.5)
and (1.9) are then consistent [3] with the fact that the dimensions of scalars with the standard (D) and
alternative (N) boundary conditions in AdSs should sum up to 2.



The resulting connected contribution to G is given by (5.16), (5.18) and happens to be
simply proportional to the expression in the supersymmetric case in (2.37), (2.38). The
reason for this relation is explained in section 6.2.

Section 6 is devoted to the computation of the Y-scalar 4-point function (6.1), (6.2).
G
Gs(x) (6.10), (6.11) coming from tree-level graphs in figure 8 and graphs with 1-loop prop-

We shall first determine the leading order contribution to the singlet function

agator corrections like in figure 9. The corresponding functions in the traceless symmetric

Gr and antisymmetric G 4 parts of the correlator are given in (6.12), (6.13). We shall then
1

R contribution coming from the tree-level graph with contact bulk

turn to the order

vertex in figure 11.

In section 6.2 we will explain how one can by-pass the complication of directly comput-
ing the AdSy bulk integrals of the products of four logarithmic Neumann propagators by
first differentiating the correlator over the boundary points, then relating it to correlators
in the theory with standard Dirichlet propagators and finally integrating back. In addition
to the contact diagram contribution there is also the order ﬁ contribution coming from

“reducible” tree diagrams in figure 12 and similar diagrams with 1-loop “dressed” propaga-
1
(V)3
corrections that is conformally invariant with the resulting singlet function given in (6.59).

tors which are computed in appendix G (see (G.11), (G.17)). It is only the sum of all

Similar expressions are found for Gr and G 4 functions. Compared to the supersymmetric
case expressions in (2.34) they are more complicated containing polylog (Lis and Liy) func-
tions of x. In section 5 and section 6.4 we also comment on the consistency of the results
for the G-functions with the OPE in (2.11) extracting the leading-order strong-coupling
corrections to the dimensions of composite operators appearing in the intermediate chan-
nels (cf. appendix B). We also include several other appendices reviewing some general
relations and discussing technical points.

There are a number of interesting directions to explore in the future. One is how
the classical integrability of the AdSs x S° string theory is reflected in the correlation
functions like (1.10). Some connection to integrability is expected since, on the one hand,
the knowledge of tree-level correlators is related to the value of string action on world
sheets ending on more general wavy contours, while, on the other hand, the classical
string integrability allows one to find more general Wilson-line type solutions (cf., e.g., [41]
and [42]). It would be important to identify more direct correspondence at the level of
particular correlators (and the associated AdSy Witten diagrams) possibly analogous to
constraints on flat-space S-matrix in integrable 2d models. Another is an extension of
the computations in [11] and the present paper to AdSs world-sheet loop level including
also the Green-Schwarz fermions. Finally, it would be interesting to establish a connection
between the strong-coupling results for the correlators found in this paper and general
results obtained in the framework of 1d bootstrap (generalizing the analysis of [17] in the
supersymmetric case).

2 Correlators on supersymmetric Wilson line at strong coupling

Before turning to the non-supersymmetric WL case let us start with a review of the com-
putation of 4-point correlators on the supersymmetric Wilson line at strong coupling fol-
lowing [11].



2.1 AdSs5 X S° string action in static gauge as AdS; bulk theory action

The bosonic part of the superstring action on AdSs x S° may be written as

1 2 L1 0n 0 in i Oy Ovy*
o =57 [ o Ve LZW R e o
VA

~ o

(2.1)
T

where o = (t,s) are Euclidean world-sheet coordinates, r = (0,i) = (0,1,2,3) label 4-
boundary coordinates and @ = 1,...,5 — the S° coordinates. The minimal surface ending
on the straight line z° = ¢ at the boundary is

z=s, ¥ =1t =0, y® =0, (2.2)

with the induced metric being the AdS, metric

1 1
gudatdo” = ?(dtQ + ds?), Gy = 5 Oy (2.3)

The embedding of AdSs into AdS5 can be made explicit using the coordinates (here z2 =
riat i =1,2,3)

1,.2\2 370
9 (14 329)* dx'dx 5 1 9 9

Then perturbation theory near the above minimal surface can be described by the string
action in the Nambu form taken in the static gauge z = s, 2% =t

(1+ im2)2 g(0) + 0,z 0,z 0,y 0,y
v
N (s = R (] I

Sg=T [ d? det | ————
s [ o aa [

=T /d%\/gLB,

where g, is the background AdS; metric (2.3). This action representing a straight fun-
damental string in AdSs x S° stretched along z may be interpreted as a 2d field theory
of 3+5 scalars (z°,y®) propagating in AdSs geometry. It has manifest (linearly-realised)
symmetry SO(2,1) x SO(3) x SO(5).

Expanding (2.5) in powers of 2’ and y® we get an interacting theory for 3 massive
(m? = 2) scalars z' and 5 massless scalars y® propagating in AdSy described by Lp =
Lo+ Lyg + Loz oy + Lay + -+ -:

1 |
Lo= 5g‘“’auacl&,gv’4—371:171—|—59‘“’@@“ Ly°, (2.6)
1 1 o o
Ly, = 3 (9" 0,20, 2")? — 1 (g"" Opx' 0pa?) (97" 0pa' O’ )

1 .. N
+Za:’x’(gw’auac]&,x])—i—ixzxz )zt (2.7)



1 . . 1 . .
sz,zyzz(g“”auxz Lx") (97" 0py” ny“)*g(g“”aﬂwz Ly*) (9770, 0ky”) (2.8)

1 1 1
Lay ———Z(ybyb)(g“”ﬁuyaauy“)+§(g’”3ﬂy“ by®)? = (" Oy vy°) (97°8,y Oy
(2.9)

Assuming that both scalars are subject to the standard (Dirichlet) boundary conditions at
z = s = 0 and applying the standard AdS/CFT relation (A(A — 1) = m?) we conclude
that 2° and y® should be dual, respectively, to the A = 2 and A = 1 operators at the 1d
boundary z° = t. There are also 8 fermionic fields transforming in the (2, 4) representation
of SU(2) x Sp(4) ~ SO(3) x SO(5).

Starting with the 2d bulk theory (2.5) and computing Witten diagrams with bulk-to-
boundary propagators attached to the points {¢,} on the boundary will give us correlators
in the boundary CFT; and thus the strong-coupling expansion of the SYM correlators of
the corresponding gauge-theory operators (z; <> Fy, y, <> ®,) inserted along the WML
(see (1.1), (1.4)). As the Lagrangian Lp has no cubic terms, the first non-trivial contribu-
tion to the simplest 4-point correlation functions of z? and y® is given just by the contact
4-point vertices in (2.7)-(2.9).

2.2 Conformal invariance and crossing constraints on 4-point functions in
CFT,

The 4-point function of primary operators O with the same dimension A is constrained by
the SO(2,1) conformal invariance to take the form

1 ti2t34
Oa(t1) Oa(t2) Oa(ts) Oa(ts)) = ———~ G(x), = . 2.10
(Oa(1) Oa(t2) Os(t3) Oa(t4)) = G— 3 () (=R o)
The function G(x) in (2.10) admits the OPE (see, e.g., [43])
G(X) = Z CA Ah Xh Fh(X) ; Fh = 2F1(h7 ha 2h7 X)7 (211)

h

associated with the s-channel exchange of fields with conformal dimension h. The OPE
coefficients in (2.11) may be expressed in terms of the coefficients in the 2-point and 3-

2
(Ca.a.n) jz- For the 4-point function with two pairwise equal

point functions as ca A:p = Can)(Cor)?

dimensions, one has

1 tog |12
(On, (t1) On, (t2) O, (t3) On,(ta)) = lhnaton) S 52 |11y G(x), (2.12)
G(x) = ZCAl,AQ;hXhQFl(h-FAlz,h—A12,2h,X)7 Ajg = A1 — Ay, (2.13)

h

The expressions for the G(x) functions in (2.10), (2.12) in the case of the (generalized) free
field theory are summarized in appendix A.

Together with the conformal invariance, we should also take into account the crossing
invariance of the 4-point function. Having in mind applications to the cases of SO(5) or
SO(6) invariant scalar correlators in defect CFT;’s associated with the WML or WL, let



us discuss crossing for the general SO(N) flavour symmetry. Let us consider a primary
operator 04 with dimension A and vector index A =1,..., N of SO(N). Then the analog
of the correlator (2.10) will be

(0407 (10 1)07(1)) = G gameny). (2.14)
12 “34

where we separated the factor related to the normalization factor C'a in the 2-point func-

GABCD

tion. can be decomposed into singlet, symmetric traceless tensor and antisymmetric

tensor parts as

2
GABCD — GS(X) 5AB§C'D + GT (X) |:5A05BD + 5BC§AD o N 5AB50D
+Galy) [§196°P — 6PC54P] | (2.15)
so that

GAABB — N2Ggy  GABAB = NGg+ (N +2)(N —1)Gr + N(N — 1) Gy,
GABBA = NG+ (N +2)(N—1)Gr — N(N —1)Ga. (2.16)

Thus Gg, Gr, G4 can be found as combinations of invariant contractions

_ 1 _aaBB _ 1 ABAB | ~ABBA _ 2 ~AABB
Gs= 3G, Gr= s |6 6 =G L (2.17)
1 ABAB _ ~ABBA
= — . 2.1
Gr= swv=T) GABBA] (2.18)

Crossing transformations are generated by the leg exchanges 3 <+ 4 and 1 <> 3 in (2.14)
which, in addition to exchanging the corresponding flavour indices, amount to t3 <> t4 and
t1 <> t3 or, equivalently,

X st X = (2.19)

x—1

From (2.17) one finds that under 3 < 4
Gs()=Gs (=), Gr(x)=GCGr(—=), Gax)=-Ga|—=]. (2.20)

x—1)" x—1/" x—1

The 1 + 3 exchange leaves invariant GABAB and swaps GAABB « GABBA Taking into
account the transformation of the prefactor ﬁ in (2.14), this gives
12 "34

2A 2A
X X
GAABB (X) — GABBA (1 - X) ’ GABAB (X) — GABAB(l - X)'
x—1 x—1
(2.21)
Using (2.20) and (2.21) we observe that instead of three functions in (2.15) we have only
one independent, i.e. we can express the G and G 4 in terms of Gg. Explicitly, we have

1 2A
GABAB (1) = y2A GAABB <1 - X) 7 GABBA () = (Xi 1) GAABB (1 _

(2.22)



—————

_____

Figure 1. Leading order disconnected contribution G(®) with other similar diagrams obtained
by crossing.

and therefore

N
GT(X):*(N+2)(N_1) Gs(x)
2 2A
Jr2(N+]2\;(N—1) [XMGS<1iX>+<X>il> Gs(l—x)], (2.23)
2A
GA(X)ZQ(]V]V_U[X2AGS<1iX)—<Xf1> Gs(l—x)]. (2.24)

2.3 Strong-coupling expansion of the SO(5) scalar 4-point function

Let us now review the result of [11] for the tree-level 4-point correlator of the S fluctuations
y® dual to the 5 SYM scalars &%, a = 1,...,5 not coupled to the Wilson-Maldacena loop
in (1.1). Since the dimensions of the operators ®¢ are protected by supersymmetry, we
should have®

(89(12)80(t2)) = (5 (11)y (12)) = 6ab(tc‘1’2, (2.25)
12)

2

(@9 (0205 (12) 0 (1) 0% (14)) = (4 (12)5 (125" (1) (12)) = — 2

o GP(\).  (2.26)

With the normalization coefficient [Cp(A)]? extracted we will have G@19293%4(y) =
025934  O(x). The tensor G™%9% can be split into the S,7, A parts according
to (2.15) with N = 5. Expanding at strong coupling (i.e. small %) we will have

1

VA

The leading order contributions G(9) comes from with disconnected diagrams like in figure 1.

GN=G0+ —cV ... ¢=8TA. (2.27)

Here and below for simplicity we draw the 1d boundary as a circle rather than a line. It is
thus given by the free-field contribution (cf. (A.2))

ab scd ac sad ad Sbe
646 %6 66 } (2.28)

b d 2
(@ )P 1) i = CF [ + S+
12734 13724 14%23
_ Ct% |:6ab5cd + X26ac(5bd + X2 6ad6bc:|
(t12t34)? (1-x)?
°In what follows we shall for simplicity omit the label AdSs in the corresponding correlators, i.e.
(y* (t1)y" (t2)) ags, = (¥*(12)y" (t2)), ete.

~10 -



Figure 2. Contact diagram contributing to first subleading strong-coupling correction G,

5

The first subleading correction comes from the contact diagram in figure 2 where the
4-point vertex comes from (2.9). The bulk-to-boundary propagator corresponding to a

Comparing with (2.15) gives
2 1 X 0 1 X
GO () =1+269 (). GO :[2+ } (©) :[2_ .
s (X) r (), Gr(X)=5 |x 1 a =3 A—x)?
(2.29)

massive scalar in AdSgy1 is (A(A — d) = m?)
e A
Ka (z,2:2") =CAKa (2,232, Ka (z,2;2' E|: ] , 2.30
sad) =Caks () . Kalond)= [ 2] @)
Ca I'(4)
Ca = . (231
87 9pd2T (A 41— 9) (231)

(Oa (@) Oa () = - —

where we have assumed a particular normalization of the 2-point function of the associated

boundary field.!? For d = 1 and A = 1 this gives
1
° Ci=—. (2.32)

1
dzl, Azl Kl(z7t7t/>:;K17 :[{1:m7 -

The contribution of the connected diagram corresponding to the vertex in (2.9) is then

(@ (1) D" (t2) @ (£3) 2 (£4) Deonn = (¥™(t1)y" (t2)y" (ts)y” (t4))conn
(2.33)

(Cl)2 1 (G(l))abcd ,

- (ti2t34)% VA

where the corresponding functions in (2.15) are then
(2x* — 11x3 + 21x% — 20} + 10)x?
log x

4 3 2
(1) x*—4x°+ 9y —10x + 5
— 9
Gs () Sv - 1P * 50v— 1P
2x* = 5x3 — 5y + 10
_(2x X5 X )log(l_x)7
X
2x% = 3x +3)x*  (x* —3x+3)x*
W) = L log v — x3log(1 — ), 9.34
-2)(2* —x+Dx |, (x—2(* —2x +2)x°
WMix) = —(X + lo
a0 20y 17 R 5x

— (¢ = x* =1 log(1 - x).
X B(A), with Ci given in (2.32). The

9Explicitly, in this normalization Ce()\) = C1(1 — % +...)
higher order corrections in A are determined by the Bremsstrahlung function B(\) and should be reproduced

by computing loop corrections to the boundary-to-boundary propagators in figure 1.

- 11 -



These expressions are found by computing AdS, integrals as discussed in appendix C. Here
and in what follows we assume as in [11] that log x = log x|, log(1l — x) = log |1 — x| so
that the resulting expressions are defined as real on the whole line y € (—o0, 00).

The leading order terms (2.29) in Gs 7 .4(x) are given by the free-field expressions
associated with the exchange of 2-particle states <I>a8f<1>b that can be decomposed as

[@P]5, ~ "9, [0®]F ~ @gFdY,  [@d]5 4 ~ @l (2.35)
The connected contributions (2.34) provide the \%\ corrections to the OPE coefficients and
scaling dimensions h,, = 2 + 2n + %’y(l) + --- of these operators. In general, there is

a mixing between [®@®]5 (with n > 0) and FF and 2-fermion operators, while [®#®]4
mixes with 2-fermion states in the (1,10) of SU(2) x Sp(4) ~ SO(3) x SO(5). The mixing
is absent for [®®]5 or [@®]F and for these operators one finds (see appendix B)

ho =2+ 2n + \%W) o y[g;gn = 3n—2n2 7[(;)@]3 = 5. (2.36)
Assuming that one can identify the scalar ®¢ coupled to the WML with the singlet compos-
ite field y®y® ~ [@@]gzo one finds that strong coupling expansion of its dimension should
be given by (1.5).

Finally, let us mention that one can similarly compute the strong-coupling expansion
of the correlation functions involving AdSs coordinates z’ dual to the dimension A = 2
operator F;; inserted on the Wilson line. In particular, one finds for the connected part of
the mixed correlator of two AdS and two sphere fluctuations [11]

(i () T (1) B (£3) B (t4) Deomn = (& (02)27 (£2)° (£3)5 (14)) comn = az‘jaabw ,
(2.37)
1 1 2 1
Guaml) = =0102GV00 = T2 26000, 60 =1 1= (3= D) ma- )]
(2.38)

The explicit expression for the 4-point correlator of z* ~ Fi can also be found in [11].

2.4 Analytic continuation to the “chaos configuration”

It is interesting to consider the analytic continuation of the above results to the out of
time order correlator relevant to chaos [40, 44]. Let us focus on the SO(5) singlet part
of the 4-point function of sphere coordinates, which is given by the contracted correlation
function (y®(t1)y®(t2)y?(t3)y°(t4)). Following [44], in order to obtain the relevant thermal
out of time order configuration y®(t)y®(0)y®(t)y"(0), one can map the line to the thermal

11

circle by t; = tan(nr;/3), i = 1,...,4, and then continue to real time."" A convenient

configuration considered in [40] is given by taking the four operators to be equally spaced

HEquivalently, one should also be able to obtain the result by computing the 4-point functions directly
2
in AdS Rindler coordinates ds®> = —(r?/r7 — 1)dt* + %%

r
2/n2 _1°
rZ/ry—1

- 12 —



along the thermal circle. This configuration can be obtained by setting m = it, 75 =
it+ 8/2,m3 = /4,74 = —/4, which corresponds to a value of the cross ratio

2

T T s

(2.39)

In order to reach this configuration, one has to start from the expression for Gg(x) valid
in the region x > 1, which can be simply obtained from (2.34) by letting log(1 — x) —
log(x — 1). Then, one may take a large ¢ limit (corresponding to the formal small y limit
of the y > 1 expression) to probe the chaotic behavior. Applying this procedure to the
result for Gg(x) given in (2.34), we find for the out of time order correlator

Yy 2/a

(Y ()P (0)y*(1)y"(0)) _ T o
<yaya b 1 s 3 (240)

where we have normalized by the product of 2-point functions (omitting the explicit posi-
tions along the thermal circle). The behavior (2.40) corresponds to a maximal Lyapunov

t 27, The same behavior can be seen to arise from the (zxyy) correlator in (2.38)

exponen
and the (xzzz) correlator that can be found in [11]. This maximally chaotic behavior for
correlators on the string worldsheet was also found previously in [45, 46].

In our static gauge approach, this result can be seen to be essentially due to the 4-
derivative vertices in the Nambu-Goto action: these lead to terms in the 4-point functions of
the form ~ x~!log(1—y), which are responsible for (2.40). We will see below that the same
behavior persists for the correlators on the non-supersymmetric Wilson line, indicating that
it is not sensitive to the boundary conditions. This should be due to the fact that the limit
relevant to chaos is captured by the near horizon region, which is essentially flat space.!?
The chaotic behavior (2.40) should then also be related to the “gravitational-type” phase
shift found in [47] for the S-matrix on a long string in flat space. It would be interesting

to further clarify the relation of our calculations to the exact flat space S-matrix of [47].

3 Non-supersymmetric Wilson line case: SO(6) invariant correlators

Let us now turn to the case of strong-coupling description of correlators on non-super-
symmetric WL. As discussed in the introduction, the corresponding non-supersymmetric
CFT; should be dual to the AdS; theory defined by the same string action (2.5)—(2.9)
but now with Neumann boundary conditions for the S° fluctuations [1-3]: 853/‘1‘5:0 =0
(cf. (2.2), (2.3)). Then the SO(6) symmetry of scalar correlators will be restored due to
the remaining integration over the unfixed “zero mode” part of y®.

This may be implemented systematically using the embedding coordinates Y4 (without
choosing explicitly a particular parametrization or solution of Y4Y4 = 1 as in (1.8)).
Ignoring the dependence on the transverse AdSs fluctuations z; in the string action (2.5)

12We thank Juan Maldacena for discussions on these points.
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the bosonic Lagrangian in the static gauge will take the form

Lp = \/det(gu + 8, Ya0,Ya) = VG (1 + Lo+ Ly + ), (3.1)

1 1
Ly = 50“YA8;LYA, Ly = 3 (0MY40,Ya)? (0"Ya0,YB)?, (3.2)

1
4
so that the path integral over S° will be (Y2 =YYy, T = 2—\/75)
Z = /DY(S (Y2 — 1) exp (—T /d2a\/§ [Lo(Y) 4+ Ly(Y) + ... ]) . (3.3)
Let us separate the constant part n* of Y4 that selects a particular point on S° as
YA =n4 +7%0), n?=1. (3.4)

Then (3.3) takes the form

2= [an 075 <nA§A n ;MA) exp (—T [ EovalLa@ + L@ + .1) . (35)

where [[dn]...= [dn §(n? —1)... is the integral over S°. The é-function constraint on
74 can be solved perturbatively in powers of an independent fluctuation y* orthogonal to
A .13
n“ as
gt =1 (%) () 7, naya=0, (3.6)
1 1
f:_QYQ_(a+8> )+, h=14ay’+..., vy =yaya, (37)

where a is an arbitrary coefficient. We can always choose a=0 or redefine'* h(y?) y4 — ¢4.
This is equivalent to defining ¢# as the part of Y4 orthogonal to n. This is what we shall
do below, i.e. set

YA=y1-Cn4+¢A = [1—;{2—;(C2)2+...]n’4+(:‘4, nA¢t=0. (3.8

Then the path integral (3.3) or (3.5) takes the form

Z = /[dn] /DC 6(naca) exp ( -T /d%\/g[Lg(C) + Ly(C) + . ]) ) (3.9)
L= 30°CA0,C0, La= 5 AP CA0,CP 4+ 5 (05 9,01 - (071 0,67,
(3.10)

where we have substituted (3.8) into (3.2) keeping only terms up to quartic order in ¢4.

13In the special case of the y® parametrization in (1.8), (2.5) we had n** = (0,0,0,0,0,1) and ¢® =
0, y* =y
1Such local field redefinitions should preserve the “on-shell” correlators in AdSz, see appendix E.
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The propagator for the massless scalar field ¢4 (with 5 independent components for
fixed n4) is then given by

(CA(O)(B(G’» = PAB(n) Gn(o, ), PAB — §AB _ pApB (3.11)

PAB

where is the projector orthogonal to n and Gy is the bulk Green’s function in

AdS; (2.3) corresponding to the Neumann boundary conditions (see appendix D)

(o, 0') = 41 (logl(t — )% + (= = 2P +logl(t — 2+ (= 4+ )7)) . (3.12)

7

The corresponding bulk-to-boundary propagator will be also denoted as Gy:
1
Gn(t, z;t') = Gu(t, z;t,0) = — 5 log](t - )% 4 2%). (3.13)

We will also use boundary-to-boundary propagator

1
GN(tl,tQ) = GN(tl, 0; tQ, 0) = —%ng s N12 = log(t%Q) . (3.14)

As in the static gauge (used in (2.5), (3.3)) which is adapted to the expansion near the
WL minimal surface the target-space AdS coordinate z is identified with the world-sheet
coordinate s (see (2.2)) we shall often use o = (¢, z) as the coordinates in the AdSs bulk
theory. The propagator (3.12) is the standard Neumann one on a half-plane (z > 0) with a
conformally-flat metric (the dependence on conformal factor drops out due to the conformal
invariance of the massless scalar kinetic term in (3.9). The conformal factor re-enters via a
covariant UV cutoff, e.g., after the replacement (t—t')2+(z—2')? — [W +e2 22
(see appendix D).

In what follows we shall use this SO(6) covariant set-up (3.9)—(3.12) to compute
correlation functions of the S° embedding coordinates that should give as in (1.10)
the corresponding scalar correlators in the boundary CFT;. The expectation value
(Ya,(t1) -+ Ya,(tn)), o Will be computed according to (3.8), (3.9), (3.10), i.e. will include

integrating over ¢4 as well as averaging over the S° direction n“. From now on we shall

ds,

denote the AdSy expectation value simply by (---).
The averaging over S° can be done using

(nAnB) — é(;AB’ (nAnPnCnl) — Z:lS((;AB(SCD 4 §AC§BD 4 §ADSBCY. (3.15)
<PAB> — gé‘AB’ <PABPCD> — %614360[) + 4i8(5AC'5BD + 5ADdBC) , ete. (316)

This averaging restores SO(6) symmetry and implies that all correlators with odd number
of Y4 should vanish, i.e. non-vanishing ones should be (YY), (zzYY), (YYYY), etc.

4 Two-point function (YAY B)

The 2-point boundary-to-boundary correlator of Y4 is supposed to reproduce the strong-
coupling expansion of the 2-point function of the SO(6) scalars (1.7). Its structure is fixed

~15 —



by 1d conformal invariance to be (YA (t) = YA(t, 2 = 0))

(YA#) VB (1)) = 645 ’tSTZA _ §ABCy {1 - (le + (\dfi)Q s > log(£2,)

(e Y],

di da ds _
\ﬁ+(ﬁ)2+(ﬁ)3+”.’ di =5, (4.2)

where the d; = 5 is the expected value of the leading anomalous dimension coefficient (1.9).

A =

The subleading (\;%2 contribution to log term and thus to A should come from the 1-loop

diagrams involving also the fermions (see below).

Note that the normalization of the 2-point function of the conformal operator dual
to Y4 is scheme dependent and hence arbitrary. On the string side, since the two-point
ApBy = 15AB

function starts with (n , it appears to be natural to choose a scheme where

to all orders .
Cy = G (4.3)

so that the condition YAY 4 = 1 at coincident points is preserved.'® This should correspond
to fixing a particular choice of 2-point function normalization of the dual operator ®4
inserted on the WL.

4.1 Leading logarithmic correction

Using (3.8), (3.11) and (3.16) we find (T~! = %)

YHo1)YP(02)) = ([ + ¢+ [ [P+ P+ )

= ééAB [1+5T 'Gn(or,00) + -] . (4.4)
Setting z1,z2 — 0 in the propagator in (3.12), (3.13) we thus readily reproduce the value
di =5 in (4.1). We have ignored the contribution of the —3¢*n® term in Y4 in (3.8) as it
leads (to the leading order) only to a cutoff-dependent constant.

As discussed in [3], this value is the J = 1 case of the J(J + 4) eigenvalue cor-
responding to the S° scalar spherical harmonic with angular momentum J. One may,
indeed, generalize the computation in (4.4) to the correlator (VA4 (gy) VBLBi(gy))
where VA1-A4r = y{41...y 41} is a totally symmetric traceless tensor. It is sufficient
to consider the correlator of two primary fields (Z7Z7) where Z = uqY4 with constant
complex null vector uy (u? = 0). For example, we may use Z = Y; + iYs and then

(Z7(01)Z7 (02)) = ([My—J* (My—2M;_ )T 'Gn(o1,02)])+..., My =|ni+ing|*,
(4.5)

50One may ensure the expected normalization of (4.1) at the coinciding points (Y (t) Y4(t)) = 1 by
explicitly keeping track of the boundary UV cutoff dependence as in (Y4 (¢1) Y 2 (t2)) = %5‘45 [M%]A
We will not do this below.
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1
(V32

Figure 3. Diagrams contributing the 2-point function (YY) at order

where the remaining S® average can be done, e.g., by using the explicit spherical angle

parametrization of n.16 As a result, (M) = m and thus

(V1 +iY2)! (00) (Y1 —iYa)” (02)) = ) (14 J(J+4) T 'Gn(o1,09)] + -+,

(J+1D(J+2
(4.6)
with J(J + 4) thus replacing 5 in (4.4).

4.2 Subleading corrections

The order ﬁ corrections to the 2-point function will be given by the sum of the log and

log? terms in (4.1). The dy log term should originate from the bosonic (¢4 and %, cf. (2.8))
and fermionic 1-loop diagrams — the second and third diagrams in figure 3. We will not
systematically include fermions and thus will not determine ds here.

The 1d conformal invariance of (4.1) implies that the leading logs at each order in

should exponentiate. Thus at order —— we should find the log?(t2,) term with the

(V)2
To demonstrate this requires to go beyond the tree

1
(Vx)r

2
coefficient being precisely %1 =

25
>

approximation and include the loop contributions of the interacting vertices in (3.9).17

At order ( \/%)2 we need to consider the 1-loop contributions from the vertices in L,
in (3.10) and these require UV regularization. In general, the coefficients in the finite
contributions will depend on a scheme and, as usual, the scheme should be chosen so that
to preserve the required (world-sheet and target space) symmetries (cf. appendix D).

There are three types of diagrams contributing to the 2-point function (4.1) at order

1
(V)2
in Y4 in (3.8) that does not involve interaction vertices; (ii) bosonic 1-loop diagrams with

are shown in figure 3: (i) the tree-level one with the contraction of the ¢(?n* terms

quartic vertices from Ly in (3.10); (iii) fermionic 1-loop diagrams with vertices from the
fermionic terms in the full AdS; x S° superstring action (which were ignored in (2.5)).

YExplicitly, (M;) = 0% do [ do ... dba sin® 01 sin® 02 sin® @3 sin 04 | cos @1 + i sin by cosBa|*7 =
el

171t is useful to compare the present case with that of a free scalar 2d theory which also has a logarithmic
propagator, (X X) ~ log|z12|. Here a primary operator without derivatives which will have (OO) ~ |z12]| 724
is O = e?*. The choice of the exponential function is essential for the right combinatorics. One may of
course redefine X — X', X = a 'log(1l + aX’) so that O = 1 + aX’ but then the required contributions
will come from the expansion of the redefined action L = (0X)? = %.
of YA =vV1—22n + ¢4 =n + ¢4 - %anA + ... with the propagator of ¢ given by (3.14) we will not
get the correct exponentiation of log t2, without including extra contributions from loop diagrams with the

Similarly, in the present case

interacting vertices from the action.

17 -



While the fermionic loop contribution is important for computing the subleading ds
coefficient in the scaling dimension (4.2), given that d; in (4.2) receives contribution only
(W)Q log?(t2,) terms in (4.1) should

also come only from the bosonic 1-loop contributions. Still, given that the fermionic contri-

from bosons it might be natural to expect that finite

bution is crucial for ensuring the UV finiteness of the 2d theory (and given that, in general,
there are power-like divergences in the purely bosonic theory) this issue may be regular-
ization scheme dependent. Below we shall assume that there is no logQ(t%Q) term coming
from the fermionic loop in figure 3 and concentrate only on the bosonic contributions, i.e.
the first two diagrams in figure 3.

The contribution of the first diagram in figure 3 is (3 ¢2(t1) n* 3¢2(t2) n®) so it should
correct (4.4) (restricted to the boundary points o, = (t4,0)) by 72 T~2[Gn(t1,12)]? term.
In general, we should find (Gn(t1,t2) = —%ng, see (3.14))

’73 3 .« e
(\5\) (N12)? + ( )\)3(N12) + T

A Y (1) = 5 |14 TN+ 2

Nip = log(t1,)

0 1 0 9
m=—d = -5, =%+, '75)25- (4.8)
The tree-level contribution 75 ) here should be part of the total coefficient vo = d% = %

_5
2
n (4.1); the additional term Vé ) = 20 — 10 should come from the 1- loop diagrams.

As we shall see below, it is only the first (“sigma-model”) quartic vertex in Ly in (3.10)
that will contribute to the leading log? term in (4.7). It will lead to several 1-loop contri-
butions to the correlator

(A0 P12) = 04T (1) (19)

'—’:’
One comes from the contraction [ d?c /g (CA(t1)CB (ta) COCP (0¢CC - BCP)) (plus permu-
tations). Its contribution is found to be

3
Hl——;/XX5X<27T> XX2><I27
A (1.10)
2
Iy :/ > Gu(t, z:t1) Gu(t, 23 t2) = ? log?(t1s) ,
k:
= lim g”“f) o LGN (o, o') = (411)

where G (¢, z;t') is the bulk-to-boundary propagator (3.13). X5 originates from (9¢(o) -
0(¢(0)) and its value, in general, depends on a scheme: such correlators are, in general,
power divergent and in (4.11) we dropped quadratic divergence (cf. (4.22), (D.13)). The
value of k (4.11) found using the naive point-splitting is & = 1 but in AdSs case (in the
presence of the boundary) a more natural value is & = 2 (see discussion at the end of
appendix D and (D.14)).

The bulk integral Iy in (4.10) is computed using that [y = @ 71r)2 lim, ,—0 I, where

I—2 02 €1+€2 / dt/ / 1'51_1(1—1’)52_1
0e10e2 I'(eq)T (t—t1)24+22)+(1—2z) ((t—t2)2+22)]51 22
(4.12)
The resulting contribution to 2 in (4.7) is (’yél))l = —%k.

~ 18 —



Another contribution originates from the contractions

‘ [ 1 [ } 1 ‘ [ 1 [ } 1
[ d?o /g (¢ (t1)CP (t2) COCP (9¢C - OCP)) and [ d?o /g (CA(t1)¢P (t2) CUCP (9¢P - 0¢C)).
Using that from (3.12)

0, pn=0

[aMGN(a, a')]m, _ { 1

i (4.13)
T 2wz =5

we get the following analog of (4.10) (with averaging over n4 computed using (3.16) and
PCC =)
2
HQ:—Qxlxzzxgoxi ) n, (4.14)
2t 2 VI AWV

where the bulk integral I} is related to I3 in (4.10) via integration by parts

dzdt
I, =— / % 20,GN(t, z;t1) Gu(t, 25 t2)

1 [ dzdt 1
= —/ 0. Gt z51) Gt 252)| = =5 1. (4.15)
2 z 2
As a result, we get an extra contribution to 72 in (4.7): (’yél))g = 15.
The remaining term from the first vertex in (3.10)

[
\ \ \
[ d*c V9 (CA(t)CB (t2) (FCD (9¢C - 9¢P)) contains the logarithmically divergent contribu-
tion (e is the covariant bulk UV cutoff, see (3.12), (D.7))

1 1
Gn(o,0) = ~5- log(2e?) — = log z . (4.16)

The UV divergent term should be absorbed into the renormalization of the radius of S°
in the purely bosonic model but should be cancelled by the fermionic loop contribution in
the superstring case. If we assume that the fermionic contribution cancels log ? term but
does not change the coefficient of the finite log z term in (4.16) we will get the following
additional contribution to (4.9)

2 2
I3 = —Q X 1 X 2% 5 x (—2> <2W> / dzdt log z 22 Z@uGN(t,z;tl) 0uGn(t, z;t2).
pn=1

27T 2 \/X \/X 22
(4.17)
Integrating by parts and using that 9,0,Gn = 0 we get as in (4.10), (4.15)
5 (2n\° [ dzdt
=-: 5 l,z;t z t,z;t
T (ﬁ) / o On(tzt) 0:Gr (t z1)
5 (2r\? [ dzdt
T 12n (\f)\) /Zaz [Gn (t,2;t1) Gu(t, 2:t2))]
T (4.18)

W 10g2 (t%2) .

The additional contribution to vz in (4.7) is thus (751))3 =—

[Nl
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Thus in total we get (adding also the “tree-level” contribution 'yéo)

Il
\Sl[3
~—

_ 0, m_d —§k 1_§ ’ _° 1—§ 4.1
72_QJF’Y2_2+<4+5 2) e "2 T 10T (4.19)

which agrees with (4.1) in the scheme where k = 2 in (4.11).®
Finally, let us check that 1-loop diagrams with the other two (4-derivative) vertices in
Ly in (3.10) do not contribute to the log? terms in (4.7), (4.9). The second vertex in (3.10)

| A B C | C oD D
leads to two types of contractions. The first is fd2a\/§ (€7 (t1) ¢7 (t2)OC™ - 0C~OC™ - OCT);
using (4.11) and doing the bulk integral we find its contribution to (4.9) to be

VA

1
H4:_27TX8XkX22X25X[_

(VA)?

It thus contributes to the first power of log, i.e. to the coefficient do in the scaling di-

log(t§2)] : (4.20)

‘ [ 1 [ 1 ‘
mension (4.2). In the second contraction [ d*c /g (CA(t) CB(ty) OCC - ¢ acP - acPy we
need to use that (see (D.11), (D.13))

1 LE—t)?+(z—2)
Gn(o,0') = I logu(u+ 1), u=g 57y +e%, (4.21)
1 1
2G|, = g (1) B (422

Then the bulk integral gives again only a log term. The third vertex in (3.10) that has
a different SO(6) contraction structure leads to the same bulk integral and thus also does
not produce log? contributions to (4.9).

Similar conclusions are reached for the 1-loop diagrams with the z* loop coming from
the 020x0ydy vertex in (2.8) (where one can replace y* — Y4). Here we will need
to use that the bulk-to-bulk AdS; Green’s function for the massive scalar x’ satisfies
(cf. (4.21), (D.7))

(m2=2) , 1 u
Gp (J,U):—E (2u+1)logu+1+2 , (4.23)
m2= 1 1
8N8LG](3 ) (0,0") TR <52 +1+ 210g52> S - (4.24)

As (4.24) scales with z in the same way as (4.21) the corresponding 1-loop diagram also
does not contribute to log® term (while the UV log divergence should cancel against the
contribution of the fermionic loop).

At the next —— order the (Ny2)® = log®(t3,) term in (4.1), (4.7) should have the

(V)3
3
coefficient 3 = —% = —%5. As the expansion of Y4 in (3.8) does not contain a (3 term

(while the ¢* term in Y4 will start contributing only at order all contributions to

#)
(VA4

¥ That this value is indeed the natural one can be seen by generalizing the bosonic SO(6) computation
(N-1)?

2
to the SO(N) case. Then d; in (4.1) becomes N — 1 and thus %1 = *=5~. The corresponding analog

of (4.19) is then v = % — %k + w — % which is equal to % precisely if k = 2.
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Figure 4. Loop diagrams contributing to i \/IX)B log® term in the 2-point correlator. In (a) the blob

stands for the bosonic and fermionic one-loop diagrams in figure 3. In (b) it stands for the two-loop
irreducible contributions like “©- or reducible iterations of one-loop diagrams as in _O QO .

~3 should come from loop diagrams. The first type of them is the first diagram in figure 3
where one of the two tree propagators is replaced by the 1-loop corrected one (i.e. the
one with the corrections from the 1-loop graphs in figure 3 included), see figure 4(a). In
view of the above discussion this 1-loop “self-energy” dressing amounts to the following
replacement of each log factor in (4.7) (cf. the first and the second terms in (4.7) with
’yél) =5 x 2 according to (4.19))’

\QF)\(N12)2 : (4.25)
(0)

Applied to the tree-level 75’ term in (4.7) this will give the following contribution to ~s:

7:(,)1) = % X 2 x (=2) = —10. The second type of contributions should come from the 2-loop

Nig — Nig —

corrections to the (“-propagator which are: (i) irreducible 2-loop generalizations of the
second and third graphs in figure 3; (ii) reducible iterations of these 1-loop graphs, see
figure 4(b). These 2-loop corrections (which we will not compute here) should produce the

(2)

remaining contribution v,

m, 2 _ 125

2 65
Y3 =73 + 73 6’ ()__7

1
W =-10, P =—3 (4.26)

5 Mixed four-point function (z‘z/YAY B)

As was mentioned in the Introduction, the correlators of the three AdSs transverse fluc-
tuations x; (scalars with m? = 2) dual to the correlator of the field strengths Fj; at
leading order in strong-coupling expansion should be the same in both WML and WL
cases as they are described by the same classical string action (2.5) with the same (Dirich-
let) boundary conditions for x;. The corresponding tree-level 2- and 4-point functions
(xx) or (rxzx) were computed in [11]. As the boundary operator F,' = iF,* dual to 2°
has the interpretation of the displacement operator, its dimension A = 2 will be pro-
tected also in the non-supersymmetric WL case, i.e. it should not receive corrections in the
strong-coupling expansion
C

(ti2)*

19This shift accounts just for the leading log contributions; in addition, there will be also subleading ones
that can be accounted for by a shift like in (G.7).

(F/ () F (02) = (2 (1) 2 (2)) = 67 (5.1)
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Figure 5. Leading order disconnected contributions to (z'2/YAYB).

While in the WML case the normalization factor C; = Cp(A) in the analog of (5.1) is
known exactly (being equal to 12 times the Bremsstrahlung function), the expression for
C!. = Cp()\) at strong coupling (which should have a scheme-independent meaning, see
footnote 4) is not known at present.?’ The 4-point correlators (zzxz) in the supersymmet-
ric and non-supersymmetric cases may start to differ at the first subleading order in %

In the case of the 4-point correlator of two AdS fluctuations and two S° fluctuations
the difference should appear already at the leading order at strong coupling. In the su-
persymmetric WML case when S° coordinates were subject to the Dirichlet b.c. it was
computed in [11]. In the WL case with Neumann b.c. in S® directions this correlator
should have SO(3) x SO(6) symmetry and should represent the strong-coupling limit of the
4-point function of two displacement operators and two 6-scalars (cf. (1.3))

/

(F/ (1) F/ (t2)@a(ts)0p(ta)) = (2" (t1)2? (t2) Ya(ts) Yp(ta)) = é5ij5AB 2 G0,

(t12)* (9;34)

1. LA 1 @,
G(x) 1+\5G +(ﬁ)2G , (5.2)
1

where A = \% + -+ is given by (4.2) and as in (4.3) we choose a scheme where Cy = 5.

Recalling that Y4 =na + (a4 — 3¢%na+ - (see (3.8)) the leading order contributions
to (5.2) will come from the disconnected diagrams (zz)(YY) (see figure 5) that will con-
tribute to the prefactor W in (5.2). Here the bulk-to-boundary propagator for x
(given by (2.30) with A = 2) and the bulk-to-boundary propagator for the massless field ¢

given by (3.13), i.e.

p 2
(t—t’)Q—i—zQ} ’ 3

Gy (6 z:t) =CnN (8 zt) ,  N(tzt) =log [(t — )%+ 22} , On=——, (54)

Ky (t,2t") =CaKa (t,2t) , Ko (t, ;1) = {

so that (ignoring an infinite rescaling of z* by a z — 0 factor)

7 j _ C:/v ! 2i 1
(z! (1) 27 (t2)) = ek C = \FACQ +0 ((ﬁ)?) . (5.5)

One may normalize the 4-point function on the 2-point function of 2%, i.e. absorb the factor
of C! into a redefinition of the operator x; we will not do this here.

20Tt should be easy to compute the leading strong-coupling correction to it as C, — Cp = Cr — Cr
should be given by the loop of S° scalars with the internal line being the difference of the Neumann and
Dirichlet propagators.
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—————

_____

Figure 6. Connected contribution to (z°z?Y4YB). The 4-vertex comes from the quartic La-
grangian (2.8).

—————

______

Figure 7. Connected contribution with Y4 replaced by —%Czn“. There is a similar diagram
with A < B.

To compute the non-trivial correction to (xxYY) we need to use the 4-vertices in (2.8)
where we may replace 0,¥40,ya — 0,Y40,Ya (the two expressions are the same to quar-
tic order in the fields). The leading connected contribution to G(x) will come from the
connected diagram in figure 6.

There is also another connected contribution to ('2/Y4YB) when Y4 is replaced by
n? and YB by —%CQnB (or vice versa), see figure 7.

We get for the tree-level connected contribution of the diagram in figure 6 to the

correlator in (5.2)%

Gconn (X) < 277 )2 2
Zem = 5x [ =) Ca(Cn)? Quy, (5.6)
ty £33 2 !

Quy = / disz [0Ka(11) - 9K (1) ON(t5) - ON(12) — K(tr) - ON(t5) OKn(t2) - ON (1)

— OKa(ty) - ON(t4) OKa(t2) - ON(t3)] (5.7)

where the factor 5 came from (3.16), 0A - 9B = ¢"0,A - 0,B, and Ka(t1) = Ka(t, z; t1),
etc. The expression (5.7) can be simplified using the relations (cf. (C.2))

OKa(t1) - OKy, (t2)

4 [Ka(t1)Ka(ta) — 2 (t12)* Ks(t1)Ks(t2)],
2

ON(t1) - ON(t2) = 22 [Ki(t1) + Ki(t2)] — 2 (t12)? Ki(t1) K (22),
Ky (t1) - ON (L) = —4 2Ks(t1) + 4 (t12)? K3 (t1) K1 (t2), (5.8)
Kn(t) = Ky(t,z:t1) = [@_524_22] .

The contribution of the diagram in figure 7 is similar: including it gives the total connected

*'Here the vertex (2.8) in the string action (2.5) contributes 2—\/5 and four propagators (2

3

)*. One power

S

of normalization factor %Cg of the z-propagator is extracted to represent Cj, in (5.2).
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contribution by replacing Quy(1,2,3,4) with
Q;(rt;t)(t1,t2,t3,t4) = Quy(t1,t2,t3,t4) — %Qxy(t17t27t37t3) - %Qxy(tlat%télatél)- (5.9)
This results in the following replacement in (5.7)%2
9(uN(t3) 9,)N(ts) — —% 9 [N(t3) = N(t4)] 0,)[N(t3) — N(ts)] (5.10)

and we find from (5.7), (5.8)

Qg(gt;t) _ / diglz {16K2(t3)K3(tﬂK3(t2)t%3t%3 + 16Ko (t)K3(t1)Ks(to) 12,3,
— 16K (£3) K1 (£4)Ks (t1)Ks (t2)t 433 — 8K (t3) K1 (1) Ka(t1)Ka(t2)15
— 16K (t3) K1 (t) K3 (t1) K3 (ta)t35t2, + 16Ky (t3)K 1 (t)Ks(t1)Ks(t2)t1yt3,
= 16t15t35 To3 3(t3, t1,t2) + 16t1, t3,To33(ts, t1,12)
—16D3311t1,t33 — 8Do2 11134 — 16D3 31113513, + 16D3 31115513, . (5.11)

Here Ta, A,,n4(t1,t2,t3) is the standard AdS scalar 3-point function (see, e.g., [48])

dtdz
TA1,A2,A3(t17t27t3) = /Z2KA1(27t7t1) KAQ(Z7t;t2) KA3<27t7t3)

B A (5.12)
tlAQu t2A323 tgAl:al ’

_VRTEEEI T T E
A_T F(QAl)F(zz)F(A;) T §(A1+A2+A3—1) ’

Ao = A1+ Ay — Ag, ete.,

(5.13)

and the D-functions are defined in (C.1). Expressing the latter in terms of D functions
according to (C.3) we may use that in the AdSs case (cf. (C.5))

_ 1 2+x 1
D = - log(1 — — 1
2211 = 3 T og(l —x) + 30— ) og X,
— 2x?+3x -3 2(x*>+3x +6) 2
D = — — log(l—x) — ——3 1 . 5.14
3,3,1,1 15(x — 1)2X4 155 ( X) 15(1 — X)g og X ( )
As a result,
6m 1 1
Qltet) = —— [1 - < - > log(1 — x)] : (5.15)
Y tly 2 X
We thus find for the leading-order contribution to the G-function in (5.2)
GO)=1+— G<2>(x)+o< ! > (5.16)
(VA)? (VAR
1 1
G2x) = =5 (2 Ca (O @l =20 1= (5= ) logt=)| - (D)
X

22Gince this depends only on the difference N(t3) — N(t4) = log % the same result is found if
we start with the manifestly AdSs (or conformally) invariant bulk-to-boundary propagator corresponding

N2 2
to (D.11), i.e. N(¢,2;t') = log % This ensures that the resulting integral is conformally invariant.
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We observe that the strong-coupling contribution to the connected part of G in (5.2) first
appears at order ﬁ and, remarkably, that G®@ is proportional to the corresponding

expression (2.37), (2.38) for the tree-level (x'2/y?y®) correlator found in the supersymmetric
line case in [11]. Using the label D for the G-function in the supersymmetric (Dirichlet
propagator) case we thus get in the non-supersymmetric case

G =56, Gl =4 [1 - (; - i) log(1 — x)] . (5.18)

We will explain the reason for this coincidence in section 6.2 below.
Let us comment on the OPE interpretation of the function G(x) in (5.2), (5.16), (5.17).
Exchanging to <> t3 in (5.2) we get (cf. (2.13), (2.13))

. . 1 .. C! 2—A
(FJ(t1) P alte) Fi(ts) @p(ts)) = EgzaaABm ™ G(x), (5.19)

Gl = x> G =X (1— L {1+<x—1) logl;x]+0( ! )>

tos

(VA)? 2 (VA)?
where A is given by (4.2). The corresponding conformal block expansion is?3
GO) =Y enx"2Fi(h+2—Ah—2+A2h, ). (5.20)
h

Comparing (5.19) with (5.20), and using the expansion (4.2) for A, we find the following re-
sults for the corresponding intermediate operator dimensions and coefficients ¢ consistent
content in (5.20)

ho = 24— 10—d2 ong =120
0=2+4—— e, gy =1— _—
VA (VA2 ’ (V)2
=34 c 10 25-2dy
=34+ ——4-, ey = ——— e
VA oV (V)2
ho= = ¢ —10+<8O+2d2> L
2 \/X s ha 3\/X 3 3 (\FA)2 5
4 25 8125 5d2> 1
h3=5——+---, Chy = — + - - 4+, ete. (5.21
For n > 2 the general expression for the leading order \% correction is
-2) 1 2 2 ( 1\"" 11
by =24n_ 0= L <_) vrnt 3t 1
2 VA 3 n 4 T(n+3) VA
(5.22)

Notice that for large n the dimension h,, of the intermediate operator ®0;'F has the
same universal behaviour as in the supersymmetric line case in [11]: h, — n — % +...

¢y, is related to the coefficient in the 3-point function between F, ®, and the exchanged operator @}, of
conformal dimension h. Let us recall that in the supersymmetric case (cf. (2.37)) the operator O;, takes a
schematic form ®9;'F, and has dimension h, = 3 +n — -1~ (n+ 1)(n +4) +--- [11]. The normalization

2V
of ¢; in (5.21) below takes into account that in the present case in (5.16) we have G(x) =1+ ---.
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(compared to (2.36), (B.6) where the operator contains 07" here n — 3n). This universality
supports the existence of a semiclassical explanation of this large n asymptotics (indeed,
possibly related classical string solution should not be sensitive to boundary conditions
in S°).

6 Four-point function (YAYBY YD)

Given the 2-point function (4.1), the general structure of the SO(6) scalar 4-point function
controlled by the 1d conformal invariance and crossing should be as in (2.14), (2.15), i.e.

CQ
(YA(t)Y B (t2) YO (t3)V P (ts)) = m GABOP (), (6.1)
GABCD =Gg 5AB(50D+GT 5AC(5BD+5BC§AD _ é 5AB§CD:| +G 4 |:5AC(53D _5BC§AD:| )
(6.2)

Here Gg(x) is the basic function with G and G 4 expressed in terms of it via leg inter-
change, i.e. using the crossing relations (2.23), (2.24). In what follows we shall set Cy = %
as in (4.3).

To compute Gg it is sufficient to consider the singlet correlator as in (2.17), i.e.

1

TR Gg.

A1) P ()Y P (1) =
12034

(6.3)

Here n dependence drops out (so the integration over S is trivial). Thus (6.3) can be
computed in any explicit parametrization of Y4 and we shall again use (3.8), i.e. Y4 =
nA + ¢4 — %nA C%2 4+ O(¢*) with naCa =0, nany = 1.

6.1 Leading-order contributions

Let us first consider the simplest — leading order — contributions to (6.3)

1

1 1
YA A )Y P (1) P (1)) = 14+ —=QW + ——=QP + ——Q@ ... (64
(Y2(t)Y 7 (12) Y7 (t3)Y 7 (ta)) 7 e WL (6.4)
At order \%)\ these are just the tree-level terms ((4Canpnp) + (nanaCp(p), giving as
n (4.1), (4.7)
QW = —5(Ni2 + N3g) Nip = logt,. (6.5)

QW thus corresponds to the leading term in the expansion of the prefactor (t12t34)*2A
in (6.1), (6.3) with A = % +.... At the next ﬁ order we will get several contributions
from tree-level diagrams with four ¢ and two contractions (see figure 8). Denoting their

contribution to Q) as QE)Q) we get

(N¥5 + N3y + Ni5 + N7, + N3; + N3, ) + 25N15Nay
— 5(N13N14 + Na3gNoy + N13Nog + N14Nag) + 5(N13Nag + N14Nog) . (6.6)

QY =

N | Ot
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Figure 8. Types of diagrams contributing to (6.6). Other diagrams are obtained by interchang-
ing points.

e=O=¢!
)

1
nB b\\ /; nB

S

Figure 9. A disconnected diagram contributing (YAY4YBYB). The (-propagator includes loop
corrections, with 1-loop ones corresponding to the second and third diagram in figure 3.

Here the first group of terms comes from diagrams like figure 8(a), the second from fig-
ure 8(b), the third from figure 8(c) and the forth from figure 8(d) and figure 8(e). The
5

terms E(N%Q + N§4) and 25N19N34 with 12 and 34 propagators should corresponds again

to the log? terms appearing from the expansion of the prefactor (3, t§4)_%+m in (6.3).

In addition, there are also similar terms coming from the 1-loop propagator correction
diagrams like in figure 9. As follows from the structure of the loop-corrected propagator
in (4.1) there will be a log correction to Q®@ given by

fo; = —dy(N12 + Nyy) . (6.7)

From the analysis of the (YY) correlator in section 4 we know that these loop diagrams
also contribute the log?(t12) +log?(t34) terms (cf. (4.7)) necessary to build up the prefactor
|t1o t34] 722 as required by conformal invariance. The coefficient of these terms is given by

’yél) = % — % =10 in (4.19). Thus we get for the additional 1-loop contribution to Q)

Q) = 10(N?, + N2, . (6.8)

Equivalently, this term is found from the %Q(l) term in (6.4) upon the substitu-
tion (4.25). Thus

25 _
Q¥ = foé + Qé2) + Qﬁ” = Ql(zé +5 (Ny2 + N34)2 +Q¥,

~ 5
QY = §(N13 + Nag — Nyg — N23)2 - (6.9)
Multiplying (6.4) by |t12 t34]*® = 1—}—%(N12+N34)+ﬁ(N12+N34)2+. .. (cf. (6.4), (6.3))

we conclude that all Njo and N34 dependent terms cancel out (in particular, log term in (6.7)
does not contribute) so that the leading contribution to Gg is given by

_ 1 5@ 1Y\ _ 1 @ 1
Gs(x) =1+ (ﬁ)ZQ +O<(ﬁ)3> 1+ (\F)\)2GS (XHO<(\5)3> . (6.10)
G = 10log?(1 - x) . (6.11)
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There is no % term as the leading-order correction (6.5) correspond just to the prefactor

1
(V)2
in (6.11) gives the full conformally invariant expression for Gg to this order.

in (6.3). As there is no other “connected” contribution at order the expression

To find Gr and G4 in (6.2) we may use the general crossing relations (2.23), (2.24)

. o . . _ i d2
with N =6 and A given by (4.2), i.e. A = At SE +.... As a result,

3 9 X2 3 ( 2 X2 2 3 X2 >
G =—_+4 lo + 9log® —~—+8log“(1—x)+—=dslo
=7 2% Pl 2(V/\)2 &1y gl-x)+5d ®1x

+0O <(\/1X)3> : (6.12)
2

6 s ot (10g X L ]
GA(x)—ﬁlg(l X)+(ﬁ)2lg(1 X) <4lg1x+5d2>+0((ﬁ)3>. (6.13)

The % terms here originated from the A-dependence in (2.23), (2.24). The appearance of

the second anomalous dimension coefficient dy in (6.12), (6.13) is not surprising: it means

: ; 1 : ABCD
that in order to determine the S terms in G (

X) one needs to compute also the

1-loop graphs (bosonic and fermionic ones, cf. figure 3) that contribute not only to A but

effectively also to Gr and Gg. Similarly, the ﬁ terms in (6.12), (6.13) will depend not
ds

1 . .
only on the oS correction to (6.11) but also on the S term in A.

It is important to stress that in contrast to the supersymmetric (SO(5) invariant) case
in [11] here the presence of the n4 “condensate” in Y4 implies that the disconnected graphs
are not described just by a generalized free field perturbation theory (cf. appendix A). For

example, the averages over S° do not factorize: (nAnBnCnP) £ (n4nB)(n4nB), etc. Thus

even % corrections in (6.12), (6.13) are not those of a free field theory. For example,

setting A = % + -+ in (A.2) and expanding does not reproduce the single logarithms
proportional to (6.12).

6.2 Order contributions: Dirichlet/Neumann relations

1
(V)3
At the next ﬁ order we get two different contributions: (i) “reducible” contributions
given by tree level diagrams with possible 1-loop or 2-loop propagator corrections; (ii)
“irreducible” connected tree-level contributions where all four points are connected to the
bulk vertex. The 3-loop propagator corrections (like in figure 4(b)) can appear only in the
disconnected parts (CA¢AnEnB) + (nAnA¢CB¢P) (see figure 9) and thus contribute only to
the prefactor [t1at34| 22 in (6.3) but not to Gg.

Non-trivial reducible contributions come from connected tree diagrams with 3 propa-
gators like the one in figure 10 and also from the leading order diagrams in figure 8 with
one of the propagators being “dressed” by 1-loop correction as in figure 3 or figure 9. We
will discuss these reducible contributions in detail in appendix G.

In addition, there is also an “irreducible” connected contribution to (6.1), (6.3)
that comes from the contact tree diagram in figure 11 where all four fields in
(CA(t1)CA (t2)CB (t3)CB (t4)) are attached to a quartic vertex from Ly in (3.10) The analog of
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—————

_____

Figure 10. “Reducible” tree-level diagram contributing at order ﬁ

—————

______

1
Ve

Figure 11. Contact diagram contributing at order

it (see figure 2) was the only leading connected contribution (2.33) in the supersymmetric
line case with the Dirichlet bulk-to-boundary propagators [11].

Having one bulk 4-vertex in (3.10) (proportional to v/A) and four ¢-propagators (each
bringing a % factor) this connected contribution should scale as ( \/IX)3 ngonn. Note that
the normalization in the supersymmetric case (2.33) was different, so comparing to it below

we shall strip off the \%\ factors. In total, we should find (cf. (6.11), (G.3))

L@ L3 < 1 >
Gs =1+ G¥ + GY+0 , 6.14
(Va2 T (apE (V) 619
3 3 3 3 3 3
Gg) = Gg,zed + G,(S',()zonn ’ G.(S',z‘ed = Gg,ing + C;'.(S',fog3 ’ (615)

where Gg?ogz and Ggog3 are given in (G.9) and (G.17).
’ EC)

S,conn

mann bulk-to-boundary propagator (3.13) leads to complicated AdSy integrals. A useful

Trying to compute G directly one observes that the logarithmic form of the Neu-
observation is that applying boundary-point 0;, derivatives to the contact contribution to
the correlator (YYYY') it is possible to relate the expressions for the integrands with the
differentiated Neumann propagators to the similar ones in the Dirichlet propagator case.

Let us define (see (2.32), (5.4); below 9, = (9;,0,), O"AD,B = 220,A0,B, €, =
+e;, = £1; repeated low indices are contracted with d,,,)

N'(to) = 9, N(t,) = 2 T _t;);i = = Q(taz_ t)Kl(ta) , (6.16)
N(te) = log [(t — to)* + 7], Ki(ta) = m - %@N(ta), (6.17)
9N (ta) = 2 €,,0, K (ta) 0 = (01, 0,). (6.18)

Using (6.18) we may thus relate the expressions containing bulk-point derivatives of N'(t,)
to the ones with bulk-point derivatives of Ki(t,). For example, we get

OuN'(t1) O,N'(t2) = 40,K1(t1) 0,K1(t2) - (6.19)
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Equivalently, (6.19) follows simply from the complex coordinate decomposition of K; and N’

Ky (fy) = —— (1—1>, N (ta) = — <1+1>, W=t—totiz, (6.20)
wow
using that 0,40,B = 40,A0gB (cf. (D.6)).

From (6.19), we see that the contact diagram associated to the (9¢)* term in (3.10)
contributing to the 4-point function in the Neumann propagator theory is simply propor-
tional to the same diagram in the theory with the Dirichlet propagator. A similar relation
is true for the contributions of the mixed zzYY 4-derivative vertices in (2.8). There is
also a close relation between the two cases for the contribution of the 2-derivative ¢2(9¢)?
vertex in (3.10). Explicitly, one finds (see appendix F)

/ dzdtN' (1) N (t2) 9N (t) N (t4) = 16 / dzdt Ky (1) K (t) 9,K (t) K1 (1) + |
(6.21)

8 1 1
Wty ta,t3,ty) = —— | —— , tii=t; —t;. 6.22
(E1,t2, s, ) t§4 (t13t23+t147524) “ L ( )

which may be proved by using (6.16)—(6.20) and performing the integrals. The “deficit”
w-term here corresponds to the non-zero boundary contribution that survives upon manip-
ulating one integral into the other using integration by parts (see (F.4)—(F.7)).

We then arrive at the following symbolic relations between the G-functions appearing
in the corresponding connected contributions to the correlators in (5.2) and (6.1), (6.2) in

the Dirichlet and Neumann cases2*
. . ~ 1
(@' (t1)2! (t2) Y (t3)Y P (ta)) - 0,0uG = =2 -5~ Gp (), (6.23)
34
~ 1
YAt Y B ()Y (t3)Y P (1)) - 000,000, G =4 75— Gp(x) + Q. (6.24)
12134

1
C2
Dirichlet cases respectively with all symmetry group factors stripped off before averaging

contributions in the Neumann and

Here G and Gp stand for the contact diagram

over n? in the N-case (CA}—functions are related to G-functions in (6.2) as in (6.29) below).
For simplicity, in this section shall often omit the label “(3)” on G®). Q in (6.24) is the total
contribution of the w-terms in the relation like (6.21). The basic idea behind (6.23), (6.24)
is that after the differentiation over the boundary points the Neumann propagator contribu-
tions get related to the Dirichlet ones as in (6.19), (6.21). To find the conformally-invariant
solution for the total G we will need to add also the “reducible” contribution as in (6.15)
that will cancel non-invariant terms in 2.

24While in the D-case it is natural to strip off normalization factors of all 2-point functions in the correlator
in the N-case this is not natural as the 2-point function of ¥ expanded in \%)\ starts with constant rather
than the tree-level propagator. We may still formally do this but without changing sign, so the factor
associated to the N-propagator in (5.4) will be %|CN| = % Finally, when relating the expressions in the

D and N cases we omit the \% factors. This formal identification requires the -1 factor in (6.23).
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More explicitly, to compare to the supersymmetric line case with SO(5) scalars in (2.33),
(2.37) one is to replace Y4 by y* and postpone the averaging over n? till the end. For the
mixed correlator in (6.23) we will have (cf. (3.16))

~ ~ 1 ~
G% =5*Gp, GAB=pPABG - GABzééABG, G=5G. (6.25)
In the massless 4-scalar correlator case, starting with the expression (2.33) in the super-
symmetric line case we are first to replace §ab — pAB — §AB _ pApB and Ky = 1Ky —

Gy = CxN in the SO(5) version of (2.15) getting (cf. (6.24))

-~ -~ =~ 2
GABC’D — GS(X) PABPCD + GT (X) |:PAC'PBD + PBC’PAD _“ PABPCD

5
+Galx)| PACPBD _ pBC PAD} , (6.26)
. 1
Onn D101, 00, G = 43— GinolX) + Qe c=S8T,A. (6.27)
12 “34

Here the functions Gp .(x) are given by the leading-order connected expressions (2.34). Av-
eraging (6.26) over n* according to (3.15), (3.16) we end up with (cf. (6.2) and (2.16)(2.18))

aaBcp _, L ~apep

6.28
36 ’ (6.28)
GABCD — GS 5AB50D+GT 5AC(SBD+5306AD_%5AB50D:| +GA |:5AC'5BD_(SBC§AD \
~ . 126 ~ ~
Gs=25Gg, GT:ZG5+?6GT, G4=24Gy. (6.29)

Before turning to the case of (YYYY) let us first demonstrate how the above D/N rela-
tion (6.23) explains the proportionality of the expressions for the leading connected part
of the mixed correlator (x?(t;)a?(t2)Y A (t3)Y B(t4)) in the supersymmetric (D) (2.38) and
non-supersymmetric (N) (5.16), (5.18) cases. The leading order term in Gp is G™) in (2.38).
To find the corresponding term in Gx we may integrate the relation in (6.23).

The double derivative operator in (6.23) has a nice interpretation in terms of the
quadratic Casimir operator of the 1d conformal group (i.e. J? for SO(1,2)). Indeed,
t3, Op, 04, is invariant under the scale transformations, translations, and also the inversion.
When acting on a function of the cross-ratio y = % it becomes

t34 0,00, F(X) = —2f(x) , 2 =x*(1-x) 0% — X0y, (6.30)

where 2 is the conformal Casimir operator (see, e.g., [43, 49]). The eigenfunctions of 2
are the SL(2, R) conformal blocks (cf. (B.1))

DFy, = h(h —1)Fy,, Fr,=x"Fu(x), Fn=2F1(h,h,2h,Y). (6.31)
From (6.23), (6.25) we have (cf. (2.38))

34 01,0, G(x) = —2G(x) = =10Gp(x) (6.32)
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One can check that

1 1
Fa =2 (2,240 = 12 |1 (5= 1 ) Toxl1 = )| =3Gb(0).

2Gp(x) = 2Gp(x) -

(6.33)

Thus Gp = G in (2.38) is given just by a single conformal block corresponding to the
dimension h = 2. This means that in the supersymmetric line case the only operator that
can appear in the OPE channel 12 — 34 (besides the identity which contributes to the
disconnected part) is the h = 2 singlet ~ y®y®. Integrating (6.32) for G using (6.33) we get

G(x) = 5Gp(x) +c1 + 2 log(1 —x), (6.34)

where the last two terms are the zero modes of the Casimir operator &, i.e. a linear
combination of the A = 0 and A = 1 conformal blocks.

Let us argue that this “zero-mode” part is to be omitted, i.e. one should set ¢y = co = 0.
The leading order term in the small x expansion of generic G(x) in (2.10) should be
determined by the minimal dimension of the fields appearing in the corresponding OPE.
In the present case of connected part of G this is the A = 2 operator suggesting that
G(0) = 0. Assuming the symmetry under t3 <> t4, i.e. under xy — —%, we get also
G'(0) = 0. Then a (connected part of) G(x) should have the small x expansion®

G(0) = G'(0) = 0. (6.35)

This property is readily checked for Gp = G in (2.38) and should hold also for G
in (6.34), implying that ¢; = ¢ = 0. As a result, we find that G in (6.34) coincides
with the expression in (5.17), (5.18) that we found above by the direct computation in the
Neumann propagator case.

1
(VX)2

The four-point function (YAYBYCYP) in the SO(6) Neumann theory (6.1), (6.2) is ex-
pressed in terms of the three functions G. (¢ = S, T, A). The main task is to determine Gg
as then G and G4 can be found using the crossing relations (2.23), (2.24) (with N = 6)

6.3 Contact diagram contribution and Ggs,1,4 functions at order

2A
Gr (0= —5 | Gs 00 = 3:¢36s (1) =3 (25) Gsa- X)] . (636)
3 ~ vy \* -
Gak) =4 !xm () - (%) Gs(l—x)] ,
5 d ds (6.37)
= —+ 5+

Z5This will also apply to the singlet part of the 4-scalar correlator below but will not be true in general
in the T- and A- channels.
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One may try to determine Gg by integrating the relation (6.27) of its connected part to
the corresponding function in the Dirichlet theory (2.34)

t%Q tz27)4 8t18t28t38t4 (GS)COHH =100 GD,S(X) + US’ US = t%2t§4QS . (638)

The normalization of the Ug contribution is chosen such that it directly contributes to Gg.
Here we restored the label “conn” on Gg to indicate that this contribution comes from the
contact connected diagram. By the explicit computation from the 4-vertex in first term
in (3.10) one finds that in the S-channel the total combination Qg of w-terms coming from
relations like (6.21) is such that

1 5 6 n 1 1
t3ytogtos  t1al34toa  tiotest3y  tiytiatis  tdstsatis

6 2 5 1 > (6.39)
t1at3 13 752375347513 7512751415%3 t23t34t%3 ' '

Us(t1,ta, t3,ts) = 40t3yt3, (

+

Since Ug is not conformally invariant, the contact diagram contribution to Gg is also not
just a function of x so we cannot simply replace ¢35 t3, 04, 9y, 04,0, in (6.38) by the square
of the Casimir operator & (6.30). However, the conformal invariance is restored in the
total expression for Gg, i.e. once we add the “reduced” diagram contributions as in (6.15).
Indeed, the expression for t2,t2, 9y, 01,04,0, applied to the reduced part (Gg)red is given
by the sum of (G.11) and (G.18). As a result, we find that non-invariant terms in (G.18)
cancel against those in (6.39) and we are left with

t%2 t§4 8151 atz 8t38t4 (GS)conn = @2(GS’)conn =100 GD,S(X) +RS (X) ’ (640)

Gs=(Gs)com+(G8)red s (G8)red = (G'5)10g2 +(G5)10g3 » (6.41)

R = sda [0+ 2o X ([ 107) (14 1o ) - log (1)) - (642

s=8ds | X +—"= —|—320< 1+(1—x <1—|— ogx)— og(l—yx > 6.42
(1—x)° (1—x)° 2 2

Here Rg is the combination of Ug with the contributions (G.11), (G.18) of the “reduced”
terms in which all non-invariant terms happen to cancel out. The da term in (6.42) is the
contribution of the log? reduced term in (G.11); as its contribution to the invariant part
of Gg is known already (see (G.10)) in what follows we will simply omit it, concentrating
on other invariant terms in Gg solving (6.40).

We may formally split (Gg)eonn into the sum Gg + és of the solution of 2°Gg =
100 Gp,s(x) where Gp s = G(Sl) in (2.34) and the solution of 22Gs = Rs(x) where Rg is
given by (6.42),

(Gs)eonn = Gs + G, 2*Gs = 100Gp 5(xX) , 2°Gs = Rs(x) . (6.43)
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Explicitly, one finds that the most general solution for és may be written as20

G = —320Lis(1 — x) + 320 Liz(1 — x) log(1 — x) + 160 Li(x) log(1 — x)

4
80
— 3 log®(1—x) + 240 log xlog® (1 = x) + > enthn(X) (6.44)
n=1

, 1
Y1 =1, Ya=log(l—x), Y3=1logx, ¢a= Lis(x)+ §1ogx log(1 —x), (6.45)

where ¢, are constants multiplying the zero modes v, () of the 2% operator (cf. (6.34)).
Expanding (6.44) for small x we get

_ 1
Gs = [c3logx + c1 — 320¢R (3)] + (C4 — 2= jealog x) X

1

1 1
+ | g0a— 5o =80+ (80 — 4(;4) log x] 24+ 0% (6.46)

Imposing the condition (6.35) fixes
c1 = 320CR(3) N Cy) = C3 = C4 — 0. (6.47)

Similarly, we may attempt to solve the equation for Gs(x) in (6.43) which has a more com-
plicated source term (cf. (2.34)) and try to constrain the zero-mode freedom by imposing
the 3 <> 4 crossing symmetry condition on the total function (cf. (2.19), (2.20))

Gs(x) =Gs <x>ﬁ1> : (6.48)

and also the condition (6.35). A somewhat complicated structure of ¥4 in (6.45) suggests
that finding a correct analytic continuation of Gg() out of the perturbative region x — 0
may be non-trivial.?”

To avoid these issues let us start from the very beginning and consider not the fourth
derivative (as in (6.27)), but just the second derivative of the singlet correlator

A4, 0, (Y A1) YA (t2) Y B (t3)Y B (14)) . (6.49)

Computing it using the relations between the N and D propagators like (6.18) we may then
integrate the resulting analog of (6.23), i.e. follow the same approach as described above
in the case of the mixed correlator (zzYY').

26The appearance of Li, functions here (absent in the “reduced” log® contribution in (G.17)) should be
attributed to the contribution of the Q-part of the contact diagram contribution to Rgs: for example, the 4
times integrated expression of the w in (6.22) can be seen to be given by a combination of the polylogarithmic
functions.
2T A possible solution of the analytic continuation problem may be based on the following relations
2

R R 10 Nl 1 G | R 0T,

Indeed, to determine, for instance, f(ﬁ) from the solution to 22 f = g, one simply writes 22 [f(ﬁ)] =

X 9(72)- If the r.h.s. admits a simple analytic continuation (e.g. using the log(---) — log | - - - | rule) under

which it keeps essentially the same complexity, this will then readily give an expression for f (ﬁ) after

the integration.
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Our strategy will be to find the invariant contribution to Gg (freely doing integrations
by parts and assuming that all non-invariant terms from boundary terms cancel against the
“reduced” contributions as discussed above). A consistency test will be that the resulting
function will indeed satisfy the correct 4-derivative equation 2?Gg = 100 Gp s(x) in (6.43).

Given the connected correlator with 4-vertices from (3.10) (see figure 11), applying
O, O, to it we will get various contractions with two of the four bulk-to-boundary Neumann
propagators (5.4), (6.13) differentiated over the boundary point. For example, the 4-
derivative vertices in (3.10) will lead to (cf. (6.21))

0N (t1)0,N'(t2)0,N(t3)9,N(ts), etc. (6.50)

Using (6.18) or 9,N’ = 2¢,,,0,K; we can replace N’ with K; and also apply the relations
similar to (5.8), i.e.

OK (1) - K, (t2) = Ko (1)K (f) — 212, Ko (1) Ka(ts) | (6.51)
0K1 (tl) . 8N(t2) =-2 ZKg(tl) + 2t%2 Kg(tl) Kl(tg). (652)

This allows us to effectively replace all logarithmic N factors by the Dirichlet functions
Kn(t, ty;2) = [m]n, (cf. (2.30)) so that the resulting integrals over the AdSs bulk
point become the standard ones (see appendix C).

There is also another type of contractions coming from the 2-derivative vertex in (3.10):
after applying 9,0, to them we get integrals [ dtdz(---) like (6.21) with the integrands

of the three types
Vi =NNg§,N 9,N, Vo =N'N'9,NI,N, Vs =NN'9,No,N. (6.53)

We can simplify these using ON = ON’ = OK; = 0 (here O = 9,0, = 07 + 92) and formal
integration by parts. Then we get?® 1} = 4GNGO, K10, K1 — 40,,GnO,GN K1 K, and we
can use (5.8) to eliminate N in terms of K. V5 in (6.53) can be also reduced to the Vi-type
term: Vo = N'N'9,NO,N — 9,N'0,N'NN. The same is also true for V3 = NN'9,N9,N’
(using the 1 +» 2 and 3 <> 4 symmetry).

As a result, we find that the second derivative of Gg appearing in (6.49) is given by
(see (5.11) and (C.5) for the expressions for the 7' and D functions)?’

_ 1 150712, —
04, 01,Gs = 5| 40083 5t55 Th 2.2(t1, ta, t3) — 40081485, Th 2 2(t1, ta, ta) + ffﬁl 1,1,1,1
13%24
607 [(t35 — Thiatis + 1115, + Stigtia(tis + tia)tia — 5ti5t7] t§452 "
ot o
(6.54)

*®Here we use that for the harmonic functions (OH; = 0) one has Hy H20, H30, Ha = % Hi Ho(J(HsHy) —
%D(Hle)H3H4 = 0, H10,H2HsHy where we dropped a total derivative term.

*’In obtaining the expression (6.54) we included the contributions of diagrams with the —in® ¢* term
in Y# at the points t3 or t4 (like in figure 7 where points z' are now replaced by YA). This amounts to a
subtraction of contributions at the coinciding points completely analogous to that in (5.9).
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Here we again put bar on Gg to indicate that this connected contribution of the contact
diagram is computed by formally discarding boundary terms while integrating by parts.
Using (5.12), (C.5) gives (cf. (6.30))

_ 2_10x+10 210y +10)x? 3 _8y2+5xy—10
—9Ts(x) = 10 [x x+10  (x X ! )X logy+ X=X 10) )
x—1 (x—1)
47 17
=25 <4logx—15> x> +25 <4log X—15> Yy’ +OKxh). (6.55)

Integrating this as in (6.32), (6.34) and applying the crossing constraint (6.48) and the
condition (6.35) of regularity at x — 0 we get3?

Gs (x) = —240 [Lig (x) + Lis (XX1>] 150 [% - )1( - éx + %LiQ(X)} log(1 — x)
2

1
+ 40 [log?’(l -Xx)—-=

— 2 J— —
11y log x —log“(1 — x) log X] 50 (6.56)

137
= —50(log x — E) 2+ 0(x%).

We have fixed the integration constant to zero using (6.35).3! A non-trivial check of (6.56) is
that applying 2? it does satisfy the second equation in (6.43) with Gp s(x) given by (2.34).

It is interesting to note that despite the relative simplicity of the ¢2(9¢)? vertex con-
tribution to the (6.55) (given by the term —80 [Xx—fl log x — xlog(1 — X)} on the r.h.s.) it
is this vertex that produces the most complicated Li, dependent part in Gs(x) in (6.56)

while the contribution (Gs)(g¢)s of the (8¢ )4 vertex is similar in structure to the expression
in (2.34) in the Dirichlet theory case:

XQ

log x . 6.57
Ty 08X (6.57)

The total expression for the (\/%)3 term in Gg(x) in (6.14) is given by the sum of Gg(x)

in (6.44), (6.47) and Gg(x) in (6.56) and also the reducible da-contribution in (G.10) (cf.

30 Let us note two useful relations:

2
Liz(1 = x) = 7 — log(1 — x)log X — Lia(x).
2

. 1 1 . .
Lis(1~ ) = - Tog(1 =)+ g 1og"(1 =) = § Jog*(1 = ) log x + Cr(3) ~ Lis(x) ~ Lis (27 ).

31This condition is natural as the connected part of (Y (¢1)Y*(t2)Y P (t3)Y P (t4) should vanish for t12 — 0
and t34 — 0 (implying x — 0) as we have YAY“ = 1 at the coincident points. Thus in (6.1) we should
have Gs(x — 0) — 1, i.e. the connected part of Gs should vanish at x = 0.
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also (6.42)), i.e. explicitly

10 1 1
Gs=1+——log? (1—x) + GP 10 -, (6.58)
(V) (v3) (v3)
s = i3 (x) + Lis 1 — Liz (x) log (1 — x) +4010g1_X10g (1-x)
2
—101§X logx + 5 (5—1;—2x> log (1 — x) — 50 +4dylog? (1 —x) (6.59)

205
= <3010gx+ & —|—4d2> X2 + 0 (Xg) .

Let us now compute the ( \/IX)3 terms in the G and G 4 functions (complementing the order

(\/%)2 expressions in (6.12), (6.13)) using the crossing relations (6.36), (6.37). As a first

step, let us replace (6.59) by the following improved form that is equivalent to (6.59) for

0 < x < 1 and represents its real continuation for xy > 1 (cf. footnote 30)

5(2x2 — 5y + 10 2
X x—1

80
- Elog?’ |1 — x| + 80log x log? |1 — x| + 10 [8¢r(3) — 5] 4+ 4 d log? |1 — x|. (6.60)

G(S?)) = —80Li3z (1 — x) + |80Lig(1 — x) — oex

Note that using this expression we can consider the analytic continuation to the thermal
out of time order correlators, following the procedure described in section 2.4. It is easy
to see that the dominant contribution in the limit relevant for chaos comes again from
the term ~ y~'log(1 — x) in (6.60), leading to a maximal Lyapunov exponent. This term
originates, in fact, just from the “Nambu string” (9¢)* vertex contribution (6.57) (and not
from the S° sigma model vertex ¢2(9¢)? in (3.10)), in full analogy with what happened
also in the supersymmetric line case (cf. last term in G(Sl) in (2.34)).

Applying the crossing relations (6.36), (6.37) we can use (6.60) to get the following
(real) expressions for Gp and G4 that are valid in the range 0 < x < 1 and depend also
on the subleading coefficients in A in (4.2)

3 (17X2—1lx+1)
2x

GV = 48Lis(1—x) +log (1—x) [—12L12 (1—x)+36Liz (x) —324log” x]

3(17x*—21x+21)
2(x—1)
X2

+; [16¢R (3)—25]—6m%log (1—x)+ ng [9 log? (x) +8log? (1 —x)}

1—
9 X2
—dsl
+10 3 Og(l—x) 5

log x —83log® (1—x)+2161og> x +294log xlog® (1—x) (6.61)
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G = 48 [Liz (1—x) +2Li3 (x)]+log (1—x) [48Lia (x) —24x +192log? x+3]

24 (y—2
+—gil)x—9mjﬂxﬂhgx+84bg%1—Xyawzmgxmg%1—xy+mga$
48 2 6
+5dglog(l—x)log<1>ix>—|—5d310g(1—x). (6.62)

The small x expansions of these expressions read (cf. (6.59))

108 63 9
Gﬁz2mm§x+Ei@b§x+<—2+5¢0k%x+m%Cﬂ—%

108 63 9
24 log? ——dy 1 -4+ =
+ [3 og” x + 3 ds log x 1 —|—10d3] X

54 513 51

23 9

mﬂ%x”+0@ﬂ,(6%)

96 6
GY = L&BQk@2X+—<—Ei&;—4é)ng+%B——5d4 X

48 48 45 3
+ [—96 log? x + <—5d2 — 216) log x — Edg + 5 - 5d3} Y+ 0(x%) . (6.64)

g? ) and G(A?’) which is not based on the crossing relations but

follows the same approach as used above to find G(;’) is presented in appendix H. Up to the

A direct computation of G

Casimir operator zero mode terms (cf. (6.45)) that are not, in general, determined in the
approach based on integrating the relations like (6.24) the resulting expressions are found
to be equivalent to (6.61) and (6.62).

The reason why this ambiguity was not present in the case of Gg) (or, equivalently,
was fixed by the condition (6.35)) can be understood from the OPE constraints: in the
singlet channel the only non-derivative operator (with dimension (’)(%)) that can appear
in the exchange is the identity (due to YAY4 = 1), implying Gs(x) = O(x?). At the same
time, non-singlet YAY B operators can appear in the OPE of G and G 4.

Finally, let us note that the resulting expressions for Gg%ﬂ’A in (6.60), (6.61), (6.62)
depend on two subleading coefficients da and ds3 in the scalar anomalous dimension (4.2)
that receive contributions from the fermion loops and are yet to be determined.

6.4 OPE and anomalous dimensions

Let us now discuss the consistency of the expressions for the G'g 7 4 functions with the OPE
and extract the anomalous dimensions of composite operators appearing in the intermediate
channels as was done in the supersymmetric case in [11] (see (2.35)—(2.36) and appendix B).
Let us assume the following conformal-block expansion (cf. (2.11), (B.1))

ho By +cax Fry + ..., =9,T,
Gc _ Co X ho 2 X ha c (665)
Clxthh1+ngh3Fh3—|—..., c=A,
where
en = 4l ! + 2 ! +..., hp, =n+ %(Ll)i +~2 L + (6.66)
VoY N SRANVINE
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Comparing (6.10), (6.11), (6.59) with (6.65) we find in the S-channel:

1
hO,SZO, CO,S:1+O<),
)

3 10 205 1
hos=2+—7<+"---, C2,8 = +<—|—4d2> +oe

/ YOG e

2 1 24 1 1
hgg=4——+---, C4.8 = +(—4+-—=d + - 6.67
4,8 \/X 4,5 6(\/})2 (5 15 2) (\/X)g ( )

Here ds is the subleading coefficient in A in (4.2). ho = 0 should correspond to the identity
operator (YaY4 = 1), while hy to the Y40?Y 4 operator. Similarly, we get from (6.63)

12 12dy 1 1

hor = At (ﬁ)2+(_42+%d3) WJP“, CO,T:§_36[1_2CR<3)] (ﬁ)gﬂr“ ;
hor = 2+E%+ CQ,T:%(\;X)Q-F(—%-F d) (\/IX)3+..., (6.68)
har =443 =+, C4,T:i—g( i) +<%+ﬁd)ﬁ+“"

and from (6.64)
moa=1t et (845 d) ot ea= e (985 ds) o
h3,A23+%+'“7 C3,A:—§ﬁ—(368+15d2> (\/IX)3+-'-, (6.69)
h57A:5—%+---, C57A:—%ﬁ—(%+%dg> ﬁ-ﬁ*

We have found that the general form of the % term in the anomalous dimensions in (6.67),

(6.68), (6.69) is as in (6.66), i.e. hne=n-+ Ml +---, with
7(1) _ 0, n = 0, 7(1) _ 12, n = 0,
S 4=Ltn(n—1), n=246,..., P _ly(n—1), n=24,6,...,
8, n=1,
=" (6.70)
’ 9-5n(n—-1), n=3,57...,

43

The dependence on n is the same in all three channels (apart from the “special” bottom

states n = 0 for ¢ = S, T and n = 1 for ¢ = A). This was also true in the supersymmetric
case [11]. In fact, the large n behaviour of %(11) is the same in the supersymmetric and the

non-supersymmetric case
2

n
hpsi=Nn— ——+.... 6.71

This universality (independence of boundary conditions on S® scalars) should be consistent
with possible semiclassical explanation of this large n scaling (see also (5.22) and comments
below it).

In the T-channel the OPE coefficients with n > 0 are subleading in %, because

they come from 3-point functions like (Y (t1)Y (t2)(Y{402Y B})(t3)) which for n > 0 do
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not have an order-zero part. At order % all the higher powers of x in Gr in (6.12)

agree with the OPE ¢, x?" F,, containing only the n = 0 term (see also appendix I). This

means that the OPE coefficients with n > 0 start at ( \/IX)2' Indeed, we would get at least

two (-propagators (each with %) in (Y(t1)Y (t2)(YO]Y)(t3)) for n > 2. The anomalous

dimension of Y497V B} should be 1—2)\ + --- as expected from the analysis of the two
point function (cf. (4.6)). Note that the d,, corrections to the anomalous dimensions in

] do 1 d: 1 .
the previous results are always encoded by a factor 1 + gzﬁ + 32 B + ... correcting
the leading order. This is equal to the relative subleading corrections to A in (4.2). This
follows from the universal “dressing” of the (-propagator (cf. also the expression for ho
in (5.21)) at leading order in the coefficients d,, and is a feature that is not expected to

hold at higher orders.

Similar comments apply to the S and A channels. The lowest-dimension operator
appearing in the A channel is Y49,Y B! which, according to (6.69), has hia=1+ % +...

>
and ¢ 4 = —\%—i—....:ﬁ

Another consistency check is possible using the expressions (H.7), (H.8) for the “re-
ducible” ( \/1;)3 contributions in the T and A channels. The lowest order the operator
contributing to the OPE expansion (6.65) in the T-channel has hor = % + .... This

216
(V)3

a2 _
of cor Yhor = %Xﬁ *_ There are no such log® x terms in the G, functions correspond-

means that we should find a peculiar contribution log® ¥ coming from the expansion

ing to the connected diagram contribution. In fact, this contribution is provided by the
Gr function (H.7) that complements G to the full G like in the S-channel in (6.43):
it contains the required log® x term in its y — 0 expansion in (6.63). Similarly, the A-

channel expression (6.64), (H.8) contains the term — (%2)3 x log? x which is precisely the

5
one appearing in the expansion of ¢; 4x1:4 = _%X1+ﬁ+.._’ see (6.69).
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perturbation by the operator y4g, Y5l ie. fthABYABtYB = fdtVA(Y)atYA, where Fap is antisym-
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A Four-point correlators of generalized free fields

Assuming that Oa(t) is represented by a free field and normalized so that

oA,

(Oa(t) Ox(t2)) = 255 (A1)
and doing three separate contractions one finds for the correlator in (2.10)
1 2A X2
(OAa(t1) Oa(t2) Oa(ts) Oa(ts)) = (S Gx), G=1+x"+ (s (A.2)

This can be checked against (2.11) by taking into account that the exchanged fields are the
identity operator and the composites

[OAOA]2n ~ OADP" O, h=2A+2n, n=0,1,..., (A.3)
with the OPE coefficients given by (see, e.g., [51, 52])

2[T(2n + 2A))’T(2n + 4A — 1)
[L(2A)12T (2n + 1)T'(4n + 4A — 1)

CA,A2A+2n = (A4)

One can show that the +1 in (A.2) comes from the identity, while the rest comes from the
tower of operators in (A.3). Also, 1+ W =D 0 CAA2A+2n X2 o F1(2A + 2n,2A +
2n,4A + 4n, x). Similarly, in the case of two different dimensions (2.12) one gets

A1z
1 1 toa
<<OA1 (tl) OAQ (t2) OA1 (t3) OAQ (t4)>> t13A1 tQAQ - (t12t34)A1+A2 t13 G(X) ’ (A5)
G = XA1+A2'

Here we assumed that A; # Ay so that (A.2) is a not a limit of (A.5). The form of

G = x®122 here can again be explained in terms of the fusion Oa, + Oa, LN Oa, +On,
leading to the composite operators

[OAl(DA?]n NOAlafOAZ, h=A1+A2+n, n=01,..., (A.6)

with the OPE coefficients
(=1)"T(n + 2A1)T(n + 2A9)T(n + 2A1 + 2A5 — 1)
F(2A1)F(2A2)F(TL + 1)I‘(2n + 2A1 + 2A5 — 1)

cAl,Ag;Al—‘rAg—‘rQn - (A7)

B Anomalous dimensions from OPE in supersymmetric case

Here we recall how the anomalous dimensions may be extracted from the OPE expansion
of the G(x) function in (2.11) on the example of the symmetric traceless tensor part in
the supersymmetric line case following [11]. The strong-coupling expansion of the 5-scalar
four-point function (2.33) leads to (cf. (2.11))

Gg?)( )—’_WG Zchx Fh Fh(X) :2F1(h7h72h7X)7 (Bl)

_ L o _ (0 (1)
h”72+2n+\ﬁfy[¢@]§n+"" Ch = Coppa)T. f@@[@b] . (B.2)
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Comparing the leading order term with the free-field result (A.2), (A.4), we obtain

(0) [D(2n + 2))2T'(2n + 3)

g . B.3
“eo[ee), T T(2n + 1)D(dn + 3) (B3)
To get the subleading order correction we use
n—4 -~ 1
= X2+2 +57" Y (1 4 \ﬁ’y(l) logx+...> : (B.4)
and the general inversion formula
- 2+42n dx 39
DX Fon() = F0) = = o X T (0 f(). (B
n=0
As a result,
m [ 0 }—1 dX  —3-2n [ (1) } e 92
Tewg, = [Cosoal, it Tmem(0 (G 0] o= —8n =20t (B6)

One can compute in a similar way the correction to the OPE coefficients [11].

C AdS contact integrals

The building block for AdSg41 diagrams with a 4-point contact term like in (2.33) is the
D-function (see, e.g., [53-55])

dz dx
‘DAl,AQ,AS,A4(x17x2’ X3, $4) — / W H KAn(Z,Q?,ZCn) ; (Cl)
n=1

where KA was defined in (2.30). A useful identity is

g"" 0. Ka, (2,25 21) 0, Ka, (2, 75 22)

= A1Aq |Ka, (2, 2521)Ka, (2,25 22) — 23;%2 Ka,+1(z, 25 21)Ka,+1(2, 25 :cg)}, (C.2)

where 9, = (9,,0,) (r = (0,4)) and g = 225". Tt is useful to replace D functions
by D functions that depend on the conformally invariant ratios u = %1234 o — Z14Z23

) r13%24 T13%24
(x= 5 Zn Ay)
/2 d 2AS—A1—Ay) 2(E—Ag—Ay)
T/ T(E-3) 14 T34 )
DAy no,ns,0, = 90 (A1)D(A2)T(A3)T(A) x?gE_A“)ngQ Dayng,n3,04 (u,v),
3
EaY _ 3 L A1—1 As—1 Az—1 F(Z_A4)F(A4)
DAy Ay ng,0,(u,0) —/d O‘5< Q 1) ay Qg Qg (103 T 10t aaaav)S—B1
=1
(C.3)
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Specializing to AdSs or d = 1 where u = x2, v = (1 — x)?, one can prove that

D(A) (AT (Arthupdein) p (=Oubdpbhatds)

EAI:A2»A3:A4 = YN Y.,V (C4)
[(Segmatad)
» X—7A1+A2QA3*A4 (1 — ) B1-B2-8atA
oo — —
X / dr e TR (e + )21 78,7
—00
A+ Qs+ A3 — Ay Ar+As+ A3+ Ay 4x 2T
x | Aq, , ,— cosh” —
2 2 (1—x)2 2
In particular, we get (assuming 0 < x < 1)
— 2logxy 2log(l—x)
D111 =~ — )
1-—x X
) ~ x?log(x) 1 (x +2)log(1 - x)
1,1,2,2 = 5 — — )
3x—1* 3(x -1 3x
) ~log(1—x) 1 (x — 3)log(x)
1,2,2,1 = 3 + Y 3
3x 3(x —1)%x 3(x — 1)
52211:_(x+2)10g(1—x) 3 1 n log(x)
o 3x3 3x -x 2?2 3(x—-1%
) _ (2x+1)log(1 -x) 1 (2x — 3)log(x)
1,212 = — 5 + 5
3x 3x—1) x 3(x—1)
") _ (2x+1)log(1 -x) 1 (2x — 3)log(x)
2717271 - 2 2 I
3x 3x—1) x 3(x—1)
) C(x=1D%log(l—x) , 1 (x—3)log(x)
21,12 = ) U ——
3x 3x 3(x—1)
D) o203 —x+1)  (2x?2—-5x+5)log(x)  (2x*+x +2) log(1 —x) c
2222 = — 55 3 — 3 . (C.5)
15(x — 1)%x 15(x — 1) 15x

D Green’s functions for 2d massless scalar

In this appendix we discuss the form of 2d massless scalar propagator with Neumann
boundary conditions on a space with half-plane or disc topology (with AdSs being a spe-
cial case).

It is useful first to recall the case of compact 2d surface with no boundary (i.e. sphere
topology). The Laplace-Beltrami operator —D? = —ﬁ 0u(y/g 9" 0,) has eigenvectors

—D%uy, = A2 uy, with [ d%0 /g uptm = Snm and >, un(0)u, (o) = ﬁ(S(Q)(O' —o'). Sepa-

rating the constant zero mode uy(o) = ﬁ we get for the Green’s function (see, e.g., [56])

Glo.0) = 3 (@), D0 = Y wnloun(e') = 80 one’) —
n>0 n>0
(D.1)
where §(2) (0,0") = ﬁéa) (o0 —d')
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In conformally flat coordinates ds? = €2 dw dw the Green’s function formally should
not depend on the conformal factor; assuming plane topology it may still enter via a
(covariant) UV cutoff € = eyy introduced as

1 /
G(w,w') = i log (|w — w'|? + g2 emPw)=r(w )) . (D.2)
T

For a sphere topology a natural counterpart of this expression is

1

41%W@um+£y sS(w,w') = PP |y — 2. (D.3)
78

Gw,w') =

In critical string theory in Polyakov approach [57] the dependence on conformal factor
should completely cancel out in the expressions for on-shell scattering amplitudes (see,
e.g., [58]).3

Similarly, for the critical string on a world sheet with a boundary (with, e.g., half-plane
topology) the standard massless propagator can be found using the method of images

1
Gumqu:—Libyw—wﬁxmgw—@?} (D.4)

where the F signs correspond to the Dirichlet (D) and Neumann (N) boundary conditions.
Introducing a covariant UV cutoff like in (D.2) gives (see also [60])

1 /
GpN(w,w') = 1 {log (jw —w'|* + &2 e~ P(w)=plw )) F log |w — @’ﬂ. (D.5)

This is true on a half-plane with any conformal factor. In the special case of AdS,

1 dwdw
2 2 2\ _ _ .
ds ——ZQ(dt +dz)—7(1 W w=t+iz, (D.6)

we get from (D.5) (cf. (3.12))
AdSy: Gpn(tzt,2')= —i [log [(t—t')?+(2—2)*+€%2 2] Flog [(t—t’)2+(z+z’)2]} :
(D.7)

The bulk-to-boundary propagators are obtained by taking z = ¢ — 0 (¢ = g is an
IR cutoff):

1 z

T (t—t)2+ 227
1

Gn(t, 2t e) = 5 log [(t —t')* + 2%] + O(e). (D.9)

Gp(t, 2t e) = e K(t,z;t') + O(e?), K(t,z;t') = (D.8)

In the Dirichlet case we obtain the standard bulk-to-boundary propagator (2.30) in AdSs;
the extra e factor may be absorbed into a rescaling of boundary fields. In the Neumann case
the rescaling is not needed (consistently with the free boundary fields being dimensionless)
and we recover (5.4).

If the Weyl invariance of the theory is not manifest (like in the expansion of the Nambu
action) we may use instead a covariant approach specific to a particular 2-space. For a

331t survives in general in sigma model partition function [59].
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homogeneous space like a half-sphere or AdSs it is natural to represent the propagator in
terms of the geodesic distance s(o,0’). Then in conformally flat coordinates for a half-plane
topology (ds? = e*’dwdw’) we get

1
Gpn(w,w') = i [log s*(w, w') F log s*(w, w')] , (D.10)

where the covariant bulk UV cutoff may be introduced as in (D.3) by s(w,w’) —

s2(w,w') + €2. In the AdS; case we then get explicitly for the Neumann case?*

1 t—t)?2 N2 +— )2 N
GN(t,Z;t/,Z/) - _Z |:10g( ) +(Z Z) +10g( ) +(Z+Z)
7

(D.11)

/ /

222 222

Note that the normal derivative of Gy is constant at z = 0, instead of being zero as for the
naive Neumann boundary conditions. In fact, the natural Neumann boundary condition
on a massless scalar here is Bngp) o h = constant: near the boundary ¢(z — 0) =
hlogz + ... which is consistent svith @ ~ az® + -+ when A — 0. A closely related
discussion of the Neumann function for AdSs may be found in [61].3°

In bosonic model where power divergences do not automatically cancel out results
for correlators involving derivatives of the Green’s function at coinciding points in general
depend on regularization scheme. In the case of string sigma model that scheme should be
fixed so that to preserve underlying (target-space) symmetries of the theory. For example,
the second derivative at coinciding points ¢** D, D, G(o, 0’ )|J:0, depends on the choice of
UV regularization as discussed, e.g., in [56, 62]. Using spectral or heat kernel regularization
G(o,0'5¢e) = >0 éun(a)un(a’) e~¢*, one finds in conformally-flat coordinates (in the
absence of the boundary)

1
0,G(o, O'/;€)|U:U, = Eaup(a), (D.12)
/ / eZp(o‘) a o 2p(0) ,,2
0,0,G(0,0 ;€)|U:U, = Ire + E@ plo) —e ug (D.13)

where u = % and a = % The coefficient a of the 8p in 9,0, G is regularization dependent:
it becomes a = 1 in dimensional regularization and is a = 0 if one uses the covariant Green’s
function on S? (see [56]). It is a particular (dimensional regularization or equivalent)
scheme that leads to results consistent with string theory symmetries in the 2-sphere case
(see, e.g., [63, 64]).

Similar expressions are found in the presence of the boundary. Using that for AdS»
p=—logz, 220,0,p =1 (and ignoring the first and the last term in (D.13)) the coefficient

3Notice that here for the separated points (when the delta-function is zero) we get —D?Gn =
—2%20,0,Gn = ﬁ This may be interpreted as in (D.1) as a consequence of projecting out the con-
stant zero-mode contribution present for the Neumann boundary conditions: indeed, this expression is in
agreement with (D.1) after taking into account that the regularized volume of AdS, with the S* boundary
is V=-2m.

3%In [61] one finds equivalent expressions: in global AdSs coordinates ds? = dr? 4 sinh? rd¢? the geodesic
distance s(r, ¢; 7', ¢') satisfies cosh s = coshr coshr’ —sinhr sinh 7’ cos(¢ — ¢') and then Gp = — % log o
and Gy = —ﬁ log[u(u + 1)] where u = sinh? %, u+ 1 = cosh? g, etc. Here again 0,,Gn tends to a constant
at the boundary, see eq. (5.21) of [61].
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a =1 of 8?p term in (D.13) corresponds to k = 1 choice in (4.11).3% At the same time, as
discussed in [64], in the boundary case a more natural option is to keep only the last term
in the analog of (D.13). Then (with Vags, = —27) we get

1
e_2p8u8;LGN(U, o'se)| = — (D.14)

o=0' 2’

which corresponds to k = 2 choice in (4.11) that we used in (4.19).

E Equivalence of different parametrizations of S

The quartic Lagrangian (2.9) used in the supersymmetric line case [11] corresponds to
the parametrization of S° defined in (1.8). At the same time, in the discussion of the
non-supersymmetric case in section 3 we used a different parametrization (3.8) with the
corresponding Lagrangian in (3.10). Choosing there n® = 0,n% = 1(a = 1,...,5) and
renaming (* — y® the two Lagrangians become special cases of the following family

Ly =r1 4% 0y - 9y®) + 2y y® (9y™ - 9y®) + O((9y)*)) (B.1)

—i,rz =0 and (3.10) —tor; = 0,7y = % That the two
cases are related by a field redefinition is reflected in the fact that if we integrate by parts

where (2.9) corresponds to 7 =

and ignore the term proportional to the y® equations of motion (Cy* = 0) then the quartic
Lagrangian becomes the same — depending on the combination r; — %7’2 which is equal to

—% in both cases:

Ly — ( 1 ) yy 0y - 0y") + O((0y)")) . (E.2)

Explicitly, y* y* (9y* - 9y") = ;0(y*)-0(y*) — —3v°0(y*) = —5 (4*)(dy-0y) +O(y). One
can check that field redefinitions leave boundary (“on-shel”) AdS correlators invariant: the
correlator (2.33) computed starting directly with (E.1) depends only on r; — %rg, ie. is
the same as the one corresponding to (E.2).

F Neumann/Dirichlet relations for bulk integrals

Let us provide some details of the proof of the relations leading to (6.23), (6.24).
To show (6.23) let us note that the contribution of the contact vertex in (2.8) to the
mixed correlator involves the following integral (here contractions are with flat metric in

(t,z) space and [ = [[*dz [*_dt)

1
4

Il(\ll) - /a,uKQ (tl) 8uK2(t2) 8VN/(t3> 8VN/(t4)’

1
In=-1 - 5 1, (F.1)

I1£12) = /3MK2(751)31/K2(t2)auN,(tS)auN,(t‘l)'

36This follows also directly from (D.7) as well as (D.11) supplemented with the e-regularization term.
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Denoting by I} similar integrals with N — K;, we using the identity in (6.18)

1 =a18), 19 =4 / 0, K (t1) 0,Ka(ts) £,pend,Ki (ts) ONKy (tg) = 4 (fg> - 1](32)) .
(F.2)

As a result, (F.1) becomes
In=-1V 4210 = —41p, (F.3)

This gives the relation in (6.23) after dividing by the ratio of the factors in the propagators
C1/Cx = =2 (cf. (2.32), (5.4)).

The contribution of the (9¢)? vertex in (3.10) to (YYYY) in the Neumann case involves
the integral

JN = /N’(tl)N’(tg)8MN'(t3)8MN’(t4) =4 /N'(tl)N’(tg)auKl(tg)8MK1(t4), (F.4)

where the second equality follows again from (6.19). Now using that ON’ = 0 and OK; = 0
(0 = 0,0,) and formally integrating by parts one finds that

IN =2 /N/(tl)N/(tg)D[Kl(tg)Kl(t4)] — 2 /D[N/(tl)N/<t2)]K1(t3)K1(t4)
— 4 / N (1) BN (t2) K (t3) K (£4) = 16 / 0,1 (1) K1 (t2) K () K ()
— 16 /Kl(tl) K1 (tg) 8MK1(ZL/3) 8MK1 (t4) . (F5)

It turns out that, in fact, the z = 0 boundary term is non-zero and is given by €2 in (6.22).
Namely, using AdSs covariant form of the integrands we have for the difference of (F.4)
and (F.5)

0= /000 g /_ ‘: dt [N/(tl) N/(t2) 9" N'(t3) 9,N'(t4) — 16 K1 (t1) K1 (t2) 0"Ki (t3) 0K (ta)] -
(F.6)

The integrand here is a rational function of z,f. The integral over ¢ can be done by
computing the residues at t =t, +iz (a = 1,2,3,4). The result is a rational function of z
(and t,) that can be integrated over z explicitly. Finally, we get®”

t13tog + 14 T2
t1stastia toa td,

Q(tlatQat3,t4) = —8m (F7)

3"For example, choosing t1 =0, to = 1, t3 = —1, t4 = 2, one finds
a_ /°° p /°° o 16(t* —t — 2°)[t* — 2¢> +7(22> — 3) — 2t(2® — 2) + 2" — 13 2% + 4]
) )L T )@ 2142 (2 — 2t 2 )2 2+ 22 1 1)2

— 16n /°° g 2(2562° — 26242° — 41022 + 8122° +999) _ 8
- ) (22 +1)2 (422 + 1)2(422 + 9)3 97
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« : 9 : : 1
G “Reducible” contributions to Gg at order E

Here we shall consider the (f)3 correction to Gg = Gn,g in (6.3), (6.14) coming from the

“reducible” diagrams (tree level plus loop corrections to the (-propagators, cf. figure 9 and

figure 10). This is part of the total G(;) in (6.14) which is the direct analog of the (\/%)2
term in (6.11).
According to the definition in (6.3), (6.4)
Gg = |tiatza)®® (YAt YA (L)Y B (t3)Y B(ty)) = Z (G.1)
1
(YA)Y A t2)Y P (t3)Y P (1)) = 1+ ) —=— Q™. (G.2)

At order ( \F 5, the contributions to (YAYAYBY B) are given by the sum of the expres-

sions in (6.4), (6.6), (6.8), (6.9) and after the extracting the contribution of the prefactor
|t1ot34] 22 we have found Gg) in (6.11).

In general, the total expression G(;’) will be given by the sum on the “reducible” and
“connected” (bulk contact, see figure 11) diagram contributions

GS = GSrua+ Clgomn Gea = g T G (G3)

with the “reducible” contribution being the sum of the terms GgogQ and Ggog:g containing
products of two and three logt;; factors respectively. It is the total expression GS’) that
should be conformally invariant. Our aim below will be to compute nged.

The ( f) contributions to (G.2) will come from: (i) tree diagrams (given by products
of three {-propagators as in figure 10), and (ii) diagrams with loops corresponding to the (-

propagator “self-energy” corrections (cf. figure 3).3® The tree diagrams will give ( \/IX)3 log®

terms while the ones with loop corrections will give also ( \/IX)3 log? terms.

To find Gg)) will then need to multiply the resulting expression for (G.2) by (see (4.2))

2N _ 5 d ds
|tiat34]"= =1+ [ﬁ+ ) + (\[\)34-} (N12 + N3g)

25 5dy 2
+3 W e | ovae
- [6(15;)3 +.. ] (Niz + Nga)® + .. Nij =log(t;),  (G4)

380ne can see that a diagram with a bulk fermionic loop and three (-propagators attached to it gives
zero contribution as one of the legs will be contracted with na.
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and extract the order ﬁ term. Multiplying 1 + % QW + ﬁ QY+ L_QB 4. ..

by (G.4) and using the expressions in (6.5), (6.9) gives
Gg) = d2(N]_2 + N34)Q(1) + 5d2(N12 + N34)2

125 25
+ ?(Nm + N3g)3 + ?(Nm + N34)2QW + 5(Npg + N3 ) QP + Q® (G.5)

125 _
= —5dy(Nyg + N3g)? + ?(Nw + N3u)% 4+ 5(Ni2 4+ N3y )Q®? + QB (G.6)

where we used that Q) = —5(Ny3 4+ Nagy) in (6.5) and Q) = Ql(fg); + %(ng + N34)2 +Q®

where Ql(fé = —ds(N12 + N3y), see (6.7), (6.9). Note that the ds-dependent terms in the

first line of (G.5) cancelled out. Also, some terms in Q) which come from disconnected
diagrams involving “dressed” 12 and 34 propagators will cancel in (G.6) (like that happened
in G2 in (6.9), (6.11)).

As was mentioned at the beginning of section 6.2, the log contribution to Q®) from
(\;%3
consider the log? contributions to Q@®). These may come from the tree diagrams with

the 2-loop propagator correction should cancel against the

term in (G.4) so let us

two propagators in figure 8 where one of the propagators replaced by the 1-loop corrected
one corresponding to the dslog term in (4.1). The log? terms may thus be obtained by
the replacement

)
N — 1_+ — 2 VYN, (;7
LY ( 5\/X) ? ( )
in the expression for Q(()Q) in (6.6). At the same time, no additional contributions should
come from diagrams in figure 9 as they are already accounted for in the A-dependent terms.
As a result, we get the following log? contribution to Q®)

QS;Q =dy [5(N%2 + N§4) + 10N19N34 + (N13 + Nog — Nqya — N23)2] . (GS)

Substituting this into (G.6) we end up with the log? term in GS’)

a®

2
Slog? =dy [ —4 (N%Q + N§4) + (ng + Nog — Nyg — Ngg) }

(G.9)
=dy [ —14 (N%Q + N§4) + 4log2(1 — X)] )

While the first term here depending separately on 12 and 34 pairs of points is not con-
formally invariant, the second is — it is, in fact, the same as in (6.9), (6.11). While the
non-invariant part of (G.9) should cancel in the total combination in (G.3), this invariant
part will simply combine with Gg) in (6.11) as

1 (2) 1 (3) 10 4dy
(\f/\)2GS (\f/\)3GS,1og2 - [(\f)\)Q T (ﬁ)

Note also that under the four derivatives over ¢; only the second term in (G.9) con-

_|_

3] log?(1 —x) . (G.10)

tributes, i.e.

2,2 (3) tial3s | tiatdy 2 X
t12t34 atl 8t2 8t38t4GS,10g2 — 8 d2 t2 t2 + t2 t2 - 8d2 X + ( (Gll)
13 Y24 23 Y14
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Figure 12. Tree-level diagrams (and similar ones obtained by permutations) contributing to (G.12).

is conformally invariant.

Let us now turn to the more non-trivial log® contribution to (G.2) at order ( \/%)3. One
finds from the tree diagrams in figure 12 (cf. (6.4)—(6.6))

25
QY = - 5 (N%,N34 + N1aN3, ) + 5[N12(N13Nog + N1aNog) + Ny (Ni3Niy + NogNoy)|
— 5(N12N14Ng3 + N3gNi3Nag) — 5(N1aN13Noy + N3yNiyNag). (G.12)

The first bracket comes from (a) in figure 12 and its analog; the second bracket comes from
4 diagrams of type (b) (which is same as figure 10); the third bracket comes from (c) and
its analog; the fourth comes from (d) and its analog.

To (G.12) we should add also the contributions of loop diagrams, i.e. the terms coming
from the same diagrams as the lower order terms in (6.4) where the (-propagators are
replaced by the ones containing “self-energy” corrections (see figure 3, figure 4, figure 9).
The 2-loop corrections to the propagator in figure 4 should produce the analog of the 73()2)

term in (4.7), (4.26)
65

3
y) = - (b +N3y). (G.13)
1 . _ . . 1
Other A terms coming from 1-loop corrections to propagators in the order OE tree

diagrams in figure 8 can be generated from Q) in (6.6) by the substitution (4.25) or
Nij — Nij — %N?J
§3) = —10(N3,+N3,) —50(N7,N34+N1oN3,) —10(N§3+ N7, + N33+ N3, )

+ 1O(N%3N14+N13N%4 +N§3N24+N23N34+N%3N23 +N13N§3 +N%4N24+N14N§4)

—10(N?3Noq+N13N3, +N?, No3 + N4 N3,) . (G.14)
The total (\/IX)3 term in (G.2) is then given by the sum of (G.12), (G.13) and (G.14)
125 =
Qs =@ +Q57 Q5 = — =2 (Ni2 +N3)* + QW (G.15)

QB =5 [N12(N13—Ni4)(Nog —Nag) + N3 (N13—Naz) (N4 —Nog) |

—10[(N13—N14)(N134+N14)+(Nas—Na3)(Nag+Naz) | (N13 —Nig+Noy —Nos3) .
(G.16)
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To compute the corresponding log® term in Ggg) we need to substitute this into (G.6). As

a result (using (6.5), (6.9))

25 ~
?(Nm + N34)(Ny3 4 Noy — Nyg — Nog)2 + QO .

(G.17)

Ggfogs = 5(N12 + N34)Q? + QB =

Thus most of the terms with Njo and N34 cancelled out (as expected as they correspond

to “factorized” contributions of dressed propagators connecting points 12 and 34) but in
1
(V)2

Nis and N34 survive. This is not surprising as Q(3) contains them in the “irreducible”

contrast to their complete cancellation at order in (6.11) here the terms linear in

contributions of diagrams like (b), (c), (d) in figure 12 and as they may appear also in the
product of the linear term (N12+Ns4) in the expansion of the prefactor and the “irreducible”

QW part of (\/IX)Q term corresponding to the diagrams (c), (d), (e) in figure 8.

Like GgfogQ in (G.9) the expression for G(;jfog?, in (G.17) is not conformally invariant

by itself.? The conformal invariance should be restored in the total expression (G.3),
(3)

S,cont

sections 6.2 and 6.3. An indication that this is indeed what happens is that the operator

i.e. after adding the contribution G of the contact bulk contribution discussed in

t25t3,04, O, 01,0y, applied to Ggiom—i—Ggogg gives indeed a conformally invariant expression

depending only on x. To demonstrate this (see section 6.2) we will need the following
expression that follows directly from (G.16), (G.17) (cf. (G.11))

2,2 3 2,9 4 4 5 5 4
£12834. 0, 01,013 014 ngOgs = 4013515 (t%2t14t23 tintiylas  tiytastos | tintdglas | t3,lastss
5 4 5 4 8
N 12, toatss N t14t35ta N t1at2,tsq N tiat1atdy 2,12,
5 4 5 5 4
tiatastd, = tiatests, N t1atoat?, N t3,t1at1s - t35toatis
5 4 5 4 5
12,6341 t34t3at13 N t12t3,t13 N t12¢3,t13 N tast3,tis
4 5 4 5 4
t2at3,t1s N tiot1at?y  tigtoat?s  tastzati, N t24t34t%3)
2
+160 |x*(1+logx) + (lfx)z log lfx} . (G.18)

The terms in the last line are conformally invariant while other non-invariant parts of other

3)

terms will cancel against non-invariant terms coming from Gy ..

1
(V)3

H Direct computation of Gr and G4 functions at order

In section 6.3 we computed the function Gg) by a direct diagram computation com-

bined with integration of the relation (6.38) or (6.55) and obtained the final result (6.59).

39For example, it is easy to see the absence of scale invariance: under N;; — N;; + £ the second line
in (G.16) is invariant while the first changes by 5¢[(N13—N14)(N23—Na4)+(N13—Na23)(N14—Na4)]; the second
by —204(N13+Nggs — N4 7N23)2; the variation of the term with Q(Q) in (G.17) is 25¢(N13+ N2y —N14 7N23)2
and in total 6G,(S'3:iog3 = 56[(N13 — Ni14)(N23 — Nag) + (N13 — N23)(Nig — Nog) + (Ni3 + Nog — Nig — N23)2} .
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The expressions for Gg:?’) and Gf) in (6.2) we found using the crossing symmetry rela-
tions (6.36), (6.37) and led to (6.61), (6.62). In this appendix, we will discuss a direct
computation of Gg? ) and ij’) based on the same approach as used for G(;’). This will
provide a useful check of (6.61), (6.62) and is also of technical interest.

To find the G function (related to G as in (6.29)) we start from the corresponding
combination of contractions of @ﬁBCD (see (2.17))

1 (@ﬁBAB + GABBA _ % GI.GABB) (H.1)

Gr = 6
We have checked that as in the case of Gg in section 6.3 the expression for the square of
the conformal Casimir operator 22 applied to the total (contact diagram plus “reducible”)
contribution to @T or G A is conformally invariant, i.e. non-invariant parts of boundary
terms from integrating by parts in bulk integrals cancel against the non-invariant parts of
“reducible” diagram contributions.

A straightforward computation of ﬁtlﬁtzéT gives (adding bar as in (6.54), (6.55) to
indicate that we have used formal integration by parts)*°

X X!
—x(x+2) log(1 - x) + —— log x . H.2
— X (x +2) log(1 — x) TR (H.2)

t%Q 8t18t2 @T = —QﬁT = 1

Integrating, we obtain

Gr = cir + coplog(1 — x) + 6 Lig(x) + 6 Lis <><X1> — 2 Lia(x) log(1 — x)

2

X
—log®(1 — x) + log x log*(1 — x) — ——logx — xlog(1 — x) . (H.3)

Here the first two terms are the possible 0-mode contribution as, e.g., in (6.34). A non-
trivial consistency check is that the analog of (6.43) (cf. (6.27), (6.38)) is satisfied, i.e.
P?Gr(x) = 4Gpr(x) where Gpr(x) is given by (2.34).

In the case of 2 G4 it turns out that we cannot express the structure Vs in (6.53) in
terms of the Dirichlet K;, functions only so we go back to solving the analog of (6.27), (6.38),
ie. 92§N7 A = 4Gp,a with Gp A from (2.34). From the explicit expression for the operator
2 in (6.30), one can check that the solution f of the equation 2 f = g obeys

2 1 X dy'

f,(X):l_X‘Fﬂ ; PQ(X/)' (H.4)

Integrating (H.4) for f = 2GN with g =4Gp 4 or 4GS)(X) from (2.34) and including the
zero-mode terms we get41

(x —2)(x* —2x +2)

(x—1)?
-2
+ (Xx—l)x +c14 + c24 log(l — x) . (H.5)

9 G 5 = 8Lis(x) — Xlogx+[3—|—(1—x)2+4logx] log(1 — x)

“ONote that the expression for PGr is correctly invariant under 3 <+ 4 exchange (x — ﬁ) upon the
assumed replacement log(1 — x) — log |1 — x|, log x — log |x]|.
“I'The application of (H.4) in the case of g = 4Gp,s or g = 4Gp,r requires only elementary integrations

and the result is precisely (6.55) and (H.2).
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We can impose the last relation in (2.20) to show that ¢;4 = 0 (the operator Z commutes
with the crossing transformation y — %) Instead of directly integrating (H.5) we may
find G 4 order by order in small y expansion (and again applying also (2.20)). This gives
the following expression depending on the two free zero-mode parameters coa, c34

~ ) . 3
22 ¢ 4e c 37
3 2A 2A 3 A
———1 — oA
+ X [<9 3>0gx 5 + 3 +18]
13 C 3c c 14
4 2A 2A 3A
- )1 - —_— + = H.6
+X[<6 4)ng 8+4+9]+ (H.6)

The total expressions for the ( \/IX)3 terms in the functions Gp and G4 are given by the

sums of the “connected” G-expressions computed using (6.29) added to the analogs of Gs

in (6.43), (6.44). The explicit expressions for the ( \/1X)3 terms in the latter are found to be

Gr = 96[2Lis(1 — x) + Lia(x) log(1 — x)] —83log®(1 — x) + 216 log® x
+ 354 log x log?(1 — x) — 324 log? x log(1 — x) (H.7)
=216 log® x + 192Cr(3) + (324 log? x — 327%) x
+ (162 log? x + 258 log x + 48 — 167%) x> + -+,
Ga = 96 [2Liz(1 — x) + 4 Liz(x) — 2 Lis(x) log x + Lia(x)log(1 — x)]
+ 84 log®(1 — x) — 144 log x log?(1 — x) + 192 log? x log(1 — x)
=192C¢Rr(3) + (—192 log? x — 192 log x + 384 — 327 x + ..., (H.8)

where we omitted for simplicity the do and d3 dependent contributions coming from the

loop corrections to the propagators in the “reducible” contributions.*?

)
and (6.62) up to the zero mode contributions. In particular, the latter account for the
fact that the small y expansions in (6.63), (6.64) do not start at order O(x?), consistently
with the OPE analysis in section 6.4.

The final expressions for Gg,g’) and Gg’ can be shown to be equivalent to (6.61)

I 3-point function (Y'Y [YY])

In considering the OPE decomposition of 4-point Y-scalar correlator in (6.65) in the T-
channel (6.68) one finds the contribution of the traceless symmetric operator Y {497y B}
(cf. also appendix B). For n = 0 its dimension is Ay = \% + ... and the OPE coef-
ficients should be proportional to the square of the coefficients in the 3-point function
(YA(t) YB(ty) [YICY P} (t3)) Introducing a complex null 6-vector u? (u? = 0) we have

“2Note that in contrast to G<53> the functions Gg,i” and fo) can receive (in agreement with (6.61), (6.62))
the contributions proportional to the coefficient ds of the 2-loop correction (cf. figure 4(b)) in the 2-point
function or A in (4.2): these come from diagrams like in figure 9 where the two points carry indices other
than A and B, i.e. from contractions like (¢*nZ¢“n?), etc., that do not contribute to the prefactor in (6.1).
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(u-Y)? =YY Bty up so that we may consider the equivalent correlator

<YA(t1) YB(tQ) [u . Y(tg)]2> = T(tl, to, tg) uA P ,
C112 (11)

) 12 1
A=—"t..., Do=—0+..., cma=c0+—=d+. .. (1.2)

VA VA 2\

Its form is fixed by the SO(6) and conformal invariance. To order e e find from tree-

level contributions with one or two boundary-to-boundary propagators N1y = log(ti2)?
(cf. (5.4))

1 1
Tiree :ﬂ |:1 + ﬁ (N12 — 6N13 — 6N23) (13)
1 5
Ty (21\@2 = 6N15N1z — 6NosNiz + 6Ni; + 6 Nj, + 36N13N23) +- ] .

)

1-loop “self-energy” corrections (as in figure 3) to the (-propagator are taken into account

(to the leading log order) by the replacement (4.25). This gives

1 1
Ttree-{—loop :ﬂ |:1+ \?)\ (N12 —6N13 _6N23) (1.4)
1 1
—|—W (2N¥2 —6N13N19—6N93N719+18 N%3+18N§3+36N13N23> +.. :| .
Using that
_ 1
|t |22 780 [ta5|20 [t13] 20 = 1 + ﬁ(_le + 6N13 + 6No3)
1 N%z 2 2

+ W 7 - 6N13N]_2 - 6N23N]_2 + ].8 N13 + 18N23 + 36N13N23 + ... 5 (15)

we find that ¢112 does not receive -= and —=— corrections

v B

1 1
Cl12 = ﬂ + 0O (W’) . (1.6)

Notice that (I.4) differs from (I.5) just in the sign of the % correction, i.e. it is the inverse
of the exponential expansion in (I.5).
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