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ABSTRACT: In this article, we focus on simulation methodologies
to obtain the critical micelle concentration (cmc) and equilibrium
distribution of aggregate sizes in dilute surfactant solutions. Even
though it is now relatively easy to obtain micellar aggregates in
simulations starting from a fully dispersed state, several major
challenges remain. In particular, the characteristic times of micelle
reorganization and transfer of monomers from micelles to free
solution for most systems of practical interest exceed currently
accessible molecular dynamics time scales for atomistic surfactant
models in explicit solvent. In addition, it is impractical to simulate
highly dilute systems near the cmc. We have demonstrated a strong
dependence of the free surfactant concentration (frequently, but
incorrectly, taken to represent the cmc in simulations) on the overall
concentration for ionic surfactants. We have presented a theoretical framework for making the necessary extrapolations to the
cmc. We find that currently available atomistic force fields systematically underpredict experimental cmc’s, pointing to the need
for the development of improved models. For strongly micellizing systems that exhibit strong hysteresis, implicit-solvent grand
canonical Monte Carlo simulations represent an appealing alternative to atomistic or coarse-grained, explicit-solvent simulations.
We summarize an approach that can be used to obtain quantitative, transferrable effective interactions and illustrate how this
grand canonical approach can be used to interpret experimental scattering results.

■ INTRODUCTION

The formation of micellar aggregates in surfactant solutions is
critical to many applications in nanotechnology, detergency,
and catalysis; the process is driven by physicochemical forces
similar to those leading to protein folding, aggregation, and
biological membrane self-assembly. Because of its importance,
micellization in surfactant solutions has been extensively
studied experimentally, theoretically, and by computer
simulations. Micellization takes place in dilute solutions; the
critical micelle concentration above which aggregates are
observed depends on the molecular character of the surfactant
and solvent, the temperature, and the presence of added salt or
other solutes. Micellar aggregates composed of low-molecular-
mass surfactants are typically stable over time scales of
microseconds or above and contain from a few dozen to
hundreds of surfactant molecules. These characteristics of the
micellization process render equilibrium simulations of
spontaneous self-assembly quite challenging, as detailed in the
next section.
In molecular-simulation based studies of micellization in

dilute surfactant solutions, several key questions need to be
addressed, as follows: Given a certain surfactant or mixture of
surfactants and a specific solvent environment (e.g., water),
what is the critical micelle concentration (cmc), and how does
it vary with temperature and salt concentration? What are the

size, shape, and structure of micellar aggregates that form at
concentrations near the cmc, and what are their size and shape
polydispersities? How do solutes partition between free
solution and the micellar interior?
The main objective of this article is to survey two recent

developments that have provided pathways for the molecular
description of micellization in dilute surfactant solutions,
addressing the questions above. The first approach, applicable
to explicit-solvent models, involves long molecular dynamics
simulations of spontaneous self-assembly at elevated concen-
trations, with subsequent extrapolation to conditions relevant
to the cmc. The second approach utilizes implicit-solvent
models in which effective interactions between surfactant
molecules are obtained to represent the solvent; the approach is
based on grand canonical Monte Carlo simulations that
connect the free energy of aggregates to that of free surfactants.
A recent focused review by one of us1 also covers these two
developments, but from a somewhat different viewpoint.
Comprehensive reviews of computer simulations of surfactant
systems are also available.2,3 We restrict our attention to dilute
systems for which micellization is driven entirely by
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thermodynamic equilibrium considerations, excluding non-
equilibrium aggregation that can occur for long block
copolymers even over experimental time scales. Micellar
shape transitions and liquid-crystalline mesophases that form
in concentrated surfactant solutions are outside the scope of the
present survey.
The structure of this article is as follows. The next section

describes the main challenges for molecular-based simulations
of surfactant self-assembly. This is followed by a section on the
relationship between observed free surfactant concentration
and the critical micelle concentration; this dependence has
been neglected in most prior simulation studies of self-
assembly, leading to potentially inaccurate results. The two
main sections that follow cover explicit- and implicit-solvent
recent studies. The article concludes with a summary of the
main unresolved questions, focusing in particular on the issue
of force-field optimization to achieve quantitative agreement
with experiments and allow for predictive modeling of systems
for which experimental data are not available.

■ TIME AND LENGTH SCALES
In Figure 1, we show a schematic illustration of “free” versus
total surfactant concentration during micellization. The total

concentration, Ct , is the macroscopic amount of surfactant in
the system, a directly controlled quantity in both experiments
and simulations. The free surfactant concentration, Cf , needs to
be operationally defined; it represents surfactant monomers and
submicellar aggregates. The surfactant concentration is usually
measured in units of moles of solute per liter of solution, 1 M ≡
1 mol/L. In this classic picture, all surfactant molecules exist as
kinetically independent entities in solution and are not part of
long-lived micellar aggregates, up to the first cmc. The cmc is
shown as a gray band because micellization is not a
thermodynamic phase transition; different methods of inferring
the existence of aggregates give slightly different results for the
cmc. Above the cmc, a common assumption is that the free
surfactant concentration remains constant because any added
molecules end up in micelles rather than free in solution.4

There is, of course, a continuous, dynamic exchange of
molecules between micelles and free solution at all concen-
trations, but the average number of molecules found in
aggregates of any specific size remains constant at equilibrium.
The free surfactant concentration for a micellizing system is
often taken as a proxy for the cmc itself, especially in
simulations, which are much easier to perform at overall
loadings much above the cmc. As we will shall discuss in the
next section, in contrast to this idealized picture, the free

surfactant concentration Cf does not remain constant above the
cmc, especially for ionic surfactants.
The cmc of a commonly studied ionic surfactant, sodium

dodecyl sulfate (SDS), is approximately 8 mM at room
temperature.5 A typical micellar aggregate near the cmc for this
system contains around 60 surfactant molecules.6 These two
facts imply that a simulation study of SDS that includes a few
hundred surfactant molecules (in order to allow the formation
of several micellar aggregates) also needs to incorporate
millions of water molecules if it is to be at concentrations
dilute enough to be near the cmc. Thus, the simulation length
scales required for modeling such low concentrations are tens
of nanometers. Such large systems require significantly more
computational resources relative to more commonly simulated
systems of a few thousand interaction centers. Time scales for
the exchange of monomers between the micellar interior and
free solution are on the order of microseconds.7 Clearly,
atomistic, explicit-solvent simulations of such systems for
sufficiently long times to allow for the equilibration of the
micellar aggregates are currently computationally infeasible. An
additional difficulty for ionic surfactants is that the equilibration
of the local ionic environment around a micellar aggregate can
be quite slow, and the concentration of ions in the vicinity of
the headgroups can be quite different than in bulk solution,
which in turn poses challenges for simulations that contain only
a limited number of ions.
A remedy for the length-scale issue chosen by most

simulation work to date is to study concentrations much
higher than the cmc, with a corresponding lower ratio of water-
to-surfactant molecules. Such simulations can sample trajecto-
ries tens or hundreds of nanoseconds long, over which one can
observe aggregation starting from a fully dispersed surfactant
system8 because the nucleation of micellar aggregates is
relatively rapid in concentrated solutions. However, achieving
true equilibration with respect to the partitioning of surfactant
molecules between micelles and free solution, especially with
respect to the size distribution of aggregates, is much harder.
An illustration of this point is provided in Figure 2 from

explicit-solvent simulations of a coarse-grained model for SDS.9

The number of free surfactant molecules in solution, Nf , and
the mean aggregate size, ⟨M⟩, are plotted as functions of time
for three total surfactant concentrations, all of which are
significantly above the cmc. As stated in the previous paragraph,
the free surfactant concentration has commonly been taken to
be a measure of the cmc, even though as seen clearly in Figure
2 it varies greatly for the three different overall surfactant
concentrations studied (top graph). For the more concentrated
1 M system, this quantity requires equilibration times on the
order of 0.5 μs for the coarse-grained model of ref 9. The mean
aggregation number of the micelles (bottom graph) is much
slower to equilibrate and still has not reached a fully stationary
state even after 6 μs for the least-concentrated (130 mM)
system. Clearly, accurate (equilibrium) modeling of micelle
aggregation numbers and shape transitions, e.g., from spherical
to cylindrical micelles, are still beyond the reach of molecular
dynamics simulations even for relatively simple low-molecular-
mass surfactants. Moreover, determining the cmc’s requires a
careful consideration of overall surfactant concentration effects,
as detailed in the section that follows.

■ DEPENDENCE OF Cf ON Ct

Because the dependence of the free surfactant concentration,
Cf , on the total surfactant concentration, Ct , has been

Figure 1. Schematic illustration of free surfactant concentration, Cf ,
versus total surfactant concentration, Ct , for a micellizing system.
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neglected in most prior simulation studies, we present here a
summary of the relationships between these quantities for ionic
surfactants.1,10 For nonionic surfactants, a decrease in the free
surfactant concentration has also been observed with overall
surfactant loading.11

The total free energy density F of a system containing free
monomers, micelles of aggregation number n, and counterions
can be written as

∑β β β= + + −
=

F C F C F C C(ln 1)n n
i n

i if f
f, ,c (1)

where Cf , Cn , and Cc denote the concentrations of free
monomers, micelles, and counterions, respectively; Ff and Fn
are free energies of surfactants and micelles of size n,
respectively, excluding the translational entropy term explicitly
represented by the last term summing over all three entities.
The inverse thermal energy is given by β = 1/(kBT). Note that
eq 1 does not contain the chemical potential term that controls
Ct because this term vanishes upon minimization. Minimizing
eq 1 with respect to Cf , n, and the fraction of bound
counterions α (those associated with micelles) yields three
equations that can be solved simultaneously.1,10 In performing
the differentiations, we ignore micelle solution nonidealities
resulting from micelle−micelle and micelle−monomer inter-
actions, an assumption justified given the good agreement of
the resulting expressions with simulation and experimental
results.9,10,12 For Cf , one obtains10

α
β

α α

=
+

× Δ − ∂Δ
∂

− + −

⎡
⎣⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦⎥⎥

C
G

n
x

C
n

G
C

x

ln
1

1

ln(1 (1 ) )

f
f

f

(2)

The dimensionless surfactant concentration parameter is x =
nCn/Cf = (Ct − Cf)/Cf. Equation 2 contains free-energy
contribution ΔG = Fn − nFf that drives self-assembly and has
been theoretically evaluated for ionic and nonionic surfactant

micelles.13−19 This free-energy contribution is decomposed into
an electrostatic and a charge-neutral term such that ΔG = ΔGel

+ ΔGne. For the charge-neutral term, several expressions have
been derived for nonionic surfactants.14,15,18 We use the
expression by Maibaum et al.18 The electrostatic contribution,
ΔGel, accounts for the free-energy cost of charging a spherical
micelle of radius R and valency (1 − α)n in an aqueous
dielectric medium. Because of counterion association, only a
fraction of the charged surfactants contributes to the overall
charge of the micelle. The free-energy cost is reduced by
eliminating n free monomers and αn counterions of radii rs and
rc, respectively.

17 Overall one obtains

α αΔ = − − − +G U n R n U r U r((1 ) , ) [ ( 1, ) (1, )]el
s c

(3)

where βU(z, r) = z2λB/[2r(1 + κr)] is the electrostatic self-
energy in the Debye−Hückel approximation,20 with screening
length κ = (4πλB(2Cf + (1 − α)xCf))

1/2. The Bjerrum length is
λB = 0.72 nm for water at 298 K.
Equation 2 reduces to a simple expression at the limit of x →

0. Assuming micelles with sizes of n ≫ 1, for x ≪ 1, the last
term in eq 2, stemming from counterion entropy, and the term
containing ∂ΔG/∂Cf vanish. The latter essentially accounts for
the change in electrostatic screening with concentration,
through κ(Cf). As a result, Cf → cmc and eq 2 simplifies to

β
α

= Δ
+

G
n

ln(cmc)
(1 ) (4)

This equation relates the cmc to the free-energy difference per
particle (monomers and counterions) that are associated with a
micelle of aggregate size n, compared to the same number of
particles being dispersed in bulk. The number of particles
associated with such a micelle is given by the number of
surfactants n plus the number of counterions αn. In the
opposite limit, x > 1, all terms in eq 2 are important, but
generally, the counterion entropic term dominates the term
∂ΔG/∂Cf. Neglecting the latter term allows a transformation of
eq 2 into an expression that has been utilized previously by
experimentalists to determine free monomer concentrations as
a function of total surfactant concentrations for ionic
micelles.21−23 When eq 4 and the definition x = (Ct − Cf)/
Cf) are used, eq 2 becomes
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This equation neglects changes in electrostatic screening;
surfactant concentration effects are mainly accounted for by
changes in the entropy of unbound counterions. Equation 5
also contains a surfactant self-volume correction vCt (molar
volume v) that is missing from eq 2, although it could be easily
included there as well.
Figure 3 shows a comparison of eqs 2 and 5 using length

scale parameters appropriate for SDS, rs = 0.272 nm and rc =
0.153 nm, obtained from atomistic simulations.24 The minor
discrepancy between the two approaches (solid and dashed
lines) is mainly due to the neglect of changes in electrostatic
screening. Free monomer data reported in ref 23 that were
obtained from eq 5 using an experimental cmc of 8 mM and
measured degrees of counterion association α at different values
of Ct are also shown.

Figure 2. Number of free monomers (top) and mean aggregate size
(bottom) as functions of time for a coarse-grained SDS explicit-solvent
model.9 Solid blue lines are for total surfactant concentration of 1 M,
long-dashed red lines are for 363 mM, and short-dashed green lines are
for 130 mM. There were 500 total surfactant molecules in the 130 mM
system and 1000 in the 363 mM and 1 M systems.
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To summarize, eqs 2 and 5 can be used to account for
surfactant concentration effects on the free surfactant
concentration. The latter equation is an approximation of the
first. These expressions open up two possibilities for
extrapolating simulation data from high concentrations to the
cmc. In the first approach, one performs a single simulation at a
high value of Ct ≫ cmc and obtains the free monomer
concentration. Then, the theoretical model of eq 2 is used to
obtain the cmc. This approach has the advantage of allowing
cmc predictions for related surfactants of different alkyl chain
length m, for which the parameters of eq 2 change in a known
fashion with m.1,9,10,18 The second, more direct approach,
utilizes eq 5. Here, one performs a series of simulations at
different Ct values to obtain Cf and α. Extrapolating the cmc
value from eq 5 has been demonstrated recently for an
atomistic model of sodium octyl sulfate in explicit water at 298
K,12 as illustrated in Figure 4.

■ EXPLICIT-SOLVENT SIMULATIONS
Micellization is a phenomenon observed in liquid solutions,
with the solvent playing a key role in driving aggregation
through favorable (solvophilic) and unfavorable (solvophobic)
interactions with segments of the surfactant molecules. The

most common solvent is water, but there are also many
applications of micellizing systems in nonaqueous solvents.25

As suggested in the Time and Length Scales section, for
common surfactant molecules of practical interest at concen-
trations near the cmc, the vast majority of entities in solution
are solvent molecules. A direct approach to the molecular
modeling of such systems involves describing both surfactant
and solvent with detailed atomistic models. Surfactant
molecules are described either as united atom models26,27 or,
in more recent years, using explicit-hydrogen all-atom
models.28,29 By far the most common functional form to
represent repulsion and dispersion interactions is the Lennard-
Jones (12, 6) potential, with parameters obtained to match a
target set of experimentally measured properties. Angle bending
and torsional terms are used to capture the conformational
flexibility, with parameters frequently obtained from quantum
chemical calculations. For polar groups, partial charges are
included in the models, from a combination of quantum
chemical calculations and fitting of the experimental data.
Water models in common usage30 typically involve three or
four sites, one of which is for the O dispersion interactions and
the remainder corresponding to point fractional charges to
approximate the charge distribution and hydrogen bonding
interactions in real water.
There are distinct advantages in utilizing atomistically

detailed, explicit-solvent models rather than coarse-grained
models or the implicit-solvent models discussed in the
following section. In particular, atomistically detailed models
are, in principle, capable of correctly describing the local
structure and can maintain a direct connection to the dynamics
of the real systems. There is no need to determine effective
force-field parameters to describe solvent effects, and the
resulting models are more likely to be transferrable to different
thermodynamic conditions of temperature or pressure or to
different solvent environments.
As already stated, simulating the self-assembly of explicit-

solvent dilute surfactant systems over the time scales required
to reach equilibrium in dilute solutions is quite challenging.
Explicit-solvent simulations are usually carried out using
molecular dynamics, in other words, by numerically solving
Newton’s equations of motion. Typical time steps required for
energy conservation and the long-term stability of simulations
of atomistically detailed potentials are on the order of
femtoseconds (10−15 s), so reaching multimicrosecond time
scales involves executing more than 109 time steps. Moreover,
atomistically detailed, explicit-solvent models cannot be
combined easily with insertion (grand canonical) methods
that are necessary for controlling the chemical potential of
species such as added salts in the vicinity of a micellar
aggregate.
Early simulations of micellar systems using atomistic, explicit-

solvent models relied on preformed micellar aggregates31−33

with 15−60 surfactants, but more recent studies34 have
included larger, elongated micelles. Such simulations provide
valuable insights into the internal structure of the micellar
aggregates but cannot provide information on the cmc and
aggregation behavior.
In recent years, several explicit-solvent simulations of

spontaneous self-assembly for surfactant solutions have been
attempted, with varying degrees of success with respect to
reaching an equilibrium distribution of micellar aggregates.
Marrink et al.35 used an atomistic model of dodecylphospho-
choline (DPC) in explicit water and observed the formation of

Figure 3. Free surfactant concentration Cf as a function of
concentration parameter x = (Ct − Cf)/Cf for SDS. The solid line
shows results using eq 2 with model parameters described in the text.
The dashed line is obtained from eq 5 using the same parameters. Also
shown are results23 obtained from solving eq 5 using experimental
values for the cmc and for degrees of counterion binding α (triangles).

Figure 4. Free surfactant concentration, Cf (blue triangles), and
extrapolated cmc (black squares) versus total surfactant concentration,
Ct.

12 The solid red line represents a linear relationship of unit slope, Cf
= Ct , and the dotted blue line is from eq 5, assuming a logarithmic
dependence of α on the total concentration and a cmc of 29 mM. The
cmc’s have been obtained locally from eq 5. The dashed black straight
line links the 1 M cmc data point to the 29 mM point on the line of
unit slope.
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spherical or cylindrical micelles, depending on the concen-
tration of surfactant, for run times of 10−50 ns. Sammalkorpi et
al.8 performed 200 ns simulations of an initially randomly
dispersed system of SDS surfactants in water at a concentration
of 700 mM, with or without added salt. Spontaneous self-
assembly was observed, and the micelles had higher aggregation
numbers and were more elongated at higher salt concen-
trations, in agreement with experiments. However, these
simulations were not sufficiently long to achieve an equilibrium
distribution of micelle sizes, and no attempt was made to
determine the cmc of this strongly micellizing system. Replica-
exchange, constant-pH molecular dynamics simulations were
used in ref 36 to investigate the self-assembly of a model
titratable surfactant, and cationic−anionic surfactant mixtures
were investigated in ref 37 using runs of 200 ns duration.
Equilibrium simulations of micellization can be more easily

achieved for weakly micellizing surfactants. These have
significantly higher cmc’s than their strongly micellizing
counterparts and also much faster micelle−monomer exchange
and micelle restructuring dynamics. Sammalkorpi et al.38

performed 200 ns atomistic molecular dynamics simulations
of sodium hexyl sulfate solutions, which were shown to be long
enough for full equilibration of the micelle size distribution in
the salt-free and monovalent salt cases, but not for systems with
added divalent salt. Measuring the free surfactant concentration
in weakly micellizing systems poses challenges because of
sensitivity of the aggregate size distributions to the cutoff
distance used to distinguish between aggregates and monomers.
The (salt-free) cmc was estimated to be between 200 and 250
mM, somewhat lower than the experimental range of 4207 to
517 mM.39 The simulation cmc estimates were not corrected
for overall surfactant concentration effects, but such effects are
expected to be small in systems for which the simulated overall
concentration is near the cmc.
Simulations using simplified, coarse-grained models can

reach much longer time scales because they involve fewer
interaction centers and can use larger time steps and also
because the resulting dynamics are accelerated relative to the
more detailed models.40−46 Zwitterionic and nonionic models
within both the MARTINI framework47,48 and the Shinoda et
al. model49 have been studied by Sanders and Panagiotopou-
los50 using replica-exchange molecular dynamics simulations.
Even though quite long runs were utilized (up to 1.8 μs), full
equilibration of the systems at room temperature was not
possible, and an extrapolation of the cmc from higher
temperatures had to be performed. The coarse-grained models
significantly underpredict experimental cmc’s near room
temperature for zwitterionic surfactants but are closer to
measured values for nonionic ones. The aggregation numbers
for both zwitterionic and nonionic surfactants are near those
observed experimentally, but the temperature dependence of
the cmc is incorrect, most likely because of the use of an
unstructured solvent. Results for DPC are shown in Figure 5.
This study used the free surfactant concentration as a proxy for
the cmc, which may result in an underestimation of the true
cmc of the models, but this effect is expected to be much less
severe for zwitterionic or nonionic surfactants relative to that
for ionic surfactants.
The Shinoda et al. coarse-grained model for sodium alkyl

sulfate surfactants51 was studied by LeBard et al.9 using long
molecular dynamics simulations on graphics processing units
(GPUs). These simulations used the efficient open-source
HOOMD package52 with added Ewald summation capabilities.

Approximately 0.36 ms of trajectory data was generated,
allowing several independent replicas of individual systems at
different chain lengths and overall surfactant concentrations to
be studied over multimicrosecond time scales. The time
evolution of the free surfactant concentration and size
distribution of micelles for the SDS model have already been
presented in Figure 2. The free surfactant concentrations for
three different overall surfactant loadings are shown in Figure 6

as a function of chain length m. The dependence of Cf on Ct
discussed in the previous section is apparent from this plot; this
dependence is less severe for lower alkyl chain lengths m
because the cmc is higher, and thus concentrations used in the
simulations correspond to conditions significantly closer to the
cmc. The simulation-based extrapolated cmc values systemati-
cally underpredict the experimental cmc’s by factors of between
2 and 3.
Sanders et al.12 have used 400 ns molecular dynamics

simulations for combinations of atomistic models of sodium
alkyl sulfates of chain lengths m = 6 to 9 (hexyl to nonyl) with
two different water models. Equation 5 was used to convert the
observed free surfactant concentrations to cmc values, as
already shown in Figure 4 for the case of m = 8. Figure 7
displays the temperature dependence of the free surfactant

Figure 5. Critical micelle concentration versus inverse temperature for
DPC.50 Open squares are for the original MARTINI model,47 filled
circles are for MARTINI v. 2.0,48 and dashed lines are fitted to the
simulation results. Experimental values are shown as cross and plus
symbols.

Figure 6. Free surfactant concentration, Cf , and cmc for sodium alkyl
sulfate surfactants as a function of alkyl chain length m.9 Open symbols
correspond to Cf: red open circles and dashed−dotted lines are for
overall concentration Ct = 1 M, blue open circles and long-dashed lines
are for Ct = 363 mM, and green open circles and dashed lines are for
Ct = 130 mM. Solid orange circles and the line are the extrapolated
cmc values using eq 2. Solid black squares and the line are
experimental cmc values.
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concentrations and calculated cmc’s, again for the case of m = 8.
Even though the models used in ref 12 are much more detailed
(and thus computationally expensive) relative to the coarse-
grained models of LeBard et al.,9 an underestimation of the cmc
values by factors of 3−5 is again observed. Moreover, the
temperature dependence of the cmc is much stronger than
what is observed experimentally, and the minimum in the cmc
occurs at lower temperatures. These discrepancies point to
deficiencies in the force fields that will need to be remedied in
the future, as discussed in the last section of this article.
Even if full equilibration with respect to micelle aggregation

numbers cannot yet be achieved in atomistic simulations, the
results are useful for predicting the size, shape, and structure of
micellar aggregates and how solutes partition between free
solution and the interior of micelles, two key questions posed in
the Introduction. For example, the size and shape distributions
of micellar aggregates formed by sodium alkyl sulfates and the
distribution of various groups with respect to the center of mass
of the aggregates have been reported in detail.8,38 Direct
observation of partitioning is not possible for most solutes of
interest because the time scales for equilibration are comparable
to those for monomer−micelle surfactant exchange, and the
concentrations of solvophobic solutes in free solution can be
quite low. Thus, an indirect method involving calculations of
free energies of solutes in the interior of micelles and in free
solution needs to be used. One promising path for this is to use
a statistical thermodynamic model to obtain the free energy of a
solute, given the atomistic structure of micelles observed in the
simulations. For example, Storm et al.53,54 have combined
atomistic simulations of pure and mixed micelles with the
COSMO-RS model to obtain partitioning for a range of small
molecules.

■ IMPLICIT-SOLVENT SIMULATIONS
Because micellization occurs in dilute solutions, it is natural to
attempt to accelerate simulations by eliminating the solvent
molecules.55 For strongly micellizing systems, however,
eliminating the solvent does not eliminate the problem of
slow equilibration of quantities such as the micelle size
distribution, which requires the breakup and reformation of
aggregates. A preformed aggregate would not necessarily break

up if the overall surfactant concentration (or chemical
potential) is below the cmc in a simulation of finite duration;
conversely, micelles may not form from a solution above the
cmc because the nucleation of a stable micellar nucleus is a rare
event, except at concentrations much higher than the cmc.
These are akin to the hysteresis problems preventing the
accurate determination of phase equilibrium conditions from
standard single-phase simulations. In this section, we outline a
systematic methodology56,57 that addresses this metastability
issue.
Grand canonical Monte Carlo simulations are performed in a

simulation box of fixed volume, with imposed values of the
temperature and chemical potential of components. Because
such simulations need to include insertion and deletion steps,
they are practical only for implicit-solvent models of surfactant
solutions. One advantage they have over constant-particle-
number simulations is that they provide the free energy of a
system as a function of thermodynamic conditions, thus
allowing all other properties (e.g., energy or pressure) to be
computed. In the context of micellization simulations, their
primary benefit is that they allow the bypassing of free-energy
barriers for micelle nucleation or breakup, as shown schemati-
cally in Figure 8. In this figure, the blue ovals represent regions

of total energy U and the number of surfactants in the
simulation box, N, sampled by a single grand canonical
simulation. The red squares and dotted lines represent states
of (nearly) equal free energies corresponding to the transition
from free surfactants to micelles. At low temperatures, a single
simulation cannot overcome the free-energy barrier for micelle
formation or breakup and remains in the region from which it
was initialized, either free surfactants or micelles. However,
when the temperature is increased, micellization becomes
weaker, and it is possible to sample the breakup and formation
of micelles reversibly. By connecting regions of overlap, a free-
energy surface can be constructed that can be used to model
the transition. Specifically, the free energy can be used to obtain
the osmotic pressure of the solution, Π, as a function of the
total surfactant concentration, Ct. A typical trace of the
calculated osmotic pressure curve is shown in Figure 9. At
low overall surfactant concentrations, the solution is almost
ideal, and the osmotic pressure curve is linear, with a slope
corresponding to Π = CtkBT, where Ct = N/V is the molar
density of surfactant molecules in solution, N is the number of
surfactants, and V is the volume of the simulation box. Around
the cmc (marked with an arrow on Figure 9), aggregates start
appearing and the osmotic pressure slope decreases significantly
because the independent kinetic entities in the solution are now

Figure 7. Temperature dependence of the cmc and free surfactant
concentration, Cf , for an atomistic model of sodium octyl sulfate in
explicit water.12 Cf values from the simulations are shown as black
open triangles (Ct = 1 M) and blue open squares (Ct = 500 mM).
Solid symbols are cmc values: black triangles and blue squares are from
simulation data at Ct = 1 M and 500 mM, extrapolated using eq 5;
filled red circles are experimental cmc data.

Figure 8. Schematic of the grand canonical methodology for
overcoming free-energy barriers in the energy U versus number N
plane.
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aggregates of size M ≫ 1. At even higher concentrations,
micelle−micelle repulsions start appearing, and the slope
increases again. The original publications56,57 give details on
the computational methodology used to obtain cmc’s in
implicit-solvent models and provide applications to a simple
lattice model for nonionic surfactants.58 Because the osmotic
pressure curve is obtained from histogram reweighting without
any prior knowledge of micelle formation, it provides an
operational definition of the cmc that does not rely on the
observation of actual micelles in the simulated system. For
surfactants with low cmc’s in reasonable size simulation boxes,
the probability of observing a micelle can be extremely low.
To apply this methodology to chemically identifiable

surfactant molecules, an approach to obtaining effective
potentials for the corresponding implicit-solvent models is
needed. For ionic surfactants, such an approach was developed
by Jusufi et al.24 The approach is schematically illustrated in
Figure 10. The ionic headgroups along with their counterions

are first simulated in an atomistically described solvent (left
panel of Figure 10). An effective potential that involves short-
range hydration interactions and a distance-dependent
dielectric permittivity59 is fitted to the atomistic pair correlation
functions. The resulting coarse-grained model (right panel of
Figure 10) is then coupled with a standard atomistic model for
the hydrocarbon tail. Solvophobic interactions of the tail group
are incorporated into the model with a single attractive
interaction that is placed at the end-bead of the tail, with the
magnitude adjusted to match the cmc value for a specific
surfactant. The transferability of this approach to surfactants of
varying chain length and headgroup type was demonstrated in
ref 24, and its ability to model salt effects on the cmc and the
aggregation number of ionic and cationic systems was
demonstrated in ref 60. Nonionic surfactants and temper-
ature-dependent properties within this framework were

obtained in ref 61. Overall, the quality of predictions from
the implicit solvent approach depends sensitively on the
hydrophobic attraction parameter and the temperature
functionality assumed for the implicit-solvent dielectric
permittivity. Once the model has been adequately validated
for a specific surfactant type, predictions for cmc’s and
aggregation numbers of related surfactants and surfactant
mixtures become possible.
A recent application of the implicit-solvent micellization

approach described in this section has been the interpretation
of scattering data for dilute surfactant solutions. Scattering
experiments are often used to determine the structural
properties of micelles, particularly their size and shape.62

Because of improvements in scattering facilities, studies of
dilute surfactant systems close to the cmc have become
feasible.63,64 Molecular simulations can help to interpret
properly the results obtained from small-angle X-ray scattering
experiments (SAXS).65 In this respect, implicit solvent
simulations have two distinct advantages over their explicit-
solvent counterparts. The first is that the cost of sampling
motions of the solvent molecules is avoided. The second is that
larger box lengths L can be easily used to capture the relevant
range of wave vectors q. For example, SAXS experiments for
tetradecyltrimethylammonium bromide (TTAB) were con-
ducted at a concentration of 17 mM and a lower q range
requiring an L = 47.7 nm box size.66 Whereas explicit solvent
simulations would require an additional 106 solvent molecules
under such experimental conditions, implicit solvent model-
ing65 allows us to focus solely on the solutes (total of around
17 000 particles). Figure 11 shows such a comparison between
the experimental and simulated total scattering function as well
as the partial intensity caused by Br− counterions only.

■ SUMMARY AND FUTURE DIRECTIONS
Atomistic, explicit-solvent simulations can already reach time
scales relevant to the micellization of weakly micellizing
surfactants, provided that their cmc is not too low. However,
even for surfactant molecules as simple as sodium dodecyl
sulfate, the required time scales to reach full equilibration are
many microseconds, currently outside the capabilities of
mainstream computational facilities, and the concentrations
that can realistically be simulated are orders of magnitude
greater than the cmc. Because of a strong dependence of the
free surfactant concentration on the overall loading in the
system, careful extrapolations to lower concentrations are
necessary to obtaining reliable estimates. Moreover, at high

Figure 9. Schematic of osmotic pressure, Π, versus the total surfactant
concentration, Ct.

Figure 10. (Left) Atomistic simulation of SDS headgroups and
counterions in explicit water. (Right) Implicit water system with
coarse-grained headgroup particles (large spheres) and counterions
(small spheres). Reproduced with permission from ref 24. Copyright
American Chemical Society.

Figure 11. Scattering intensities of TTAB micelles at 17 mM. Symbols
are experimental data from anomalous SAXS measurements,66 and
lines are simulation results.65
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surfactant concentrations morphological and shape transitions
may also occur over long time scales, further complicating the
task of extrapolation to dilute solutions.
Despite these limitations, atomistic simulations can provide

useful information on the detailed structure of aggregates and
dynamics of micelle formation under changing conditions of
salt concentration and surfactant loading. Further development
of codes optimized to take advantage of massive parallelism,
coupled with hardware advances, will clearly extend the range
of systems that can be studied by atomistic simulations.
An issue that remains unresolved is that highly optimized

force fields that quantitatively predict water/hydrocarbon phase
behavior seem to underpredict the cmc by factors of between 2
and 5. It is likely that some physical effects missing from the
current models (e.g., polarizability) will need to be included
before quantitative models can be obtained. The temperature
dependence of properties is still a significant problem, even
with atomistically detailed models.
For the many systems that remain outside the scope of

atomistically detailed, explicit-solvent simulations, because of
length scale and time scale limitations, coarse-grained and
implicit-solvent simulations will need to be used. Both
approaches sacrifice some of the broad transferability expected
with fully atomistic models because their force field parameters
need to be adjusted for different temperatures or solvent
conditions. Coarse-grained, explicit-solvent models retain
hydrodynamic interactions that can be important in non-
equilibrium assembly processes,67 and implicit-solvent simu-
lations have the advantage that they can efficiently simulate
much larger dilute surfactant systems. Nevertheless, neither
coarse-grained nor implicit-solvent models preserve the true
dynamics of the self-assembly process. Which model is
preferable depends on the nature of the question being
asked. For example, if realistic self-assembly dynamic behavior
is important, then explicit-solvent models are to be preferred;
by contrast, if the equilibrium behavior of low-concentration
systems or the modeling of systems with high barriers to the
nucleation and breakup of aggregates is of interest, then
implicit-solvent models that can sample such processes have a
distinct advantage.
Even though the theoretical framework for understanding the

relationship between free and total surfactant concentration
seems to be robust for extrapolating the behavior of ionic
surfactant systems to the cmc, the corresponding relationships
for nonionic surfactants have not yet been investigated in detail.
There are clear indications that the free surfactant concen-
tration also decreases above the cmc,11 but the precise
functional form remains to be validated against careful
simulations. It is also not clear if cmc’s obtained from the
osmotic pressure curves in grand canonical simulations match
the extrapolated cmc’s from much higher concentrations in
conventional (constant-volume or constant-pressure) simula-
tions.
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