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Quantum control landscape theory was formulated to assess the ease of finding optimal control fields in
simulations and in the laboratory. The landscape is the observable as a function of the controls, and a primary
goal of the theory is the analysis of landscape features. In what is referred to as the kinematic picture of the
landscape, prior work showed that the landscapes are generally free of traps that could halt the search for
an optimal control at a suboptimal observable value. The present paper considers the dynamical picture of
the landscape, seeking the existence of singular controls, especially of a nonkinematic nature along with an
assessment of whether they correspond to traps. We analyze the necessary and sufficient conditions for singular
controls to be kinematic or nonkinematic critical solutions and the likelihood of their being encountered while
maximizing an observable. An algorithm is introduced to seek singular controls on the landscape in simulations
along with an associated Hessian landscape analysis. Simulations are performed for a large number of model
finite-level quantum systems, showing that all the numerically identified kinematic and nonkinematic singular
critical controls are not traps, in support of the prior empirical observations on the ease of finding high-quality
optimal control fields.
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I. INTRODUCTION

Many quantum control problems are formulated as a search
for an optimal field that maximizes a physical obervable
[1,2]. This search may be envisaged as an excursion over
a control landscape depicting the functional relationship
between the observable and the control field. In spite of the
usual complexity of quantum dynamics phenomena at the
atomic and molecular scales, thousands of carefully performed
numerical simulations [3,4] based on optimal control theory
(OCT) [5] have been successfully carried out and all converge
to high-quality solutions. In the laboratory, many factors
(e.g., noise, inhomogeneities, and, especially, constraints on
the controls) enter beyond those that arise in simulations.
Nevertheless, over 100 optimal control experiments (OCE)
based on the adaptive learning control algorithm [1] have been
successfully conducted, displaying high efficiency for finding
effective controls, even for very complex systems.

Motivated by these findings, quantum control landscape
theory has been developed [6–9] for controllable systems with
all admissible controls being regular (Definition 1 below).
The landscape analysis proves that a gradient-type search
algorithm should converge to a globally optimal solution from
an arbitrary initial choice in the set of admissible controls.
Theoretical analysis showed that the loss of controllability
could lead to multiple suboptimal critical values (i.e., traps)
[10]. However, when controllability is satisfied, the role of
so-called singular controls [11,12], which may also exist and
possibly halt gradient searches at a trap, has not been well
understood. Most existing landscape studies have dealt with
regular critical points of quantum control objectives, including
for the optimization of an observable expectation-value [7,9]
and quantum gate fidelity [8,13,14]. These analyses show that
the landscapes are trap-free (i.e., free of local submaxima),

but little is known about the existence and nature of singular
critical points.

Presently, there are only a few singular control-related
studies on quantum mechanical systems. In two-level systems,
it was shown that at most one singular control can be a trap for
minimizing the field fluence while achieving a desired unitary
transformation and the control is always time independent [15].
Singular bounded controls have been considered in the design
of time optimal controls for NMR quantum computation [16].
Both quantum state and gate control landscapes in some special
cases can produce traps at singular zero or constant control
fields [17–20]. With this background, an important goal is
to investigate the role of singular controls and, especially,
to determine if they exist for other than zero and constant
fields and, if so, whether they correspond to traps. Although
a general proof remains elusive on what may occur under all
circumstances, the present work provides further insights into
the observed ease of finding optimal control fields.

In this paper, we study singular critical points for a general
objective J as a function of the system’s density matrix at
a fixed final time T , which is known as a Mayer problem
in optimal control theory [21]. The dependence of J on the
control ε(·) defines a landscape as a map from each control to J .
Critical points of J [where δJ/δε(t) ≡ 0] corresponding to a
singular control are specified, and they are further examined in
the control landscape for the observable expectation value. The
remainder of the paper is arranged as follows. Section II gives
a general description and classification of singular controls. In
Sec. III A, we derive the necessary and sufficient conditions
for the existence of singular controls. This work also leads
to a procedure in Sec. III B for computing singular controls.
Section IV analyzes the control landscape for observable
expectation values. Numerical examples identifying kinematic
and nonkinematic singular controls are presented in Sec. V,
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and each such control is assessed for possibly being a trap.
None of the numerically identified singular controls were
found to be traps. Finally, general conclusions are given in
Sec. VI.

II. GENERAL FORMULATION

Consider a fully controllable N -level closed quantum
system described by the Liouville-von Neumann equation,

d

dt
ρ(t) = [H0 + ε(t)H1,ρ(t)], ρ(0) = ρ0, (1)

where the density matrix ρ(t) denotes the state of the system at
time t ∈ [0,T ] and ε(·) is the control field. Here the field-free
Hamiltonian H0 and dipole moment H1 are skew-Hermitian
matrices [after absorbing the common constant (ih̄)−1]. The
evolution operator U (t) of the system can be represented by
elements in the unitary group U (N ) and obeys the following
dynamical equation

d

dt
U (t) = [H0 + ε(t)H1]U (t), U (0) = IN . (2)

Hence, the accessible states must belong to the set of density
matrices

O(ρ0) = {Uρ0U
† : U ∈ U(N )},

whose dimension is at least 2N − 2 and at most N2 − N for
an N -level system [22] (the lower and upper limits correspond
to ρ0 either being a pure state or having a fully nondegenerate
spectrum, respectively). In the following, we assume that the
Lie algebra generated by H0 and H1 is u(N ) and the final
time T is sufficiently large such that any state ρ in O(ρ0) is
reachable at t = T .

The target of quantum optimal control is often expressed
as optimizing a function of the density matrix ρ(T ) at time
T . The most widely studied class of functions is J [ρ(T )] =
Tr[ρ(T )O] (see Sec. IV for detailed studies with this form
of J ) corresponding to maximization (or minimization, as
appropriate) of the expectation value of a physical observable
operator O [7–9]. Other examples can be found such as the
von Neumann entropy

J [ρ(T )] = Tr[ρ(T ) ln ρ(T )]

or the fidelity function

J [ρ(T )] = Tr
[
ρ

1/2
f ρ(T )ρ1/2

f

]1/2

with ρf being the target density state [23]. Here, for generality,
we consider J to be an arbitrary scalar function

J [ε(·)] = F [ρ(T ; ε(·))], (3)

in which the functional relationship between J and ε(·) over a
finite time interval [0,T ] is connected by ρ(T ) through Eq. (1).
The goal of an optimal control effort is to maximize J [ε(·)]
with respect to ε(·).

The landscape J [ε(·)] in (3) is referred to as dynamical, and
a critical point of J satisfies δJ [ε(·)] ≡ 0 for all control varia-
tions δε(·) around ε(·). A priori knowledge of the critical point
structure of the landscape is important for establishing viable
optimal control search algorithms, especially if the desired op-
timal controls are found to reside among competing suboptimal

solutions (i.e., critical points on the landscape corresponding to
J being a trap). Specifying all of the critical points is generally
a difficult task, because the landscape functional (3) is usually
highly nonlinear with respect to ε(·). However, taking the
scalar function in Eq. (3) as a kinematic map

ρ → F (ρ) (4)

specified on the set O(ρ0) [24], we can define a kinematic
landscape, whose geometry is much simpler to analyze.

The critical points of the dynamic and kinematic landscapes
are related through the chain rule

δJ = 〈∇F (ρ(T )),δρ(T )〉ρ(T ) ≡ 0,∀δε(·), (5)

where 〈·,·〉ρ represents the Riemannian metric [25], Sec. 3.4.4]
at ρ ∈ O(ρ0). The kinematic gradient ∇F (ρ) is computed
with respect to the Riemannian metric and δρ(T ) is the state
variation at T corresponding to a variation δε(·) in the control
field. Both ∇F (ρ(T )) and δρ(T ) are in the tangent space at
ρ(T ) defined by

Tρ(T ) = {[ρ(T ),A] : A ∈ u(N )}.
A critical point of the landscape (3) is said to be kinematic
if the corresponding ρ(T ) is also a critical point in the
kinematic map (4), i.e., ∇F (ρ(T )) = 0. Otherwise, it is called
a nonkinematic critical point, which exists only when the
tangent mapping δε(·) 	→ δρ(T ) is not surjective and its
range is orthogonal to the nonvanishing kinematic gradient
∇F (ρ(T )). Here, the surjectivity of the tangent mapping
classifies singular and regular controls as below [11].

Definition 1. A control ε(·) is called singular (respectively,
regular) if the Fréchet derivative

dEρ0,T (ε) : δε 	→ δρ(T ), (6)

of the end-point mapping Eρ0,T : ε 	→ ρ(T ) [defined in a
neighborhood of ε(·) for the L2 norm] is rank deficient
(respectively, surjective). The degree of rank deficiency is
called the corank of the singular control.

A nonkinematic critical point must be a singular control,
but a kinematic critical point can be either singular or regular.

The optimality of a critical point of (3) can be assessed via
the second-order variation of (3), i.e.,

δ2J = 〈δρ(T ),Qρ(T )δρ(T )〉ρ(T ) + 〈∇F (ρ(T )),δ2ρ(T )〉ρ(T ),

(7)

where the kinematic part Qρ(T ) is the Hessian quadratic
form of F at ρ(T ). At the kinematic critical points (either
regular or singular), the second term in (7) vanishes because
∇F (ρ(T )) = 0. In this case, local optimality is closely related
to the spectrum of the kinematic Hessian form Qρ(T ) of F

on the set of admissible δρ(T ) at ρ(T ). For regular kinematic
critical points, the Fréchet derivative is surjective and Qρ(T )

is defined on the whole tangent space at ρ(T ), exactly the
same as that of ρ(T ) in the kinematic picture [24]. For
singular kinematic critical points, the admissible variations
δρ(T ) form only a proper subspace of Tρ(T ) (i.e., the range of
the Fréchet derivative dEρ0,T ). However, at the nonkinematic
critical points, the corresponding second-order variation δ2J

also includes the term in Eq. (7) that involves the nonvanishing
kinematic gradient ∇F (ρ(T )).
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III. SINGULAR CONTROLS AND SINGULAR
CRITICAL POINTS

In this section, we first characterize general singular con-
trols and then present the necessary and sufficient conditions
for singular controls to become critical points.

A. Singular controls

The Fréchet derivative in Eq. (6) can be explicitly written
as [6]

δρ(T ) =
∫ T

0
U (T )[H1(t),ρ0]U †(T )δε(t)dt, (8)

where H1(t) = U †(t)H1U (t). Suppose that the initial density
matrix has the form ρ0 = ∑

i pi |i〉〈i| in some complete basis
{|i〉}, with pi � 0 and

∑
i pi = 1. The rank of the end-point

mapping Eρ0,T at ε(·) then corresponds to the number, M ,
of linearly independent functions of time among the real and
imaginary parts of the matrix elements of [H1(t),ρ0], i.e.,

〈k|[H1(t),ρ0]|�〉 = (p� − pk)〈k|H1(t)|�〉].
Let D be the dimension of O(ρ0), and then a control is regular
if M = D or singular if M < D (i.e., corresponding to corank
equal to D − M). Similarly, one can also define singular
controls that are rank deficient with respect to the control-
to-propagator mapping ε(·) 	→ U (T ), which is important in
quantum OCT for maximizing the gate fidelity for some
specified target unitary matrix W (see Appendix A for more
discussion).

From Eq. (8) and Definition 1, a control ε(·) is singular if
and only if there exists a nonzero matrix φT in the tangent
space Tρ(T ) of O(ρ0) at ρ(T ) such that

〈φT ,U (T )[H1(t),ρ0]U †(T )〉ρ(T ) = 0, ∀t ∈ [0,T ]. (9)

Note that (9) is equivalent to the fact that φT is orthogonal to
the image of dEρ0,T (ε) (see the proof in Ref. [11], Th. 6,
Chap. 2] for more details). Denote the conjugate matrix
φ(t) = U (t)U †(T )φT U (T )U †(t), and then, by invoking the
fundamental property

〈Uφ1U
†,Uφ1U

†〉UρU † = 〈φ1,φ2〉ρ (10)

of the Riemannian metric [25], Eq. (9) may be recast as

〈φ(t),[H1,ρ(t)]〉ρ(t) ≡ 0, ∀t ∈ [0,T ], (11)

where φ(t) satisfies the adjoint equation

d

dt
φ(t) = [H0 + ε(t)H1,φ(t)], φ(T ) = φT . (12)

The corresponding time-dependent function (ρ(t),φ(t)) is
called a singular trajectory of (1). Following the procedure
to compute singular controls in Ref. [11], Sec. 8.2], we
differentiate Eq. (11) with respect to t to arrive at a new
algebraic constraint:

〈φ(t),[[H0,H1],ρ(t)]〉ρ(t) ≡ 0. (13)

Differentiation again yields the relation

〈φ(t),[[H0,[H0,H1]],ρ(t)]〉ρ(t)

+ε(t)〈φ(t),[[H1,[H0,H1]],ρ(t)]〉ρ(t) = 0. (14)

If 〈φ(t),[[H1,[H0,H1]],ρ(t)]〉ρ(t) 
= 0, ∀t ∈ [0,T ], the singular
control ε(·) can be expressed as

ε(t) = −〈φ(t),[[H0,[H0,H1]],ρ(t)]〉ρ(t)

〈φ(t),[[H1,[H0,H1]],ρ(t)]〉ρ(t)
, (15)

which in turn can be used to solve (1) and (12) to obtain the
singular control ε(·) and the singular trajectories (ρ(t),φ(t)).

In the case that 〈φ(t),[[H1,[H0,H1]],ρ(t)]〉ρ(t) ≡ 0 over
[0,T ], and, thus, 〈φ(t),[[H0,[H0,H1]],ρ(t)]〉ρ(t) ≡ 0, addi-
tional differentiation [11], Sec. 8.4] will be required since
Eq. (14) is no longer useful, until a working equation is
obtained for ε(t) for all t ∈ [0,T ]. In general, denote

Hα1···αk
= [

Hα1 ,
[
Hα2 ,

[ · · · ,[Hαk−1 ,Hαk

] · · · ]]] (16)

the nested k-tuple commutation operator composed of H0

and H1, and then a k-th order analog of Eq. (14) can be
expressed as〈

φ(t),
[
H0α1···αk

,ρ(t)
]〉

ρ(t) + ε(t)
〈
φ(t),

[
H1α1···αk

,ρ(t)
]〉

ρ(t) = 0

(17)

for some (α1, . . . ,αk) ∈ {0,1}k , assuming that there exists an
integer k � 2 such that〈

φ(t),
[
Hβ1···β�

,ρ(t)
]〉

ρ(t) ≡ 0, ∀(β1, . . . ,β�) ∈ {0,1}�,
2 � � < k (18)

and 〈
φ(t),

[
H1α1···αk

,ρ(t)
]〉

ρ(t) 
= 0, (19)

on differentiation of 〈φ(t),[Hα1...αk
,ρ(t)]〉ρ(t). As a result, a k-th

order singular control can be formally written as

ε(t) = −
〈
φ(t),

[
H0α1···αk

,ρ(t)
]〉

ρ(t)〈
φ(t),

[
H1α1···αk

,ρ(t)
]〉

ρ(t)

. (20)

Since differentiation is required at least twice, the second-order
singular controls based on Eq. (15) are called the minimal-
order (i.e., k = 2) singular controls.

Each singular control can be specified by solving (1)
and (12) subject to the boundary conditions ρ0 and φ(T ).
Moreover, if the boundary condition on φ(T ) is not subject
to any constraints, one can combine Eqs. (2) and (20) to
randomly locate a singular control by integrating the following
initial-value differential equation

dU (t)

dt
=

(
H0 −

〈
φ0,

[
U †(t)H0α1···αk

U (t),ρ0
]〉

ρ0〈
φ0,

[
U †(t)H1α1···αk

U (t),ρ0
]〉

ρ0

H1

)
U (t),

U (0) = IN , (21)

subject to the initial conditions ρ(0) = ρ0 and φ(0) = φ0 at
t = 0, provided that the solution exists and is unique. Here, to
derive Eq. (21), we have used the equality

〈φ(t),[Hα0α1···αk
,ρ(t)]〉ρ(t) = 〈φ0,[U

†(t)Hα0α1···αk
U (t),ρ0]〉ρ0 ,

(22)

according to the property (10) of the Riemannian metric
and (21).

Alternatively, one can also specify a singular control with
prescribed boundary conditions ψ(T ) = ψT and φ(T ) = φT
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at t = T , from which the following equation is integrated
backward in time,

dU (t)

dt
=

(
H0 −

〈
φT ,

[
U †(t)H0α1···αk

U (t),ρT

]〉
ρT〈

φT ,
[
U †(t)H1α1···αk

U (t),ρT

]〉
ρT

H1

)
U (t),

U (T ) = IN . (23)

Suppose that the resulting value of U (0) is W ∈ U(n), and
then the corresponding singular control equivalently steers the
system from U (0) = IN to U (T ) = W−1.

Remark. The above conditions are general in that they are
necessary and sufficient for determining a singular control. In
this paper, we consider the minimal-order singular controls,
while the numerical calculations of higher-order controls can
be found in Ref. [11], Chapter 8].

B. Singular critical controls

The dynamical equation (21) is necessary and sufficient
for locating a singular control subject to any properly chosen
boundary conditions on ψ(t) and φ(t). However, a singular
control is not necessarily a critical point, which would require
that additional boundary conditions at t = T be satisfied.

For a kinematic critical point, the vanishing kinematic
gradient imposes a restriction on ρ(T ), i.e., ∇F (ρ(T )) = 0,
while φ(T ) can be any matrix that satisfies Eqs. (18) and (19)
at t = T , i.e., 〈

φ(T ),
[
Hβ1···β�

,ρ(T )
]〉

ρ(T ) ≡ 0,
(24)〈

φ(T ),
[
H1α1···αk

,ρ(T )
]〉

ρ(T ) 
= 0,

where (β1, . . . ,β�) ∈ {0,1}�, 2 � � < k.
For a nonkinematic critical point with corank 1, φ(T ) must

be proportional to ∇F (ρ(T )) such that ρ(T ) must satisfy the
following equalities:〈∇F (ρ(T )),

[
Hβ1···β�

,ρ(T )
]〉

ρ(T ) ≡ 0 ∀(β1, . . . ,β�) ∈ {0,1}�,
2 � � < k (25)

and 〈∇F (ρ(T )),
[
H1α1···αk

,ρ(T )
]〉

ρ(T ) 
= 0. (26)

on the final state ρ(T ). For nonkinematic critical controls of
corank higher than 1, φ(T ) is not necessarily proportional to
∇F (ρ(T )) but can be similarly analyzed.

Once a pair (ρ(T ),φ(T )) is specified, Eq. (21) can be
numerically integrated backward to obtain the evolution
operator U (t), following which the corresponding singular
control can be determined by Eq. (20). Here, each (kinematic
or nonkinematic) singular critical control must satisfy Eq. (21)
over 0 � t � T subject to the final conditions on ρ(T )
discussed above. In addition, the singular control also has to
take ρ(T ) back to the prescribed initial state ρ0, which forms
a computationally demanding two-point boundary problem
whose solution may not even exist. In contrast, the regular
(kinematic) critical controls are subject to the milder bound-
ary conditions [i.e., ρ(0) = ρ0 and ∇F (ρ(T )) = 0] with no
additional restriction on the trajectory in between. Therefore,
the number of both kinematic and nonkinematic singular
critical points is expected to be much smaller than that of

regular critical points, whose codimension is finite in the set
of admissible controls (usually assumed in L2[0,T ]) [6].

IV. THE OBSERVABLE EXPECTATION VALUE
CONTROL LANDSCAPE

We now apply the general result above to the landscape J

being the expectation value of a Hermitian operator O at the
target time T ,

J = Tr{ρ(T )O} = Tr{ρ0O(T )}, (27)

where O(T ) = U †(T )OU (T ). On a small perturbation δε(t),
the first-order variation of J can be written as

δJ =
∫ T

0
〈[ρ0,[ρ0,O(T )]],[ρ0,H1(t)]〉ρ0δε(t)dt (28)

=
∫ T

0
Tr{[ρ0,O(T )]H1(t)}δε(t)dt, (29)

in which we have invoked Eqs. (5) and (8) and identified the
relation

∇J [ρ(T )]=U (T )[ρ0,[ρ0,O(T )]]U †(T )= [ρ(T ),[ρ(T ),O]]

(30)

stipulated by the Riemannian metric [25] onO(ρ0). At a critical
point, δJ = 0 for arbitrary perturbations δε(t), we obtain the
zero gradient

δJ

δε(t)
= Tr{[ρ0,O(T )]H1(t)} = 0, (31)

and subsequently, by differentiating (31) with respect to the
time, we have

Tr{[ρ0,O(T )]U †(t)[H0,H1]U (t)} = 0, (32)

which holds for both kinematic and nonkinematic critical
points.

At a kinematic critical point, the corresponding ρ(T )
satisfies the relation [ρ(T ),[ρ(T ),O]] = 0 according to
Eq. (30). This corresponds to U (T ) satisfing the rela-
tion [ρ0,U

†(T )OU (T )] = 0, cf. Eq. (31) or, equivalently,
[ρ(T ),O] = 0 [25]. Thus, all the controls that steer the state to
a point ρ(T ) commuting with O are critical points. To specify a
kinematic singular critical point from these controls, given any
ρ(T ) such that [ρ(T ),O] = 0, an arbitrary conjugate matrix
φ(T ) needs to be chosen as long as the boundary condition

Tr{φ(T )[H1,ρ(T )]} = Tr{φ(T )[[H0,H1],ρ(T )]} = 0 (33)

can be fulfilled. In contrast, to locate a nonkinematic critical
point, φ(T ) cannot be chosen arbitrarily. For example, φ(T )
at a nonkinematic critical point ε(·) with corank 1 is uniquely
determined up to a constant, i.e.,

φ(T ) = [ρ(T ),[ρ(T ),O]] 
= 0 (34)

by comparing Eqs. (5) and (9). Further, Eqs. (31) and (32)
evaluated at t = T lead to the following restrictions on ρ(T )
for minimal-order nonkinematic critical points,

Tr{ρ(T )[H1,O]} = Tr{ρ(T )[[H0,H1],O]} = 0. (35)

For nonkinematic critical points with corank greater than 1,
some appropriate conjugate matrices associated with the same
singular control ε(·) can be generated similarly.
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At a kinematic critical point, the second-order variation of
J with respect to a small perturbation δε(t) yields the relation

δ2J = 1

2

∫ T

0

∫ T

0
dtdt ′H(t,t ′)δε(t)δε(t ′), (36)

where the Hessian H(t,t ′) ≡ δ2J/δε(t ′)δε(t) can be derived
from (31) as [6]

H(t,t ′) = Tr{ρ0[[O(T ),H1(t)],H1(t ′)]}, ∀0 � t ′ � t � T .

(37)

The value of H(t,t ′) for t ′ > t can be obtained by H(t,t ′) =
H(t ′,t) according to the symmetry of the Hessian form.
Therefore, the Hessian H(t,t ′) = H(t ′,t) is bounded on the
compact domain [0,T ] × [0,T ] and, hence, can be expanded
uniformly in a quadratic form [26]

H(t,t ′) =
∑

k

σkϕk(t)ϕk(t ′),

in terms of its eigenvalues σk (in decreasing magnitude)
and the associated orthonormal eigenfunctions {ϕk(·)} of the
Hessian. At a kinematic critical point, it has been shown
in [6] that the Hessian quadratic form involves only a finite
number of eigenfunctions, and the optimality is determined
by the signature of the corresponding eigenvalues that can be
deduced from the eigenvalues of ρ0 and O (see Ref. [24] for
more details). The number of independent functions among
these eigenfunctions is equal to the rank M of the end-point
mapping. As discussed in Sec. III A, when M is lower than the

dimension ofO(ρ0), the kinematic critical point is singular, but
the rank of the Hessian is still finite. In contrast, the Hessian
at the nonkinematic critical points in general cannot be further
simplified to a separable expression of finite rank, because
[ρ0,O(T )] 
= 0 [6]. As a result, the rank and signature of the
Hessian at a nonkinematic critical point can be determined only
after it is located. In general, both kinematic and nonkinematic
singular critical points can be identified only numerically, as
outlined in the preceding section.

V. NUMERICAL SIMULATIONS OF SINGULAR
CRITICAL POINTS

This section explores the kinematic and nonkinematic
singular critical points of the control landscape (27) by
numerically integrating Eq. (21) subject to boundary condi-
tions (33) and (35), respectively. The local topology of these
nonkinematic and kinematic critical points can shed light
on whether they correspond to traps or saddles. The local
property of each singular critical point can be examined by
numerically performing optimal control simulations initiated
in close proximity to the critical point, for example, using
gradient-based algorithms [17].

For a general assessment, extensive numerical simulations
have been carefully carried out for 50 three-level and 50 four-
level systems with randomly chosen Hamiltonians H0 and H1

(in the unit of 1014 Hz). In particular, a detailed illustration, as
well as discussion, of the calculated results is presented here
based on a four-level quantum control system with

H0 = −i

⎛
⎜⎜⎜⎝

−1.0
0.0

0.4
1.2

⎞
⎟⎟⎟⎠ ,

H1 = −i

⎛
⎜⎜⎜⎝

0.6 1.5 − 0.4i 1.3 0.8
1.5 + 0.4i 1.4 1.4 − 1.0i 0.4 + 0.6i

1.3 1.4 + 1.0i 0.6 1.0
0.8 0.4 − 0.6i 1.0 1.2

⎞
⎟⎟⎟⎠ ,

and the observable is chosen as O = |4〉〈4|. The control field is dimensionless and the final time is chosen as T = 100 fs.
Since it is numerically formidable to locate a singular critical point by solving a two-point boundary-value problem associated

with Eqs. (1), (12), and (33) and (34), we instead consider an initial value problem subjected only to the terminal time condition
ρ(T ) but leave the initial time condition ρ0 to be determined a posteriori.

For the (minimal-order) singular kinematic critical points, we pick, for example,

ρ(T ) = 0.7|3〉〈3| + 0.3|4〉〈4|
at which [ρ(T ),O] = 0. We then can choose φ(T ) according to Eq. (33), for example, as either

φ1(T ) =

⎛
⎜⎝

0.18 1.14 + 0.08i −0.09 + 0.10i −0.30 + 0.65i

1.14 − 0.08i 0.63 0.92 − 0.61i 1.11 − 0.36i

−0.09 − 0.10i 0.92 + 0.61i 0.32 1.08 + 0.13i

−0.30 − 0.65i 1.11 + 0.36i 1.08 − 0.13i 1.90

⎞
⎟⎠ (38)

or

φ2(T ) =

⎛
⎜⎝

1.95 0.38 − 0.12i −0.30 + 0.16i 0.19 − 0.32i

0.38 + 0.12i 1.14 1.2500y − 0.71i 0.29 + 0.56i

−0.30 − 0.16i 1.25 + 0.71i 1.50 1.77 + 0.66i

0.19 + 0.32i 0.29 − 0.56i 1.77 − 0.66i 1.79

⎞
⎟⎠ . (39)
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FIG. 1. (Color online) (a) Singular kinematic critical points of
the quantum state transition control landscape J [ε(·)] = Tr{ρ(T )O}
for a four-level system. In (b), a gradient search in each case starts
from an initial guess for the control εinitial(t) that is close to either
located singular control ε(t) (i.e., ‖εinitial(·) − ε(·)‖ � 0.00001), and
a steepest ascent algorithm is directed to search for an optimal control.
The latter landscape climbs were successful in reaching the maximum
possible yield of J , showing that the two singular controls did not
produce traps.

These two different matrices φ(T )’s lead to two distinct sin-
gular trajectories (and, hence, two distinct kinematic singular
critical points); they start from different initial states ρ0 but
both end up at the same final state ρ(T ). The computed singular
controls are plotted in Fig. 1(a). To examine the optimality
of the critical points, further simulations were carried out
starting from a small neighborhood of these critical points,
aiming to see if it is possible to climb up the control landscape
using a gradient-based algorithm. The simulations successfully
climbed to the top of the landscape [Fig. 1(b)], demonstrating
that these singular controls did not produce traps.

For an illustration of (singular) nonkinematic critical points,
we consider the system evolution over pure states and fix the
corresponding φ(T ) as |4〉〈4|. Then, according to Eq. (35),
ρ(T ) = |ψ(T )〉〈ψ(T )| is chosen in the examples as drawn
from either ψ1(T ) or ψ2(T ),

ψ1(T ) =

⎛
⎜⎝

0.25 − 0.22i

−0.60 + 0.35i

−0.50 − 0.27i

0.28 − 0.05i

⎞
⎟⎠ ,

(40)

ψ2(T ) =

⎛
⎜⎝

0.23 − 0.18i

−0.64 + 0.34i

−0.43 − 0.39i

0.25 + 0.01i

⎞
⎟⎠ .

These choices satisfy the necessary conditions for minimal-
order and corank-1 nonkinematic critical points. Once the
pair (ρ(T ),φ(T )) is determined, the dynamic equation can be
integrated backward in time to compute the singular controls
[Fig. 2(a)]. Gradient-based simulations for verifying their opti-
mality were also carried out starting in a small neighborhood of
these critical points [Fig. 2(b)], from which it is again observed
that the critical singular controls were not traps.

In addition, the nontrapping character of the above specified
singular critical points is also verified through the Hessian
analysis (Fig. 3). We discretized the time interval [0,T ]
to n points 0 = t1 < t2 · · · < tn = T , and the expression of
the Hessian kernel Eq. (37) can be approximated by an
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FIG. 2. (Color online) (a) Nonkinematic singular critical points of
the quantum state transition control landscape J [ε(·)] = Tr{ρ(T )O}
for a four-level system. In (b), the gradient search in each case starts
from an initial guess for the control εinitial(t) that is close to either
located singular control ε(t) (i.e., ‖εinitial(·) − ε(·)‖ � 0.00001), and
a steepest ascent algorithm is directed to search for an optimal
control. The successful ascents to the landscape top show that the
nonkinematic singular critical points are not traps.

n × n matrix with elements Hij = H(ti ,tj ). The resultant
Hessian matrix was numerically diagonalized to compute its
eigenvalues. Figure 3 shows the distribution of positive and
negative eigenvalues of the discretized Hessian corresponding
to the kinematic and nonkinematic critical points identified in
Figs. 1 and 2. For the singular kinematic critical points, the
corresponding kinematic landscape possesses four positive and
two negative Hessian eigenvalues with the chosen ρ(T ). How-
ever, as indicated in Fig. 3(a), a positive Hessian eigenvalue
is missing in the dynamical picture under the first located
singular critical control, because its eigenvector coincides
with φ1(T ). Similarly, a negative eigenvalue is missing
under the second located singular critical control because its
eigenvector coincides with φ2(T ). Nevertheless, the Hessian
is still indefinite and, hence, corresponds to a saddle critical
point. In Fig. 3(b), it is numerically difficult to determine
the exact number of nonzero Hessian eigenvalues, which
theoretically should be infinite. Nevertheless, the coexistence
of both positive and negative Hessian eigenvalues shows that
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FIG. 3. (Color online) The smallest- and largest-magnitude
Hessian eigenvalues at the kinematic critical point (KCP) and
nonkinematic singular critical points (NKCP) shown in Figs. 1 and
2, respectively. The eigenvalues are obtained by discretizing the time
interval [0,10] into 1000 points, which should converge to the actual
Hessian eigenvalues when the discretization is sufficiently dense.
The simultaneous occurrence of both positive and negative Hessian
eigenvalues demonstrates that these critical points are saddles, which
is consistent with the behavior in Figs. 1(b) and 2(b).
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the corresponding nonkinematic critical points are saddles.
The same indefinite Hessian spectrum was also found in all
other numerical simulations with model Hamiltonians, further
demonstrating that kinematic and nonkinematic critical points
are expected to be saddles.

As indicated above, we also considered many other model
Hamiltonians of three and four dimensions with varying
structures and generated singular critical points for these
systems using randomly chosen ρ(T )’s and O’s. Similarly,
we tested the gradient algorithm starting very close to the
singular critical points, and no traps were found in any of
these simulations. Additional simulations are warrented, but
the present results are fully consistent with large-scale careful
numerical tests with gradient-based algorithms [3,4]. None of
the latter tests encountered traps.

VI. CONCLUSION

This paper explores the nature of singular critical points on
quantum control landscapes, and the corresponding critical
conditions were investigated to better understanding their
impact on the search for optimal solutions. Although the
regularity assumption of admissible controls can be violated,
giving rise to singular critical points, the necessary and
sufficient conditions for singular critical points are quite
stringent, suggesting that singular controls are very rare.
Furthermore, numerical simulations showed that no traps were
found at singular critical points with time-varying fields. A
much larger scale study with ∼105 numerical tests of control-
to-state and control-to-propagator optimizations encountered
no traps with carefully performed gradient searches [3,4]. The
only known special case of singular traps is with zero or
constant fields [18–20], and even then prior knowledge of their
existence was needed for them to be located in simulations (i.e.,
their attraction volume is very small) [27]. These collective
favorable findings indicate that the entire set of singular critical
points is much smaller than that of the regular critical points,
and, as a result, the overall landscape structure is determined
in practice by regular critical points. Further analysis is still
warranted, but these conclusions bode well for the subject of
quantum control and the ability to readily find optimal fields
producing the globally optimal objective values.
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APPENDIX: CONSTANT SINGULAR CONTROLS FOR THE
CONTROL-TO-PROPAGATOR MAPPING

In quantum OCT for maximizing the gate fidelity for some
specified target unitary matrix W , the cost function is often ex-
pressed in terms of the system propagator, J (ε(·)) = F (U (T ))
[e.g., F (U (T )) = ReTr(W †U (T )] [8]. For such problems, the
singular controls are defined with respect to the end-point
mapping

ET : ε(·) 	→ U (T ), (A1)

whose Frechet derivative can be expressed as

δU (T ) = U (T )
∫ T

0
H1(t)δε(t)dt. (A2)

A control is singular in the control-to-propagator mapping if
H1(t) contains less than N2 linearly independent functions.
For example, any constant control is singular in the control-
to-propagator mapping with a corank of at least N − 1, which
can be proved as follows.

Let ε(t) ≡ c be a constant control, and then its singu-
larity is equivalent to the linear dependence of the matrix
elements of

H1(t) = exp[−t(H0 + cH1)]H1 exp[t(H0 + cH1)]

as functions of time. Suppose that H0 + cH1 = Q�Q†, where
� is diagonal and Q is a unitary transformation, and then
the analysis is equivalent to investigating the matrix ele-
ments of

H̃1(t) =Q†H1(t)Q= exp(−t�)H̃1 exp(t�), H̃1 = Q†H1Q.

The N diagonal matrix elements of H̃1(t) are all constant,
implying that they are mutually linearly dependent, thereby
the corank is at least N − 1. The corank increases when
H̃1 has fewer nonzero eigenvalues or when H0 + cH1 has
a degenerate spectrum. We also note that singular constant
controls for the Hamiltonian H0 + cH1 can be found for
the state control objective in (1). Although these special
cases with constant fields are mathematically interesting, they
have no relevance for standard laboratory operations with
propagating electromagnetic fields. The special case of c = 0
with the dynamics under H0 alone is also generally not of
interest.

Note that the conditions are not equivalent for a control to be
singular in the control-to-state and the control-to-propagator
mappings. Any singular control for the control-to-state map-
ping must also be singular for the control-to-propagator
mapping, as can be easily seen from (8) and (A2), but the
converse is not true. There exist singular controls (e.g., the
constant control) for the control-to-propagator mapping that
are not singular for the control-to-state mapping.
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