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1 Introduction

The AdS/CFT correspondence provides a remarkable framework to handle quantum grav-
ity on AdS space. Scattering amplitudes on AdS are identified with correlation functions in
the dual CF'T picture, through which the perturbative expansion of AdS amplitudes given
by the loop expansion of Witten diagrams [1-3] is mapped to the 1/N expansion of CFT
correlators. At tree-level in the bulk, this map is rather well understood.! However, to date
the bulk computation of Witten diagrams at loop level has proven rather challenging and
unexplored — with the exception of some preliminary works on the Mellin representation
of loop diagrams involving only scalars [20, 30-32] and recent efforts which instead aim to
extract predictions for bulk loop-corrections from within the dual CFT picture [33-38].

The aim of this work is to develop a systematic framework for the direct bulk com-
putation of loop Witten diagrams, in particular from bulk Lagrangians involving totally
symmetric fields of arbitrary integer spin. The approach, which is outlined in more detail
below in section 1.1, is underpinned by the spectral representation of bulk-to-bulk propa-
gators [11, 12, 39], which allows the expression of a given loop diagram in terms of spectral
integrals and integrated products of higher-point tree diagrams. This reduces the loop com-
putation to the evaluation of the aforementioned spectral integrals, as well as conformal
integrals arising from the expressions for the tree-diagrams. Evaluating tree-diagrams is
comparably straightforward and can be performed systematically with currently available
methods (see footnote 1), while the subsequent conformal integrals are well-known [40].
The spectral integrals are all of the Mellin-Barnes type, which we demonstrate how to reg-
ularise and evaluate — leaving to the future the development of a fully systematic means
to do so. This decomposition of AdS loop diagrams is the natural generalisation to AdS of
momentum integrals in flat space, with the spectral integrals encoding bulk UV divergences
and the conformal integrals encoding the IR divergences. For simplicity, the focus of the
present work is mostly on 2pt one-loop bubble and tadpole diagrams on AdS;41, though our
methods allow to deal with the more general loop amplitudes involving arbitrary spinning
internal and external legs.

We begin in section 2 where, for ease of introducing the approach, we consider one-loop
diagrams involving only scalar fields. In section 2.1 we consider the 2pt bubble diagram
in ¢ theory, and 2pt tadpole diagrams generated by quartic scalar self interactions in
section 2.3. This includes ¢* (section 2.3.1) and the most general dressing with derivatives

!By now there are numerous techniques available in the literature for evaluating Witten diagrams at
tree-level, both in position- [4-15], momentum- [16, 17] and Mellin- [18-23] space, and also via so-called
geodesic diagrams [24-29].



(section 2.3.3). In section 2.4 we also discuss one-point tadpole diagrams with a single
off-shell external leg in the bulk. In section 3 we present the extension to bubble diagrams
produced by parity even cubic couplings of a generic triplet of totally symmetric fields of
arbitrary mass and integer spin. In section 3.3 we focus on diagrams generated by the
cubic coupling of a scalar and two gauge fields of arbitrary spin, and extract the spectral
representation of the contributions from such diagrams to the anomalous dimension of
higher-spin currents.?

In section 4 we turn to some applications in specific theories. In section 4.1 we consider
the bubble diagram generated by the minimal coupling of a scalar field to gravity in de
Donder gauge. In section 4.2 we consider the type A minimal higher-spin gauge theory.

In fact, one of our motivations for considering higher-spin gauge theories is to make
progress towards testing higher-spin holography at the quantum level, beyond the one-loop
vacuum energy results [43-54] which only probe the free theory.®> This endeavour relies
on the knowledge of the explicit interacting type-A theory action, which has only recently
become available [13-15, 39, 59-61].4

Such tests are particularly relevant in the context of the higher-spin AdS,/CF T3 dual-
ity, which gives striking predictions for the bulk loop expansion. For the A = 1 boundary
condition on the bulk scalar, the type A minimal higher-spin gauge theory is conjectured
to be dual to the free scalar O (N) model in three-dimensions [67], which suggests that
the contribution of bulk loop amplitudes for this boundary condition should vanish identi-
cally. In AdSy the bulk scalar admits a second boundary condition, A = 2, for which the
theory is conjectured to be dual to the critical O(N) model [68]. This suggests that the
non-trivial contributions to the anomalous dimension of higher-spin currents in the critical
O(N) model should arise from loop Witten diagrams appearing in the difference of A = 2
and A = 1 boundary conditions for the scalar. While the latter prediction of the duality has
been argued to follow from the duality with A =1 [69, 70], to date there has been no direct
test of the duality for either boundary condition owing to the lack of a full quantum action
in the bulk.® However, in the case of higher-spin gauge theories, considering loop Witten
diagrams in the difference of A = 2 and A = 1 boundary conditions can still teach us a
lot about the properties of higher-spin gauge theories, in particular their Witten diagram
expansion and how the infinite spectrum/expansion in derivatives should be treated.

Motivated by the above considerations, in section 4.2.1 we study the contributions
to the anomalous dimensions of higher-spin currents from 2pt bubble and Q. tadpole
diagrams which appear in the difference of A = 2 and A = 1 scalar boundary conditions.
We leave for the future a complete analysis of the duality in the case of A = 1 boundary

2Tt is worth stressing here that our methods to evaluate loop corrections to 2pt functions can be also
applied to the bulk computation of the central charges Cr and C; for the stress tensor and the spin-1
currents, which do not receive anomalous dimensions. See e.g. [41, 42] for some boundary results on these
two CFT observables.

3For some loop results in flat space see [65]. For some previous investigations of quantum corrections
in the context of higher-spin gauge theories on AdS, see [56, 57]. For some recent work in the AdSs
Chern-Simons formulation using Wilson lines, see [58].

1See [62—66] for reviews on higher-spin gauge theories and their holographic dualities.

®See however [39)].



condition, for which all cubic and quartic couplings, as well as the corresponding ghost
couplings, must be included. Our analysis allows us to determine the nature of the various
types of bulk one-loop contributions to the anomalous dimension of higher-spin currents
in the critical O (V) model. In particular, we find that 2pt bubble diagrams alone are not
sufficient to reproduce the anomalous dimensions, and for this O tadpole diagrams are
required. We also point out a puzzle regarding the infinite summation over spin and the
Witten diagram expansion.

1.1 General approach

We develop a spectral approach to evaluate AdS loop diagrams, a central ingredient for
which is the decomposition of bulk-to-bulk propagators G (z1,z2) into bi-tensorial AdS
harmonic functions € (z1,z2) [11, 12], which we depict as:

g/ dvgy(v)

(1.1)

The factorisation of harmonic functions into bulk-to-boundary propagators integrated over
the common boundary point [71]:

, (1.2)

leads to the decomposition of loop diagrams into integrated products of higher point tree-
level Witten diagrams. Upon evaluating the comparably simple tree-level Witten diagrams,
the loop is reduced to the computation of well-known boundary conformal integrals [40]
arising from the gluing of the tree-level bulk diagrams, and a spectral integral in the

parameters v.

In this work, we detail this approach for two-point bubble and tadpole diagrams,
which induce mass and wave-function renormalisations of the fields which already appear
at tree-level. In this case, the task is reduced to the evaluation of tree-level three-point
Witten diagrams (illustrated in figures la and 1b) which, via the sewing procedure shown
in figure 1, give rise to the following three- and, ultimately, two-point conformal integrals:
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Figure 1. Using the split representation of bulk-to-bulk propagators, 2pt Witten diagrams at
one-loop may be expressed in terms of tree-level three-point Witten diagrams.

dy
(y1 — y)z] " {(m - ?/)2}
Lopt (y1,92) = / {(y1 B y)z] @ {(yz _ y)Z}

a1 +az+a3=d, (1.3a)

az

I3pt (Y1, 92, y3) = / [ [(ys - y)zrg,

as a1 +ag = d, (13b)

whose evaluation we give in section A. The two-point integral (1.3b) is divergent, whose
regularisation gives rise to the corrections to the wave function and the mass.

For external totally symmetric fields of spin s and tree-level mass m?R2 =A; (A —d)—
s, the two-point one-loop diagrams ultimately take the form®

o

Ml-loop (y17y2) — / dvdv F (V, I?)

— 00
d
72 dy

X
(r1+72—d)/2 / d/2+(A1—D3)/2 d/2—(A1—D03)/2°
(v7) " [(yl —yﬂ 12 {(yz —y)Q] o

(1.4)

for some spectral function F (v,7). We employ a variant of dimensional regularisation to

SFor tadpole diagrams, which have just a single bulk-to-bulk propagator, there is only one spectral
integral while for bubble diagram (which instead involve two bulk-to-bulk propagators) there is a double
integral as shown above. We emphasise that the presence of the divergent two-point conformal integral on
the second line is universal. I.e. is generated by any one-loop process, both bubble and tadpole diagrams.



evaluate the conformal integral on the second line,” which yields

s dere
1-loop - 12 Y
Lpi + (Y1,92) = 2 (7-1+72—d)/2/ 472 (A1) /2 142~ (A1-A2)/2
(¥72) {(yl ) ] [(y2 ) }
d+te s €\2 —€
1,52 T1+To—€ ) :

PP () 0% T
271'%

S
s Lo 2 gt — 0 (§) +1oe (02| + 000
12
where the constant piece generates the wave function renormalisation and the log term the
mass correction.® Combining (1.5) with (1.4) thus gives the anomalous dimension in the
spectral form
o0
Y~ —0A, A, / dvdv F (v, 7). (1.6)
—00
The above procedure is not only computationally convenient, but also turns out to disen-
tangle UV and IR bulk divergences. It is indeed easy to see by inspection that the spectral
integrals will diverge for large values of the spectral parameter, which therefore should
be considered a UV divergence. Such UV divergences translate into divergent anomalous
dimensions which require regularisation. While UV finite theories will lead to well-defined
predictions for the anomalous dimensions, UV divergent theories will require some sub-
traction scheme to extract the anomalous dimensions. In the latter case, in this paper we
shall use a minimal subtraction scheme. The boundary integrals instead are by construc-
tion IR effects, which correspond to short distance singularities from the perspective of the
boundary CFT. The fact that it is possible to generate anomalous dimensions even when
no UV counter-term is required is a peculiarity of the IR structure of AdS space [72].
All of the above spectral integrals will be of the form of Mellin-Barnes integrals, which
define generalisations of hypergeometric functions:
i — i) [, T (1 —aj+iv)

H}n:1 j=1
P

I .
HW™ (z2) = / : —2"dv. (1.7)
P Hj:n+1 I'(a; —iv) j=mt1 L (1—b;+iv)

The latter, for z = +1 can be expressed in terms of sums of generalised hypergeometric
functions of argument +1 and can be evaluated by the Gauss hypergeometric formula.
Once the anomalous dimension is extracted in terms of a spectral integral the problem of

"See section A.2 and section A.5 for a discussion on possible choices of regularisation, including at the
level of the bulk harmonic function (3.9).
8This can be understood from the expansion of the dual CFT two-point function

(Oay,s (Y1) Ong,s (y2)) = da,a, Co 2

(y3)"
=6a,0, Co%efvlog(yﬁ) =0A,A, Coﬁ (1 — vlog (ny) + .. ) s
(y72) (yiz) ™77

where we see that the anomalous dimension, which is related to the corrected bulk mass via m2R? =
(A4+7v) (A +~v—d)—s, is the coefficient of the log term.



evaluating the loop diagram is drastically simplified and can be solved either analytically
(when possible) or numerically. While in this work we focus on some relevant examples,
we leave for the future the problem of developing a systematic analytic/numeric method
to evaluate the above integrals in general in the case of multiple spectral integrals.

1.2 Notation, conventions and ambient space

In this work we consider tensor fields in Euclidean anti-de Sitter (AdSg41) space where,
unless specified, the boundary dimension d is taken to be general. We employ an operator
notation to package the tensor indices (for a review see e.g. [66], whose conventions we
adopt throughout), where a totally symmetric rank-s bulk field ¢,,, .., represented by the
generating function

1
Oproops () = s (T3u) = g‘pm...us (z) bt .ot (1.8)

where we introduced the (d + 1)-dimensional constant auxiliary vector u*. The covari-
ant derivative gets modified when acting on fields expressed in the generating function
form (1.8):

d

ab

Vu — VM +WH an, (19)
where wl‘jb is the spin connection and u® = ef} (z) u* with vielbein ef, ().

One particular virtue of this notation is that tensor operations become an operator
calculus, which significantly simplifies manipulations. For instance, the contraction:

Ppuropis (1) P10 (1) = sl s (230u) ¢ (250) (1.10)

and the operations: divergence, symmetrised gradient, box, symmetrised metric, trace and
spin are represented by the following operators:
divergence: V - 0y, sym. gradient: u -V, box: [, (1.11)
sym. metric: u?, trace: 92, spin: « - Oy.
Likewise, operators of non-trivial spin living on the conformal boundary of AdS,;y1 can

be expressed in generating function notation. A totally symmetric spin-s operator O;, ;.
at the boundary point v, i = 1,...,d, is represented as

Oy i (y) = Os(y;2) = Oy i, (y) 2 ... 2", (1.12)

with the null auxiliary vector 22 = 0 enforcing the tracelessness condition. The operator
calculus is slightly modified for traceless tensors, since one must instead replace the partial
derivative 0, with the Thomas derivative [73]:"

D, =0, — (1.13)

—— 2,07,
d—2+22-0, "7
that preserves the condition z? = 0. For example,

Oiy,.ocii (y) O (y) = 81 O5(y; 0:) O (y3 2) (1.14)

°In the CFT literature this is sometimes referred to as the Todorov differential operator [74]. The

normalisation of the latter is obtained from (1.13) by multiplying by the operator d — 2 + 2z - 9,, and
recalling that z - 9, gives the spin of the operator being acted on.



Ambient space. The ambient space formalism is an indispensable tool in AdS and
CFT, which simplifies computations considerably by making the SO (1,d + 1) symmetry
manifest. We employ this formalism throughout, and briefly review the pertinent details
here. For further details see e.g. [66, 75-78].

A perspective first considered by Dirac [79], in the ambient space formalism one regards
the AdS4.1 space as the co-dimension one hyper-surface

X2+ R*=0, (1.15)

in an ambient flat space-time parameterised by Cartesian co-ordinates X4 where A =
0,1,...,d+ 1 and metric n4p = diag (— + +...+) to describe Euclidean AdS.'°
A smooth irreducible so(1,d + 1)-tensor field ¢, ..., (z) of mass

m?’R? = A (A —d) — s, (1.16)

is represented uniquely in the ambient space by a field ¢4, 4, (X) of the same rank subject
to the following constraints [80]:

e Tangentiality to surfaces of constant p = v/ —X?2:
XYpa aa, =0, i=1,...,s. (1.17)

Explicitly, one can apply the projection operator:

PY =65 - X;‘gB, (1.18)
which acts on ambient tensors as
(PP)a,..a, = 7;511 . PYeB,..B., X4 (Po)p, .p,.5. =0 (1.19)
e The homogeneity condition:
(X - 0x +p) s (X, U) =0, ie. @os(AX,U)=A*ps(X,U), (1.20)

where we are free to choose either = A or u = d — A. In this work we take = A.
This fixes how the ambient representative extends away from the AdS manifold, in
the radial direction p = v/ —X?2.

The above conditions ensure that the ambient uplift of fields that live on the AdS manifold
is well-defined and one-to-one.

This discussion also extends to differential operators. For instance, the ambient rep-
resentative of the Levi-Civita connection V,, on AdSgy; is given by [81, 82]:

Va="PE% 0

ioer  XV=0. (1.21)

10711 contrast Lorentzian AdS would require the conformal signature: nap = diag (—++...+-).



Crucially, this must act on ambient tensors that are tangent, otherwise extra terms may be
introduced which are not killed by the projector acting on the L.h.s. of (1.21). The proper
action of (1.21) should thus be regarded as:

V=PodoP. (1.22)
For example:
0
VsTa,..a, = PGPS .. .Pg;aX—C (PT)¢,..c (1.23)

for some ambient tensor T4, . 4, (X).
The operator notation for tensor fields introduced in the previous section can also be

extended to ambient space. We have:
1 A A
Par.As (X) = s (X5U) = qoaa, (XU U™, (1.24)

with constant ambient auxiliary vector U4. Like for the intrinsic case (1.9), the covariant
derivative (1.21) also gets modified in the operator formalism [77]:

XB
where
0 0

The ambient formalism extends to the boundary of AdS [78-80, 83-86]. Towards the
boundary, the hyperboloid (1.15) asymptotes to the light-cone. This limit does not give
rise to a well-defined boundary metric, but a finite limit can be obtained by considering a

projective cone of light-rays:
PA=eXx4 e—0. (1.27)

Since X? is fixed, these null co-ordinates satisfy:
P =0, P=)P, \#0, (1.28)

and are identified with the AdS boundary. For example, for Euclidean AdS in Poincaré

co-ordinates z# = (z, yz), we have:

2,2
1
X0(z)= RV (1.29a)
2z
1— 2,2
X () =p—2 Y (1.29b)
2z
) R’
Xi(z) = -2, (1.29¢)
z
and the boundary points are parameterised by the Poincaré section:
1 1 . .
Poly)=5(+y"), P =50-vy"), P=y, (1.30)



The ambient representative fa, 4, (P) of a symmetric spin-s boundary field f;, 4, (y)
of scaling dimension A is traceless with respect to the ambient metric'®

UABfAL--As =0, (1'31)

and scales as
fayon. AP) = X"2fa, 4. (P), A > 0. (1.32)

Like for the ambient description of bulk fields, we require that fa, .4, is tangent to the

s

light-cone:
PYfaa, (P)=0. (1.33)

However, since P? = 0, there is an extra redundancy

fay.a,(P) = fay.a,(P)+Pa, Aa,.a,) (1.34)
PYAA A, =0, Aaya  AP)=X"CTDAL 4 (P), nM42A4, 4., =0, (1.35)

s—1

which, together with (1.33), eliminates the extra two degrees of freedom per index of

JA;..A-
Likewise the operator formalism extends to ambient boundary fields, where we have:

1
fayoa (P) = f(P;2) = ;fAl,,,As (PyzM ... z4, 72=0, P-Z=0, (1.36)

where as usual Z? = 0 enforces the traceless condition (1.31) and it is useful to impose the
new constraint P - Z = 0 that takes care of tangentiality to the light-cone (1.33).

2 Scalar diagrams

For ease of illustration, we first consider two-point one-loop diagrams involving only scalar
fields. We review the basic ingredients below before giving some concrete applications in
section 2.1 and section 2.3.

Bulk-to-boundary propagators take a very simple form in ambient space. See sec-
tion 1.2 for a review of the ambient space formalism. For a scalar of mass m?R?> =
A (A — d), the bulk-to-boundary propagator!?

. _ _ 1 _
(-O+ m2) Kao(z;y) =0, lim (ZA “Kno(27; y)) = 5A déd (y—19), (2.1)

z—0

is given by the contraction:

Cap

Kap (X (z); P(y) = (C2x. P&

(2.2)

with normalisation:

_ I'(4)
27420 (A+1-9)

CA70 (2.3)

¢ is not difficult to see that this follows from the tracelessness of firis-
12T the limit we used Poincaré co-ordinates (1.29&) with ! = (z, gji), where the ' with i =1,...,d
parameterise the boundary directions.



We employ the spectral representation of the bulk-to-bulk propagators, which for scalar
fields with A > g is given by'?

0 dv
Gao(T1522) = /

—o0 {VZ—I—(A—%

Qo (z1,22), (2.4)
)]

where €2, ¢ is a spin 0 bi-tensorial harmonic function with equation of motion

2
<D1 + (Z) + 7/2> Qo (w1,22) =0, (2.5)

where the subscript ; on differential operators signifies that the derivative is being taken
with respect to x;. As is illustrated in figure 1, the factorisation

2

v
Qo (r1,22) = . /BAdS d%y K%_H.V.O (x1;y) K%—iv,O (x2;y), (2.6)

of harmonic functions into bulk-to-boundary propagators (2.2) re-expresses two-point one-
loop diagrams in terms of conformal integrals of tree-level three-point Witten diagrams. For
diagrams involving only scalar fields, the three-point Witten diagrams are those generated
by the basic vertex!

VO = 16903, (2.7)
of scalars ¢; of some mass m?R? = A; (A; — d). The tree-level amplitude generated by (2.7)

i
is well known [5], and given in the ambient formalism (see section 1.2) by
B (A1, Az, A3;0)

3pt t
MAp1,Arze7eAs (Pr, P, P3) = A1+A3—-Ay  Ap+A3-A;  Aj+Ay—Ag) (2.8)
P13 ’ P23 : P12 ’
where Pij = —QPZ' . Pj and
1 4 —d+ Z?:l A;

B (Al) AZ, A37 0) - §7T§F ( 2 ) CAl,OCAQ,OCAg,U

T (A1+A2*A3) T (A1+A3*A2) T (A2+A3*A1)
S VN V%S P V.% R

The Ca, 0 come from the normalisation (2.3) of the bulk-to-boundary propagator.

In section 2.1 we use this approach to evaluate the two-point one-loop bubble diagram
in ¢ theory. In section 2.3 we move on to tadpole diagrams, showing in section 2.3.1 how
they are evaluated in ¢* theory. We extend the latter result to arbitrary derivative quartic
self-interactions in section 2.3.3.

2.1 2pt bubble

We consider the two-point one-loop bubble illustrated in figure 2, which is generated by
the following cubic couplings:'®

Vi = g6, VS = g6209, (2.10)

13The case A < % requires a slight modification of the propagator, but the general approach for evaluating

loop diagrams is unchanged. This is explained later on in section 4.2.1.

Note that this vertex is the unique cubic vertex of scalars on-shell.

1511 this subsection we drop symmetry factors associated to indistinguishable external legs. In the case
of indistinguishable scalar fields, the corresponding symmetry factor is S = %

~10 -



n 1)

Figure 2. Scalar one-loop bubble diagram generated by the cubic couplings (2.10).

for arbitrary coupling constants g and g. The diagram is given by evaluating the bulk
integrals

M2pt bubble (Pla P2)

_ / 0X,dX5 K ay o (X1 Pr) Gao (Xs X2) Ga o (X1: Xo) Kayo (Xo: Py) . (2.10)
AdS

The spectral representation (2.4) of the scalar bulk-to-bulk propagators expresses the dia-
gram in terms of two tree-level three-point Witten diagrams (2.8), sewn together by their
common boundary points (see figure 1a):

> 202 dvdy
A2pt bubble Py, Py) = -/ Vv _
R B VN IE RN T

A, S4iv, S4in Ao, Sy, £—ip
2 2 2 2

X / dPdP M?P* e (P, P,P) M?P' (P, P,P). (2.12)
0AdS

The integrals in P and P are both of the three-point conformal type (1.3a). Performing
first, say, the integration over P leaves the two-point conformal integral (1.3b):

A1+As—d
g Cna,oC F(iz ) o0
2pt bubble (p py _ _ 99 21,0050 / dudip F2pt bubble () -
M (P, P2) 64W%F(A1)F(A2)P(d—%) . vdv F (v,7)

d—A—A P
X Py : 2/ T A Ad T A A (2.13)
(—2P1 . P)i(dJr 1—A2) (_2]32 . P)g(d+ 2—Aq)

=121;1t°°p(yl,y2)(1-5)

where
vusinh(7v) sinh(7o)

[(4—A)2+02] [(4—A)2+12]
T <d—A1_¢(y_a)> . (d—Al—l—z'(l/—l—ﬂ)) . <A1—i(z/—z7)> . <A1+z‘(u+z7))

f2pt bubble (V 17) —
Y

2 2 2 2
L <d—A2—;i(u—y)> . (d—A2—2¢(V+y)> . <A2—H’2(V—V)> . <A2—z’2(y+y)) |

- 11 -



Focusing on the log(y?,) contribution, we can thus extract the leading correction to the
anomalous dimension as the following spectral integral:

T (A1+A2—d>
_ — 2 1
Y=—990A 0075

647 3T ()T (d=2552) | [P(ANT (— 4+ Ay +1)[T(A9)T (— 4 + A5 +1)

XJ/ dudp F2PL PO (1) 5 (2.15)

— 00

In the following sections we first demonstrate how the spectral integrals may be eval-
uated in some simple examples, and in section 2.2 we detail a general analytic approach
based on summing over residues. In section 3.3 we also discuss the pole structure of the
spectral function (2.14).

2.1.1 Conformally coupled scalar (A = 2) in AdSy

The simplest case is that of the self-coupling of a conformally coupled scalar in AdSy, i.e.:
v =P = g, (2.16)

with A = 2. In this section all formulas below will include the corresponding symmetry
factor S = %
In this case the spectral representation of the anomalous dimension (2.15) is:

V= —8 g /RQ v(v — v)(v + ) sinh(rv) sinh(nv)csch(m (v — v))esch(nw (v + 7)) @17)

w2 (4v?2 +1) (402 + 1)
To study the above integral it is convenient to make the following change of variables:
r=v+7v, y=v-—"r, (2.18)

through which the (2.17) becomes:

B _5792 o0 . ay (2% — y?) esch(ra)esch(ry) sinh (5 (z — y)) sinh (5 (z + y))
=T AT A (ER DRI |

I(z.)

(2.19)
where we have used the symmetries of the integral to restrict the region of integration to
the first quadrant of the plane. In the above form it is straightforward to identify the
singularity of the integral which arises for x — co or y — oo from the asymptotic behavior
the integrand:

1 1

I(x,y) ~ - +0 ($3> y fixed, (2.20)
1 1

I(z,y)~—-+0O (3> x fixed . (2.21)
Y Y



A standard way to regularise integrals of the above type is to use (-function regularisation,
which entails introducing a parameter yu:

/ / zy (2% —y?) esch(rz)esch(ry) sinh (37 (2 —y)) sinh (37 (z +y))
G (=P D)™ (o) D) |

I (z,y)

(2.22)
where, taking a minimal subtraction scheme, the anomalous dimension is given by the finite

part as p — O:
v = finite [y (0)]. (2.23)

The integral (2.22) is convergent for p sufficiently big. For such values of u the above
integral can be split into two integrals, one of which is convergent for p — 0 while the
other is divergent:'6

10 (a,y) = 1} (@,y) + I (2, y) (2.:24)
with
700 (= )‘ oy [(y—x)(:U+y)csch(wy)csch(wa:)(Cosh(mv) —cosh(my))  z?csch(ny)
0T 2 (=2 + 1) (@ +9)+1) (@ + 1)
2
y csch(m;)} (2.25)
(y*+1)
1 — _
(“) (x,y)= D) [:Egy (332 +1) 2w t) csch(my) 4 zyPesch(rx) (y2 +1) Q(HH)} . (2.26)
The first integral can be evaluated numerically and gives:
/ dx / dy 1'% (z,y) = 0.0289829 . (2.27)
0 0
The second integral diverges, but can be evaluated analytically for arbitrary p as:
1 1 1
d [ dy I —— -4 0(p). 2.28
/ x/ vl @) = g e~ e T O W (2:28)
The final result for the anomalous dimension can thus be given numerically as:
v =0.0156017 x S g°. (2.29)

2.1.2 A =3/2in AdSs3
Another simple case that we can study in detail is that of the coupling (2.16) with A = 3/2

in AdSs, for which we have:
89 g? / vu sinh(7v) sinh(77)
w2 Jre (402 + 1) (402 + 1) (cosh(27v) + cosh(270))

I(n=0) (v, 1) /4

(2.30)

16This generalises the approach suggested by Camporesi and Higuchi [87].
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Like in the previous example, also in this case using a (-function regulator we can split
the above integral into a convergent piece which we can directly evaluate at 4 = 0 and
a divergent piece which we can analytically continue. Considering the same change of

variables r = v + v and y = v — U, we have:

Fribubble ),y W (g ) = 19 (2, ) + I (2, y) | (2.31)
with
70 (2,y) = y2sech(rz)  a2sech(my) B (e™ —e™™) (e’r(?ﬁm) — 1) (y—x)(y+x)
AT ) T a2 2@ ) (@) (o2 1 D) (yt )2+ 1)
(2.32)
Ié“) = % (xzsech(wy) (x2 + 1)_2(M+1) —y%sech(mz) (y2 =+ 1)—2(u+1)) : (2.33)

The first integral can be evaluated numerically and gives:

/ da / dy 1'% (z,y) = 00278017, (2.34)
0 0

while the second can be evaluated explicitly as

/ dm/ dyI (z,y) Q;‘((Ziuj2)) *E+O( ) . (2.35)

The final numerical result for the anomalous dimension is:
v =—0.13662 x Sg¢°. (2.36)

2.2 Summing over residues

In this section we explain in detail the application of the standard analytic approach to
Mellin Barnes integrals (as prescribed e.g. in [88]) to evaluate the bubble spectral integrals
of the type (2.15).17 This entails summing over residues. Setting for definiteness the
dimension of the external legs to be equal A; = Ay = A (for A; # Ay the result is
vanishing) and re-labelling the dimension of the internal leg as A — A; and A — Ag, we
want to evaluate the following spectral integral:
d
¥=-99S d+£ (A_i) 1d
6475 T (4T (d—A) T(AT (-5 +A+1)
sinh (7o)

/ dudp F2PPUble (4, o) (9.37,)

FF2pt bubble (), vusinh(7v)

V)= % 2)?2+ 2] g Ar)2+1?]

Xr(dg ) ( A+zu+u)>F(A—i

XF(d A+i(v— y)> <d A—z(y+y)> <A+z

(2.37b)
r(252)
=) (2=5).

1"We thank Lorenzo Di Pietro for discussions which motivated us to give details on this approach.

|

I

“?M?
|

2 2
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As before, it is convenient to change variables as

(2.38)

In this way all I-functions arguments in the second and third lines of (2.37b) disentangle
and the only place where x and y talk to each other is through the spectral functions of
the propagators in the first line, which simplifies the extraction of residues. To wit,
72 (A - 9
64T (4) D(A)(d— AT (-4 + A +1)
y /°° dz dy (x —y)(z + y)(cosh(mx) — cosh(my))
—o0 [(d=2A1)% + (z + y)?] [(d — 282)* + (z — y)?]

A —ix iz + A A —iy iy + A
(35 () ()
xF(d—zx—A>F(d—i—zx—A)F(d—zy—A)F<d+zy—A)'

2 2 2 2

It should be understood that the integration contours encircle all poles from a given I'-

v =938 (2.39)

function while separating the poles of pairs of ['-functions whose arguments are of the type
A —ix and A + iz. In the following we shall assume that the parameters A and A; are
tuned so that the two series of poles from each such pair of I'-functions are divided by the
integration contour x € R.!® The result for more general configurations of A and A; can
then be obtained by analytic continuation of the latter result. Studying the poles of the
above integrand in the variable z, for those which sit below the integration contour we
have (for n > 0, A; > % and A > %):

Ay x=1i(—d+ A —2n), (2.40a)
Ay x =1(—A — 2n), (2.40b)
B: x=—y—i(2A1 — d), (2.40c)
C: =y —1i(2A2 — d), (2.40d)

whose residues are straightforward to compute in the usual way. This reduces the double-
integral in (2.39) to a single integral in y, which can be evaluated using standard methods
or again by extracting the y residues.

It is convenient to focus on dimensions in which UV divergences do not arise. Since the
result does not depend on any regularisation, this also allows for straightforward comparison
with other approaches. An example is given by AdSs, which in our conventions corresponds
to d = 2. We focus on this case in the following.

8Otherwise the contour of integration must be deformed in order to respect the separation of poles
among different I'-functions (this is standard with Mellin integrals of the type (1.7), see e.g. [88]). This
corresponds to an analytic continuation of the result obtained when no pole crosses the real axis.
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Defining §; = A; — % > 0, in this case the spectral integral simplifies to

(x —y)(x+y)(cosh(mz) — cosh(my))
(467 + (z —y)?) (403 + (2 +9)?)

“T (—22;8—25—1—2) r <2zx—25+2> r <—2z:r:+25+2) r (2@1:+25+2)

F(I7y):

(2.41)

4 4 4 4
«T (—22y;2(5—|—2> r <22y—42(5—|—2> r <—2zy—|é—125+2> r <2Zy-|—425+2> .

The residues of the poles (2.40) in z in this case read:

(=0+2n—iy+1)(—d+2n+iy+1)

A 8m252(—0 — 201 +2n—iy+1)(—0+201 +2n—iy+1)(—6 — 202+ 2n+iy+1)(—6 + 202+ 2n+iy + 1)’
(2.42a)
A (0+2n—iy+1)(d+2n+iy+1)
> 8m262(6 — 261 +2n—iy+1)(6+ 261 +2n—iy+1)(§ — 262+ 2n+iy +1)(§ + 252+ 2n+iy+1)’
(2.42D)
) I'(§)sin(mwé1)(y —id1) sinh(mw(y —id1))
B: 647T4F(1—(5)F(6+1)2(—i(51—i(52 +y)(—i51 + 102 +y) (2420)
o T (—2iy—2(5+2) r (2iy—25+2) r (—iy+5+1> r (iy+5—|—1>
4 4 2 2
T (—zy—6—261+1) r <—zy+6—261+1> r (zy+251 —5—1—1) r (zy+5+251+1) ’
2 2 2 2
C. '(6)sin(mwd2)(y +id2) sinh(mw(y +1id2)) (2.424)

64T (1= 0)T(0+1)2(—id1 + 12 +y) (161 +id2 + )

XF(—21@/;26—1—2)F(Zzy—jé—&—Z)F(—zy—;é—i—l)F<1y+2(5+1>

XF(zy—5—2252+1)F(zy+6—2262+1)F(—zy+2(;2—5+1)r(—zy+5-2|-252+1) ‘

Taking the residue of the poles in y for each of the above following the same prescription for
separating the poles of each I'-functions, we arrive to the following result for the anomalous
dimension (2.37) as an infinite sum:

e 1 §—0614+2n+1 —64+614+2n+1
_ _ 2.4
K 9952_%{167“52{(5—51+2n+1)2—5§ (—0+061+2n+1)2—02 (2.43)
0+01+2n+1 0+01—2n—1
(OFo1+2n+1)2—02 " (5+01—2n—1)2— 42
T (2n+1)(61+52)
2n8(0— 01 —d2+2n+1)(—0+01+d2+2n+1)(+ 01+ 2 —2n—1)(0 + 1+ 02 +2n+1)

- gf; sin(7d) sin(7d1 ) sin(7d2) csc (

(5—51+52 ) <5+51+52 )
X sec T sec{ ——— ).

The above sums can be performed with Mathematica and give the following remarkably

—0+61+02+1 > (5+51—52 )
fﬂ sec iﬂ
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simple result:

938 sin(7d)
842 Los(ﬁé) + cos(m(d1 + 62)) (244)
L1 (w(m (1—5—51—52> L O (H“M>
27 2 2
o (LB g (1=ithh
2 2 ’
in terms of the polygamma function. After replacing § = A — %, we then get!?
998 sin(mA) (2.45)
8(A —1)2 |cos(mA) — cos(m(A1 + Ag)) '
1
+ — <HA+A1+A2—4 + Hon-nay-ny —Ha-nj-ny — H-nynj4n,-2 >:| ,
2 2 2 2 2

which we also rewrote in terms of Harmonic numbers. In particular, for A; = Ay = A =
3/2 we obtain:
_ 2 _

vy=—ggS (—2 + 7r> ~ —0.13662 x gg.5, (2.46)
in perfect agreement with the numerical evaluation of the integral considered in sec-
tion 2.1.2. We have checked many other (also complex) values and they precisely agree
with the numerical evaluation. Note that for A > 2 one has to carefully take into account
the poles that cross the real axis and that would not be included when performing the
naive numerical integral just along the real axis. When such crossing of poles happens, the
contour needs to be deformed to ensure that the analytic continuation is done properly. In
this respect, it is also interesting to note that the above explicit result is not singular for
integer values of A > 2 for which the pre-factor ﬁ would naively give zero. In this
case the integral over the real line does indeed give a vanishing answer, however the correct
analytic continuation must take into account also those poles which crossed the real line.
Therefore the even d result is simply given by a finite number of residues which crossed the
real line in both directions for a given value of A. We have explicitly checked that indeed
defining the integral as an analytic continuation from the region where the poles are below

the real line we recover the result (2.45).

2.3 2pt tadpole

We now move onto two-point tadpole diagrams O illustrated in figure 3. We begin in
section 2.3.1 with diagrams where the quartic coupling V@ is a non-derivative quartic
interaction. In section 2.3.3 we generalise the latter for V(*) involving any number of
derivatives.

19This formula agrees with the result independently obtained in the forthcoming [89], which instead
employs a Hamiltonian approach for scalar fields in AdS. We thank D. Carmi, L. Di Pietro and S. Komatsu
for providing examples of their independent result for a few specific values of A; = Az = A.
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751 Y2

Figure 3. Scalar two-point one-loop tadpole diagram generated by the quartic interaction V*).

2.3.1 ¢* tadpole
Consider the loop amplitude generated by the quartic coupling?®®

VO = gp1ae?, (2.48)

given by

Miooptad(py Py = —g [ dX Kp,0(X,P1)Gag (X, X)Knyo (X, P).  (2.49)
AdS
In this case the spectral representation (2.4) of the bulk-to-bulk propagator allows to
express the diagram (2.49) in terms of a tree-level three-point amplitude with a single the
external leg integrated over the boundary, as illustrated in figure 1b: in particular, for the
bulk-to-bulk propagator at coincident bulk points we have

00 2
Gao (i)~ [ L [ dPEy, (6P Ky (6P (250)
—ooﬂ[l/Q—i-(A 4)} OAdS 2 2
d - d N (4 —i
_ Pd(2+1) / d_u : F(2+.w)l“(2. zy)/ AP K10 (X:P).
272 1T (d) /oo [y2+(A_g) } [ (iv)T (—iv) DAdS

where the gamma function factor in the v integrand comes from the normalisation of the
bulk-to-boundary propagators on the first line. For the tadpole diagram, upon interchang-
ing AdS and boundary integration, this yields:

1-loop tad. _ r (% + 1) > dv r (g + iy) r (%l — iI/)
meetr) = =gt L oy T

x / dP M3 X (P, Py, P)
0AdS

20Tn the following discussion we do not display explicitly the standard symmetry factors associated to the
diagram O which depend on how many indistinguishable legs are present in a given coupling. We recall that
in the case of %¢4 coupling all result obtained in this section should be multiplied by the symmetry factor
S = 1. In the case of O(N) model on AdS space with coupling (¢*¢*)? the corresponding multiplying
factor is instead:

S=g(N+2). (2.47)
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in terms of the three-point amplitude (2.8) with an external leg integrated over the bound-

ary. Inserting the explicit expression result for the amplitude M:E,de’ one obtains

r(¢+1 %
Ml-loop tad. (PI; PQ) _ _g gi ) (Ah A% d; 0)/ dv Fl-loop tad. (I/)
T2

—00

L(A14+Ax—d dP
X P122 : 7
OAdS (—2P; - P)2(+A1=02) (_op, . pyy(dthe=ii)

-~

=L, (y1,52) (1.5)

(2.52)

in terms of the two-point conformal integral (1.3b) whose divergences regulated in dimen-
sional regularisation generates the log contribution. The spectral function is given by:

—_

1-loop tad. V) = r (%l + iV) r (% — iV)
F (v) = [zﬂ Bl g)Q] T i) (2.53)

Combining the above with the dimensionally regularised form of the boundary integral (1.5)
and keeping track of the normalisation of 2-pt functions, we obtain the following spectral
representation for the anomalous dimension:

72 LAl (A +1— 4
[(d)T(A1)

N =goa,A, ) B (A1, Ay, d; 0)/ dy Filoop tad- (7)) (2.54)

—00

In the following we explain how to evaluate the spectral integral in (2.54). In even
dimensions d we have

fl-loop tad. (V) —

(v* +57), (2.55)

while in odd d

d—2
hnv 2
]_-l—loop tad. (y) — v tan H (VQ _|_j2) . (2.56)
— d 2
RS N =

Let us note that, as expected, the above gives the same spectral integral as the (-function
§(a,0)(1). This can be made manifest performing first the integration over the boundary
than the integral over AdS (see appendix B). Commuting the AdS integral with bound-
ary and spectral integrals, however, makes manifest the analogy with momentum space
Feynman rules where the integral over space time is commuted with the momentum space
integrals and performed once and for all. Divergences are then encoded into momen-
tum space integrals. This remarkable analogy become more apparent considering that
the analogue of flat space harmonic function can be defined in terms of plane waves as
Q,(z) = v [ d¥ke**5(k* — v%). We thus see that the split representation provides a close
analogue to momentum space for AdS Feynman diagrams.
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Tadpole in even dimensions. The UV divergence in (2.55) can be taken care of by
introducing a regulator u:

4 dv T
R (1) = /oo [ 24 (A p)ﬂﬂﬂ 1_10 (v +57). (2.57)
v — j=

Evaluating the above for p complex and A > g, one then obtains

& (n0) = () L (259)

(A—d+1)
Combining the above (-function with the formula for anomalous dimensions, we arrive
to the following expression for the anomalous dimension in even dimensions:
(142 r(a)

= . 2.59
T i, G (A - O (B T(A—d+1) (259)

It is interesting to consider the case of a conformally coupled scalar field for which (assuming

d _ d+1.
A>35)A=5 o

conf. __ _ 1\d/2+41 L
This is non vanishing in any even dimension d. Note that this effect is, however, an IR effect
which does not enter in the flat space result where the first non-trivial contribution arises
at 2 loops for massless scalar. The counterpart in AdS of the absence of UV divergences
in flat space is the absence of single poles in the (-function regulator .

Tadpole in odd dimensions. The (-function tadpole computation is a bit more involved
in odd CFT dimension d, in particular since the integrand does not reduce to a rational
function. The result can still be given implicitly upon splitting the hyperbolic tangent
in the spectral function (2.56) for the anomalous dimension (2.56) into a piece which is
formally divergent and should be regularised, and a convergent piece:

¥ = ,Yreg. -+ ’yﬁn' , (261)

with

9—d+1 —d_1 o0 (d)(,,2
S = g U / dv v W) . : (2.62b)
(d—2A)F (T) 0 <1+€2ﬂ'u) |:(A_ %) +V2:|
where the polynomial p(d)(VQ) is given by the product:
L] d=3
@2 : 1\, ~ (). 2n
p (1/)—1'_1_[0 <z+2> +v _nZOA” v (2.63)
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The integral giving 78 can thus be performed using the standard identity:

o0 p2n+l B d\ 2" T(n + DD (p — n)
[om ot (R
(e (g—gf” [;%_Zlog (A—i)] |

in terms of the harmonic numbers H,,. This yields:

252) "(A—g)Qn[Hn_glog@_;l)} (2.65)

92— d
(d 2A)T
To tackle the integral (2.62b) for the finite part 4™, we rewrite part of the integrand as

P90 T4 1 -

= + (%)
@7 TEarBTD A= g s
d—3
2
ra) ! +) A (2.66)

DA -a+1) (A*%)2+V2 n=0

(d

where the final equality defines the coefficients S\k ). One can then evaluate the v integrals

analytically using the following identities valid for A > §:

/000 Y o) [(Z —97 ] ; (‘Z’ (A -3+ i) s (A - Z)) . (2670)

/0 dy(H”Ty) —(1—2) @n) N DD+ 1), (2.67b)

where 1(z) is the digamma function and ((z) is the {-function. Combining all the above
ingredients we arrive to the following expression for the finite part of the anomalous di-
mension, valid in any odd CFT dimension d:

= o sy a7 AMJH) (#(a-5+3)-0e(a-3))

— 27271 }BQ(n—i-l)‘

; D) . (2.68)
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Below we give some more explicit examples of 4" in dimensions d = 1, 3,5, 7, 9:

A0 =g L 105’2 (AA_‘E) , (2.69a)
B(A-3)A+T  6(A-2)(A—1)p(A-1)
W=y 822A—3) 9T Ra?(2A—3) ’ (2.69D)
 5(A—5)A(A—5)A+98)+1298  (A—4)(A—3)(A—2)(A—1)P(A—2)
7Y =+g 384073 (2A —5) 9 6473(2A —5) o (269
o 2L(A—T)A(B(A—T)A(1(A—T)A+326) +15638) + 1010368
Ty 9676804 (28— 7)
(A—6)(A—5)(A—4)(A—3)(A—2)(A—)$(A-3)
+9 76371(2A —7) ’ (2.69d)
L0 A-9A-DA-6(A-5)(A-(A-3)A-2)(A-D¥(B-1) 2.690)

1228875 (2A — 9)
(A—9)A(21(A—9)A(5(A —9)A(25(A —9)A+1564) + 178516) 4 36755072) + 129256824

tg 3096576075 (2A —9) ’

with similar results in higher dimensions. For the case of the conformally coupled scalar
(A = %) the above gives:

log(2) 1 11
1y _ log @__ 1 G _ Al 5
¥ 9 7y 952 ¥ 9792073 ° (2.70)
359 8777
7 _ ©_ _, s 2.71
i 912006074 ° i 9387072075 (2.71)

It is also interesting to notice that in the conformally coupled case the i pole in the (-
function regulator is cancelled, in agreement with the expected absence of UV divergences
in the flat space result. In general, in odd dimensions the regulator pole is proportional to:

1 d—2
~—J[a-1-19), (2.72)
L
and vanishes for integer conformal dimensions A < d. Still, there is a IR contribution to
the anomalous dimension.

2.3.2 Wilson-Fisher fixed point in AdS,

A possible application of the results obtained in this section is to consider the Wilson-
Fisher fixed point [90, 91] for the O(IN) model in hyperbolic space with N real conformally
coupled scalar fields:

S= / Iy (;<a¢“>2 ) Z<¢“¢a>2> , (2.73)

and conformal mass:

My = %(CH D(d—1). (2.74)

In this case the one loop S-function in d = 4 — € dimensions obtained from standard epsilon

expansion reads:
N +38
B = ]2 92 —€g, (275)
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MisP NP P) = P Py

Figure 4. One-loop tadpole diagram M;59:P ¢ generated by the quartic vertex (2.78). The point

split fields ¢ and ¢, are external, while ¢ and ¢3 propagate in the loop. The other diagrams (2.80)
permute the positions of the point-split fields ¢;.

and the fixed point sits at
872
€.
N +38
One can then plug the above value of the fixed point coupling into the anomalous dimension

g = (2.76)

for the conformally coupled scalar on hyperbolic space obtaining the following prediction

(with (-function regularisation) for the anomalous dimension of the dual operator of di-

5—e.21

mension A = 5

€
= 2.77

TT TGN 1 8) (277)

It is natural to interpret this result as the anomalous dimension of an operator in a “defect

CFT” on the boundary of AdSy.

2.3.3 General 2pt tadpole with derivatives

Here we generalise the results in section 2.3.1 to tadpole diagrams for an arbitrary quar-
tic scalar self-interaction dressed with derivatives. Using the ambient space framework
(section 1.2), a complete basis for the latter is given by

Vi (X) = gy [0 000 @000 6 ()
X Oy - 0x)™ ¢ (X) (U - 0x)" "¢ (X), k>2m>0. (2.78)

In this case there are four distinct contributing diagrams. To label the possibilities,
we employ the point-splitting notation:

Vi () = =L [0 (X) (90020 62 (X0)] (00 -0x)™ 6 (X) (U-0x) ™ 00 (X) ||

(k+m)! $i=9¢
(2.79)
and denote the contributing diagrams by:
Mg MEP L Mt Mgt (2.80)

The subscript labels the positions of the scalar fields in the point-split vertex (2.79), and
is illustrated in figure 4.

2f we use = ¢* the result below should be redefined with N = 1 and € — 6e.

~ 93 -



In this more general case, the scalar propagators are acted on by ambient partial
derivatives — which are straightforward to manage. For bulk-to-boundary propagators for
instance, we have

V- 0x)" Kao(XiP) =2 (A +1-5) W PV Kama(XiP). (@251)

n

This in particular leads to a shift in the argument of the gamma functions in the spectral
function compared to the ¢* case (2.53), and can be seen simply from:

(Ur-0x,)F (Uz-0x,)1Gao(X1,X2)

i=

i =

& v2dy
:/ 5 / dP (U1-8X1)ng+iy7O (X1;P) (Uz-axz)qu_M (X2; P)
—oorr [y2+(A_g) ] HAdS 2 2

_ 2 (5414 p+q) /°° dv L(§+iv+p)T (§—iv+a)
27Tg+1r (d) > |:I/2—|—(A—%)2:| F(il/)F(—’iV)

< [ AP (P (P02 Kt (XP). (2.82)
0AdS

where we used point splitting to restrict the action of each derivative to only one of either
of the two ends of the propagator and the identity (2.81). Generalising (2.53), the spectral
function in the case of derivative interactions (2.78) is thus of the form:

1 T'(¢+iv+p)D(4—iv+q)
[1/2 +(A- %)2] I (iv) T (—iv)

J—_-;’-(}oop tad. (I/) — (283)

We discuss the evaluation of the corresponding spectral integral at the end of this section.
The expression (2.82) allows one to immediately conclude that the diagram M};Z; p tad
is vanishing for m > 0: in this case we have U; = 0y and U; = Jy, and (2.82) vanishes
since P is a null vector: P? = 0. For m = 0, M}gljg’p tad is the same as Méﬁ;p tad  We
give the remaining diagrams below.
Using (2.82) and together with the identity (2.81) for ambient derivatives of bulk-to-

boundary propagators, we have

M%;;:p tad (P17P2) (284)

:—ﬁ dX Kao(X,P) (0u-0x,)" (90 -0x,)" Gao (X1, X2)
- J AdS

—)k+m D (4 +1+k o
:79( 2) ' (2‘: + +m) (A‘i’l*é) / dyfé—izoptad(y)
(k+m) 27r§+1I‘(d) 2 k+m J —oo ’

(U-0x)" ™ Kao (X, Pa),

X, =X

) /6Ads dP (=2P- Po)" " MY\ aiesm (P P2, P).

Inserting the expression (2.8) for the three-point amplitude yields:

] —2)k+tm (441 +k+m
Migl?())‘(l)p tad (P17P2) - _ g( ) (2 )

(A—I—l—d) B(A,A+k+m,d+k+m;0)
k+m

(k+m)! 275410 (d) 2
x Mo (P Py) / dvFLeP P (), (2.85)
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with spectral representation for the anomalous dimension:

g(=2)ktm s 1D (4 414k +m) (

A+1—d—|—k’+m>

T Tk m)l T (4 () 2
« B(A, A+ k+m,d+ k +m;0) / dvFiooP 9 (). (2.86)
Similarly, for the other diagrams we have
Mzi5s” " (Py, Py) (2.87)

=— ,/ dX (y-0x)" Kao(X,Pr)(0u-0x)" Ka o (X, P) (U-0x,)"" Ga o (X, Xa)
(k+m)! Jaas

—)tm T (L 41+k
__9(=2) (2+d +k+m) <A+1_d> <A+1—d> B(A+m,A+k,d+m-+k;0)
(k+m)!  272+1D(d) 2/ 2) m

% Ml-loop (Pla PQ)/ dyfé:li(fritad. (I/) ,

o0

with anomalous dimension:

d__ d
g(_2)k+m+17r2 1I‘(§—|—1+k+m) ( d ) ( d)
V3142 (k +m)! 7L (4)T(d)T (A) 2 2)m

X B(A+m,A+k,d+m+k;0) /oo dvFo 0% (). (2.88)
And finally
Miiss? ™ (Py, Py) (2.89)
- fm)! X (00 -0x)" K a0 (X, P2) (9y-0x,)™ Gao (X; Xa) (U-0x)" ™ Ka o (X, P)

_9Vk+m (241
__9(=2) (2d+ +m) (A+1d> (A+1d> B(A+m+k,A+k,d+m;0)
(k+m)! 272+1D(d) 2/ 2/ km

x Ml—loop (P17P2)/ dyfl_IOOP tad. (I/) ’

0,m
—00

with anomalous dimension:

_oyk+tm+l_5-1 1 (d 4 q
g2t Dz +14m) F<A+1—d+k> <A+1—d>
k+m

WEET TG m)l T (DT (@) (A) 2
X B(A+m+k,A+k,d+m;0) / dvFy e (). (2.90)

To conclude this section let us discuss the evaluation of the spectral integrals. The
integrals are of a similar type to those (2.53) arising in ¢* theory, and can be divided into
two parts:

00
/ dyf'rlrzl'gop tad. (y)
— 00 ’

= /oo dv [( N T(VQ)—HL - 2/00 dl/y ([CL +at? [(A _ g)2 + VQ” (2.91)
0 0 +
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Figure 5. Scalar one-point tadpole diagram with off-shell external leg, generated by the cubic
vertex (2.94).

in terms of polynomials p(v?) = 3. & v, r(v?) = 3. rv* and q(v?) = Y, ¢ v* which
are defined by the above equality for integer dimensions. The polynomial 7(v?) appears
in even dimensions, while p(v?) and ¢(v?) are non-vanishing in odd dimensions and satisfy

the relation
d 2
<A — 2> + 12

with 7 a constant. One can thus in full generality evaluate the corresponding spectral

p(v?) = n+q(t?) , (2.92)

integrals in (-function regularisation using (2.67) and (2.64), obtaining the result as a
linear combination of the constants &, and (,:

Iz (2.03)

- [Z& (-1)’ (2— %)Qi [Hi2log <A Z)H
et ) o842 o)

[an (—) (d —20)% 1] ,

which is expressed in terms of Bernoulli numbers B;, harmonic numbers H; and digamma

function 1 (z). Similar results can also be obtained using Mellin-Barnes regularisation.

2.4 One-point bulk tadpole

In this section we consider the one-point tadpole diagram with a single off-shell external
leg in the bulk, generated by the cubic coupling:

= g6¢”. (2.94)

It is given by the bulk integral:

(zlpt tadpole (Xl) _ g/ dx GA,O (X1§ X) GA,O (X; X) , (2.95)
AdS
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Figure 6. The factorisation (2.96) of the tadpole diagram (2.95) into a tadpole connected to the
boundary and a bulk-to-boundary propagator, integrated over their common boundary point.

and depicted in figure 5. In the following we argue that this is vanishing. Using the spectral
representation (2.4) of the scalar bulk-to-bulk propagator, the diagram factorises as:

> dv T(§+i)T (§—iv) . 1
lpt tadpole (xr y _ _ 9 / 2 2 / P ————F
(X1) =~ . [D2+(A—g)2} L)L (=) Joaas  (—2x,.P)#*"

1
></AdeX WGAO(X ;X)) (2.96)

ol

which is shown in figure 6. Concentrating on the tadpole factor on the second line which
is connected to the boundary point P: using the identity (2.50) for the bulk-to-bulk prop-
agator at coincident points, we have

1 ‘ 1 00 dv T (§+iv)T(§—iv)
Gao(X;X) /_oo [1/2+(A—%)2} I (iv)T (—iv)

dX ———————Gap(X;X) =
/AdS (—2X . P) gfw Ard+1
1 1
x/ dP/ dx . —. (297
HAdS Ads  (-2X-P) (—2x.P)2" "

The two-point bulk integrals of the type on the second line are given by:2?

A, -4
/ dX ! ~ ! — = 2r%/2t! (21— 3) lAd(Al—Ag)
Ads  (=2X - P)7 (—2X - Py)°? L'(A) P
N —-A)NrE-A
1 ot e = 20T 2)5(d)(P1,P2)5(A1+A2—d), (2.98)

I'(A)T(Ag)

which implies

/ P / ) qu— ~ S
dAdS Ads  (—2X-P) (—2x - P)2™"

_ o1l (§) , (d e U (=%
=272t I‘(d)A5< +w>+27r+1 (d)F2

)
(

22This equation is the AdS analogue of the orthogonality relation [ dig et (P1—p2) — §(d) (p1 — p2)-

gr 2)5@—@'5). (2.99)

(1%
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The constant A is given by the divergent integral

1
A= dP————, (2.100)
oAds  (—2P-P)

which vanishes in dimensional regularisation. Since the integration over the parameter v
in (2.96) is also restricted to real values, the tadpole factor (2.97) connected to the boundary
is zero. It thus appears that, as expected, the tadpole is vanishing when regularising the
bulk IR divergences (which maps to a UV boundary divergence):

g 1pt tadpole (Xl) =0. (2_101)

We may thus argue that such diagrams do not contribute to bulk amplitudes.

3 Spinning diagrams

Having illustrated the evaluation of two-point one-loop diagrams for the simplest case of
scalar field theories, we now turn to theories of spinning fields. We mostly focus on two-
point bubble diagrams, but in section 3.4 at the end of this section we also discuss tadpole
diagrams with a single off-shell bulk external leg.

The bulk-to-boundary propagator for a totally symmetric field of spin s and mass
m2R? = A (A — d) — s is most simply expressed in the ambient space formalism, where it
is given by [11, 92]:%

(3.1)

PZ-X\* s
KA,S(X,U;P,Z):<U-Z—U > ( Ca,

P.-X —2pP . X)%’

with normalisation A AT (A
Cro= (A+s-DI(A) . (3.2)
To2rd2(A-1)T(A+1-9)

It is often convenient to express the bulk-to-boundary propagator in the form [14]

Kas (X, Us P, Z) = @a—1). (Dp (Z;U))" Kao (X: P), (3.3)
with differential operator
Dp(Z;U)=(Z-U) Z-i—P-i +(P-U) Z~i (3.4)
PA = 0z oP P )’ ‘

acting on a scalar bulk-to-boundary propagator (2.2) of the same dimension. This in
particular leads to identities that generalise (2.81):

2" (A+1-9)

(Ui - 0x)" Kns (X,U; P, Z) = ET

= (Dp(Z;U))° (Ui P)" Kasno (X; P),

(3.5)
which are useful to evaluate Witten diagrams with derivative interactions.

#3For ease of notation our definition of mass is based on the wave operator (V,V* +m?)p, (s = 0 acting
on symmetric traceless and transverse filed where V is the AdS covariant derivative. This definition allows
to simplify various formulas in the radial reduction. Note that this mass is not zero for gauge fields.
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The spectral representation of the bulk-to-bulk propagator takes the form?*

Gae(or,22) = [ gl ) ()" (1)
P — 00
X (ug - V)P (ug - V2)p3+2(p1_p2) Qo s—2po—ps (T1,22), (3.7)

for some functions g,(ﬁ%pws (v) whose properties we discuss later on. Symmetry in (z1,u1) <>
(22, u2) imposes: gz()z)pl Pyt 2(p1—p) (V) = (%) ps (v). This way of representing bulk-to-bulk

propagators has so far been applied in the literature for totally symmetric massive spin-s
fields [11] and spin-s gauge fields [12].25 The totally symmetric spin-J harmonic function
Q,,7 is traceless and divergenceless regular bi-tensor, with equation of motion

2
<D1 + (‘;) + 1%+ J> Q.7 (v1;22) = 0. (3.8)

Like for the scalar harmonic functions (2.6), they factorise into a product of bulk-to-
boundary propagators:

12

Qg (z1;22) = . /BAdS dPKgHu,J (X1; P) - K%—z’y,J (X2; P). (3.9)

Combining (3.9) with the representation (3.7) of the bulk-to-bulk propagators, a one-loop
bubble diagram AM?2pt bubble with spin-s external fields of mass m?R? = A (A —d) — s and

5351,52

fields of spins s; and sy propagating in the loop has a decomposition of the form
2pt bubbl L[ 9 a0 (a) (s2)
M s W2) = Z 7T2/ vidvrTdv gy3p, py (V) 9414205 (V)
P.d -

« /ddyddy MSpt tree-level (y1, v, g) . MSpt tree-leveI. (y2, n g) ’ (310)

d - od - d d -
5,810,850, 5 +iv, 5 i 5,8 ,85;0, 5 —iv, 5 —iv

. . . . . -1 1

in terms tree-level spinning three-point amplitudes ./\/l‘:’% tg,e,eAeZeﬂy
99913992925 )

the scalar case (2.12) and is illustrated in figure la. For concision we introduced: s, =

7

i which generalises

8; — 2pir1 — Pi—1 Where ¢ = ¢ 4 3.

For totally symmetric fields, all tree level three-point amplitudes are known for arbi-
trary cubic coupling constants [14, 15, 59]. The task is then to evaluate the three- and
two-point spinning conformal integrals in each term of the decomposition (3.10). We ex-
plain how to do this in section 3.2. We first review the evaluation of tree-level three-point
Witten diagrams for spinning fields in the following section.

24For concision we define:

[s/
3 (3.6)

2] s—2p1 [p3/2]+p1
p1=0

P p3=0  p2=0

ZFor other works on spinning bulk-to-bulk propagators, see [67, 71, 93, 94].
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3.1 Review: cubic couplings and 3pt Witten diagrams
For a generic triplet of spinning fields on AdS,41, the possible couplings respecting the AdS

isometry are in general not unique. In the ambient space formalism, a basis of on-shell
cubic vertices for totally symmetric fields s, of spins s; and mass m?R? = A; (A; — d) — s;,
is given by [15]%0

N2 NE Z Cninz;ns yfl*mzfms y282*m3*m1 ygsfml *WLQH;VLI Hg”wagns

51752753 51,52,83;1M1,M2,M3

X uy (X1, 00) o (Xa U2) s, (X5 U3) | (31D)

with coefficients

Cmne,ns _ <d—2(81+52+83 —1) - (7'1+72+73)>

§1,52,83;1M1,M2,M3 2

mi1+ma+ms3

. n;
X 1:[1 [QWZ <ml> (nl + 5(i+1)(i—1) — 1)mzj| R (3.12)
and d(;_1)(i+1) = 1(7’Z 1+ Tit1 — 7Ti), ¢ = i+ 3. This is built from six basic SO (d + 1,1)-

covariant contractions (see e.g. [76, 77, 95, 96]):

Y1 =0y, - O0x, , Vo = 0y, - Ox; , Y3 =0y, - 0x, , (3.13a)
Hi = 0u, - Oy, Ho = 0u, - Oy, Hz =0y, - Ou, - (3.13Db)

The basis (3.11) is convenient for Witten diagram computations, in particular because
the three-point amplitude generated by each basis element is given by simple three-point
conformal structure on the boundary [15]:

Mgll,’;?,g?n,mﬁs (Y1, Y2, y3) = B(si;n457i) [[OAhSl (yl)OAQ,SQ (y2)0A3,83 (y3)“(n) ;o (3.14)
with??
HOAl ,81 (yl)OAQ,Sz (y2)0A3,83 (y3)H )

nipnapng 3 (i v
_ H32H13H21 , szJﬂLi*lF 5(l+1)(1—1)+ni
(y12)%12(y23)22 (ys1)% |13 2

s 5<z+1><z 1)

qu (i—1) z+1) J(5(i+1)(i—1)+2m—2)/2< q(i—l)(i‘f'l))

(3.16)

§1—N2—N3\/S2—N3—N1\/S3—N1—N2
Yl ,32 Y2 13 Y3 21 ’

26 min{sy,s2,n3} min{s1 —ng,s3,n2} min{sz —ng,sz3—nz,n1}
For concision we define: Y =
m; m3=0 mo=0 m1=0
2TRecall the six three-point conformally covariant building blocks are given by (i 2 i + 3)

Zi " Yli—-1)i Zi " Y(i+1)a
Yi(i-1)(i+1) = — - , (3.15a)
Yi-1)i Yiit+1yi
1 2211 Y@i—1)(i+1) Zi+1 " Y(i+1)(i—1
H(z‘—l)(i+1) = (zil Zig1+ ( )( +1) (i+1)(i—1) (315b)
Yii-1)(i+1) y(l-&-l)(l 1)

Note that we adopt a different notation to [15], which can be obtained through the replacements:
Yi(i—1)(+1) = Yis Ha—ny@rny = Ha, Qi —1)@1) = 9i-

— 30 —



and we define
Qi,(i—1)(i+1) = 2H(i*1)(i+1) 8Yi+1,i(i—l) ’ 8Yi—1,(i+l)i' (317)

The coefficients B(s;; n;; ;) are given by

)= ﬂfd(—Q)(51+52+s3)*(n1+n2+n3)*4F (Tl Tt d;_ 2(s1+s2+ 55))

Ti+Tig1—Ti— T T _1—T;
<3i —Njp1+ni—1+ %) r (si + i1 —ni_1+ %)

N

3 T
<11
i=1

3
[(si+nip1+ni—1+7—1)
XHF(,Z‘ZQ 1ZF - (3.18)
i=1 5@—1—7—1_2—1— ) (231“‘7_1—1)

The expression (3.14) for the amplitude is to be compared with the comparably more
involved amplitude [59] generated by the canonical basis of cubic couplings given by mono-
mials in yi7(i_1)(i+1) and H(i—l)(i+1)-

Employing the basis (3.11) of cubic couplings and bulk-to-bulk propagators (3.7), the
spectral decomposition of spinning bubble diagrams (3.10) will contain terms of the generic

form
- (51) (52) nm
— 2-2 (s1 S92 — s —.
/ dvdv vy gpl:p%PS (V) gqhqz,qs (V) Fs,s’l,s’z;’rs (V’ Viy1s y2) ’ (319)
—0o0
where,
n,m —.
15’875,175,2;7S (v, 7591, 92) (3.20)
d, 3d- n1,n2,n3 =) . mi,m2,m3 -
> /BAdS dyd yMS,Sl,32;7'3,%+i1/7817g+il7782 (yl’ Y y) MS,Sl,Sz;Ts,%JriV*Sl,%+i17782 (3/2,3/,3/) ’

Inserting in (3.20) the explicit expressions (3.14) for the three-point amplitudes, we
see that a key step is then to evaluate conformal integrals of the type:

A~

ﬁ(“’m)(u,ﬁ;th) = /ddyddg[[OA,s(yl,Zl)Od+iV751(ya éz)(’)%+il7782(§7 z)ﬂ(n)

2
X ([0 59005y (5 2)0 w2, 22)| ™, (3:21)

which we discuss in the following.

3.2 Conformal integrals

As explained in the previous section, by employing the basis (3.11) of on-shell cubic ver-
tices, the task of computing one-loop bubble diagrams is reduced to evaluating conformal
integrals of the form

ﬁgg’f;)Q(u,D;y1,y2) = /ddyddy [[OA,S(?JLZl)ogﬂ'u,sl(%32)(9%%7,52 (7,02)]| ™
X [[Oi—iﬁ,SQ (Zj, Z)Og—iv,sl (yv Z)OAﬁ (y27 ZZ)H(m) y (322)

2

for external fields of spin s and mass m?R? = A (A — d) — s, and internal spins s1 and ss.
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The integral (3.22) can be expanded in terms of the basic conformal integrals:

a1,02,7,61,82 =

~a1,a2,b1,b _/ddyddgj (z1-(y1 =)™ (z2- (g2 — ) (z1- (11 — )" (22 (y2 — 7))
[

aq Qs Y B1 B2’
L I [ o B [ o [P R [P
(3.23)
where conformal invariance requires:
ap—ay+agy—as+v=d, B1—b14+ 02 —bs+~v=d. (3.24)

This decomposition of (3.22) is shown in section A.6. Direct evaluation of (3.23) gives:?8

d/2 ai a2 ai—n as—m
ja17a27b17b2 __ T Z Z <a1> <a2> <21'y12) <Z2'y21>
ai,a2,7,61,62 (y%Q)d/2—fy — L\ n m y%z ?/%2
y D(ai+y—ai+n— 9T (o +y—as+m—HT(¢ —v+a1+as—n—m)
(o)L (a2)I'(7)

y F(Br+oar+y—ar—bi— 0 (Be+as+y—az—by— %)
F(Bi+ar+y—ar+n—HT (Bo+as+y—as+m—12)

1 n+by 1 m-+beo
X (—2Z1~8y1> (—22’2‘8y2> Ml_IOOp (yl,yg) .

Using conformal symmetry to recover the full CFT structure and evaluating the deriva-

tives in y; and yo, we arrive to the following expression for the log term:

27 2y \ M (2 in 2T = (a1 (a2
log (y12)4=7 ( y%i/ ) ( y;z/ ) log 012 ,;)mz::() <n> <m>
F'(~a1+n+ar+y—$HT (—ax+m+as+v—9)
I'(o1)D(ag)T (V)T (b1 + & +n) T (b + £ +m)
F(b1+b2+g+m+n)F(a1+a2+%—m—n—w)
T(c1)D(ag)T(Y)E (by + 4 +n) T (b + & +m)

~G1,02,b1,b2
1,02 777&1 752

(3.25)

One can then combine this result with the expansion of (3.22) in terms of the basic con-

formal integrals (3.23) derived in section A.6 to obtain the log contribution to Rgg’ﬂé.

3.3 s — (s’0) — s bubble

Let us now use this approach to extract the log contribution to bubble diagrams with a
spin s’ gauge field and a scalar field propagating internally between two external spin-s
gauge fields, illustrated in figure 7. Owing to the scalar propagating in the loop, in this
case there is no contribution from ghosts. Ghosts will be required only when gauge fields
are propagating in the loop, as we do in section 3.4 where tadpole diagrams with spin-s

gauge fields in the loop are considered.

ZBWithout loss of generality we set 21 - zo = 0, since terms proportional to z; - zo can be recovered by
conformal symmetry.
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th Y2

Figure 7. One-loop bubble diagram with a gauge spin-s field and a scalar propagating internally
between two external gauge fields of spin s. Throughout we represent gauge fields with wavy lines.

In this subsection, we restrict ourselves to the contributions generated by the traceless
and transverse part of the bulk-to-bulk propagators, which in the spectral representa-
tion (3.7) corresponds to the term with p; = py = p3 = 0. This is the universal part of the
propagator, which encodes the exchanged single-particle state. The spectral representation
of the traceless and transverse part of a spin-s bulk-to-bulk propagator for a field of mass
m2R? = A (A — d) — s is given by:

o0

GEL (oizon) = [ dvglflo () Qs ansna) (3.264)

—00

1 .
v+ (a4

a0 (V) = | (3.26b)

The notation T'T" signifies the restriction to the traceless and transverse part. The other
terms in the propagators (i.e. terms in (3.7) with at least one p; > 0) generate purely
contact contributions to Witten diagrams, which in contrast are not universal and are
dependent on the choice of field frame. In particular, contact contributions collapse in the
bubble to O -type tadpole diagrams. This can be understood by noting that these contact
contributions are related to O  one-loop diagrams generated by quartic couplings under
field re-definitions. In section 4.1, and also section D, in some examples we shall compute
bubble diagrams using the full bulk-to-bulk propagators which includes such contact terms.

The cubic vertex for spin-s, s’ gauge fields with a scalar is given in de Donder gauge
by (D.4), whose TT part reads:

Vs(i;)’,() = g3 V5 s (X1,U1) g (Xo,Us) 6 (X3) (3.27)

X=X’

for some coupling constant g. Recall that there are no contributions from Ghost vertices
in this case owing to the scalar propagating in the loop. Via the factorisation (3.9), the
bubble diagram generated by (3.27) decomposes as

oo 202dvdp
2pt bubble (Py, Py) 292/ vy avav 0, (v,v; P, P) ,

F>9
oo M2[V2 4+ (Ay — D2][2 + (A — §)2]” 507
(3.28)
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where F*0 is the product of tree-level three-point amplitudes (3.20). Plugging in the

875,70;7—5
explicit expressions (3.14) for the latter, one obtains

M2pt bubble (Pl PQ) _ g2 /oo y252d1/d17
—oo T2V2 + (Ay — %)2“52 +(A— %)2]

d d d d
X B<s,s’,O;O;A5—s,—i—z’u—s’,—i—iu) B(s,s’,O;O;AS—s,—iy—s’,—iu>

2 2 2 2
x 800 (v, 751, 42), (3.29)
where ﬁgc_)s’f))o is the conformal integral (3.2), with log contribution (see section 3.2) whose

explicit evaluation yields the remarkably simple result:

B Wd+%2*d’sl+63!F(d +5 —2)'(d+ 2s —4)
logwl)  (d+25—2)0 (45T (4 + 5 —1)T(d+s—3)
T (s’+2+§(u—ﬂ)) r <S/+2—;(V—ﬁ)> r (—d+s’—253—4+i(u—9)) r (—d+s’—23+4—i(lj+ﬂ))

0,0 _
Rg;s/,)()(ya Viyl, y2)

r <d+s’72;ri(1/717)) r (—d+s'+é+z‘(u—z7)) r <fd+s’+4§fi(l/fz7)) r <d+s’222i(1/17))
« Z?S/;El <H221> | (3.30)

Recall that in this section we take A; = s+d—2 for a spin-s gauge field, which is substituted
in (3.30) above.

Putting everything together gives the following spectral representation of the contri-
bution to the anomalous dimension of a spin-s higher-spin current on the boundary:

_T4d

T2 s 2D (4 4 — 2)

2
= 7950, —
o O (d 425 — 4T (ST ($4+ 5 —1)T (4 + ) T(d + 25 — 2)
X / dvdp F22 bubble () 5y (3.31)
and
F2ptbubble (), oy v sinh(rv) sinh(7v) L(§—iv=1)T(§+iv—1)
T V)= . ,
ot (e d)7] [ (A= 37| P —iw )T (i)
, T , T
XF<d+S +2s—2+i(v V)>F<d+8 +2s—2—i(v 1/))
2 2
/ _9_ 4 - / _ . —
XF(d—i—s +2s 22 z(u+u)>r(d—|—s +2s 22—1—2(1/—1—1/)) (3.32)
, . P il = , . Lo it
><I‘<S +2+2z(1/ V)>F<S +2 QZ(V V)>F<S +2+22(1/+1/)>F(5 +2 2Z(V+l/)>‘

A consistency check is the recovery of the spectral function (2.14) from (3.32) for the bubble
in ¢3 theory when one sets s = s’ = 0, and A; = Ay = d — 2 in (2.14).
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Pole structure. It is also interesting to study the pole structure of the spectral func-
tion (3.32). At fixed 7, apart from the single poles at v = £i(A; — 2), which is usually
uplifted to a branch cut in (-function regularisation, the above displays 8 series of poles —
one for each gamma functions factor in the numerator — labelled by non-negative integers:

tiv=xiv+d+s +25s—2+2n, tiv=xiv+5 + 2+ 2n, (3.33)

for all possible uncorrelated permutations of the =. On top of the above poles (3.33), we
also have a finite number of additional (spurious) poles at:

d d
tiv=1-7-n, j:z'y—1—|—§+s'>0, (3.34)

coming from the I-function factor on the first line of (3.32), which arise for s’ > n and
are absent for s’ = 0. Their effect is compensated by the contact contributions in the
bulk-to-bulk propagator, see e.g. [97, 98]. Upon introducing regulators p and fi one can
perform the above integral with Mellin-Barnes techniques defining:

o
H(p, p) = / dv di F2B PPl () by i i (3.35)
—00

which is analytic in p and i for an appropriate domain in the complex p and i plane.
As mentioned in the introduction, the above function defines a generalised hypergeometric
function whose analyticity properties regulate the spectral integral. After closing the con-
tour in the appropriate domain and performing the v integration, one is left with a function
of v with a pole at v = +i(A — %) and some leftover single poles which can be obtained
from (3.33) upon substituting the location of the v pole. For instance, when sitting on the
pole v = +i(Ag — g) the corresponding 7 poles are located at:

d d
+iv =+ <A5—2> +d+s +25—2+2n, +iv =+ <AS—2> +s' +2+2n. (3.36)

It should also be noted that for integer values of v and v the sinh has zeros which
cancel possible poles at these location.

A relatively simple and interesting case is d = 3, which is relevant for higher-spin gauge
theories on AdS4. In this case the structure of the spectral function drastically simplifies:

F2ptbubble ), oy Ty sinh(7v) sinh(7) L(3—iv=1)T(5+ir-1)
o @] [ (a9 Pt v DD (G v - 1)

m(v+v)m(v—7o)
sinh[r(v+ )| sinh[r(v —p)]’

x P(v—0)P(v+7) (3.37)

in terms of a polynomial function P which depends only on the internal and external spins

SRR ORC| B

s and s’
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(a) One-point tadpole with off-shell scalar exter- (b) One-point tadpole with off-shell external
nal leg and spin-s gauge field propagating in the spin-s gauge field and a scalar propagating in
loop. the loop.

Figure 8. One-point tadpole diagrams involving a spin-s field and a scalar field.

Apart from the spurious poles coming from the I'-function factors on the first line of (3.37),
one can see that all physical poles are resummed into the simple factor:

(v +v)T(v—D)
sinh[7(v + 7)| sinh[r (v — 7)]’

(3.39)

dressed by a polynomial factor at fixed s and s'.

3.4 One-point bulk tadpoles

Let us also discuss the contribution from tadpole diagrams generated by the coupling (3.27),
with a single bulk external leg. There are two cases, which are depicted in figure 8. As
in the preceding section, we focus on the contributions generated by the traceless and
transverse part of the bulk-to-bulk propagators. Like for the scalar one-point tadpole
diagrams considered in section 2.4, we can argue that they give vanishing contributions.
We first consider the case of a scalar external leg and a spin-s field propagating in the
loop, displayed in figure 8 (a). In this case, there is in principle a contribution from ghost
fields whose cubic vertex is given by the second term in (3.42) below, in de Donder gauge.
The corresponding generalisation of the tadpole factor (2.97) connected to the bound-
ary associated to a 0-s-s vertex in type A theory is, for both physical and ghost fields:

T.(P) = “ao | [T a v Ca . C
S( ) = 7 8s,;5,0 qu( ) . Vm g—iu,s %+iu,s
. fs@)
X /deX (=2P-P)" , (3.40)
(=2P - X)d+s(—2P . X)A+s
Zs

with _

~ (d+25s=2)(d+s=3)'T'(s+A
w(B) = (—2)°! ) NCRE (3.41)

(d-2)! T(A)
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The latter result holds for both ghost and physical vertex [39] (see also section D) which
read in this case:

V= goss [ViVsp1pa0s + s(d — 4+ 28) Vi V5 Teieads] (3.42)

and which are both polynomials in the ); structures. The coupling constant gg s for the

d—3 3d 1
ra 2272 )T (45T (4L 45

T
0,88 = SIT(d+ 25 — 3) ’

type A theory reads:

The UV divergent spectral integral in v coming from the spin-s bulk-to-bulk propagator is
completely factorised from the bulk and boundary integral, and the integrand reads more
explicitly:

2 .2 4_12 .
fo) = 27 +ts—1) I‘(d—l—iu>f’<;i—l+iu> sinh v (3.44)

4md y2—|—(A—%)2 2 TV

where for a spin-s gauge field one chooses AP? = d — 2 + s and for spin s — 1 ghosts one

chooses A#" = d — 1+ s. We have also introduced the function ¢s(A) which encodes the

result of vertex contractions in terms of the dimension A = % — i of the external leg to

the tadpole. In d = 3 the latter simplifies to
1 42+ (25 +1)?

() = o, 4
fs(v) P71 (28 —3) vtanh v (3.45)

which can be regularised via (-function regularisation after splitting it into two pieces as:

1 [4v2 + (25 + 1) 1 W2+ (2s+1)2 2w

43 C4n3 3.46
43 v [41/2 + (QA — 3)2]1+M 473 42 + (QA — 3)2 1+ e2nv’ ( )

with the second integral convergent. The above integrals, being of the general type (2.91),
can also be explicitly evaluated via (2.93).

Using the expression (2.98) for a generic two-point bulk integral, in this case we have
(for s > 02%):

INCEN _
I, = 2n¥2H 22 " "2 A5(d - A). 4
G TF (3.47)
and combining all the ingredients we can then write down the following expression for the
tadpole:
d+5  3(d+1) s d— _
o _ 22 1 1 (=1)*(d+2s—3)(d+2s —2)%/T' (42) I(s +A)
5 (d+s—2)(d+s—1)I'(d—1)s! I'(A)
X (/ duffh'(y)) Cap AS(A —d), (3.48)

?In the s > 0 case the second term in eq. (2.98) is proportional to [ dz?(2?)*3(z) = 0 and therefore
vanishes identically.
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for physical fields together with

d+5 3(d+1)
4

— 27 m 4 (<1)%(d+2s =4 (d+25s =3\ /T (TF) (s + A - 1)
s (d+s—3)(d+s—2)T(d—1)(s—1)! I(A)
X </_ dyffﬁi(y)> CxoAS(A - d), (3.49)

for the ghost contribution. We recall that the constant A is given by A = [ ddxﬁ and
vanishes in our modified dimensional regularisation scheme (see section A.2). Still, the
above UV divergent coeflicient can be straightforwardly evaluated using the methods of
section (2.93). Like for the scalar case presented in section 2.4, noticing also that A = %—iﬂ
with 7 restricted to real values, this contribution is vanishing.3°

To summarise, regulating the AdS IR divergences automatically recover the vanishing
of the tadpole. The UV divergence is instead controlled by a factorised spectral integral
which depends explicitly on A.

Let us now consider the diagram in figure 8 (b), with a spin-s external leg and scalar
propagating in the loop. In this case there is no contribution from ghosts. The diagram is

given by:

glpt tadpole (x\ . 77)) Z—QS,O,O/A st (Ou, - 0x,) Ga—2,0 (X, X2)
d

XGde,s (X1,U1;X,Us).
(3.50)

Focusing on the traceless and transverse part of the spin-s bulk-to-bulk propagator, this

o=

factorises as

_2 —
Tlpt tadpole (Xl, Ul) ‘ — ge00 /Oo vedp .
" e [p2 (5§ -2)

/aAdePKg+ilj’s <X17U1;P78AZ>

></ dX (Oy,-0x,)° Ga—2,0 (X, X2)
AdS

_ Ka_ (X.UnPZ). (3.51)

Xo=

Using the identity (2.82) for derivatives of bulk-to-bulk propagators at coincident points
and (3.3) for spinning bulk-to-boundary propagators, the tadpole factor in the second line
gives:

/ X (D, - Ox,)° Ga_s0 (X, X2)
AdS

_ 250%—1’17,0 /OO Cg+iu,ocg—iu+s,oyzd” (_iu+d)

(¢—iv—1), J oo W[Ver(%_ )2} 2/,

1 1
x dP (Dp (Z; P))S/ dX —. (3.52
/8AdS r Ads  (=2X - P)dts (—2X - p)g—“’ )

In the same way as for the diagram (a), we can argue that in dimensional regularisation

1pt tadpole X ‘ =0. )
T (X;01) | =0 (3.53)

39Also the scalar cut vanishes for analogous reasons, since the corresponding real dimension for the
conformally coupled scalar is also outside the domain in which the §-function is concentrated.
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Considering other regularisations one can still argue that the latter vanishes using (2.98):

I'(
I'(

/ 1 1 a201 (3

dX —— =27

AdS (—2X - p)?+s (—2x - P)27" d

4 opdtl F(—% — s)I'(iv)
I'(d+s)(4—iv)

+9) L 1) g—i—iﬂ%—s
+5) (=2P - P)dts "\ 2

s (P P)é <s + g — z'z/) . (3.54)

and the fact that v is restricted to real values when considering a bulk to bulk propagator
attached to a point in AdS.

4 Applications

4.1 Graviton bubble

In this section we consider the bubble diagram generated by the minimal coupling of scalar
fields to gravity. In this case we shall use the full graviton propagator, which in de-Donder
gauge reads [39]:3!

e dv e 1
Gaz2 (1‘1,1’2)—/ —— 2 (96‘1,932)—/ dvuiuj Q0 (w1,22)
v+ (§)° ) [ (4]
o0 1
+/ dv u% (u2~V2)2—|—u§(u1'V1)2 Qo (x1,22)
- 4ﬂ+@+nﬂ@wé@+@ﬂ |
o0 d—1
—/ dl/ ( ) (Ul'vl)z(UQ'V2)2QV’0 (1’1,1’2). (4.3)

2 2
a1+ (4+1)°] 2 +4 (3+4)]
The cubic coupling of scalars ¢; and ¢9 to gravity is given in de Donder gauge by [15]

Vo (X) = 993 61(X1)62(Xa)ps(Xs, Us) + g 5(d — 201 (X2 (Xa)h(Xs)| - (4.0

i=

In the following we compute the bubble diagram with ¢; on the external legs. This is
given by the four terms,

2pt-bubble _ 3 42pt-bubble 1 (d — 2) M2PEDubble
2

1,0;1,0 1,0;0,1
45 (0= 2) IR 4 2 (1 - 2 MBI (45)

31n terms of the decomposition (3.7), we have
920 () =- : 920 () = ; ()

d(d=1) [+ (4+1)°]
(d—1) RO
afre G+ prrd g+ "

2
9((),0),2 (V) =

and the traceless and transverse part, which is the same in any gauge, is: g((f&o (v) =
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where we defined:3?
MEPEPIRE (P Py)=g /A dsdxldxg K, 0(X1;P) Kayo(X2; Py)Gao (X1,00,; X2,00,)
X (Uy-Pr-U1) (Ug-Py-Ua) (Uy - 0x,)** (Ua - 0x,)** Gao (X1, Xa).  (4.6)

The spectral representation of the graviton (4.3) and scalar (2.4) bulk-to-bulk propagators,
via the factorisation (3.9) of harmonic functions, leads to the following decomposition of
the bubble diagram:

2 —bubble 0 _
Ma?ct;b,d b1, 2 ) Z/ vidy VQdVgl(Dl)pz D3 ( ) ; )0 (V)

% / deP.Aa C7P17p3
0AdS

A ind s (Pl,P, P) .Ab,d,pz,p‘s-l-f(m —p2) (Pg,p,P) . (4.7)

A2,§7w 2 v

in terms of the tree-level three-point diagrams:

Ny Ad Ay (Pry P2, Py Z) = . dX Kp, (X, P1) (0 - P - 0y)° (Ou - 0x)** Kayo (X, Py)

X (U . 7) . U)pl (U . v)p3 KAg,s—Qpl—p3 (X7 U7 P37 Z) . (48)

In section C we show how to bring (4.7) into the form (3.19). This gives the spectral
representation:

00 202 dvdy
M2pt—bubble , — 2/ vy
Won)=9" | oy @A+ a9

d d d d
x B <0 2,0;0; A1, 5 +iv—2,5 +w> B <0,2,0;0;A2,2—iy—2,2—i17> RT3y, 12)

+/ dvdo G2Eme™ (v, )ﬁ(()oooo)(’/’ﬂ;ybw)- (4.9)

The first line is the traceless and transverse contribution, which coincides with the previous
result (3.29) for s = 0, s’ = 2 and A1 = Ay = d—2. The second line is the contribution from

the contact terms in the propagator (4.3), which involve traces and gradients. The function
g2pt—bubble

ontact (v, 1) is rather involved, and is given in section C together with its derivation.

The corresponding form for the contribution to the anomalous dimension is given by:

Y = YTT + Yeontact, (410)
where the tracless and transverse contribution 77 is given by (3.31) with s = 0 and s’ = 2,
while:
2y mR2THD (A - )T(d-2) 1
Ycontact = —G OA1A
T (9T (GFH) A - ADE(§ —1) /Ca,0Ca00
o T (H%i(v*ﬂ)) T (Hrfi(vfﬁ))
X dvdp _ _—___/g2ptbubble ) 5y (4.11)
/—oo T <A1%(V_V)) T (AH’%(V—V)) contact

32Note that: (U-P-U) =
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4.2 Type A higher-spin gauge theory

The spectrum of the minimal type A higher-spin gauge theory on AdS;,; consists of an
infinite tower of gauge fields ¢ of spins s = 2,4,6,... and a parity even scalar ¢ of fixed
mass mi = —2(d—2) /R% The results of section 3 can be employed to compute the
s — (s'0) — s bubble diagrams in the theory, focusing on the contribution from the traceless
and transverse part of the bulk-to-bulk propagators.

The traceless and transverse cubic couplings of the interacting theory are given in
ambient space by [59, 60]:33

_ 0,0,0
VS1782,S3 - 981782,831.517327537 (4'12)

where Z0,% ., was defined in equation (3.11) and the coupling constants are:

d—3 3d—1+s1+so+s3 3
2

1 T 2 D(si + dgl)
= 4.13
Js1,52,53 1/Nl“(dJrslJrs>’2+83—3)i1;‘! P(si+1) 1

for canonically normalised kinetic terms.

In generic space-time dimensions, the spectral form of the contribution from the trace-
less and transverse part of the propagators to the anomalous dimension is simply given
by (3.31) with couplings g = gs 0.

_ 7+d

R D] N () ) )

2
YrT 95,0,s (d+23—4)F(%)F(%+3/—1)F(%+3)F<d+23_2)
" / dvd }_%%t bubble (, 53 (4.14)

and

v sinh(7v) sinh(77) r (% —iv—1)T (%—i—il/— 1)
24 (A= D2+ (A - DT (§+8 —iv—1)T (§+5 +iv—1)
T <d+s’+2s—2+i(u—y)> r <d+8/+28—2—i(lj—y)>

2pt bubbl _
fTI% P (v, D) =

“T <d+s’+zsz2z’(u+u)> r <d+s’+2sz2+z‘(u+u)> (4.15)
“T <s’+2+2i(1/—17)> r <s'+2—2i(1/—17))r <8’+2+2i(u+17)> r <$’+2—2i(u+17)) ,

whose properties were discussed in section 3.3.
Let us note that this result holds for the standard boundary condition on the scalar
field near z = 0:34
b (2y) ~ 2, (4.17)

33See [76, 82, 99-101] for previous studies and classifications of metric-like cubic vertices of totally sym-
metric higher-spin gauge fields in AdS, as relevant for this work.
#Here we work in Poincaré co-ordinates = = (z,y")

2
ds? = % (dz2 + dyidyi> , (4.16)

where z here should not be confused with the boundary auxiliary vector z°. The boundary of AdS is located
at z = 0, with boundary directions 3, i =1,...,d.
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where A is the largest root of the equation:®>

A (A —d) = m3R% (4.19)

By definition, A, > %. For mgR? > —dff + 1, (4.17) is the unique admissible boundary
condition invariant under the symmetries of AdS space [102]. That the result (4.14) holds
for this particular boundary condition can be seen by noting that the spectral representa-
tion (2.4) only holds for square integrable functions, which requires A > %.

On the other hand, if the scalar mass lies within the window

2 2

d d
-7 < miR? < -7 +0h (4.20)

there is a second admissible boundary condition [102]:

¢ (z,y) ~ 25, (4.21)

where A_ is the smallest root of equation (4.19). This choice of scalar boundary condition
is possible for the type A higher-spin gauge theory on AdS,, where the scalar mass m3R? =
—2(d — 2) = —2 falls within the range (4.20). While the result (4.14) holds in the type A
theory for the boundary behaviour (4.17) with A, = 2, in the following section we show
how the bubble diagram can be evaluated for the alternative boundary condition (4.21)
with A_ = 1.

4.2.1 Alternative quantization on AdS,y

In this section we show how to evaluate the bubble diagrams with the alternative boundary
condition (4.21) on the bulk scalar. See e.g. [69, 70, 103] for previous works on Witten
diagrams for the alternative boundary conditions.

The bulk-to-bulk propagator of a spin-J field of mass m?R? = A (A — d) — J with the
alternative boundary condition is given by:3%

47
Ga_g(x1,22) = Gay g (21, 22) — mQ%(A,_A”J (w1, 22) (4.23)

=Ga,g(x1,22) + (Af — A)/d Ay Ka .,y (z159) - Ka_ g (y;22),
HAdS

where in the second equality we inserted the factorised form (3.9) of the harmonic function.
From this expression for J = 0, we see that the s — (s'0) — s bubble diagrams with the

A=ae=0a /T imere (4.18)

36To obtain this expression one uses that harmonic functions can be expressed as a linear combination of

35Which has solutions:

the propagators with two different boundary conditions [71]:

Q%(A77A+),J (ml,mg) = (At% I:GA_*_’J (:L‘l,ZEQ) — GA_,J (111,1‘2)} . (422)
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Figure 9a. Diagrammatic relation between bubble diagrams with different conformal boundary
conditions on the scalar propagating inside the loop. For s’ > 0, they differ by a single-cut of the
scalar internal line.

Figure 9b. For bubble diagrams with two scalars propagating in the loop, diagrams with different
conformal boundary conditions on the scalar fields differ by both a single and double cut of the
internal lines.

alternative boundary condition on the scalar running in the loop can be obtained from those
with the standard boundary condition (4.17), supplemented by the additional diagrams
generated by the rightmost term in the modified propagator (4.23) — to account for the
difference in boundary condition. This is illustrated in figures 9, and we show how to
evaluate the additional diagrams in the following.

Single cut

Let us first evaluate the additional diagram in figure 9a, which for s’ = 0 is equal to the
left-most additional diagram in figure 9b. This corresponds to “cutting” the scalar bulk-to-
bulk propagator in the s—(s'0) — s bubble diagram (4.14) — i.e. going on-shell with respect
to the internal scalar leg. Given the result (4.14), the spectral form for the contribution to
anomalous dimension from this diagram is easy to write down by fixing % +iv = Ay

7+d

AAL o T2 sl 27 TS 2D (4 4 o — 2)
Tas 95,05 (d+2s— 4D (SHT (445 —1)T (¢ +5)I(d+2s —2)
(o]
2pt bubble
x / W), (4.24)
where
2pt bubbl 2m d\? 2pt bubbl
pt bubble _en =2 @ pt bubble —
Fara (v) = = [V + (A 2) ] X Fop (v, 1) e i(ast) (4.25)
The notation 'yf;,A’ is defined as
Ay A_ A A_
Voo = Ve ~ Vs (4.26)
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where fyf* is the contribution to the anomalous dimension generated by the s — (s'0) — s

S/
bubble diagram with the A, boundary condition on the scalar (which was considered in
the previous section), and 'ySAS_, is the same but with the A_ boundary condition.

In the present case of AdSs with Ay = 2, we have in particular
v tanh(mv)sech(mv)

2 < / 1>2
vit+ s+ ¢
2 ] T+ (a0 -9

F(s’+23—iy+%)I‘(s’+28+i1/+%)

]:18“/T (U) S 21—4(8’+5)

X 4.27
I'(L—a)r(iv+1d) (4.27)

The v integral in this case can be evaluated by expanding (4.27) as a series in v/?:
Fip (V) = —gt 2174+ (Z cgz),I/Q"H) tanh(mv)sech(mv), (4.28)

which truncates to a polynomial in 22 since the denominator of the first line cancels with one
of the factors within the I'-functions in the numerator of the second line. The coefficients
are defined as:

(n)

2 ! 1\2 - 1 / - 1 !
F (452 T(iv+lt2s+ )T (—iv+L+2s+
cy o = coeff. VA (s +3) 5 (W 2 .s 81) ( Z,y ? i 8),V2" . (4.29)
» s 4] T DTG
Using the identity:
/ dv v*" ! tanh(rv)sech(nv) = — <—4) (2n + 1)Es, , (4.30)
oo ™

where E,, are the Euler numbers the integral can be analytically evaluated for any spins.3”

The final form for the contribution (4.24) to the anomalous dimension from the single
cut of a s — (s'0) — s bubble is thus:

T35 2413+ (d + 5/ — 2)

ALA_ 2
d+2s — 4T (GHT (4 +5 —1)T (4 +5)T(d+ 25— 2)

_ 2
’ys,s’ - gs,O,s’ (

n 1"
x> el <—4> (2n + 1) Eay. (4.31)

where for generality we have kept d arbitrary in the overall prefactor. For the s’ = 0
contribution we can evaluate the sum over n exactly:

Aya 3252
s,0 Nr2(2s — 1)(25 + 1)

We give a plot of the s/ > 0 contributions in figure 10. It is interesting to notice that

(4.32)

contributions from higher s’ are exponentially suppressed in s’ — s, so that dropping terms
with s’ > 2s gives only a small error when evaluating the sum over spins. One may verify
for large s’ that contributions for s’ > s are of order 10-%+s. This allows to obtain
approximated analytic results with arbitrarily small errors.

3"Notice that the single cut gives a convergent integral in v. This confirms the expectation that the UV
divergences for Ay and A_ boundary conditions precisely cancel. The anomalous dimension then only
receives finite IR contributions coming from the boundary conformal integrals.
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Figure 10. Plot of the contributions to the anomalous dimension from a single cut of the s—(s'0)—s
bubble diagram on the internal scalar leg. On the horizontal axis we vary the internal spin s,
while the colour gradient represents varying external spin s. The contributions are exponentially
suppressed for large s'.

Double cut

For the bubble diagram s — (00) — s, with only scalars propagating in the loop, for the A_
boundary condition there is a further additional diagram given by the “double cut” of the
scalar bulk-to-bulk propagators, which is the rightmost diagram shown in figure 9b. It is
given by:

A A 1 2
MA:[,A_ (y1,92) = 593,0,0 (A —AL)

d, ad— p 40,0,0 _ 0,0,0 _
X /8 Adsd ydGM o a—on, a, WU T)  Migoaon A (Y2:5.7)-

The corresponding contribution (7370)212: to the anomalous dimension is very easy to
extract, and can be done by simply setting g +iv = Ay and s = 0 in the spectral
representation (4.24) of the contribution for the anomalous dimension from the single cut
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diagram. The result reads:

(s, o)ﬁiﬁ’ [(A+ —~ ALY CAJ“OCA,,OF (4.33)
20724 (d —4)T (2— 4)T(s + 1)
N(d+2s—4)(d+2s—2)L (£ -1)I(d+s— 3)
22d 2(d—4)T ( = ) slese (’TQd) sin (’TZd)
w2(d + 2s — )(d+23—2)F(d+s—3)

One can check that this agrees on the CF'T side with the contribution to the anomalous
dimension of the “two-triangle” diagram (also known as “Aslamazov-Larkin” diagram), see
e.g. [34, 104], in agreement with the general arguments in [69, 70].

Combining with the contribution (4.32) from the single-cut diagram, the total addi-
tional contribution from s — (00) — s one-loop diagrams for the Ay boundary condition
with respect to the A_ boundary condition is given by:

AyA_ ALA_
V5.0 = V0 — (Vs0)aia (4.34)

_ 3252 N 165 B 165
C\m2(2s—1)(2s+1)N w2 (2s+1)(2s—1)N/) Nnm2(2s—1)"

Total contribution. To obtain the total contribution from the additional diagrams for
—(8'0) — s bubbles in the alternative quantisation of the type A higher-spin gauge theory,
we need to sum over the exchanged spin s’ in the spectrum. In particular, this is given by:

AL A
) D (4.35)
s’€2N

As anticipated, evaluating this sum analytically is rather complicated due to the involved

(n)

form of expansion coefficients c_ ;. However, it is possible to obtain an analytic estimate of
the result by truncating the summation over spin. This is possible owing to the exponential
damping of the contributions for higher and higher exchanged spins, illustrated in figure 10.

We plot the result in figure 11 for fixed external spin s, up to s = 2000.

4.2.2 Comparison with dual CFT

In addition to the s — (s0) — s bubble diagrams considered so far in this section, there
are other types of processes that contribute at one-loop to the total two-point amplitude
in the type A minimal higher-spin gauge theory. For external spin-s fields, all diagrams
that contribute are shown in figure 12, for both boundary conditions on the bulk scalar
field. Notice that we have not included i—type tadpole diagrams, since it was argued in
section 3.4 that, at least taken individually, such diagrams do not contribute.?®

381t should however be noted that, in order to consider diagrams individually (i.e. for fixed spins propagat-
ing internally before summing over the spectrum), it needs to be investigated whether the infinite sum over
spin commutes with the integration over AdS. This is a subtle issue, in particular since the sum over spin in
higher-spin gauge theories has a finite radius of convergence [61] and the integration over boundary (1.4)
is divergent. We discuss this point further in section 4.2.3.
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Figure 11. Plot of the re-summation of the contributions to the anomalous dimension from the
difference of s — (s'0) — s bubble diagrams for the A_ and Ay boundary condition on the scalar
field. The internal spin s’ is summed over while the external spin s, which is displayed on the
horizontal axis, is fixed.

= .
" . v2 4 E " * Y2 4 m bl U2
s'=2

(a) (b} (c)

(d) (e)

Figure 12. Diagrams contributing to the one-loop two-point amplitude Mf‘i’mtal 1-loop (Y1, y2)

with external spin-s gauge fields in the type A higher-spin gauge theory on AdSy, for both the
A, and A_ boundary conditions on the bulk scalar. Diagrams (a) and (b) were considered in
section 4.2 of this work.
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In the context of AdS/CFT, the diagrams displayed in figure 12 give the holographic
computation of the 1/N correction to the two-point CFT correlation function of the single-
trace operator dual to a spin-s gauge field on AdS. On AdSy, the type A minimal higher-spin
theory with A_ = 1 boundary condition (4.21) is conjectured to be dual to the free scalar
O (N) model in three dimensions, restricted to the O (V) singlet sector [67]. The spectrum

of primary operators consists of a tower of even spin conserved currents
0-Js ~ 0, (4.36)

dual to a spin-s gauge field ¢, in the bulk, and a scalar O of scaling dimension A_ which
is dual to the bulk parity even scalar ¢. Owing to the absence of 1/N corrections in
free theory, the total of the diagrams in figure 12 for the A_ boundary condition is then
expected to vanish.

Adding a double-trace deformation AO? to the free theory above induces a flow an IR
fixed point where O has instead dimension A} = 2, known as the critical O (V) model. In
the holographic picture, the double-trace deformation modifies the boundary condition on
the dual bulk scalar field [105, 106], requiring instead to impose the A} boundary condi-
tion (4.17). This bulk interpretation of multi-trace deformations inspired the conjectured
duality between the type A minimal higher-spin gauge theory with Ay = 2 boundary
condition and the critical O (N) model in three dimensions [68]. At this interacting fixed
point, the operators Js are no-longer conserved and acquire an anomalous dimension:

Ag=s+d—2+ . (4.37)

At the operator level, this statement reads as the non-conservation equation of the
schematic form

1
0-Ju= = > g7, (4.38)

which implies that the anomalous dimensions are v; ~ O (1/N). At leading order in 1/N,

they are given by [107, 108]
16 (s —2)
=— 4.39
7T 302N (2s —1)’ (4.39)
and to date have been determined using various approaches in CFT [34, 109-111].
To date the anomalous dimensions (4.39) have not yet been extracted via a direct

one-loop calculation in AdS. From the large N expansion of the two-point function

HS
2 (1= slog (yia) +---) (4.40)

(y%Q)di

where Cy, is the O (1) normalisation and the ... contain O (1/N?) terms and corrections

(Ts (y1) Ts (y2)) = Cyg,

to the normalisation, we see that the anomalous dimensions of the higher-spin operators
may be computed holographically at O (1/N) by extracting the log contribution from the
bulk two-point amplitude at one-loop for the A, boundary condition, shown in figure 12.
While in this work we have not evaluated all diagrams in the total one-loop amplitude
(in particular, we have not evaluated diagrams (c)-(e)), with the results of section 3 we
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Figure 13. Diagrams which contribute to the difference M+ total 1loop (y1,y2) —

MG - total -oop (y1,y2) of two-point one-loop amplitudes for the A, and A_ boundary conditions

on the bulk scalar. Diagrams (a)-(c) on the first line were computed in section 4.2.1.

can still however study how the different one-loop processes in figure 12 contribute to the
anomalous dimensions (4.39):

In order for the duality with the free scalar theory to hold, the two-point amplitude
with A_ boundary condition should not generate anomalous dimensions. Under this as-
sumption, the anomalous dimension (4.39) should be encoded in the diagrams that remain
in the difference of the two-point amplitudes with A and A_ boundary conditions on the
bulk scalar, which is shown in figure 13. Since the change of boundary condition is just on
the bulk scalar, only the diagrams involving a scalar in the loop, which are displayed on
the first line of figure 12 (diagrams (a), (b) and (c)), may generate non-trivial contributions
in figure 13. The diagrams on the first line of the latter were computed in section 4.2.1,
which arise from bubble diagrams (a) and (b) in figure 12. The total of which, given by
the modulus of equation (4.35), does not reproduce the anomalous dimension (4.39). The
discrepancy is quite large: the CFT result (4.39) asymptotes to a constant value for large s:

8

37{_72]\]_7 (4-41)

Vs —

while the total contribution (4.35) from the bubble diagrams seems to grow linearly with
s — as shown in figure 11. The remaining diagram (d) in figure 13, which arises from the
O tadpole diagram (c) in figure 12 generated by the s-s-0-0 contact interactions, should
thus give a significant non-trivial contribution of the equal but opposite magnitude as
that from the total of diagrams (a), (b) and (c) in figure 13.
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Figure 14. Re-summation of tadpole diagrams with a single-cut of the scalar loop. The infinite
sum over spin s’ and the divergent integration over the boundary seem not to commute.

4.2.3 Discussion

Sum over spin. In computing the one-loop contributions to the type A higher-spin
gauge theory two-point amplitude in the preceding section, we performed the sum over
spin after regularising the divergent two-point boundary conformal integrals (1.4). This is
the standard prescription for computing Feynman diagrams in a field theory, where each
diagram is evaluated separately and the amplitude is obtained from their total sum. How-
ever, since in higher-spin gauge theories an infinite number of diagrams must be summed
for fixed external legs at each order in 1/N — owing to the infinite spectrum of higher-spin
gauge fields — it is interesting to ask whether the infinite sum over spin and regularised
integration over the boundary may be commuted.

This point can be explored and is most illuminated by considering the contributions
from i—type tadpole diagrams, which in section 3.4 were argued to vanish individually. In
performing the boundary integration before summing over spin, such diagrams thus do not
contribute to one-loop two-point amplitude. For simplicity, in the following let us restrict
to the single-cut tadpole diagrams that would appear in the difference of the one-loop
two-point amplitudes for the Ay and A_, shown in figure 14. These diagrams were not
considered in section 4.2.2, where they would appear in figure 13, because there the sum
over spin was being taken after performing the boundary integration and they thus did not
contribute. To investigate instead summing over spin prior to performing the boundary
integration, it is useful to note that each individual such diagram in the sum over spin s’
can be expressed as?

Ay A
Mtadpole,s’ (yl ’ y2)

1 T -1eV( X
=3 (Ay —AL)? /8AdS dyzdy, M;ifs}fof{(?-dl' (Y1,y2,y3,y4) Ka, 0 (Y3, ya) . (4.43)

39The integration weighted by the AL scalar bulk-to-boundary propagator in equation (4.43) enforces
the change of boundary condition on one of the external scalars from A_ to Ay [112], i.e. (see section A.7):

Kna, g (w;y):—(A+—A_)/ ddgKAi’J (x;9) - Kay g (y;9) - (4.42)
OAdS
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where Mgfgfjﬁgf{gfm is the spin s’ exchange diagram in the type A minimal theory with
A_ boundary condition on both scalars, which was computed in [15].*° For the part of
exchange diagrams corresponding to the genuine exchange of the single-particle (s.p.) state
(i.e. as opposed to contact contributions associated to double-trace blocks) which is encoded
in the traceless and transverse part of the bulk-to-bulk propagator (3.26), the sum over

exchanged spin is given by a higher-spin block [61, 113]:%!
Hasliziomom) = D MESRES™| (4.44)
s'€2N Sp-

which re-sums the contribution from the infinite tower of exchanged massless higher-spin
particles. It is given explicitly by:

Css u (12;2 d—2 s s
H(s,sld—2/0-,0-) = N(y%Q)d—g?y§4)d—2 [(v) <(2(112) T F( B >Jd 4(\/2q21)>Y1,24Y2,31}
Cs500 a2 (o aza (d—2 — s us
A=t Ul R G A VET) AN D
where
qi12 = H218Y1’248Y2,31 ) 612 = H128Y1,238Y2,41 ’ (446)
and with normalisation:
VA2TATHD(s + DD (s + §) T(s+ A — 1)
Css00 = 2 A 1 R (447)
NT (3 ) P(s+2-3)

corresponding to unit normalisation of the two point functions. The cross ratios in the (12)
channel are defined as: ) o ) 5
_ Y1234 _ Yi4¥23

=55, V=5 (4.48)
Y13Y24 Y13Y24

The higher-spin block (4.45) allows us to compute the contribution (dropping contact
terms in exchange amplitudes) from the single-cut diagrams (4.43) arising from @ tapoles
by performing the sum over spin prior to evaluating the boundary conformal integral. This

is given by:
AL A 1 ree-level exch.
Mtagpole (y17y2) 5 (A-‘r *A—)Q‘/ dddedy4 Z M; S|s}|0_1,0_ h (y17y27y3,y4) ‘ KA+,O (yg,y4)7
OAdS s/ €2N s.p.
1
=5 (Ay —A—)Q/ dysd?ys Hs,sld—210-,0-) (Y1,¥2,Y3,Y4) Ka, 0 (Y3,y4),
OAdS
1 2 2rdd(d—2) | log(y?,)
=2 (A4 =A_)Car 0CA_0Csia—2,s | — H5,, (4.49)
2 " NT (£52)? ] (wh) 2
log(y7a) s
=— s+d—2 S’Ytadpole (y%i)u H217 (450)

408ee also the preceding [12, 13] for the s = 0 case, and also [93, 94].
41 Restricting to the single-particle contribution is the AdS analogue of restricting to single pole in Man-
delstam variables in flat space exchange diagrams.
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where in the second-last equality we restricted to the log term that encodes the contribution
to the anomalous dimension, as shown in the last equality, and which we note is non-
vanishing. Upon recalling that:

(Ay —A_)?Ca,oCa_o= %(d — 474 sin (”j) T(d-2), (4.51)

for d = 3, corresponding to AdS, in the bulk, this yields:

Apas 8

fytadpole - 37T2N’ (452)

which is a non-zero and spin-independent contribution to the anomalous dimension. This
is to be contrasted with the vanishing contribution obtained in section 4.2.1 instead by first
performing the integration over the boundary, which seems to suggest that the sum over
spin and boundary integration does not commute in higher-spin gauge theories.

While it may seem non-standard in field theory to first perform the sum over spin,
which is more reminiscent of working directly with some analogue of string fields as opposed
to expanding in spin, we note that it does the job of recovering the CFT anomalous
dimension (4.39): this is straightforward to see by noting that, by first summing over
spin, the difference of one-loop two-point amplitudes for A, and A_ boundary conditions
considered in section 4.2.2 is given by:

] ) As,A
MG ALIOP () o) — MEAOREIP () o) = —MAT'R™ (11, 12)

(A=A /BAdS d%ysdy, MZfﬁfgl_ef;l"‘pt (Y1, 92,93, y4) Ka_0(y3,v1), (4.53)

N[

_l’_

tree-level 4pt is
s,5,07,0—
the full connected tree-level four-point amplitude in the type A higher-spin gauge theory

where Mﬁfr’ﬁ: is the double-cut diagram computed in section 4.2.1 and M

with two spin-s external gauge fields and two external scalars with A_ boundary condition.
Amplitudes in higher-spin gauge theories on AdS, are uniquely fixed by the global higher-
spin symmetry [61]. In particular, in terms of s-, t- and u-channel higher-spin blocks (4.45)
we have:

tree-level 4pt

1
Moo W1y2,y3.91) = 5 [H (s s1d—210-,0-) (U1, Y3, Y2, Ya) (4.54)

+ H(s,0-1d—215,0-) (W1, Y4, Y3, Y2) + H(s 0-1a—2(0-5) (U1, Y4, Y3, 42)] ,

which neatly re-sums the contributions from the infinite tower of gauge fields in the spec-
trum. Performing now the boundary integration, we have

1
B (A4 — A—)Q/ddy?a d%ys M (s.0-1a—2)s.0-) 1. Y3 Y2, y4) K, 0 (y3,y4) og (4.55)
1
=N (Ay —A)’Ca, 0Ca_ 0Csra-2s
X 32m! ™ _ wld(d - 2) | log(yiy) s
(d+2s—4)(d+2s—2)T (4 —1)7 T (42)* | (i)™
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and (which by symmetry in y3 and ys is identical to (4.55)):

1
5 (At — A—)2 / d%ys dy, H(s,0-1d—2(0-,s) (Y1, Y4, Y3, y2) Ka, 0(Y3,ya) ‘log (4.56)
1
= 5N (A —A_)?Cn, 0Ca_ 0Cstd—2.s
" 32r "  wd(d —2) | log(yd,) ;s
(d+2s—4)(d+2s—2T (4 —1)° T (42)? | ()

Combined with (4.50), (4.51), and the result (4.33) for the double-cut Mﬁ:ﬁ:, from (4.53)

upon factoring out the normalisation Csy4_2 s we obtain

2¢4(d — 4)sin (Z) I (452) (ds!T(d — 1) —2(s — 1)(d + s — 2)T'(d + s — 3))
m/2d(d +2s — 4)(d+ 25 —2) () T(d+ s — 3)N

Vs = s (457)
which matches the result of [34, 114], and in particular for d = 3 reduces to the CFT
result (4.39) for the anomalous dimensions in the O(N) model:

16(s — 2)

= 3N (4.58)

f}/S
Let us stress that, in first performing the sum over spin, once it is assumed that the duality
with the A_ boundary condition holds, the recovery of the anomalous dimension (4.58)
from (4.53) is trivial [70]. A non-trivial question would be whether the same result can be re-
covered by treating higher-spin gauge theories as standard field theories, which entails using
the approach taken in section 4.2.1 that instead sums over spin after performing the bound-
ary integration.*? Since we have seen that the contribution from bubble diagrams (4.35)
is insufficient, addressing this question requires to take into account O -type tadpole dia-
grams, which we leave for future work. We would also like to stress that in using twist-blocks
we are able to project out all double-trace contribution from the current exchange. This
subtraction should be generated in the field theory computation by the quartic contact term
and may justify the different behaviour of (4.58) with respect to the behaviour in figure 11.
Let us note that also in performing first the sum over spin we can see that O -type tad-
pole diagrams should give a non-trivial contribution to the anomalous dimension. The total
contribution from the single-cut diagrams arising from s —(s’0) — s bubbles in the difference
of one-loop two-point amplitudes (4.53) is given (modulo contact terms) by (4.55), i.e.:

1
MEHA- = 5 (B = A)2/ddy3 d%ys H s 0 a—21s.0-) (Y1, Y3, Y2, 1) Ko (Y3, ya) o
1
~oN (At — A—)z Ca0CA_0Cs1d—2s (4.59)
X 32m 7 _ nd(d —2) | log(yis) s
(d+2s—4)(d+2s—2)T (4 —1)* T (42)? | (W)

421f this turns out to be the case, a further question would be how this can be reconciled with the apparent
non-commutativity of the sum over spin with the boundary integration observed earlier in this section.
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which, either alone or together with the tadpole contributions (4.50) does not recover the
contribution generated by the second line of (4.53).43
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A Appendix of conformal integrals

In this appendix we outline the evaluation of various boundary conformal integrals utilised
in this work.

A.1 Fourier transform

We recall the standard result:

d_

1 /ddq e / T A/dd ptg_ L D(E=8) (4378
em¥2 | 22 d/21" ~ 9d2 T(A) \p? )
(A1)

which we will use repeatedly in the following.

A.2 Two-point and comments on regularisation
The two-point conformal integral

dy
(=] [0 — 7]

a3 a1+ as = d, (AQ)

Iopt (Y1, y2) —/

appears universally in the computation of AdS two-point loop amplitudes. The regular-
isation of the latter integral generically produces two type of terms: one proportional to

43In fact, the non-trivial contribution from Q—type tadpoles appears to arise from the 1/C-type non-
locality of quartic contact interactions in higher-spin gauge theories on AdSg441 [61], which smears out
the contact interaction to produce precisely the higher-spin blocks in the second line of (4.53) needed to
recover the anomalous dimension. Notice that the expression of the four-point amplitude (4.54) purely
in terms of higher-spin blocks indicates that any genuine contact contributions (i.e. not of the 1/0-type)
cancel among each other to give a vanishing overall contribution to the anomalous dimension.
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NI

(y35) 2 and a term proportional to log(y?,), which is the fingerprint of the generation of

anomalous dimensions. By conformal invariance all divergent diagrams, regardless they

are bubble or tadpoles O, are proportional to the above 2 pt integral. It can be evaluated
by taking the Fourier transform

1 o
7 / d*yy Tops (y1,0) €917 (A.3)
2

(2m)
1 o dtldtQ ai.,a 1 (/ d —t1y2—iy - > </ d —toy2—iy- )
— $01492 d e 1Y71 —W1p d e 2y~ —wy-p ,
F(al)F(a2>/0 titg 1?2 (277)% Yy Y

where in the equality we sent y; — y1 + y and employed the Schwinger parameterisation

1 1 ° dt 2
—— = —t%e A4
o @), v .
Evaluating the Gaussian integrals and performing the change of variables ¢ — 1/¢, one finds

1 : T\ % 1  dtydty 2—ar,d—as 2
d*yy Tops (41,0 —wrP:(f) / 12T e i)
(27r)§/ ot (o, 0) € 2) T@)T(a) o ner ' 2 "

(
:(W>§F(‘2i—a1)f‘(g_a2) <4>d—a1—a27 (

2 T (a1)T (a2) p2

where in the second equality we used the integral representation of the Gamma function.

5)

=

6)

Taking the inverse Fourier transform obtains the final expression

_ QF(%_‘“)F(%_Q?)F(‘“"’_G?_%) 2\ %—a1—az
B 0102 =T G ) T a) )

and, in particular, for a; + az = d employing the dimensional regularisation in eq. (A.10)

we have
o d/2(42.)=5 (log(m(y2,)) — @ (4
Iopt (Y1,92) = 1) ( I%((d()yu)) Ld (2)), a1 = ag, (A.8a)
2
— 0, a1 #az.  (A.8b)

It is also interesting to study more generally the analytic structure of the above integral
as a function of d, a; and as which can be done in various ways. Considering a simple
parameterisation of the type a; = %—qu and ag = %l+6233 and expanding in « one arrives at:

m2(yh) " (e + @) log(uh)) 72 (yh)"E (o1 + ) (A9)
e1eal’ (%) zepeal’ (%)

The variant of dimensional regularisation mentioned above (which is here referred

Lopt (y1,Y2) ~

to as a prescription to regulate a divergent integral) is instead achieved with the

parameterisation:**

a1
27 2_27

#To avoid any confusion it is useful to stress that a standard dimensional analytic continuation where

d*=d+e, a) = (AlO)

one analytically continues the bulk Lagrangian to arbitrary dimensions does not define a regularisation of
the theory in our case since this does not break the boundary conformal symmetry.
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with d* the dimension of the measure. This gives
2 d—
%) F(Te) ( 2 )egd
d\2 Y12
(5)"T(e)
AP ) 2m ()2 (log(r(u)) — v (4))
d d :
el (3) r(g)
Another possible regularisation consists in taking the limit a; — d/2 at ay fixed and
then take the limit ag — d/2. In this case one obtains:

d+

72
T

—~

Lopt (y1,y2) =

(A.11)

_d _d _d
2 (yd) "2 wl2(yd) e 2r Y2 (ydy) 2 log((vhy))
+ - d) , (A.12)

2

Iope (y1,92) ~ — ~Tar (4) (
2
27’I’d/2

el (3)

giving a log coefficient a2y which is the same as for dimensional regularisation but in a
different subtraction scheme, since no wave function renormalisation is generated. Other
choices of €; = k €2 should not be admissible as they give different coefficients for the log.

In this work we stick to the above generalised dimensional regularisation as this allows
to keep a1 = as = % in the regularisation process. This regularisation also matches
known expectations in the large- NV expansion on the boundary side. Furthermore, it might
be interesting to notice that all divergent conformal integrals we have encountered can
be reduced to the same 2pt divergent conformal integral. Therefore, once a consistent
regularisation scheme is identified for Iop¢, one should be able to consistently regulate all

divergent conformal integrals.
A.3 Three-point
The three-point conformal integral
dy
al a2 as )
=" [we -] s —v)?]

Ispt (y1,92,y3) = / [ ay +az + a3 =d, (A.13)

arising in the computation of bubble diagrams can be evaluated using Schwinger parame-

terisation:
ddy o0 dtldtgdtg . (s 2
I — 0yl ds o 2 (i) (AL14
3pt (y17y2,y3) / T (a1) T (@) T (as) /0 titats 1 l27t3"€ ( )
Writing
1 2 1
Zti (yi—y)?=T (y— thiyz) + thitjyizja T= Zti, (A.15)
i i i<j i

we can evaluate the integral in y to give

d
T2

T (al) T az) T (a3)

%t dtydt 1 .
Ipt (Y1, 92, Y3) = / LTS par gz yas pd/2e— 1 Lic; lili% - (A.16)
0

t1tats
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The crucial observation of Symanzik [40] was that, when a; + as + a3 = d, (A.16) is
unchanged if we take instead T' = ), k;t; for any x; > 0. We can thus simply take,
for instance, T' = t3 which gives the following final expression upon using the integral
representation of the gamma function

AR IR NCETS

— 2
I3pt (y1,y2,¥3) = TG T @) T (as) (g2 1o oy Eor gy Fon (A.18)

A.4 n-point

The 3pt conformal integral discussed in the previous section admits a straightforward

extension to n-points:

= ddy a; = .

via the Symanzik trick and employing the Cahen-Mellin identity:
1 c+1i00

e =— dsT'(—s) 2%, (A.20)

2mi c—100

valid for ¢ < 0 and |arg(z)| < 5. The procedure is to first perform the Gaussian integration
after employing the Schwinger parametrisation as in the 3pt case and use Cahen-Mellin
formula in such a way to perform all Schwinger parameter integrations. The final result is
given by Symanzik * formula and reads:

I N — /2 .  N\(ay. .\~ 0ij
o) = [ T oy [T 06 i) (A.21)

1<jg

where the contour integration measure is defined as (see also [115])

c+1i00
f déijz .n(n 5 / ITdoi [T6 | - Zéw : (A.22)

2mi) i<j J#i

where the constant c is selected to ensure that all poles of gamma functions are on the left
or right of the integration paths.
A.5 Bubble integral and alternative regularisations

In this section we study a different regularisation of the bubble conformal integrals which
do not rely on analytically continuing the boundary dimension but instead a deformation

45This can be seen by making the change of variables t; = oca; with «; constrained by ZZ rio; = 1. For
the integration measure we have

dtldtgdtg ajjag,a3 dozldagdag ay a2 as _
th to2t3® = = T aroea, 12’ 5 172/@0(1 doo® . (A.17)

In performing the integration over o the explicit dependence on T disappears.

— 57 —



of the bulk Harmonic functions appearing in the bulk-to-bulk propagators. In the spirit of
large- N conformal field theories one can indeed regularise all boundary conformal integrals
deforming asymptotic behaviour of one of the bulk-to-boundary propagators in the split
representation (3.9) of the harmonic functions as:

v ~ ~

Qg=— dP C4 v, Cf—iu Ka e K—fw ; A.23
T JoAds g tw,J I G iv—e,J J ( )
where
. U-PZ-X\* 1
Ray (X, U;P,Z)=(U-Z - : A4
A ( ) ( P X ) (—2P - X)A (4.24)

is the bulk-to-boundary propagator without normalisation factor.

With such deformed harmonic functions the basic scalar bubble conformal integral is
not conformal:

[ty a5l0s)Oy - 010 DOy 0Oy O], (A25)

One can still perform the integral rewriting it in Mellin space using the identity:

1 1
Ay d x _ — A.26
[ atu'ns (W2)™ (307 W) (3)7 (w3)% ~ ()T —oe =P (4:20)

ol
* Ma M@ TN o a2 =)
Tiodsdt T'(—s)I'(—¢)T ( +s+t7'y)F(d+sfoz27ﬁ2f'y)F(d+tfoz17ﬁ1f'y)F(d+s+tfa17a277)
/_ioo(Qm) I'2d+s+t—ar—az—F1—F2—27)
y D(—%—s+ar+7) (-2 —t+ar+9)T (-2 —s—t+ar1+aa+p1+B2+27)
D(—§—staz+fe+y)T(—§—t+ar+p1+7) '

The limit € — 0 can be performed as usual for Mellin integrals starting from a region
where each I'-function argument is positive and analytically continuing while keeping track
of contour crossings. In our case the only contribution proportional to log(yf,) comes from
the residue at s = 0 and ¢ = 0 where for ¢ — 0 the integration contour is pinched. The
result reads:

[y d'50an)0 - WOy 5 DO, 5O (1)O ()] =

d _d d_ A-i(v=p) M
— 27 F(A 2)11(2 A+ 2 ) < A+ )10g(y12) 4 (A 27)
T (§)T(d— AT (A=) 1 (a=) (yf2)2
where the ... give terms not proportional to a log and the log-term matches the result

obtained by analytically continuing the boundary space-time dimension in (2.14). While
the log-term does not depend on the regularisation the ... depend explicitly on the regular-
isation and in this case are expressed in terms of a Mellin-Barnes integral which contributes
to the 2-pt function normalisation.
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A.6 Decomposition of bubble integrals

In this appendix we explain how to decompose the conformal integrals (3.2):

ﬁg’f,?;)sx,sy(V Uiyl Y2) = /ddyxddyy [[OAhSl (Y1, Zl)oAx,sx (Yxs ézx)OAy,sy (yya ézy)ﬂ(n)

X [[Od*Ay’sy (y)/7 Zy>0dex,sx (yX7 ZX)OA2782 (y27 ZQ)H(m) ) (A28)

which arise from spinning two-point bubble diagrams in terms of basic conformal integrals
of the form:

~a1,az,b1,b2 / A%y, dy, (21 - Y1) ™ (22 - y2x) ™ (21 - y1y)" (22 - y2y ) (A.29)
- X (3 (0% ) .
a1,02,7,61,62 (yfx) 1 (?ng) 2 (ygy)"/ (y%y)ﬁl (y%y)ﬁz

where conformal invariance requires:

al—ay+ay—as+v=d, B1—b14+ 082 —bs+v=d. (A.30)
By using the series expansion around z = 0
(— 1)’€ 2k+a
PRETES sy £ As)
< kT (k+a+1)\2 ( )

of the Bessel functions present in the three—pomt conformal structures (3.16), the integrand
of (A.28) can be reduced to a linear sum of monomials of the form:

Q o Y51 —Dx pyYSx_py pley—pl pXlepr pr] |:Y52 Dx pyYSx_py p2Ysy—p2 prngpx pr]
PP —

1,yx X,1ly y,x1 1y 'x1 2,yx X,2y y,x2 2y’ 'x2
1 1
X = = —, (A.32)
() (U ) > (3, ) ()% (y2, )P (y3,) 02
where
5Xy:%(7—x+7—y77—1), (51)(:%(7'14*’&77'3,), 51y:%(71+7y77'x), (A.33a)
gxy:d_Ax_Ay‘F%(Tx"'Ty_TQ)y SQx:Ay_Ax+%(T2+TX_Ty)7 Sly:Ax_Ay‘i‘%(TQ‘i‘Ty_Tx),
(A.33b)
with twists 7; = A; — s;. The conformal building blocks in this case read explicitly:
21 Yyl 21 Yx1 22 Yy2 22 Yx2
Yl,yx - ny - 2?J ) Y2,yx = ny - 2?] y (A34a)
yyl Ya ny Yo
. ., - .- 2 Cne
Yy = i O Yooy = 0l (A.310)
ylx yyx y2y yyx
Vypa = 220 T Iy Vyso = 2Ly By (A.34c)
yxy yly yxy y2y
_ 1 [+ & 205 Y0 1 22 - Yy Zy -
ny - - azx : azy + = yxyz & yyx ) ny - - <Zx . Zy + - yX}; Y yyx) y (A34d)
Xy yxy yxy yxy
_ 1 X~ 25 . 21 1 22y - 29
Hly:T azy'zl‘i'w ’ Hoy = — (Zy Z2_|_yyy222y2y) . (A.34e)
yyl yxy yy2 Xy

_ 1 A 221 Y1 Oy 1 229 :
A= (2.6, 4 20000 v ) HX2:2<ZQ.ZX+W>, (A.346)
ylx le y2X

— 59 —



The main step is to evaluate the Thomas derivatives ézx and ézy in (A.32). To this
end, it’s useful to introduce the combinations:

éx . ézx = vx,ly + Anyh EX c 2y = Yx,?y + S\yHXQ, (A35a)
gy : ézy = ?y,xl + )\xl:llyy gy T Zx = Yy,x2 + xxH2y7 (A35b)
and the differential operators:
1 2
On, = —5 |06 0, — 3 Uy Oetiny " 05, ) (A.36)
yxy yxy
1 2
O, = 2 g, - O, — Rl g ey - O, | » (A.37)

which have the property: Op (&x€y) = Hyx and On,, (&&y) = Hyx. This allows us to define
the following generating function:

1
(sx —p1 + 1)p1(3y —p1+ Dp (5 —p2 + 1)py(sy —p2 + 1)y,

VIPIVEFPOR O [(6- .06 507 [(6 0,076 )],

from which (A.32) can be recovered via

QA = (A.38)

(sy —p1 — p)!(sy — P2 — Px)!(5x — p1 — Py)!(8x — P2 — Py)! By B <
Qs = AP 9P 9P (A, A) .
PP (5x — p1)!(sy — P1)!(8x — p2)!(8y — p2)! &8 ey ()

(A.39)

Above and also in the following discussion, for convenience the presence of the factor in
the second line of (A.32) is left implicit. The generating function (A.38) is convenient, for
it allows to straightforwardly evaluate the Thomas derivatives by simply using that

(@ 0.0 (b-2)F = 2’“(;‘—1),4 (a28?)*2 37 (%) , (A.40)

in terms of a Gegenbauer polynomial. This gives
1 Sy ! sy!

Q (AN =
( ) (5x_p1+1)p1(sy_p1+1)p1(5x_P2+1)p2(5y_p2+1)p225*(4—1) 2SY(§—1)S

Y

S1 X v\ S2 x —Py Sx fx §X Sy § f
XYl,yxp pY2yxp pOH Ony{[ﬁX?] /205x <[§)%£X]1/2> [éy?] /QCsy (Kyyéy]i,/Q)}

(A.41)

Upon expanding the Gegenbauer polynomials, one obtains

Q=
25x+8y Sy! sy!
C (sx—ni+ Dny (8y =1+ 1), (sx—n2+1)n, (sy —na+1)p, 25XF(% —1+sx) ZSYI‘(% —1+sy)

Lsx/2] Lsy/2]
X Z i k1+k2F(SX*kle%il)F(SyiijL%il) (A42)

F1=0 g 22(k1+k2)k1!(SX—Zkl)!kQ!(Sy—2k2)!

XYiﬁanx—nyY;zanx nyO']’L]_ Oﬁix {[gggx]le SX/Q[f f ]ng sy/2 (‘5 EX)SXkal (gy'é:y)snykz}’

— 60 —



which gives a nested sum of the conformal integrals (A.29) upon evaluating the Oy and
expanding the Y’s, H’s, &’s and £’s, for which the following identities are useful:

Yij * Ykt = —Yik * Yk + Yjk - Yik » (A.43)
1

vis ki = 5 (i + Uk — V) (A.44)

Zi " Yjk = Zi " Yik — Zi " Yij - (A.45)

Particularly simple with respect to the general case is the situation in which one of the
internal legs in the bubble is scalar. In this case indeed n; = ny = 0 and the full conformal
integral can be expressed by a Gegenbauer polynomial while the action of the differential
operator trivialises.

A.7 Shadow bulk-to-boundary propagator

In this section we prove the integral relationship (4.42) of footnote 39 between bulk-to-
boundary propagators of different conformally invariant boundary conditions for the case
J = 0, as relevant for this work.

This is most straightforward working in ambient space. The r.h.s. of (4.42) for J =0
reads:

(A, AL /a _ dPKs, (PiP)Ks (X:P)

_ 1 1
=—(AL —A_)C Ch_ / dP — — .
(B )Car008-0 HAdS (—2P-P)A+ (—2X-P)A’

Using Feynman parameterisation:

_ 1 1 B _ T (d) oo A\A+-1
/aAds " (2P P) (—2x -P)> /aAds PTEorED /o ? (—2P-v)"

(A.47)
where: Y4 = X4 4 \P4, it is straightforward to perform the conformal integral in P:
_ 1 d/2r (4 1
/ ip—— =" (5) - (A.48)
oAds  (—2P-Y) I'(d) (-y2)¥
The remaining integral in A is given by the Beta function, which yields:
_ 1 1 r¢-A 1
/ P —— ——— = %2 (5 —Ay) — (A.49)
oAds  (—2P-P)°t (—2X - P)°" [(A)  (—2P-X)%+
Using the explicit form (2.3) of the propagator normalisation, this finally gives:
(AL - AL / AP Ka, (PiP) Ka_ (X:P) = Ka.o(X;P). (A.50)
0AdS
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B Coincident point propagator

In this appendix we show how the split representation relates to the standard expressions
for the coincident point limit of the bulk-to-bulk propagator. We will evaluate the following

bulk integral:*

Zp, = / Tr[Ga (X, X)]. (B.1)
AdS

Without loss of generality we can restrict the attention to the TT part of the propagator
which encodes the physical degrees of freedom. Using the split representation the above
vacuum bubble therefore reads:

ee 2 1
Zps = /_OO dv T (A— I 5 OO
fa,s @)
X / dP dx Owi D, )* (B.2)
HAdS AdSgi1 (sh)?
{l(=2P X)W1 + (2w - P)X] - éz}s (Z-[(—2P - X)Wa + (2Ws - P)X]}*
x sl(—2P - X)1 ’
where % defines the trace operation with respect to the tangent and light-like
auxiliary variables W and W5 in terms of the AdS Thomas-D derivative:*”

Dya = (P01 5, (B.3a)
1
d—1+2W -P - 0w

Carrying the above derivative contractions and integrations using the identities:

Dyya = Oypa — Wa(Ow - P-0w), (B.3b)

1 A s! (¢-1) ([ A-B
—(A-8y)%(Z-B)* = ———[A’B%*/2Gy> () B.4
d+1
(W1 - P)2(Wy - P)s 217073575 g
dP = Wi - Wa)?, B.5
/8AdS (—2P . X)d+2s T(s+ 42 ( ) ()
(Ow, - Dw,)? s (d+2s—1)(d+s—2)!
Gz ()= d—1)s! ! (B-6)
one arrives to the following equation:
217d7r% 00
Z(a,s) = VAdSgia @ gs/ dvfia,s ), (B.7)
2 —0o0

where Vpgs,,, = 7d/21 (—%) is the AdS441 regularised volume and one can recognise the
spectral density:

2 4 d d
f(A7s)(V) = 477142 - +((2 )2 v sinh(mv)T <2 — v — 1) T <2 + v — 1> , (B.)

l\?\&

46For s = 0 see [116].
47Tt is convenient to use projected auxiliary variables such that W2 = 0 and W; - X = 0.
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the volume factor Vga = QFE(Z;?/Q and we have expressed the result in terms of the number
2

of degrees of freedom for a symmetric TT field

2s+d—2)(s+d—3)!
gs = ( (d );)'S' ) . (Bg)

As expected, equation (B.7) precisely matches the corresponding expression derived using
(-function techniques [87]:

Z(as) = (as(1)- (B.10)

B.1 Mellin-Barnes and sum over spins

The spectral function integrals are naturally regulated as Mellin-Barnes integrals:

/OO dv fia,e (V) 2 : (B.11)

z=1

Such integrals can be straightforwardly evaluated as infinite series by closing the contour
of integration in the appropriate convergence region and dropping the arc part of the
contour. In the example above one can perform the spectral integral in full generality and
for arbitrary dimensions:

(d+2n—2)(n—s)(d+n+s—2)T(d+n—2)sin (%)

: > wo__ — 2
ll_)ﬁi 3 dvf(a,s(v)z" = nZ:o AT (A+n—1)(d—A+n—1)
1 ) d

The above series is divergent but with some effort it can be resummed in dimensional

regularisation obtaining a remarkably simple answer:*®
wd
. o0 : sec () cse(mA)(A+s—1)(d—A+s—1)
1 d W= 2 B.1
lim | dvfias )z A7d-1T(2 — A)T(A — d +2) (B-13)

Furthermore one can explicitely evaluate the sum over spins in dimensional regularisation
using Gauss hypergeometric theorem. The sum over spins including ghosts gives:

- 47 csc(md)'(3 — 2d)
Zys = Z (Z(d—2+8,s) - Z(d—1+s,s—1)) = dF(3 — d)2 . (B14)
s=0

Remarkably the latter shows no pole in any CFT dimension d > 2, signaling the cancellation
of UV divergences upon summing over spins. Notice also that in the above expression we
have included the regularised AdS volume.

48We have checked that the expression below matches the expression obtained by ¢-function regularisation
in any even dimension. In odd dimension the two result differ but we expect that the main physical
properties should remain unaffected.

— 63 —



C Graviton bubble

In this appendix we detail how to bring the 2 — (20) — 0 bubble diagram involving the full
de Donder gauge graviton propagator (4.3) into the form (3.19). The diagram is given by

four terms:

MEPBUbIe _ g ERRIbIE 2 (d— 9) AR 2 (d - 2) MBI (d - 2 M,

(C.1)
which each, via the spectral representation (4.3) of the full graviton propagator, decompose
in terms of the three-point Witten diagrams (4.8) as:

1.
M%%;.ﬁgbble (P, Py) = 75;/2 v2dy 2 dp gé?&o (v) g[()?&o (7) /BAdS dPdP (C.2)
x ’AZ?ZOéiiD,ngiu (P, P, P)- AZZZO%’LD%*W (P2, P, P)
24 [ a8, 0o o) [ apap
x Ak?ilg’:)-iﬁ,%-l-il/ (P, P, P) - Azgiggiﬁv%—“’ (P2, P.P)
+ iz Z vidy DQdﬁgg,Zg,o (v) 9(()?0),0 () /BAdS dPdP
X AZ?ELD%Hu (P, P, P) - AXZZO%?:D%*W (P2, . P)
+ iz /_Z V2dy 72dp gf&o (v) 9(()?3,0 (7) /BAdS dPdP
AL g (PLPP) A (PP P)
+ f; O; Vidv ido 9((),23,2 (v) 9(()(,2,0 (v) /8Ads dPdP
x AZ?Z%iig%Hu (P, P, P)- ‘Akgzoéiil”%*i” (P P.P).
2.
M%%;blﬁlbble (P, Py) = 75;/00 v2dv A do gfl)p (v) 9(()?3,0 (V)/ dPdP (C.3)
. DAdS

x ALSLO (PP P) AN (P, P P)

Ay, §+iv, $+iv Ao, §—iv,g
g [ 2) (0) 5
+ = / vidv 7*dv gy 0 V) 9600 (7) / dPdP
™ J -0 w7 Y OAdS

1,0;0,2 ' 0,1;1,0 D
>< et ) . bt )
AL g v, g v (1, P, P) Ao d-ivg-iv (2. P, P).
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2 o]
MEZTE™ (P, Py) = 25 / Vv 72di g1 o (v) g0 (7) /6 _ dpap (C.4)
—0o0
0,1;1,0 5\ 41,0:1,0 5
% AAI:%+i777g+iV (P1, P, P) ‘AAQ,%*W%*W (2. . F)
2 [ee)
+ % / V2dy 72dp 95,2(%,0 (v) 9(()(,)(3,0 () / dPdP
w2 J_ dAdS
0,1;1,0 = 1,0;0,2 =
x AA17g+iD7%+iV (P17 P7 P) ‘ AA?vg_iﬂvg_iV (PQ’ P’ P> ’
4.
A2ptbubble (v g* [ 20y 525 o o) - IPdP c
0,1;0,1 (P, ) = ) vravv-av g i (v) 90,0,0 (V) o AdS (C.5)
—0oQ

0,1,1,0 5\ . 40,1:1,0 5
X bt ) . bt )
AAl,g+iD,%+iy (P, P, P) AAQ,g—z‘p,g—iu (P2, P, P),

The three-point Witten diagrams (4.8) can be straightforwardly evaluated in the present
case, in particular since the three-point conformal structure generated is unique. We have:

1.
AT A, 1 y2,ys)
=B (07 07 2; 0; Alv AQ? A3 - 2) HOA1,0 (yl) OA270 (y2) OASQ (y37 Z)H(O) s (CG)
2.
AR Ay G, 2,53) = FAVRD A, 1O0AL0 (41) Ong0 (42) Ongo ()] (C.7a)
. d
SRR =2 <A2 +1- ) Cazi2og (0,0,0;0; A1, Ag, As), (C.7b)
1,A2,A3 9 ) CA2,O
3.
AR n Wy, u8) = FRIR2 A, 1010 (11) Qg0 (42) Ong 0 (43)]] (C.8a)
FATRE Ay =2 [A2<A2 +1)A]
1
+i(A1 —A2—A3)(—d+A1—|—A2+A3)
X (d(—A1+ A2+ As+2)+ (A1 + A2 — As3) (A1 — Ay +A3))
XB(O7070;0;A17A27A3)7 (CSb)
4,
AR 2, y3) = FRUR0 AL [10a10 (41) Ongo (42) Ongo (33)) @ (C.92)
FRIR0 A, =2(d+1)B(0,0,0;0; A1, Ag, Ag). (C.9b)
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Putting everything together in (C.1) gives:

M2ptbubble (4 Gy / dudz?]-"%‘j’f'b“bble (v, D) ﬁg)’?o) (v, 7591, 92)
_|_/ dvdp F2Pubble (), 1) f%((]?’oo) (v, 7591, 92) (C.10)

with the usual traceless and transverse contribution (3.29):
2 v

w2t (9] 7 |2+ (A= )]

d d d d
><B<OO2OA1, —i—w2+z’u—2>B<O,O,2;O;A2,2—iy,2—z'z/—2>, (C.11)

2
2pt-bubble N 2
Frr (r,v)=g

[\ClIsH

and purely contact contribution:

fffﬁégc“tbble (v,7) (C.12)
e o Y O P I I2Y T P
O I P O IO, e SO O
+1(d-2) (gff,o ) £y 4 i ot it T 900 VIS i PR 0,
T T O e OIS 2T L AP
i(d 2) ()O(l/)fg’ll,é’?riﬁ,%+iufg721,é’giz7,gfiu ’

which arises from considering the full propagator (4.3) as opposed to just its traceless and
transverse part (3.26).

D Full single-cut bubble diagrams

In this appendix we present some examples of the single-cut bubble diagrams considered
in section 4.2.1 using the full bulk-to-bulk propagator — i.e. including all contact terms.
We work with Fronsdal higher-spin fields ¢ in the de Donder gauge:

(V0) — 3 (- 9) (0 80| s (2,0) = 0. (D.1)

It is useful to express the double-traceless Fronsdal field in terms of its traceless components:

2

“ Sl (), (D.2)

Pr () =)t 535y

where

(Ou - Ou) s (,u) = @ (w,u), (0w~ Ou) Bs (x,u) = (Du - Ou) 5 (z,u) = 0. (D.3)
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The s — s’ — 0 cubic coupling in de Donder gauge then reads [39, 59]:*°

yls_ng @;Sas’(b

foL s\ d—4+s+5
Vs,s’,O = 0s,0,s’ |:ylsy§ PsPsid — (5 - S/)< > T 7 a9 9.

2 d—3+42s
SNd—4+s+5 oo
—(s'—3)<2>d_3+28,y1y3 2P|, s> (D.4)

Notice that above we have only displayed the terms at most linear in the traces of the
Fronsdal fields, since terms involving two traces do not contribute to bubble diagrams with
one scalar propagating in the loop. Furthermore, in order to avoid double counting of
vertices we assume s > s’. One can then see that if the exchanged spin inside the loop is
greater than the external spin, the contact contribution generated by the trace terms in
the vertex changes sign with respect to the diagrams where the internal spin is lower than
the external one.

For this computation we will use the following result for Witten diagrams involving
traceless symmetrised gradients of harmonic functions:

/ AX ViVi Ko Kny0(ws-V3)?*Kago (D.5)
AdSq1

23— 1)A5(Ag— Ag—3)(As — Ag+2) (A3 + Mg — (A3 —4)(A3+1))
(Ag—A3—1)(As—Az+1)(As—Az+5)(Ax+Az+2)
X B(2,0,2;0;d—2,29,A3—2) [[Ou (P1, Z) Opy0 (Po) Ong0 (Ps)]]Y,
/ AX VIV3 Kiyo4 K, o(ws- V) Kayo (D.6)
AdSg41
2(As—1)As(Ay—As—7)
(AQ — A3z — 1)(A2 —A3+1)(A2 —A3+9)(A2+A3— 1)(A2+A3+6)
(5—2A2(A245))AZ+6(A2(A2+5)+2)Az+ (Ag — 1) A (Az+5)(Az+6) + Af — 6A3)
(AQ —Ag — 1)(A2 —A3+1)(A2 —A3+9)(A2—|—A3— 1)(A2+A3+6)
% B(4,0,2;0;d—2, Mg, Az —2) [Oa 2.4 (P1, Z) Ony 0 (P2) Ong0 (Ps)]]19).

D.1  2-(20)-2

In this case the coupling (like for all s —s—0 couplings which are of the R? form) is traceless
with respect to the s’ = 2 leg. Following the same approach as in section 4.1, including
all terms in the graviton propagator (4.3) we obtain the following spectral integral for the
single-cut in d = 3:

5 /OO vi3 23u1 59931 2449107 1229564917
72,2 = —920.2 dl/1 — _ _
’ 02 ) 5184073 10368073 82944073 16588873 1327104073
5659624913 51048983y, 10241,

- - - tanh h(mv1). (D.
2654208073 21233664077 13573 (41/12+33)> anh{m)sech(ma). (D7)

49Gee also [117] for other recent developments on off-shell interactions of higher-spin gauge fields, which
includes interactions the Maxwell-like formulation [118, 119].
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which, apart from the rightmost term on the second line, can be evaluated analytically
using the techniques developed in this work. The part of the integral which we are able to
evaluate analytically gives

L1757

8% = ——— ~ 0.0412086 g5 D.

while the total result is given numerically by:
full _ 2
Yoo = 0.0432286 g5 5 - (D.9)

It is interesting to compare the above result with the 77" contribution (4.31). The latter is:

A+A7 253 2

Y22 ™Y oz 92025 (D.10)

and differs from the full result by \75“211 - ’y;lj T ~0.0101761 957072.

D.2 4-(20)-4

In this case using the full graviton propagator (4.3) we have

o0
Voa=—9340 / dvy vy (4vf +1) (4vf +25) (407 +49) (47 +81) (4w +121) (40F +169)
oo

(25605 — 2022409 — 7781441} — 879025617 — 28691327)

x (40?2 4225 , D.11
(41 ) 326284974489600073 (417 +33) (D-11)
which can be evaluated analytically apart from the term o oﬁggfﬁﬁ%ﬁ 5" The part of the
vy
integral which we are able to evaluate analytically gives
3938687
8= ~ 3.77053 g} D.12
72,2 10584072 942,05 ( )
while the total result is given numerically by:
il = 3.74762 g3 5 - (D.13)
The T'T contribution (4.31) in this case is
ALA_ 87491
Y12~ 353 9120 (D.14)

which differs from the full result by \fyﬁ‘gl — fyzg] ~ 0.0213821 g3 5 .-
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