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Using a new approximate strong-randomness renormalization group (RG), we study the many-body localized
(MBL) phase and phase transition in one-dimensional quantum systems with short-range interactions and
quenched disorder. Our RG is built on those of Zhang et al. [Phys. Rev. B 93, 224201 (2016)] and Goremykina
et al. [Phys. Rev. Lett. 122, 040601 (2019)], which are based on thermal and insulating blocks. Our main addition
is to characterize each insulating block with two lengths: a physical length and an internal decay length ζ for its
effective interactions. In this approach, the MBL phase is governed by a RG fixed line that is parametrized by a
global decay length ζ̃ , and the rare large thermal inclusions within the MBL phase have a fractal geometry. As the
phase transition is approached from within the MBL phase, ζ̃ approaches the finite critical value corresponding
to the avalanche instability, and the fractal dimension of large thermal inclusions approaches zero. Our analysis
is consistent with a Kosterlitz-Thouless-like RG flow, with no intermediate critical MBL phase.
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I. INTRODUCTION

Most interacting many-body quantum systems, when iso-
lated from any external environment and evolving under
their own unitary quantum dynamics, act as a heat “bath”
for themselves, allowing their subsystems to reach thermal
equilibrium. The main generic exception to this is systems
that are many-body localized. Such MBL systems can locally
preserve locally encoded information indefinitely, and their
long-time states can fail to conform to equilibrium statisti-
cal mechanics [1–4]. The existence of a many-body local-
ized phase in certain one-dimensional systems with strong
quenched randomness and weak short-range interactions has
been proven under certain minimal assumptions [5]. However,
this MBL phase is stable only for strong enough disorder,
and as the disorder strength is reduced there is a nonequilib-
rium dynamical phase transition to the thermal phase where
the system does constitute a “bath” that can bring itself to
thermal equilibrium. The thermal phase is believed to obey
the eigenstate thermalization hypothesis (ETH), where all
eigenstates of the dynamics are at thermal equilibrium and
are thus volume-law entangled, and late-time properties are
governed by equilibrium statistical mechanics for any initial
state [6–9]. Conversely, the MBL phase at strong disorder
has area-law-entangled eigenstates of the dynamics, logarith-
mically spreading quantum correlations, and emergent local
integrals of motion (“l-bits”) [10–16].

The nonequilibrium dynamical phase transition between
the MBL and thermal phases, henceforth referred to as the
MBL transition, is unconventional in that it is an eigen-
state phase transition occurring at nonzero energy densi-
ties; it can even occur at infinite temperature [4,17]. This
transition has been studied via exact diagonalization (ED),
however those studies all show significant finite-size effects
that prevent reliable extrapolation to the asymptotic critical
behavior [11,18–30]. In fact, all but one of such studies
indicate an apparent correlation length critical exponent which

violates the bound ν � 2 for disordered, one-dimensional
systems [31].

In order to investigate the asymptotic critical behav-
ior of the MBL transition, strong-randomness renormaliza-
tion group (RG) approximations have been devised and ap-
plied [32–39]. The earliest of these works [32–34] pro-
vided numerically implemented RGs designed to capture the
physics of interactions between locally thermal and MBL
regions in systems containing thousands or more of such
subsystems. Each assuming a one-parameter scaling ansatz,
apparent exponents near ν ∼= 3 were found. Following the
exposition of the avalanche mechanism as a possible scenario
for the MBL transition [40,41], a microscopically motivated
RG based on ETH and perturbative diagonalization, and con-
taining the physics of quantum avalanches, was developed
in Refs. [35,36]. This also yielded ν ∼= 3 under a power-law
scaling ansatz, and numerical evidence suggesting that the
critical point is, in some senses, fully many-body localized.
Although these papers did not explicitly suggest a Kosterlitz-
Thouless (KT) type RG flow, the ingredients for such a flow
are present in their RG in a way that is essentially the same as
in our RG [35,36].

Along a parallel line of developments, an oversimplified
but analytically tractable RG designed to try to capture some
aspects of the transition was solved in Ref. [37]. This “toy”
RG has a critical fixed point that does obey one-parameter
scaling, but it is physically incorrect in having a spurious sym-
metry between the MBL and thermal phases. A modification
of this toy RG that does not have this incorrect symmetry,
but is still somewhat analytically tractable, was developed
and investigated in Ref. [38], and a two-parameter KT-like
RG flow was found. Subsequent work [39] argued that a
KT-like RG flow follows generally from considering an MBL
transition driven by avalanches. This work also revisited the
older RGs of Refs. [32,34], showing that they are consistent
with a KT-like two-parameter RG flow. This is likely true
of most of the RGs that were fit to one-parameter scaling
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forms yielding exponents near ν ∼= 3, and we show below
that our new RG also gives a similar estimate of ν when fit
to one-parameter scaling.

Two of these recent papers have also suggested that there
may be an intermediate “critical” phase that is MBL, where
the lengths of locally thermal inclusions within this intermedi-
ate MBL phase are distributed according to a power law, and
the exponent of this power law varies along the KT-like RG
fixed line [38,39]. As we report below, we instead find that the
distribution of the lengths of locally thermal regions is a power
law in the limit of large lengths only at the critical point, so
there is no intermediate phase. Our fixed line is parametrized
by the exponential decay length ζ̃ for the effective spin-flip
interactions, as proposed in Ref. [39].

In this paper we build on the work of Refs. [37] and [38] to
define a RG description of the MBL transition and the MBL
phase which is more detailed, and that captures more of the
correct physics. Due to extra features in our RG, it is not
fully analytically solvable, however it is somewhat tractable
with a combination of analytic and numerical methods. In
Sec. II we define our RG, detailing coarse-grained variables
and their behavior under RG transformations. The structure
of the RG flow, the character of thermal inclusions, and the
question of whether or not an intermediate critical MBL phase
is supported by our coarse-grained description are addressed
in Secs. III and IV via numerical and analytic methods. In
Sec. V we collect and organize the implications of our model.

II. THE RG

We consider a coarse-grained description of disordered
Hamiltonian or Floquet spin chains similar to the simplified
RGs analyzed in Refs. [37,38], where locally thermalizing
and MBL segments of the chain are assumed to be sharply
distinct from one another and are characterized by just one and
two, respectively, coarse-grained properties. Such segments
are referred to as T and I blocks, respectively. Two adjacent
blocks of the same type can always be combined to form a
larger block of that type, so the blocks within a chain alternate
between being T and I . An I block is a contiguous segment
of the system that, when isolated from the rest of the chain,
has a complete set of localized integrals of motion (l-bits) that
are localized on a length scale smaller than the length of the
I block. A T block similarly represents a part of the system
that, when isolated, has eigenstates of the dynamics that have
near-thermal entanglement; there are no l-bits within a T
block that are localized on any length scale shorter than the
T block itself. Interactions between the blocks can be viewed
as being between the l-bit degrees of freedom within an I
block and the nonlocal degrees of freedom of a T block. When
an I block is coupled to an adjacent T block, the resulting
interactions flip l-bits at a rate that falls off exponentially with
the distance between the l-bit and the edge of the T block.

This type of RG is treating the limit in which systems are so
large that T blocks of all sizes are present, however spatially
rare they may be. For smaller systems this may not be the
case, and the apparent MBL transition in such small finite-size
systems may be more attributable to the first appearance of
such entangled T regions, rather than the physics captured by
our RG [42].

The crucial strategy of breaking the spurious I-T symmetry
of the RG of Ref. [37] in order to capture more of the
correct physics of the MBL transition was introduced by
Goremykina et al. [38]. Following this strategy, the key new
ingredient that we add to the RGs of Refs. [37,38] is that, in
addition to I and T blocks having physical lengths LI and
LT , respectively, each I block also is assumed to have an
internal decay length ζ which governs the exponential decay
of the l-bit-flip interactions that were discussed earlier in this
section. We normalize this decay length so that ζ = 1 is the
threshold for the avalanche instability [40,41]; therefore all I
blocks have ζ < 1. We further define two more lengths for I
blocks which are useful in formulating the RG: If I block n
has physical length LI

n and decay length ζn, we thus define its
effective interaction length as ln = LI

n/ζn, which is related to
the logarithm of the interactions across the I block. We also
define the length dn = ln − LI

n, so dn is a length quantifying
how close I block n is to the avalanche instability. All I
blocks have LI < l and d > 0, and the avalanche instability
occurs when l = LI and d = 0 (both a result of ζ = 1). Any
two of the four lengths LI , ζ , l , and d can be used to fully
characterize an I block, and only LT is needed to specify
a T block. If I block n interacts with a single T block of
length LT

n−1, and that single T block is only in contact with
this I block, then the T block starts an avalanche across the I
block, and this avalanche will halt within the I block only if
LT

n−1 < dn. If LT
n−1 � dn then the avalanche traverses the entire

I block, so the T block fully thermalizes the I block. Thus dn

is the minimum length of a T block that can fully thermalize
I block n by itself.

A key feature of the two previous approximate RGs of this
type [37,38] is that the fixed point distributions are product
distributions over the blocks: no interblock correlations get
generated by the RG. This simplicity allows useful analytic
results about the RG to be obtained. This is a feature we also
preserve in formulating our RG. The basic RG steps in all
three of these RGs are block decimation moves that either
replace a 3-block sequence IT I with one longer I block or
replace a sequence T IT with one longer T block. To prevent
the production of any correlations in the joint probability
distribution over blocks, the decimations that occur are deter-
mined only by properties of the central block of the 3-block
sequence that is decimated. The detailed RG rules for car-
rying out these 3-block moves are provided in the following
section.

A. RG rules

A sliding RG scale, or cutoff, is denoted by �. This cutoff
length steadily grows as the RG runs. A T block is decimated
by a 3-block RG move when the cutoff length reaches its
physical length LT , as in Ref. [37], and an I block is decimated
when the cutoff length reaches length d . Since these lengths
play a similar role in our RG, we will call them the “primary
length” of the corresponding block: For a T block the primary
length is the physical length LT , while for an I block the
primary length is d , which is the length of the shortest T block
that can, by itself, thermalize that I block. We assume that the
primary lengths are continuously distributed, so the order of
RG moves is unambiguous.
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FIG. 1. A summary of the RG rules. The rules are formulated
in terms of the lengths LI and d for I blocks and LT for T blocks.
(a) An IT I �→ I move where a T block at the cutoff (LT

n = �) fails
to thermalize the neighboring I blocks. (b) A T IT �→ T move where
an I block at the cutoff (dn = �) thermalizes via interactions with
neighboring T blocks.

An IT I �→ I RG move represents the physical scenario
where the central thermal block n is too small a bath to
thermalize the adjacent blocks, which are I blocks n − 1 and
n + 1, so the local quantum avalanches started in those I
blocks by this T block both halt [36,41]. The T block is thus
localized, and we combine all three blocks to make one new
larger I block whose physical length is simply the sum:

LI
new = LI

n−1 + � + LI
n+1. (1)

Our RG does this move when the cutoff � equals the length
LT

n of the T block, as is noted in the above equation. The
minimum total length of the T block that would be needed to
thermalize both of these I blocks is dn−1 + dn+1. The T block
has provided some of that, but not enough, so the primary
length of the new I block is

dnew = dn−1 − � + dn+1, (2)

which is the remaining T block length that would be needed
to thermalize this new I block. Note that since at this point
in the RG di > � for any I block i, this remains true for the
new I block: dnew > �. The other lengths for this new I block
are then given by lnew = LI

new + dnew = l I
n−1 + l I

n+1 (note that
this update rule for l is the same as that used in Ref. [38]),
and ζnew = LI

new/lnew < 1. The rules for IT I �→ I moves are
summarized in Fig. 1(a).

A T IT �→ T move represents the complementary scenario
where the I block is too weakly insulating to prevent the two
adjacent T blocks from being entangled with each other in
the eigenstates of the system’s dynamics—the two avalanches
started by the two T blocks meet and merge in the middle
of the I block. The I block is thus thermalized, and we
combine all three blocks to make one new larger T block
whose physical length is simply the sum:

LT
new = LT

n−1 + LI
n + LT

n+1. (3)

Our RG does this move when the cutoff � equals the primary
length dn of the central I block. An important feature of our
RG is the possibility for LI

n to be large even though dn = �.

This corresponds to the scenario where a large insulating re-
gion that is near the avalanche instability ζ = 1 is thermalized.
The rules for T IT �→ T moves are summarized in Fig. 1(b).

These RG rules are chosen as a minimal modification of
those of Refs. [37,38] that puts in the physics of the avalanche
instability of the MBL phase. They are chosen to preserve the
property that the RG does not generate interblock correlations,
which allows us to obtain some analytic results about this
RG. The RG moves that happen are those associated with the
avalanches due to T blocks with length equal to the cutoff
�. If those avalanches are halted by both of the adjacent I
blocks, that results in an IT I �→ I move. If an I block can be
thermalized by a T block of length �, then the two adjacent
T blocks do indeed thermalize this I block, and that results in
a T IT �→ T move.

We do not claim that this still-“simple” RG does include
all of the physics of this Kosterlitz-Thouless-like universality
class of MBL transition. But we have put in more of the
physics of the MBL phase, and as a result we obtain a RG
fixed line for that phase that is of a different character from
that described in Ref. [38].

One piece of the correct physics that we still leave out
is the internal dynamics within the T blocks. Because of
this, our RG as we have described it so far does not contain
the physics of rare insulatinglike “bottlenecks” within the
thermal phase [43–45]. This can be remedied by including
an entanglement time for each new T block. This time is set
by the I bottleneck that is decimated in the T IT �→ T move
that produces the new T block. We are assuming that the time
scales of the physics of any RG moves that occur later in the
RG are much longer than this time, so it is assumed not to
feed back and alter the above RG rules and we can thus ignore
this additional property of the T blocks. More elaborate RGs
of this type that include this physics more accurately can be
investigated in the future.

B. Single-block probability distributions

An infinite system can be specified by single-block prob-
ability distributions ρT

�(LT ) and ρI
�(d, LI ) that flow with the

cutoff � [37,38]. This is valid because the RG rules do not
introduce interblock correlations. Note that in our RG each I
block has a nontrivial joint probability distribution for its two
lengths. It is useful to also define the marginal distribution,
μI

�(d ) ≡ ∫ ∞
0 ρI

�(d, LI )dLI , of I blocks because ρT
�(�) and

μI
�(�)—the density of T and I blocks with their primary

length at the cutoff—determine the rate of 3-block moves
as the RG proceeds. For notational brevity, the subscript �

indicating cutoff dependence is omitted unless required for
clarity.

III. NUMERICS

The simplest method to investigate this RG with is direct
numerical simulation of finite systems. Once a chain of N
blocks is initialized according to a bare model, the RG pro-
ceeds by repeating the steps

(1) find the block with the smallest primary length,
(2) decimate this block in an IT I �→ I or T IT �→ T move.
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FIG. 2. (a) The probability of a sample being thermal. The curves
are for N from 8 × 103 to 512 × 103 by powers of four. The number
of samples used to generate each data point is 109/N . Standard errors
are smaller than the markers. (b) log Q, an indicator of the quality of
the one-parameter scaling ansatz for different values of ν and ζbare,c.
Smaller values indicate a better fit, with log Q = 0 indicating the best
possible result.

This process stops when there is only one of each type of
block left. At that point, the block with the larger primary
length determines the phase of the finite-size system.

The data shown in this paper was generated by
running the RG on finite systems initialized in the
following way: A chain of blocks has alternating T
and I blocks. The lengths of bare T blocks were
sampled from the distribution ρT (LT ) = exp(1 − LT ),
with LT ∈ [1,∞). We chose to give all I blocks the same
initial ζ , and we use this ζbare as the tuning parameter
of the transition. In order to ensure that in the bare
model there were both types of blocks near the cutoff,
we sampled the length d of I blocks, with d ∈ [1,∞),
from μI (d ) = λ(ζbare ) exp((1 − d )λ(ζbare )), with λ(ζbare ) a
function of ζbare chosen so that 〈LI〉 = 〈LT 〉 up to statistical
fluctuations. This bare model was chosen for simplicity and
to allow a significant fraction of T IT �→ T moves to occur in
order to quickly wash away any bias due to the bare model.
The results at large RG scales are not qualitatively different
upon varying the family of bare models.

A. One-parameter scaling

As mentioned earlier, before a KT-like scenario for the
MBL transition was proposed [38,39], studies using approx-
imate RG treatments of the MBL transition assumed a one-
parameter scaling ansatz [32–37]. These works reported ap-
parent correlation-length critical exponents in the range ν ∼=
2.5 to ν ∼= 3.5.

In order to demonstrate consistency with these one-
parameter-scaling results, before moving on to the two-
parameter RG flow which we believe is actually present, we
first assume that the probability of a sample being in the
thermal phase is a function of the scaled bare decay length
(ζbare − ζbare,c)N1/ν , where ζbare,c is the critical value [35].
In Fig. 2(a) we plot this probability for different system
sizes. Using the pyfssa package [46], the relative quality of
such a scaling ansatz is assessed for different values of ν

and ζbare,c [28,47]. The result, shown in Fig. 2(b), indicates
ζbare,c

∼= 0.350 and ν ∼= 2.6. This is consistent with the bound

ν � 2 and the one-parameter scaling results of previous RG
studies.

We note that, upon closer inspection, the curves in Fig. 2(a)
cross at smaller values of p and ζbare as N increases; this was
also observed in Ref. [35]. Since Fig. 2(b) indicates smaller
values of ζbare,c fit with much larger values of ν, a flow to
larger ν may occur but is difficult to observe directly. If the
RG flow of our model is truly a KT-like two-parameter flow,
as we argue below, then ν is not truly finite and the value ν ∼=
3 is due to the severe finite-size effects generally present in
systems exhibiting KT-like scaling.

B. Two-parameter flow

The idea that the MBL transition may not be accounted for
by a one-parameter scaling theory was proposed in Ref. [35]
and elaborated on in Refs. [38,39]. In particular, these latter
works suggested the flow of a correct RG description is KT-
like, with the critical point at the end of a MBL fixed line.

In order to map the RG flow of our model, we introduce
the fraction f of the system’s length that is in the T blocks
and a running estimate of a global decay length ζ̃ for l-bit-
flip interactions across the entire system. These quantities are
recorded as a function of the cutoff � as the RG runs. The
fraction of a system that is locally thermal is given by

f = 〈LT 〉
〈LT 〉 + 〈LI〉 , (4)

where 〈·〉 denotes an average over qualifying blocks at a
given “instant” in the RG flow. The global decay length ζ̃

is calculated by considering the combination of all blocks
according to the IT I �→ I rules and using the definition ζ =
LI/l . This results in

ζ̃ = 〈LI〉 + 〈LT 〉
〈l〉 , (5)

which shows that ζ̃ can take values >1, indicating a system
which is beyond the avalanche instability of the MBL phase
and thus is in the thermal phase. By mapping the RG flow
using f and ζ̃ we investigate the phases and phase transition
of our model.

Similar to the phenomenological RG flow shown in
Ref. [39], we map the RG flow of our model in the (ζ̃−1, f )
plane by simulating the RG on finite systems and monitoring
the flow of f and ζ̃ with �. The result, shown in Fig. 3(a),
indicates that the MBL phase is a fixed line at f = 0 which
can be parametrized by ζ̃∞ ∈ (0, 1), the global decay length
as � → ∞. This flow is consistent with the KT-type sce-
nario [38,39], where the critical fixed point is a terminus of
the MBL fixed line located at f = 0, ζ̃ = 1, and the transition
is driven by the avalanche instability. However, finite-size
effects limit the extent to which numerical simulations alone
can confirm this.

C. Distribution of thermal inclusions

Many approximate RG studies [34,35,38,39] and one re-
cent ED study [29] of the MBL transition seem to agree on the
prediction that physical lengths of thermal inclusions in criti-
cal systems are distributed according to a power law ∝(LT )−α ,
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FIG. 3. Results of numerical simulations of single samples with N = 107. Each thick line consists of three [(b) and (c)] to five [(a)] thin
lines representing single samples: When these individual samples can be distinguished, that gives a crude estimate of the statistical errors.
The data shown was recorded during the final 10% of RG steps so as to isolate the large-� behavior. (a) The RG flow is plotted on the same
plane as that of Ref. [39] for direct comparison. Simulations were done with ζbare ∈ [0.330, 0.370] (right to left) by steps of 0.005. (b) The
distribution of the physical lengths of decimated thermal blocks at criticality and in each phase for ζbare = [0.300, 0.375] by steps of 0.025.
(c) The scaling of ρT (�) with � for ζbare ∈ [0.300, 0.375] again (top to bottom). ρT (�) was calculated by numerically estimating the derivative
of the cumulative distribution function of LT at LT = � with a quadratic fit to the first 103 data points. This was done up to the scale where
104 T blocks remained. The raw data was smoothed using a Savitzky-Golay filter with a window containing 1% of the data.

with the exponent taking an apparently universal value near
α = 2. In addition, and consistent with a KT-type scenario,
is the possibility of an intermediate critical MBL phase [39]
where the lengths of thermal inclusions are power-law dis-
tributed with a continuously varying exponent [29,38,39].

We investigate the distribution of the physical lengths of
thermal inclusions in MBL and critical systems by interpret-
ing T blocks that are decimated in IT I �→ I moves during
the RG to be representative of the thermal inclusions in large
MBL regions. The length distribution of these decimated
T blocks, herein denoted as ρT

dec(LT
dec), has a tail to large

lengths that is at least as heavy as that of the instantaneous
distribution ρT (LT ). The tails of the two distributions take the
same form in the case where after the RG scale reaches some
value, only IT I �→ I moves occur. In Fig. 3(b) we plot the
complimentary cumulative distribution function (1 − CDF)
of this distribution ρT

dec(LT
dec) for systems at criticality and

in the MBL and thermal phases. This shows that our RG
yields power-law-distributed large thermal inclusions only
near criticality, with an exponent α ∼= 2.2 at large LT

dec. It is
possible that this estimate of α would change if even larger
systems were accessible, since our RG still exhibits some
finite-size effects. Of course, our numerics alone cannot rule
out the possibility of a narrow critical MBL phase. To do
this, and to confirm some of the suggestive numerical results
presented in this section, in the next section we derive analytic
expressions for the RG flow equations and for the form of the
distribution of the lengths of thermal inclusions ρT

dec(LT
dec).

IV. ANALYTICS

In this section we further investigate our model of the
MBL transition and adjacent phases, relying more on ana-
lytic rather than numerical methods. In particular, we present
exact analytic flow equations for the RG flow parameters f
and ζ̃ that confirm a KT-like RG flow for our model. We
also derive the analytic form of the distribution of physical
lengths of large rare thermal inclusions in the MBL phase
and at the transition, showing that our model gives rise to

stretched-exponential distributions in the MBL phase that
become a power law only at the critical point, so there is no
intermediate critical MBL phase.

A. RG flow equations

Considering the RG rules of Sec. II, flow equations for
the mean lengths 〈l〉 , 〈LI〉, and 〈LT 〉 can be obtained (see
Appendix A). These, along with other results established later
in this section, directly imply exact RG flow equations for f
and ζ̃ . They are

�
df

d�
= −�ρT (�) − 〈LI|d=�〉μI (�)

1 + �μI (�)

1 − (1 − f )ζ̃

ζ̃
(6)

and

�
d ζ̃

d�
= (〈LI|d=�〉 + �)μI (�)

1 + �μI (�)
�μI (�)(1 − (1 − f )ζ̃ ),

(7)

where ρT (�) and μI (�) are the probability densities of T
and I blocks with primary length equal to the cutoff �, and
〈LI|d=�〉 is the average LI of I blocks at the cutoff.

This is different than the approach taken by the authors of
Refs. [37,38], who directly consider the full integrodifferential
equations governing the evolution of the single-block proba-
bility distributions. Because of the extra complications in our
RG, we choose not to follow that strategy, but the equations
governing the flow of ρT (LT ), ρI (d, LI ) and the marginal
distribution μI (d ) are given in Appendix B. We note, however,
that the numerical simulations of Sec. III are essentially
equivalent to evolving increasingly coarse representations of
the distributions ρT (LT ) and ρI (d, LI ) according to these
integrodifferential equations.

In order to analyze the RG flow specified by Eqs. (6)
and (7), we first establish an understanding of how ρT (�)
and μI (�) flow. The flow equation for the entire marginal
distribution μI (d ) can be exactly reduced to an equation
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governing the flow of μI (�) using the ansatz

μI (d ) = μI (�) exp(−(d − �)μI (�)), (8)

where μI (�) obeys

dμI (�)

d�
= −μI (�)ρT (�). (9)

This is an exact result; the flow is closed and stable within
the subspace of exponentially distributed d . A useful flow
equation for ρT (�) is not similarly available, so we deter-
mine the behavior of ρT (�) numerically. The data shown
in Fig. 3(c) supports the scenario where in the MBL phase
and at the critical point ρT (�) = (1 + κ )/�1−ε , with κ and ε

continuously varying throughout the MBL phase and critical
values consistent with κc � 0 and εc = 0. Along with Eq. (9),
and in the approximation that κ and ε don’t flow or flow
slowly, these observations imply that μI (�) ∝ exp(− 1+κ

ε
�ε )

in the MBL phase, and ∝�−(1+κc ) along the critical flow. In
the thermal phase μI (�) approaches a constant and ρT (�)
decays exponentially.

Returning to the analysis of Eqs. (6) and (7), these equa-
tions and the flow of ρT (�) and μI (�) detailed in this
section imply that in the MBL phase the flow lines approach a
fixed line at f = 0 and 0 < ζ̃ < 1, as suggested in Ref. [39].
Furthermore, the flow of f and ζ̃ are proportional to the factor
1 − (1 − f )ζ̃ , implying a change of the stability of the fixed
line at f = 0, ζ̃ = 1 where the MBL phase ends and a global
avalanche instability occurs. We therefore conclude that our
RG does indeed exhibit a KT-type flow.

B. Rare large thermal inclusions

The proposed critical MBL phase of Refs. [38,39] contains
rare large thermal inclusions with fractal dimension zero,
whose lengths are distributed as a power law. Here we show
that our model does not contain an intermediate MBL phase
by showing that such an extended power law regime does not
exist in our model and arguing that the fractal dimension of
large thermal inclusions decreases continuously in the MBL
phase, reaching zero only at the single critical point in our
RG, thus following “scenario (i)” of Ref. [39].

In Sec. III C we defined the cumulative distribution
ρT

dec(LT
dec) as the distribution of the physical lengths of T

blocks decimated by IT I �→ I moves and interpreted it to
represent the distribution of thermal inclusions in large MBL
regions. This cumulative distribution is given by ρT

dec(LT
dec) ∝

N�ρT
�(�)|

�=LT
dec

where N� is the number of blocks in
the chain when the cutoff is � and flows according to
dN
d�

= −N (μI (�) + ρT (�)). Recalling from Sec. IV A that
ρT (�) = (1 + κ )/�1−ε in the MBL phase (ε > 0, κ > 0)
and at criticality (εc = 0, κc � 0), this implies that as long as
κ > 0 the lengths of large thermal inclusions are distributed
according to

ρT
dec

(
LT

dec

) ∝ exp
( − 1+κ

ε

((
LT

dec

)ε − �ε
0

))
(
LT

dec

)1−ε
, (10)

where �0 is an integration constant. In the MBL phase this
is a stretched exponential, and only at the critical point in the
limit of ε → 0 does it take the form of a power law ∝(LT

dec)−α ,

1.0 1.5 2.0 2.5

ζ̃−1

0.00

0.25

0.50

0.75

df,ana

κ
df,num

FIG. 4. Numerical estimates of the parameters ε and κ , and the
fractal dimension df deep in the MBL phase and at criticality (from
right to left). ε and κ were estimated by fitting numerical values of
ρT (�) to the form (1 + κ )/�1−ε . df ,ana is the expression given in
Eq. (11). df ,num was computed by fitting finite-size RG data to the
form 〈LT

frac〉 ∝ 〈LT 〉d f ,num . The points are plotted using the values of
ζ̃ obtained at the end of the finite-size simulations of the RG flows,
which do not reach ζ̃ = 1 for the critical systems. The discrepancy
between the estimates df ,num and df ,ana can be accounted for by well-
understood finite-size effects; this is discussed in the main text of
Sec. IV B.

with α = 2 + κc. In the case that κc does vanish at criticality,
there is a subleading term not shown in Eq. (10) that allows for
α = 2 only if lim�→∞ �μI (�) = 0 at the critical point. In our
finite-size simulations we find κc

∼= 0.2, as demonstrated in
Figs. 3(c) and 4, however this may not be the asymptotic value
for infinite systems. We therefore conclude that our RG is
consistent with 2 � α � 2.2. We have also confirmed that for
ε and κ determined by fitting ρT (�) to the form (1 + κ )/�1−ε

in numerical simulations, the form of Eq. (10) does indeed
fit the numerical distribution of LT

dec. Most notably, our RG
model does not contain an intermediate MBL phase where the
physical length of thermal inclusions is distributed according
to a power law. This property is only present at the critical
point.

In order to obtain an estimate of the fractal dimension of
large rare T blocks in our RG, we follow the type of argument
used in Refs. [37,38] to compute the same quantity. Large
T blocks in the MBL phase are created via rare T IT �→ T
moves. I blocks at the cutoff have physical length near ζ̃

1−ζ̃
�,

and typical thermal blocks are of length close to � in the
MBL phase at large scales. Therefore, the typical size of large
thermal inclusions resulting from rare T IT �→ T moves is
(2 + ζ̃

1−ζ̃
)�, while the total length of contributing thermal

blocks is 2�. Accordingly, the largest rare T blocks in the
MBL phase are made from smaller T blocks that form a fractal
Cantor-like set having an asymptotic fractal dimension of

d f ,ana = log(2)

log
(

2 + ζ̃

1−ζ̃

) , (11)

so d f ,ana → 0 continuously only as ζ̃ → 1 as the critical point
is approached along the MBL fixed line, and this approach of
d f ,ana to zero is logarithmically slow in 1 − ζ̃ .

The fractal structure of T blocks in the MBL phase
implies that, during finite-size numerical simulations of the
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RG, 〈LT
frac〉 ∝ 〈LT 〉d f ,num , where LT

frac is the total length of the
parts of a T block that remained in T blocks throughout the
entire RG, and d f ,num is a numerical estimate of the fractal
dimension of large T blocks. We use this implication to
numerically compute the fractal dimension d f ,num from finite-
size simulations, and the two estimates, d f ,ana and d f ,num, are
shown in Fig. 4 for systems throughout the MBL phase and
at criticality. There is a strong finite-size effect relevant to
d f ,num that can be seen in Fig. 4: In finite-size simulations
the typical length of T blocks in the MBL phase is actually
larger than �, which causes the value of d f ,num to overestimate
the asymptotic value of the fractal dimension. This effect
increases as one approaches the critical point. Overall, these
estimates of d f give no indication of a possible intermediate
MBL phase with d f = 0.

As a final note, it has been suggested that the stretching
exponent ε of Eq. (10) for the T block length distribution
and the fractal dimension d f are equivalent quantities [45].
This is because in order to grow a large thermal region of
length LT it seems that the number of independent rare events
that must occur at smaller scales is ∝(LT )d f . However, the
rarity of those events does change with scale, so precisely
how to estimate ε by this route is not clear. In Fig. 4 we
show numerical estimates of ε and d f , as we have defined
and computed them, and find they are quite different in
the MBL phase. Comparing different system sizes does not
suggest that this difference is due to finite-size effects. Thus
at this point it appears that these are independent exponents
with rather different dependences on ζ̃ , although we do ex-
pect that they both go asymptotically to zero at the critical
point.

V. CONCLUSIONS

By building on the RGs of Refs. [37,38] we deviated from
complete analytic solvability to include some of the physics
of quantum avalanches into an approximate RG description
of the MBL phase and MBL transition. This was done by
giving each I block a decay length ζ for l-bit-flip interactions
within the block. Using numerical and analytic approaches
we studied the RG flow of our model and concluded that
our RG exhibits a KT-type flow. This suggests that the KT-
type MBL transition, where critical systems are localized
and at the precipice of a global avalanche instability at the
largest scales, may be valid [38,39]. In our RG the MBL
phase is parametrized by a global decay length ζ̃ , with fractal
thermal inclusions whose lengths are distributed as a stretched
exponential and fractal dimension that varies within the phase.
Only at the critical point is the distribution of the physical
lengths of thermal inclusions a power law with exponent
α ∼= 2, and their fractal dimension approaches zero. There-
fore, our model of the MBL phase and phase transition in
one dimension does not generate support for an intermediate
critical MBL phase.
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APPENDIX A: FLOW EQUATIONS FOR MEAN LENGTHS

The flow equations for 〈l〉 , 〈LI〉, and 〈LT 〉 are

d 〈l〉
d�

= (〈l〉 − � − 〈LI|d=�〉)μI (�)

+〈l〉 ρT (�), (A1)

d 〈LI〉
d�

= (〈LI〉 − 〈LI|d=�〉)μI (�)

+(〈LI〉 + �)ρT (�), (A2)

d 〈LT 〉
d�

= (〈LT 〉 − �)ρT (�)

+(〈LT 〉 + 〈LI|d=�〉)μI (�), (A3)

where 〈LI|d=�〉 denotes the mean physical length of I blocks
at the cutoff. In this Appendix we derive Eq. (A3). The
derivation of Eqs. (A1) and (A2) are similar.

IT I �→ I and T IT �→ T moves have three types of effects
on the flow of 〈LT 〉 herein denoted types a, b, and c. The
first (type a) arises with the decimation of T blocks hav-
ing LT = � in IT I �→ I moves. This happens with weight
ρT (�)d� during a small increase of the RG scale from � to
� + d�. After only type a effects are accounted for the mean
LT is

〈LT 〉a = 〈LT 〉 − (ρT (�)d�)�

1 − ρT (�)d�
. (A4)

Type b effects come from the decimation of T blocks with
any value of LT in T IT �→ T moves, which happens at a rate
proportional to 2μI (�)d�. Type b effects do not alter the
mean LT , i.e., 〈LT 〉a,b = 〈LT 〉a. Type c effects come from the
creation of new T blocks, which happens at a rate proportional
to μI (�)d�. The average LT of a newly merged T block
when the cutoff is � is 〈LT

new〉 = 2 〈LT 〉 + 〈LI|d=�〉. After all
three effects are accounted for, the mean LT is

〈LT 〉a,b,c = (1 − 2μI (�)d�) 〈LT 〉a,b + (μI (�)d�) 〈LT
new〉

1 − μI (�)d�
.

This quantity is better denoted 〈LT 〉�+d� now. Substituting in
the given expressions for 〈LT 〉a,b and 〈LT

new〉 and taking the
infinitesimal limit of d� yields the flow equation for 〈LT 〉,
Eq. (A3).
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APPENDIX B: FLOW EQUATIONS FOR SINGLE-BLOCK DISTRIBUTIONS

In this Appendix we provide the full integrodifferential equations for the single-block distributions ρT (LT ) and ρI (d, LI ),
which fully determine the RG flow. We also include the equation for μI (d ), the marginal distribution.

∂ρT

∂�
= (ρT (�) − μI (�))ρT + LT

�

∂ρT

∂LT
+ μI (�)�(LT − 2�)

×
∫ LT −�

�

∫ LT −LT
2

�

ρT
(
LT

1

)ρI
(
�, LT − LT

1 − LT
2

)
μI (�)

ρT
(
LT

2

)
dLT

1 dLT
2 , (B1)

∂ρI

∂�
= (μI (�) − ρT (�))ρI + d

�

∂ρI

∂d
+ LI

�

∂ρI

∂LI
+ ρT (�)�(d − �)�(LI − �)

×
∫ d

�

∫ LI −�

0
ρI

(
d − d1 + �, LI − LI

1 − �
)
ρI

(
d1, LI

1

)
dLI

1dd1, (B2)

∂μI

∂�
= (μI (�) − ρT (�))μI + d

�

∂μI

∂d
+ ρT (�)�(d − �)

∫ d

�

μI (d − d1 + �)μI (d1)dd1. (B3)
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