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We study the superradiant scattering of gravitational waves by a nearly extremal black hole
(dimensionless spin a ¼ 0.99) by numerically solving the full Einstein field equations, thus including
backreaction effects. This allows us to study the dynamics of the black hole as it loses energy and angular
momentum during the scattering process. To explore the nonlinear phase of the interaction, we consider
gravitational wave packets with initial energies up to 10% of the mass of the black hole. We find that as the
incident wave energy increases, the amplification of the scattered waves, as well as the energy extraction
efficiency from the black hole, is reduced. During the interaction the apparent horizon geometry undergoes
sizable nonaxisymmetric oscillations. The largest amplitude excitations occur when the peak frequency of
the incident wave packet is above where superradiance occurs, but close to the dominant quasinormal mode
frequency of the black hole.
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I. INTRODUCTION

Despite the fact that spinning black holes (BHs) serve
as one-way membranes to causal curves, it is possible to
extract rotational energy from them. This can occur
through the Penrose process [1] for particles, or by
scattering waves off a BH in an analogous process called
superradiance [2–4]. Superradiance occurs for scalar
fields, electromagnetic fields, and gravitational waves
(GWs), the latter having the strongest possible amplifi-
cation [5]. This idea has implications across numerous
fields from astrophysics— where this energy extraction
has been invoked to explain the powering of astrophysical
jets in the Blandford-Znajek effect and related processes
[6,7]—to quantum gravity, high-energy physics, and the
AdS/CFT correspondence [8–10].
Superradiance can occur in nongravitational settings as

well (e.g. the interaction of electromagnetic radiation with a
rotating boundary), and it can be argued that amplification
in certain regimes is required by the second law of
thermodynamics [11]. For BHs, the analogous argument
derives from the connection between horizon area and
entropy, and Hawking’s area increase theorem [12]. At the
linear level, a wave with frequency ω, azimuthal numberm,
and incident energy δE will have angular momentum
δJ ¼ mδE=ω. The change in a BH’s area for a given
change in mass and angular momentum is given by
dA ¼ ð8π=κÞðdM −ΩBHdJÞ,where ΩBH is the rotational
frequency of the BH and κ is its surface gravity (we use
geometric units with G ¼ c ¼ 1 throughout). Thus if a
wave with frequency 0 < ω < mΩBH were wholly
absorbed the BH’s horizon area would decrease, in viola-
tion of the second law. What happens instead is the wave is

scattered, gaining energy and angular momentum, and the
BH effectively absorbs what globally is counted as negative
energy and angular momentum (as also occurs in the
Penrose process).
Despite the long history of study of this phenomenon in

general relativity, essentially no work has delved beyond
the linear level to self-consistently include backreaction,
and address how the properties of the spacetime change to
balance the energy and angular momentum carried off by
the scattered waves. There are several reasons why this is of
interest. To begin with, for highly spinning BHs, waves in,
and slightly above the superradiant frequency range, carry a
ratio of energy to angular momentum such that if they were
absorbed they could overspin the BH [13]. Hence the role
of backreaction is important to the question of cosmic
censorship. Additionally, superradiance is related to the
hypothesized existence of so-called floating orbits [14],
originally suggested by Misner, where an object orbiting a
spinning BH extracts energy from the BH at the same rate it
emits energy to infinity via GWs. Recent work suggests
that these orbits do not exist at least in the extreme-mass-
ratio case [15] (though they may exist for matter coupled to
a massive scalar field [16]). However, since very little is
known about superradiance in the context of a dynamical
spacetime, floating orbits cannot yet be ruled out in general.
Finally, superradiance is related to the idea of a black hole
“bomb,” in which a spinning BH is enclosed in a reflective
cavity and perturbed with a superradiant mode, which will
grow upon each successive reflection until a sizable
fraction of the rotational energy has been transferred to
the waves [4,14] (though cf. [17]). A similar effect occurs
with light bosonic fields, where self-interaction due to the
mass term plays the role of the confiner [18–21]. If such
fields exists, rapidly rotating astrophysical BHs with radii
commensurate with the Compton wavelength of the field*weast@stanford.edu
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would be superradiantly unstable, and backreaction would
become important to the late-time dynamics.
Of course, since a BH has a limited amount of rotational

energy that can be extracted without decreasing the BH’s
area, it is expected that the efficiency of superradiant
amplification will decrease as the amplitude of the incident
wave increases. Also, the above thermodynamic arguments
used the laws of BH mechanics for quasistatic processes,
hence it is especially interesting to explore the behavior of
superradiance in the regime where the BH is highly
dynamical. In this paper, we study the superradiant scatter-
ing of a gravitational wave packet by a highly spinning BH
using numerical solutions of the full Einstein equations. For
low amplitude waves, we find results consistent with linear
theory, with an amplification (for the chosen parameters) of
≈40%. As the amplitude increases, we find that both the
amplification and rotational energy extraction efficiency
decrease. During the interaction, the apparent horizon (AH)
geometry develops high-amplitude, nonaxisymmetric
oscillations, the largest of which occur when the peak
frequency of the wave packet is near the least-damped
quasinormal (resonant) mode frequency of the BH.

II. METHODOLOGY

We solve the field equations in the generalized harmonic
formulation, using the code described in [22,23]. As a
gauge choice, we fix the source functions Ha ¼ □ðxaÞ to
be those of the isolated BH. The numerical grid we use has
six refinement levels with a grid spacing of ≈0.03M on the
finest level and ≈2.4M in the wave zone, where M is the
initial mass of the BH. For select cases, we also run
simulations with 0.6 and 0.8 times the resolution to
establish convergence.
We construct initial data representing a BH with an

incoming GW packet. We use a BH in Kerr-Schild
coordinates with dimensionless spin a ¼ 0.99. To deter-
mine the initial metric perturbation to the BH spacetime
representing the GW, we begin with an ingoing, spin-2
solution to the Teukolsky equation which is characterized
by spheroidal harmonic indices l, m, and the frequency ω
[5], the angular part of which we numerically calculate as in
[24,25]. For the radial part, we use the approximate
asymptotic form [26], which introduces negligible error
for a wave packet peaked far from the BH. This gives the
value for the Newman-Penrose scalar Ψ0, which we then
convert into a metric perturbation using the techniques of
[26,27]. We multiply this by a Gaussian envelope in the
radial direction peaked at r0=M ¼ 40 with standard
deviation σ=M ¼ 10. To avoid regularity problems at the
BH horizon when transforming the perturbation to Kerr-
Schild coordinates, we also multiply by a function that
smoothly goes from one to zero at a radius of≈3M from the
origin. Finally, we use this solution to specify free data for
the constraint equations in the conformal thin-sandwich
formulation, which we solve as in [28].

We focus on l ¼ 2 wave packets and in order to maintain
equatorial symmetry, we use the superposition of ðm;ωÞ ¼
ð�2;�ω0Þ solutions. This l and m, along with our choice
of ω0M ¼ 0.75, is chosen to give near maximal amplifi-
cation given our frequency spread. We consider wave
packets with a range of amplitudes. The lowest amplitude
wave has a mass of ≈5.8 × 10−4M. Normalizing to this
lowest value, the other waves have amplitudes A ¼ 2; 4; 8,
and 12 times this value. The mass of a wave packet scales
as A2 and the largest amplitude case has a mass of 0.098 M.
We perform resolution studies for the A ¼ 4 and A ¼ 12
cases. We also perform simulations with ω0M ¼ 0.865 and
ω0M ¼ 1 (near and above the maximum superradiant
frequency), and amplitudes chosen to give the same mass
as the A ¼ 12 case. We measure the outgoing GW radiation
resulting from the interaction of the wave packet with the
BH by calculating the Newman-Penrose scalar Ψ4 (see e.g.
[29]) and monitor the BH AH during the scattering process.

III. RESULTS

For the smaller amplitude cases (A≲ 4) with
ω0M ¼ 0.75, the energy and angular momentum of the
outgoing GWs are approximately proportional to the
ingoing values (i.e., they scale with A2) as expected in
linear perturbation theory. Using the difference between the
BH horizon mass and the ADM mass as a measure of the
initial mass of the GW wave packet, we estimate in this
regime (in particular for A ¼ 4) the outgoing GW carries an
extra 44� 7% more energy than the ingoing GW. This is
consistent with the≈40% expected from linear perturbation
theory [5] for such an energy spectrum. However, as seen in
Fig. 1, for larger amplitude cases the scaling begins to break
down and there is less energy at higher frequencies relative
to the low amplitude cases. This trend is consistent with the
fact that (as we discuss below) the spin of the BH is
noticeably decreasing for these cases and BHs with lower
spins are less superradiant at higher frequencies.
The decreasing amplification with increasing wave

amplitude is also illustrated in Fig. 2. We show how the
total radiated energy EGW scales with the ingoing ampli-
tude. After dividing out by the contribution which goes as
A2, we find that the measured energy is well fit by including
an additional A4 term which decreases this quantity at high
amplitudes. We note that the convergence study indicates
that the truncation error in the ratio of quantities (e.g. EGW)
from simulations with different A is noticeably smaller than
the absolute error in the quantity for either A (suggesting
that the leading-order error scales with the magnitude of the
quantity). We also show the ratio of EGW to the radiated
angular momentum JGW. For small amplitudes this ratio is
very close to the value given by the dominant frequency of
the ingoing GW, ω0=m ¼ 0.375=M, though for higher
amplitudes this decreases, with the trend also well fit by a
quadratic expression in A. In the bottom panel of Fig. 2 we
show the estimated change in the BH parameters using
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these extrapolations. For comparison, we also show the
change that would occur if the energy and angular
momentum absorbed by the BH followed the linear scaling
for all A. Assuming cosmic censorship, this by itself
implies the need for nonlinear corrections, as otherwise
it predicts Mir should begin to decrease beyond A ≈ 22.
Moreover, viewed as a quasistatic process, this behavior
would begin to be problematic at even lower amplitudes
(A ≈ 13) where ΔMir reaches a maximum and starts to
decrease. This occurs when the rotational frequency of the
final BH (after losing energy to the GW) is< ω0=m. The fit
to the simulation results, on the other hand, extends the
range in A where ΔMir shows a monotonic increase. This
trend eventually reverses as well, implying (again assuming
cosmic censorship) that higher-order nonlinear terms
would come into play. Note that for A≳ 38 the GWenergy
will exceed that of the BH, and the problem becomes one of
collapse of a GW perturbed by a BH.
In superradiant scattering, the BH loses some of its

rotational energy Erot ¼ MBH −Mir, part of which is
carried away by the wave, and part of which goes into
increasing Mir, and hence is no longer extractable. This
process can be viewed as having an efficiency
η ¼ ΔMBH=ΔErot. In Fig. 3 we show the efficiency
obtained using the fits in Fig. 2. The efficiency does
initially increase with total extracted energy, though it
eventually reaches a maximum. It is also always below the
efficiency that would occur if the BH underwent a
quasistatic process with dJ ¼ ðm=ω0ÞdM (also shown),
reminiscent of the fact that in thermodynamics, maximum
efficiency is achieved only in a quasistatic process (e.g. a
Carnot cycle).

In the extracted GWs we also see an indication of
nonlinear mode coupling, predominantly in the l ¼ jmj ¼
4 modes (here we refer to spin weight −2 spherical, not
spheroidal, components), which are absent in the ingoing
GW (as verified by examining Ψ0). These modes oscillate
at twice the frequency of the l ¼ jmj ¼ 2 modes. The
numerical errors on the higher modes are large (and
indicate an underestimate), but the simulations indicate
that the ratio of the energy in the ðl; mÞ ¼ ð4; 4Þ component
to the (2,2) component scales as A2, with E44=E22 ∼ 0.03
at A ¼ 12.
In Fig. 4 we show the behavior of the BH AH for the

largest amplitude (A ¼ 12) case. For comparison, we also
show two other cases with the same mass wave packet but
with higher frequencies. In the ω0M ¼ 0.87 case about 1=3
of the ingoing GW energy is absorbed, with the absorbed
energy coming from the component of the wave packet

FIG. 1 (color online). Top: Energy spectrum of outgoing GWs
after the scattering of an ingoing GW packet with central fre-
quency ω0M ¼ 0.75 and various amplitudes. The lower ampli-
tude waves have been rescaled according to their leading-order
dependence on ingoing amplitude. We also show a case with
ω0M ¼ 0.87 and the same initial energy as the A ¼ 12 case.
Bottom: Truncation error for the A ¼ 12 case, consistent with
between third- and fourth-order convergence (the error has been
scaled assuming the latter).

FIG. 2 (color online). Top: The energy in outgoing GWs for
different values of the ingoing amplitude A, relative to the value
obtained by scaling the EGW value at A ¼ 4 as A2, as predicted by
linear theory. Below that is shown the ratio of the energy to
angular momentum of the outgoing GWs. The curves are fits of
the form aþ bA2. We indicate the numerical error by showing
the results from the low and medium resolution runs at A ¼ 4 and
12. Bottom: The changes in the BH quantities of total mass,
angular momentum times the initial BH rotational frequency
(upper panel), as well as irreducible mass, and dimensionless spin
(lower panel) implied by the above fits. We also show the changes
in the BH that would occur if the outgoing GWs were always
proportional to the ingoing GWs (labeled linear, i.e., ignoring the
A2 term of the fit shown in the top two panels).

BLACK HOLE SUPERRADIANCE IN DYNAMICAL SPACETIME PHYSICAL REVIEW D 89, 061503(R) (2014)

061503-3

RAPID COMMUNICATIONS



with frequency abovemΩBH (see Fig. 1). For ω0M ¼ 1, the
GW is almost entirely absorbed by the BH. In contrast,
the superradiance of the ω0M ¼ 0.75 case is borne out by
the overall decrease in angular momentum JBH and mass

MBH of the BH shown in the top panel. We note that during
the highly dynamic phase of the evolution, when the peak
of the GW is incident on the BH there is no (even
approximate) axisymmetric Killing vector, and hence no
way of unambiguously defining JBH (and therefore MBH,
which we compute from JBH and the irreducible mass Mir)
in a coordinate-independent fashion. We simply calculate
JBH and MBH using the axisymmetric Killing vector of the
isolated BH spacetime, and so some caution must be taken
interpreting these quantities during the interaction.
Despite the opposite sign of the change in BH mass, the

ω0M ¼ 0.75 and 0.87 cases show a similar small increase
in irreducible mass. (We note that for these cases, when the
BH is highly distorted around t ≈ 50M, the AH finding
algorithm is not always able to locate the horizon to the
desired tolerance, and the quantities computed around then
are less accurate; this accounts for the noisiness of these
curves around that time.) In the middle panel of Fig. 4 we
show the ratio of the proper polar (as measured arbitrarily in
the y ¼ 0 plane) and equatorial circumferences CP=Ceq of
the AH indicating that the AH is becoming distorted from
its axisymmetric shape and oscillating. The horizon dis-
tortions are further illustrated by the fact that in all three
cases the maximum Ricci scalar curvature of the AH
2-surface RAH temporarily increases above the value of
an unperturbed, a ¼ 1 BH. The maximum value of RAH
occurs on the equator (and the minimum at the poles), as it
does for an isolated spinning BH, though these AHs show
large deviations from axisymmetry.
As can be seen in Fig. 4, the largest distortions of the

AH, in terms of oscillations of CP=Ceq and RAH, occur not
for the case that is overall superradiant, nor for the case
where the BH’s mass and angular momentum change the
most, but for ω0M ¼ 0.87. This is presumably related to
the fact that, for this case, the energy is peaked near the
resonant frequency of the BH, which approaches mΩBH
from above as a → 1 [30].

IV. CONCLUSIONS

In this paper, we presented results from full solutions of
the Einstein equations describing the superradiant scatter-
ing of GW packets by a highly spinning BH. To our
knowledge this is the first study of this phenomenon
beyond the linear and quasistatic regimes. We demonstrated
the reduction in the BH’s rotational energy resulting from
this effect. For large amplitude waves we found that
backreaction serves to reduce the amplification of the
scattered waves as well as reduce the higher frequency
content of the wave packet. The net result is a decrease in
the efficiency of energy extraction, as expected for the BH
to avoid losing more energy than allowed by Hawking’s
area theorem. Due to technical difficulties in following
what becomes a highly dynamical and distorted AH
(a necessity for stable evolution with our excision method),
we were unable to study the interaction of waves with

FIG. 3 (color online). The efficiency of BH energy extraction η,
as a function of the energy extracted from the BH, that is implied
by the fit to simulation results in Fig. 2 (lower amplitude branch).
We also show the efficiency expected for a process where the
change in BH angular momentum to BH mass is given by
dJ ¼ ðm=ω0ÞdM.

FIG. 4 (color online). AH quantities during interaction with
different frequency GW packets, each with initial mass ≈0.1M.
Shown (in units where M ¼ 1) are the mass, irreducible mass,
and angular momentum of the BH (top panel), the ratio of proper
polar to equatorial circumference (middle panel), and the maxi-
mum Ricci curvature of the horizon surface (bottom panel).
For the latter two quantities, we also show the values of an
unperturbed BH with extremal spin.
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initial energy ≳0.1M. This would be an interesting area for
future work, as the extrapolation in Fig. 2 suggests then
higher-order effects are needed to prevent the BH from
becoming superextremal. We suspect that with the slicing
employed here, the intrinsic geometry of the event horizon
is well mimicked by that of the AH, though it would be
interesting to explicitly study the event horizon structure to
confirm this.
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