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A binary neutron star coalescence event has recently been observed for the first time in gravitational
waves, and many more detections are expected once current ground-based detectors begin operating at
design sensitivity. As in the case of binary black holes, gravitational waves generated by binary neutron
stars consist of inspiral, merger, and postmerger components. Detecting the latter is important because it
encodes information about the nuclear equation of state in a regime that cannot be probed prior to merger.
The postmerger signal, however, can only be expected to be measurable by current detectors for events
closer than roughly ten megaparsecs, which given merger rate estimates implies a low probability of
observation within the expected lifetime of these detectors. We carry out Monte Carlo simulations showing
that the dominant postmerger signal (the l ¼ m ¼ 2 mode) from individual binary neutron star mergers
may not have a good chance of observation even with the most sensitive future ground-based gravitational
wave detectors proposed so far (the Einstein Telescope and Cosmic Explorer, for certain equations of state,
assuming a full year of operation, the latest merger rates, and a detection threshold corresponding to a
signal-to-noise ratio of 5). For this reason, we propose two methods that stack the postmerger signal from
multiple binary neutron star observations to boost the postmerger detection probability. The first method
follows a commonly used practice of multiplying the Bayes factors of individual events. The second
method relies on an assumption that the mode phase can be determined from the inspiral waveform, so that
coherent mode stacking of the data from different events becomes possible. We find that both methods
significantly improve the chances of detecting the dominant postmerger signal, making a detection very
likely after a year of observation with Cosmic Explorer for certain equations of state. We also show that in
terms of detection, coherent stacking is more efficient in accumulating confidence for the presence of
postmerger oscillations in a signal than the first method. Moreover, assuming the postmerger signal is
detected with Cosmic Explorer via stacking, we estimate through a Fisher analysis that the peak frequency
can be measured to a statistical error of ∼4–20 Hz for certain equations of state. Such an error corresponds
to a neutron star radius measurement to within ∼15–56 m, a fractional relative error ∼4%, suggesting that
systematic errors from theoretical modeling ð≳100 m) may dominate the error budget.
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I. INTRODUCTION

The LIGO/Virgo Collaboration recently announced the
first detection of a gravitational wave (GW) signal con-
sistent with the inspiral and merger of a binary neutron star
(BNS) system [1], corroborated by numerous observations
of electromagnetic counterparts across the spectrum, from
radio to gamma rays [2]. This one event has already
provided a wealth of new information: highlights include
the establishment of a connection between NS mergers and
(at least a class of) short gamma ray bursts, evidence that a
significant fraction of the Universe’s r-process elements is

born in NS mergers, an upper-bound constraint on the tidal
deformability of neutron stars, a measurement of the
Hubble constant independent of the cosmic distance ladder,
and a stringent constraint that the speed of gravitational
waves equals the speed of light.
As loud as GW170817 was in gravitational waves with a

network signal-to-noise (SNR) ratio of 32, this still all came
from the inspiral phase of the event, and no detectable
merger/postmerger signal was reported by the LIGO/Virgo
Collaboration. This is not surprising, as regardless of what
the outcome of the merger may have been—prompt or
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delayed collapse to a black hole, or a stable high mass NS
remnant—the corresponding GW emission is not expected
to be loud enough to allow extraction from the noise at
the relevant frequencies > 1 kHz. Thus, at present only
informed guesses as to the nature of the remnant can be
made, based on the consistency of models of postmerger
electromagnetic (EM) emission processes with observa-
tions (insofar as the emission depends on properties of the
remnant; see e.g. [3]). Given how crude existing models of
the postmerger central engine of the EM counterparts are, it
would be ideal to instead measure properties of the remnant
in GWs, and use that to inform interpretation of the
counterpart emission.
Beyond helping to decipher the EM data, the merger/

postmerger GW signal can contain much information of
intrinsic value in understanding the physics of the remnant.
As mentioned, following the merger, the BNS remnant may
either promptly collapse to a black hole (BH), form a
supramassive neutron star or form a hypermassive neutron
star (HMNS) that will ultimately undergo delayed collapse
to a BH (see [4] for a recent review). The latter two scenarios
lead to a remnant that spins rapidly and undergoes non-
axisymmetric oscillations, emitting GWs in the process.
More than a decade of simulations of BNS mergers have
revealed that the postmerger GW spectrum is rich, with
several distinct peaks that can be used to probe the merger
remnant through spectroscopy (see e.g. [5–17] for some
historical and recent work, [18–21] for related work on BH
spectroscopy, and [22,23] for recent reviews). In the first
10–20 ms after merger, the dominant component of a
postmerger GW is the l ¼ m ¼ 2 mode (which we call
here the 22 mode for short). For BNS merger remnants that
may survive for longer times, a one-arm mode (l ¼ 2,
m ¼ 1, or 21mode) can dominate theGWemission [24–28].
Extracting postmerger information from GWs is also

crucial for obtaining a full understanding of the physics of
nuclear matter. Individual NSs (with massMNS) in inspiral-
ing binaries are described by cold nuclear matter, whereas
BNSmerger remnants (with mass ∼2MNS) are described by
hot nuclear matter. Therefore, GWs from BNS merger
remnants encode the physics of dense nuclear matter in a
regime that is not accessible in the inspiral phase. In
addition, measured postmerger GWs could reduce the
uncertainties in information drawn from the inspiral phase,
just as with binary BH mergers (e.g. [29,30]). Moreover,
these waves will provide further insight to help disentangle
degeneracies between modulations due to tidal effects from
those induced by deviations from general relativity (e.g.
[31–34]). We can also anticipate that information on the
interior composition of cold neutron stars will be available
through independent electromagnetic observations, for
example with the recently launched NICER [35] (under
suitable assumptions, NICER may determine neutron star
radii to≃5% accuracy which, in turn, will help constrain the
cold nuclear EOS). One can then envision either employing

suchknowledge to further constrainGWpredictionsor using
the GWobservations independently and cross-checking for
consistency with results from EM observations.
GWs from BNS postmerger oscillations are challenging

to detect, as indicated by previous studies [36,37], and
evidenced by a lack of detection of any with GW170817
[38]. With certain binary parameters, EOS, etc., an event
not too much closer than GW170817 could produce a
detectable postmerger signal with aLIGO sensitivities.
However, even with the more optimistic BNS merger rates
of 1540ðþ3200 − 1220Þ=Gpc3=yr implied by GW170817
[1], a similarly loud merger is roughly a once-per-decade
event. On the other hand, these merger rates suggest several
events (including GW170817) could be expected in the
aLIGO era, and even more in the era of third-generation
ground-based detectors, that are all within a factor of a few
in SNR of having individually detectable postmerger
signals. If there is a common postmerger signal in these
anticipated events, we can therefore attempt to go after the
common component by combining, or stacking, the data
from multiple events appropriately. The data may also be
combined through unmodeled algorithms (e.g., [39]) for
parameter estimation purposes.
To simplify the analysis in our first study of this idea, we

only include the 22 mode of the postmerger signal. We
model it as an exponentially decaying sinusoidal function,
which is consistent with the leading order behavior iden-
tified in the principal component analysis of BNS post-
merger waveforms in [37]. We propose two methods to
stack these data from different detections. With the first
method, we treat all events as independent and combine the
Bayes factor, following a similar approach as discussed in
[40] (referred to as “power stacking” in this work). In the
second method, we assume that the theoretical uncertainties
in future numerical BNS simulations can be significantly
reduced, such that the inspiral waveform can be used to
predict the phase of postmerger modes. In this case, the
dominant modes from different postmerger signals can be
coherently stacked together, as shown in the black hole
ringdown scenario [41]. Essentially, coherent mode stack-
ing is the shifting and rescaling of N signals to align their
phase using information from the inspiral in order to
construct a weighted, linear superposition that boosts the
postmerger SNR. Both methods are able to boost the
detectability of postmerger oscillations. The coherent
stacking approach outperforms the first method by taking
advantage of the additional phase information.
There are several important issues to note in this work.

First, the coherent stacking procedure presented here is
similar to the treatment we developed in [41], which was
designed to boost particularly relevant features in signals
from binary black hole mergers, for instance the SNR of
secondary modes in BH ringdowns. However, there are
important differences between the stacking approach
developed in this paper and in [41]. In particular, the
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inspiral-merger-ringdown waveform of binary BHs is
known from numerical relativity simulations sufficiently
accurately that it can be used to predict the phase of
secondary modes, which in turn set the basis to align the
secondary modes from different detected events. By con-
trast, current numerical relativity simulations of BNS
mergers cannot reliably determine the phase of postmerger
oscillations, partly because there are important pieces of
physics (such as turbulent magnetohydrodynamics, micro-
physical effects, NS spin effects etc.) that are not fully
resolved or accounted for. Despite the significant progress in
our understanding of BNS postmerger physics (see [22,23]
for recent reviews), there remain obstacles both in the
computational aspect and the physical understanding of
the problem that must be overcome before reliable GWs
from numerical relativity simulations can be used to con-
struct GW templates. Therefore, in this work we emphasize
the application of power stacking, and also generalize the
hypothesis test formalism (generalized likelihood ratio test
or GLRT) of [41] to signals with unknown phase.
Second, although for a given EOS the frequency (unlike

the phase) of the 22 mode can be robustly determined by
numerical simulations [12], the true underlying EOS is
unknown. Thus, in order to perform the hypothesis test for
detection, we assume an underlying EOS to compute the
mode frequencies for each event. Picking an incorrect EOS
would in principle generate frequency mismatch which
would degrade the SNR of the signal. On the other hand,
one can perform a model-selection study to compare
different EOSs for their relative consistency with the data.
We investigate this issue here as well.
Third, as mentioned earlier, the BNS merger remnant can

undergo collapse to a BH promptly after the merger, in
which case there is no GW signal from a HMNS to stack.
According to the work of [8] there exists a threshold total
binary mass that determines whether prompt collapse will
take place, independently of the mass ratio. Therefore, we
only consider events with total mass below this threshold in
our Monte Carlo (MC) simulations before stacking. Since
in this study we focus on finite-temperature, realistic
nuclear EOSs we use the threshold masses for prompt
collapse determined in [42]. We show how detection/
nondetection of a stacked signal from a suitable population
of events can provide a direct test of this collapse
hypothesis, and further be used to place constraints on
the nuclear EOS.
Finally, the starting time of coalescence may be subject

to systematic uncertainties in modeling the tidal effects of
binary NSs in the inspiral stage using post-Newtonian
methods. This does not significantly affect the calculations
in this paper, as we mainly focus on the properties of the 22
(peak) mode, which radiates waves with frequency above
2 kHz (well above the merger frequency). In addition, an
accurate numerical waveform would naturally take into
account all tidal effects.

A. Executive summary

We now summarize the main results of this paper. Unless
otherwise specified, for the sake of presentation our
calculations will focus on the Cosmic Explorer (CE)
experiment as the representative third-generation instru-
ment; we expect similar conclusions to hold for both CE
and the Einstein Telescope (ET). Based on the MC
simulations we have performed, given an EOS (TM1
[43] for reference) and with the adopted BNS merger rate,
the chances of detecting a single postmerger event after
1 year of observations with third-generation detectors are
good, but not certain (for simplicity, here and henceforth
we use the word “event” only to refer to the postmerger
signal). By stacking the loudest events, a detection becomes
almost certain after a year of observations with CE. For
example, if the SNR threshold for detection is set to 5, a
1-year observation with CE has a ∼79% chance of
detecting a postmerger oscillation signal in a single event,
while the chances increase to ∼100% after power stacking
the top five loudest events.
Apart from power stacking that simply multiplies the

Bayes factor of each event [44–46],1 we also investigate
combining signals if the phase of the postmerger modes
can be predicted using simulations informed by source
parameters measured from the inspiral waveform. This is
reasonable to expect by the era of third-generation gravi-
tational wave observatories, as future numerical modeling
of binary neutron star mergers is anticipated to become
sufficiently accurate by then. We compare these two
methods and find that coherent stacking is more efficient
at enhancing the SNR of BNS postmerger signals than
power stacking (see Sec. III C and Fig. 4). This is partially
because the coherent stacking method we propose requires
extra phase information.
We also carry out a Bayesian model selection analysis to

see how well one can distinguish between two different
EOS models. For example, the TM1 EOS can be well
distinguished from the DD2 EOS [43], with the average
log-Bayes factor in the range 20–100 using the single
loudest event (and 130–300 for power stacked signals). We
further perform a parameter estimation study to derive how
accurately one can measure the peak frequency of post-
merger oscillations. We convert such a statistical error on
the peak frequency to a statistical error on the NS radius of
a 1.6 M⊙ NS using a universal relation between these
quantities [12]. We find that with the power stacked signal
and using CE, the statistical error on the NS radius ranges

1Calling this “power stacking” is a slight abuse of historic
notation, as this term has mostly been used to refer to analysis
strategies that add excess power in select tiles in a time-
frequency decomposition of multiple signals; see e.g. [47,48].
These methods also give a composite SNR that scales as N1=4 for
N identical events each with low individual SNR, as multipli-
cation of Bayes factors does [41], which is why we have
borrowed this nomenclature.
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from 15 m to 56 m, depending on the underlying EOS,
which constitutes a fractional relative error of ∼4%. Such a
measurement would thus compete with the NICER meas-
urement of the mass-radius relation of isolated NSs [49].
However, at this time systematic errors in the universal
relations between postmerger oscillation frequency and
binary total mass, as well as in the template construction,
dominate over the statistical error; this may be reduced in
the future through, e.g., better modeling of NSs and more
accurate BNS merger simulations.
A recent study by Bose et al. [50] also proposes to

perform stacking of multiple BNS postmerger events with a
focus on parameter estimation. Apart from considering
only second-generation gravitational wave detectors, and
using results from simulations that do not employ finite-
temperature EOSs, our results are distinct from this work in
at least two additional, significant aspects. First, we focus
on the dominant 22 mode modeled as a single damped
sinusoid, while in [50] a several parameter fit to the entire
postmerger signal is used, with additional assumptions on
the phases of the modes used in the fit. This alters the
parameter estimation because the target templates are
different. Second, here we perform a more detailed inves-
tigation and in-depth study to assess the detectability of
GWs from BNSmerger remnants by applying a generalized
likelihood ratio test (for hypothesis testing). In particular,
instead of focusing on parameter estimation alone, we also
discuss in detail the performance of stacking methods in
making a detection of the dominant 22 mode, as well as a
comparison to the power stacking method. This discussion
is necessary because strictly speaking the interpretation of
results of parameter estimation using modes from a set of
events is only valid after a statistically significant con-
firmation of the existence of the modes has been made.

B. Organization

This paper is organized as follows. In Sec. II we develop
the hypothesis test (GLRT) formalism for signals with
unknown phase and perform a MC study to probe the
detectability of postmerger oscillations from individual
BNS remnants, assuming several different EOSs2 and
focusing on third-generation GW detectors. In Sec. III
we apply the hypothesis test (GLRT) formalism for signals
with unknown phase to stacked signals. We use the
individual signals from the MC study of Sec. II to
demonstrate that these stacking methods significantly
amplify the SNR of BNS postmerger GWs and their
detectability. Moreover, we show that coherent stacking
works more efficiently than power stacking. In Sec. IV we

discuss the possibility of distinguishing different EOSs
using the stacked signal by carrying out a Bayesian model
selection study. We also perform a parameter estimation
study to derive the measurement accuracy of the post-
merger peak frequency, and in turn, that of the NS radius.
We conclude in Sec. V and discuss possible directions for
future work.

II. SINGLE EVENT DETECTION

In this section we present the GLRT formalism we
develop for single events, and perform aMC study to assess
the detectability of BNS postmerger oscillations from
individual events using third-generation ground-based
GW interferometers.

A. Hypothesis testing with unknown phase

Let us begin by describing how we generalize the
Bayesian hypothesis test formalism of [41,51,52] such
that it is applicable to coherent stacking of signals without
prior phase information. In this section, we extend the
formalism to the case of individual signals with unknown
phase offset, which is suitable for finding oscillations of
BNS merger remnants. In Sec. III B, we describe the
procedure of coherently stacking a set of events, which
involves frequency rescaling and phase alignment.
As we mentioned in the Introduction, in the first

10–20 ms following a typical BNS merger the 22 mode
is the dominant one. Thus, instead of trying to model full
signatures of postmerger waveforms, we focus on the
dominant peak of the 22 mode component (see also the
principal component template in [37]). Here, we model
the 22 mode oscillation as a damped sinusoid,

hðtÞ ¼ A0Ar sinð2πfpeakt − ϕ0Þe−πfpeakt=QΘðtÞ; ð1Þ

where A0 is the amplitude, fpeak is the 22 mode peak
oscillation frequency, while we label the time coordinate in
such a way that the waveform starts at t ¼ 0 [hence the
Heaviside step function ΘðtÞ] and ϕ0 is a constant phase
offset. The factor Ar denotes the reduction of the wave
amplitude arising from source inclination and the response
of the detector. Finally, Q is the quality factor of the mode.
We now explain the GLRT formalism and its extension.

The one used in [41,51,52] assumes that all the para-
meters in the waveform are known a priori except for the
amplitude. In our context, we assume that fpeak, Q and Ar

are known from the inspiral information together with a
given underlying EOS. One can then repeat the analysis
with a different choice of EOS and carry out a Bayesian
model selection study to see which one is preferred (see
Sec. IVA). On the other hand, the phase ϕ0 is unknown for
BNS postmerger GWs, which requires one to extend the
GLRT formalism. We begin by rewriting Eq. (1) as

2Throughout this work we assume that in nature neutron stars
have a unique EOS. This is a standard assumption, though one
could envision mass-dependent EOS variations, or more unusual
situations where for example strange quark stars and conventional
neutron stars can both exist in the same mass range.
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hðtÞ ¼ ½A0
s sinð2πfpeaktÞ þ A0

c cosð2πfpeaktÞ�e−
πfpeakt

Q ΘðtÞ
¼ AshsðtÞ þ AchcðtÞ; ð2Þ

with A0Ar ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A0
c
2 þ A0

s
2

p
and tanϕ0 ¼ −A0

c=A0
s. Here, hc

(hs) is proportional to the above cosine (sine) function with
an arbitrary normalization constant. Therefore, testing for a
signal with unknown phase can be phrased as a test
between the following two hypotheses:

H1∶ ~yðfÞ ¼ Ac
~hcðfÞ þ As

~hsðfÞ þ ~nðfÞ; ð3Þ

H2∶ ~yðfÞ ¼ ~nðfÞ; ð4Þ

with A2
c þ A2

s > 0 inH1. Here ~hc and ~hs are two frequency-
domain bases of the waveform which are nearly orthogonal
to each other (this is generally true ifQ ≫ 1, i.e. if there are
enough cycles in the relevant waveform), so that
hhcjhsi ≈ 0, where the inner product is defined as

hχjξi≡ 2

Z
∞

0

~χ�ðfÞ~ξðfÞ þ ~χðfÞ~ξ�ðfÞ
Sn

df;

jjξjj2 ≡ hξjξi ð5Þ

with respect to the one-sided spectral density of detector
noise h ~nðfÞ ~n�ðf0Þi ¼ ½SnðfÞ=2�δðf − f0Þ.
The posterior probability of a hypothesisH being correct

given some data y is given by Bayes’ theorem [53,54]

PðHjyÞ ¼ PðHÞPðyjHÞ
PðyÞ ; ð6Þ

where PðHÞ is the prior belief in H, while PðyÞ is the
probability of the data, which serves as an irrelevant
normalization constant. The evidence PðyjHÞ is given by

PðyjHÞ≡
Z

dϑPðϑjHÞPðyjϑHÞ; ð7Þ

where PðϑjHÞ is the prior on the model parameters ϑ, while
PðyjϑHÞ is the likelihood function.
The likelihood of Hypothesis 1 is given by

PðyjϑiH1Þ ∝
Y
f>0

exp

�
−
2j~y − As

~hs − Ac
~hcj2

Sn

�

∝ exp

�
−
jjy − Ashs − Achcjj2

2

�
; ð8Þ

where ϑi ¼ fAc; Asg. For a uniform prior on Ac and As, the
marginalization over ϑ in Eq. (7) corresponds to maximiz-
ing the above likelihood over Ac and As. The maximum
likelihood estimator, using the shorthand notation c ¼ hc
and s ¼ hs, is then given by

Âc ¼
hcjyi
hcjci ; Âs ¼

hsjyi
hsjsi : ð9Þ

Thus, according to Eqs. (7) and (8) and the discussion
above Eq. (9),

PðyjH1Þ ∝ exp

�
−
jjy − Âss − Âccjj2

2

�
; ð10Þ

and consequently

PðH1jyÞ ∝ PðH1ÞPðyjH1Þ

∝ PðH1Þ exp
�
−
jjy − Âss − Âccjj2

2

�
: ð11Þ

Repeating these steps for Hypothesis 2 (As ¼ Ac ¼ 0)
gives

PðyjH2Þ ∝ exp

�
−
jjyjj2
2

�
; ð12Þ

PðH2jyÞ ∝ PðH2Þ exp
�
−
jjyjj2
2

�
: ð13Þ

The betting odds ofH1 overH2, known as the odds ratio,
is given by

O12 ≡ PðH1jyÞ
PðH2jyÞ

¼ PðH1Þ
PðH2Þ

B12; ð14Þ

where

B12 ≡ PðyjH1Þ
PðyjH2Þ

ð15Þ

is the Bayes factor. We focus on using B12 throughout this
paper, though it agrees with O12 in the case of equal priors
PðH1Þ ¼ PðH2Þ or in the case of uninformative priors
PðH1Þ ¼ 0.5 and PðH2Þ ¼ 0.5.
We next compute the log of the Bayes factor, which

using Eqs. (9), (10) and (12) is

T̂single ≡ log

�
PðyjH1Þ
PðyjH2Þ

�
Ac;s→Âc;s

¼ hcjyi2
2hcjci þ

hsjyi2
2hsjsi

¼ hcjci
2

ðA2
c þ A2

sÞ ð16Þ

þ hcjni2 þ hsjni2
2hcjci þ Ashsjni þ Achcjni

hcjci
¼ sT þ nT; ð17Þ

where sT is defined as the first term in Eq. (16), i.e.,
sT ¼ hcjciðA2

c þ A2
sÞ=2ð¼ ρ2=2Þ, and the remaining terms
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are defined as nT . Note that in going from the first line to
the second and third lines in the above we replaced the data
y on the right-hand side of the equality in the first line by
Eq. (3). Here, we have chosen the normalization of hc and
hs such that hcjci ¼ hsjsi. If we are to take the log of the
odds ratio [defined in Eq. (14)] instead of the log of the
Bayes factor and PðH1Þ ≠ PðH2Þ, sT needs to be shifted
by log½PðH1Þ=PðH2Þ�.
The evidence to favor (or disfavor) H1 overH2 depends

on the signal part sT , and the distribution of the noise part
nT . The GLRT ratio variable T̂single can be intuitively
thought of as an approximate spectral power of y near
the central frequency fpeak. The distribution of nT is in
general non-Gaussian, but when Ac;s ¼ 0, it becomes χ22
(chi-squared with 2 degrees of freedom). Here and through-
out we assume that hcjni and hsjni are normally distrib-
uted. If we denote the right-tail probability function of nT
(whose probability distribution is PnT ) as

RðxÞ ¼
Z

∞

x
PnT ðzÞdz ð18Þ

(with RAc;s¼0 corresponding to that of the χ22 distribution)
and the false-alarm probability is Pf, the criteria for
rejecting hypothesis H2 with T̂single computed from obser-
vation data is

RAc;s¼0ðT̂singleÞ ≤ Pf; ð19Þ

or

T̂single ≥ R−1
Ac;s¼0ðPfÞ: ð20Þ

Now, notice that under H1, T̂single ¼ sT þ nT is a random
variable depending on the underlying signal and detector
noise. Based on its distribution, one can infer the proba-
bility that the above inequality is satisfied, giving the target
detection rate (probability) Pd:

Pd ≥ RðR−1
Ac;s¼0ðPfÞ − sTÞ: ð21Þ

The amplitude of signal Ac;s required to satisfy the above
bound is then

1

2
hcjciðA2

c þ A2
sÞ ≥ R−1

Ac;s¼0ðPfÞ − R−1ðPdÞ; ð22Þ

or equivalently, the SNR required to satisfy the bound is
given by

ρ ≥ ρthres ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½R−1

Ac;s¼0ðPfÞ − R−1ðPdÞ�
q

; ð23Þ

where we used the relation sT ¼ ρ2=2.

The probability distribution function PnT ðzÞ inside the
integral of the right-tail probability function R in Eq. (18)
is obtained as follows. For simplicity, we choose the
normalization such that hcjci ¼ 1 ¼ hsjsi, and denote
X ≡ hcjni2=2þ Achcjni, Y ≡ hsjni2=2þ Ashsjni. Given
that X and Y are independent random variables, the
probability distribution of the random variable Z¼XþY
is given by

PZðzÞ ¼
Z

∞

−∞
PXðx0ÞPYðz − x0Þdx0: ð24Þ

However, notice that by definition X ¼ ðhcjni þ AcÞ2=
2 − A2

c=2 ≥ −A2
c=2, and similarly Y ≥ −A2

s=2. Therefore,
Eq. (24) becomes

PnT ðzÞ ¼
Z

zþA2
s=2

−A2
c=2

PXðx0ÞPYðz − x0Þdx0: ð25Þ

Here

PXðx0Þ ¼
ffiffiffi
2

π

r
e−A

2
c−x0 cosh½Ac

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
c þ 2x0

p
�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A2
c þ 2x0

p ; ð26Þ

which is obtained from a noncentral χ2 distribution with an
appropriate change of variable. In fact, PnT can also be
obtained from a noncentral χ22 distribution with an appro-
priate change of variable. As expected, PX reduces to a
Gaussian distribution in the large Ac limit, and reduces to
the χ2 distribution with one degree of freedom for Ac → 0.
The distribution PY follows similarly, with c → s. For
completeness, we show the variance of nT in Appendix B.
We also show the signal-to-noise level of T̂ that one can use
instead of ρ to discuss the detection criterion.
There are two important facts regarding R. First, the

distribution R depends on Ac;s only through A2
c þ A2

s . This
can be seen by writing nT as

nT ¼ Ashsjni þ Achcjni

þ 1

2ðA2
c þ A2

sÞ
ðAchcjni þ AshsjniÞ2

þ 1

2ðA2
s þ A2

sÞ
ðAshcjni − AchsjniÞ2; ð27Þ

and noting that Achcjni þ Ashsjni and Ashcjni − Achsjni
are independent Gaussian random variables with the same
variance, A2

c þ A2
s . Second, if Ac;s ¼ Am

c;s is the marginal
solution that satisfies the equality in Eq. (22), and if we
further scale the detector noise such that n → Cn without
changing the definition of the inner product hji so that c and
s do not have to be renormalized, it is straightforward to see
that Ac;s ¼ CAm

c;s still satisfies the equality in Eq. (22) with
the rescaled noise. Such a property is important as it means
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there is a one-to-one mapping between the threshold event
SNR (schematically ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
c þ A2

s

p
=n) and Pf and Pd. Such a

property also carries over to the stacked signal we consider
in Sec. III B. Following the convention in [37], we shall set
the threshold SNR to ρthres ¼ 5, which is consistent with
setting Pf ¼ 0.01 and Pd ¼ 0.982.

B. MC study

The detectability of postmerger oscillations from BNS
remnants is discussed in [37], assuming optimal sky
orientation and source inclination. The results indicate that
postmerger oscillations from individual sources are detect-
able only by third-generation GW detectors. Here we
extend the analysis, but with two important modifications
that make the analysis more realistic (although unfortu-
nately greatly reducing detectability):
(1) Instead of assuming the optimal sky location and

source inclination that maximize the SNR, we ran-
domly sample sources in sky direction, orbit incli-
nation angle and polarization angle. According to
[55,56], the sky-averaged amplitude for a given type
of source receives a 2=5 reduction factor compared to
the optimized configuration (assuming an L-shaped
GWdetector). In addition, the opening angle between
arm cavities in the design for ET is 60°, leading to an
overall

ffiffiffi
3

p
=2 reduction in signal amplitude compared

to an L-shaped interferometer with the same arm
length. In our MC simulations, we have a different
reduction factor for each source based on its param-
eters, although on average it recovers the 2=5 factor
for L-shaped detectors. To obtain the reduction factor
for each source, we assume the L-shaped antenna
pattern function [55] for CE:

Fþ ¼ 1

2
ð1þ cos2θÞ cos 2ϕ cos 2ψ

− cos θ sin 2ϕ sin 2ψ ; ð28Þ

F× ¼ 1

2
ð1þ cos2 θÞ cos 2ϕ sin 2ψ

þ cos θ sin 2ϕ cos 2ψ ; ð29Þ
and the single-detector antenna pattern function for
ET [56]:

Fþ ¼ −
ffiffiffi
3

p

4
½ð1þ cos2θÞ sin 2ϕ cos 2ψ

þ 2 cos θ cos 2ϕ sin 2ψ �; ð30Þ

F× ¼
ffiffiffi
3

p

4
½ð1þ cos2θÞ sin 2ϕ sin 2ψ

− 2 cos θ cos 2ϕ cos 2ψ �: ð31Þ
Here θ andϕ are the angular coordinates of the source
in the detector frame and ψ is the polarization angle.

The amplitude fraction in each polarization can be
computed by

Aþ ¼ Fþ
1þ cos2ς

2
; A× ¼ F× cos ς; ð32Þ

where ς is the inclination angle of the BNS orbit
with respect to the line of sight. The overall
amplitude reduction factor with respect to the
optimal configuration that enters in Eq. (1) is then
given by Ar ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2þ þA2

×

p
for an L-shaped detec-

tor and Ar ¼ ð2= ffiffiffi
3

p Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2þ þA2

×

p
for a single

detector following the ET design. If we allow
three detectors placed in a triangle geometry as

explained in [56], the corresponding factor is Ar ¼
2=

ffiffiffi
3

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
i;jA

2
i ðθ;ϕþ 2πj=3;ψ ; ςÞ

q
with the sum-

mation over i ¼ ðþ;×Þ and j ¼ ð−1; 0; 1Þ. The total
SNR receives a factor of

ffiffiffi
3

p
boost on average

compared to the single detector case. In fact, if there
areNd identical detectors, the total SNR is a factor offfiffiffiffiffiffi
Nd

p
larger than the single detector SNR.

(2) We adopt a more up-to-date estimate of the BNS
merger rate from [1] based on the observed BNS
merger. Such a rate (RBNS ¼ 1.54 Mpc−3 Myr−1) is
1.5 times higher than the “realistic” rate of [57],
which was adopted in [37]. Naturally, as a result, we
predict more detections over a 1-year observation
period. Our conclusions can be easily modified if the
true rate turns out to be different than this number.
An argument about the relevant scaling goes as
follows. Considering the case where for a given rate
RBNS only one event is above the detection threshold
within a volume of space V after Tobs ¼ 1 yr of
observations, we have RBNS × V × Tobs ¼ 1. But,
V ∝ d3 ∝ 1=ρ3, with d the distance. Thus, the SNR
should scale with the merger rate as ρ ∝ R1=3

BNST
1=3
obs .

In reality different merger events are not identical,
their source parameters and sky locations all affect
their SNR, and for sufficiently high redshift V is not
simply proportional to d3. Nevertheless, the above
simple expression can be used to approximately
scale the SNR that we present in our study below for
different merger rates or observation periods.

Our analysis is based on the waveform model of Eq. (1),
which depends on the peak frequency fpeak, the quality
factor Q, the 22 mode amplitude A0, the angle-dependent
amplitude factor Ar and phase offset ϕ0. We estimate the 22
mode frequency (fpeak) using the fit of [12] (see also
[11,14,58–61] for other fits)

fpeak
1 kHz

¼ m1 þm2

M⊙

�
a2

�
R1.6 M⊙
1 km

�
2

þ a1
R1.6 M⊙
1 km

þ a0

�
;

ð33Þ
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where a0 ¼ 5.503, a1 ¼ −0.5495 and a2 ¼ 0.0157 are
EOS-independent parameters; R1.6 M⊙ is the radius of a
nonrotating NS with gravitational mass 1.6 M⊙, and this
parameter therefore encodes the EOS dependence. We
choose the masses by independently sampling the
Gaussian distribution [62]

PðMNS;M0; σÞ ¼
1ffiffiffiffiffiffiffiffiffiffi
2πσ2

p exp

�
−
ðMNS −M0Þ2

2σ2

�
ð34Þ

with M0 ¼ 1.33 M⊙ and σ ¼ 0.09 M⊙.
The quality factor and 22 mode amplitude in Eq. (1)

should also depend on the NS EOS, the mass ratio and mass
of the binary, but the detailed dependence is currently
unknown. In order to enable comparison to the results in
[37], we set A0 and Q such that the peak value of the
characteristic strain and the SNR of Eq. (1) match the peak
characteristic strain and SNR of the dominant 22 mode
component in Fig. 11 of [37], which corresponds to the
postmerger signal arising from a 1.35 M⊙ þ 1.35 M⊙
BNS with optimal extrinsic parameters (sky location and
inclination angle), at luminosity distance d ¼ 50 Mpc with
the Hempel et al. EOS (TM1) [43]. The matching process
yields Q ¼ 34, A0 ¼ 2.5 × 10−22. For a binary obeying the
TM1 EOS, but with different component masses and
luminosity distance we still set A0 based on a 1.35 M⊙ þ
1.35 M⊙ BNS, i.e.,

A0 ¼ 2.5 × 10−22 ×
50 Mpc

d
: ð35Þ

While choosing A0 based on results from 1.35 M⊙ þ
1.35 M⊙ BNSs is not ideal, it should provide a reasonable
approximation if Eq. (34) is valid for merging BNSs,
because it is narrowly peaked around 1.33 M⊙ and hence
the majority of BNSs are near equal mass binaries with total
mass ∼2.7 M⊙. Nevertheless, such a prescription needs to
be revised once we gain more systematic (and accurate)
understanding of the functional dependence of A0 and Q on
the binary intrinsic parameters from future numerical
simulations of BNS mergers, complemented by actual
observations. Since in this section we are only interested
in SNRs of individual events, we will set the phase offset
to zero.
We ran 100 MC realizations, each covering 1 year of

observations, to calculate SNRs. In each realization, we
rejected binaries with total mass exceeding the prompt-
collapse threshold mass Mthres based on the results of [42].
We note that, strictly speaking, a BNS with total mass just
below Mthres in general cannot survive for more than a few
ms following merger, and hence it cannot exhibit any loud
postmerger oscillations. The simulations of [8] suggest that
the threshold mass for rejecting binaries from our MC
realizations should be ∼0.95 ×Mthres. However, this effect
has a small contribution to our results because the total

mass distribution for BNSs derived from Eq. (34) is also
Gaussian and is given by Eq. (34) withM0 ¼ 2.66 M⊙ and
σ ¼ 0.1273 M⊙. As a result, the fraction of binaries with
mass above 0.95 ×Mthres is only 1% (for the TM1 EOS3).
For the single-event study we consider both the ET and

CE third-generation ground-based GW observatories. The
ET sensitivity is obtained from [63] and the CE sensitivity
from [64]. For the CE, we choose the wide-band configu-
ration, because it has better sensitivity than the “standard
configuration” above 1 kHz. For the ET configuration, we
consider both a single interferometer and a triangular
arrangement with three interferometers.
In each MC realization there are about 40–70 events with

ρ > 1. In Fig. 1 we present the SNR of the loudest event in
each of the 100 MC realizations with the TM1 EOS. Our
MC simulations show that for the ET (with single inter-
ferometer) and CE sensitivities, there is a 25% and 79%
chance respectively to have a single loud event passing the
detection threshold after acquiring data for a full year (for
the triple-detector ET case it is a 56% chance). In Fig. 2 we
present the SNR of the second and third loudest event in
each of 100 MC realizations for CE. The plot shows that
after a year of observations there is about a 43% chance to
have a second and a 23% chance to have a third event above
detection threshold. The even lower chance of detecting

FIG. 1. Histogram for single-event SNR for 100 realizations in
the MC simulation. Orange bins represent the SNR with respect
to the sensitivity of the ET (single detector). Blue bins are
associated with the triple-detector, triangle design of the ET [56].
Green bins represent the SNR with respect to the sensitivity of the
CE (wide-band configuration). The detection threshold (ρ ¼ 5) is
indicated by the dashed red line. The TM1 EOS and 1-year
observation is assumed, and the binary merger rate is taken to be
RBNS ¼ 1.54 Mpc−3 Myr−1.

3For other EOSs we introduce later, this fraction is practically
the same for the LS220 EOS, even lower for the DD2 and Shen
EOSs, and a bit larger for the SFHo EOS (in the latter case,
however, we will see that the postmerger GWs are difficult to
detect in the first place).
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secondary and tertiary events above the detection threshold
of 5 implies that there is little room for stacking if one
insists on using only signals above this threshold in order to
obtain a much stronger signal that will reduce the statistical
uncertainties in parameter estimation.
Given that the ET and CE are the most sensitive ground-

based GW detectors proposed so far, our results indicate
that (for the currently envisioned configurations) unless the
true BNS merger rate turns out to be substantially higher
than the rate we adopt in our study, or nature supplies a
more “favorable” EOS as discussed in the next paragraphs,
over the next few decades the prospect to directly probe the
dominant peak of BNS merger remnant oscillations from
individual events does not appear very promising. Of
course, this observation is a consequence of adopting
ρthres ¼ 5. Since postmerger oscillations will be an example
of a triggered search, it is conceivable that a lower
threshold could be targeted.
All of the above results were obtained with the TM1

EOS, but we also studied several other popular, realistic,
finite-temperature nuclear EOSs. In particular, we consid-
ered the Steiner et al. EOS SFHo [65], the Lattimer Swesty
EOS [66] with compressibility parameter K ¼ 220 MeV
(LS220), the Hempel et al. EOS DD2 [43], and the Shen
et al. EOS [67]. These EOSs were chosen because they all
have a maximum mass above 2.0 M⊙ [68,69], they cover a
range of stiffnesses, and because they take into consid-
eration finite-temperature effects self-consistently. The
parameters for performing the MC simulations with these
different EOSs are listed in Table I. The strain amplitude A0
and the quality factorQ are chosen such that the peak value
of the characteristic strain and SNR of Eq. (1) match the
peak value of the characteristic strain and SNR of the
postmerger dominant 22 component reported in the BNS
merger simulations of [13,70,71]. In Appendix Awe show
how well the Lorentzian profile of Eq. (1) approximates the

postmerger spectra in the vicinity of the dominant post-
merger peak found in numerical relativity simulations.
Assuming RBNS ¼ 1.54 Mpc−3 Myr−1, the results of the

MC realizations with different EOSs are presented in Fig. 3,
which shows that, among the EOSs that we study, both
SFHo and DD2 EOS have small detection rates (∼13% and
30% respectively, with 76% for LS220 and 100% for Shen)
for postmerger oscillations after a full year of observations
with CE. However, it should be stressed that these results
should be considered only as approximate, with the detailed
numbers subject to change with more accurate modeling of
NS mergers in the coming years.
Given the richness and importance of the physics

encoded in the postmerger signal, there is strong motivation
to improve its detectability by exploiting the information
we can anticipate from the current/planned generation of
detectors, and informing designs for future GW detectors to
maximize their sensitivity to this phase of BNS mergers. In
this work we are focusing on the former approach, and in
the next section show that stacking signals from multiple
detections can significantly enhance the sharpness of the
postmerger signal. We describe the details of the power and
coherent mode stacking methods that we propose in the
next section.

FIG. 2. Histograms of the second and third loudest events with
the CE sensitivity, from the same MC runs as in Fig. 1. Orange
bins represent the SNR of the second loudest event, while blue
bins represent the SNR of the third loudest event.

FIG. 3. The same setting as in Fig. 1 but with different EOSs
and with respect to the CE sensitivity alone. Orange bins
represent the SNR for the SFHo EOS, blue bins for the
LS220 EOS, green bins for the DD2 EOS and red bins for the
Shen EOS.

TABLE I. Parameters for different EOS.

EOS R1.6M⊙ fpeakðkHzÞ M⊙
m1þm2

A0ð50 MpcÞ
10−22

Q Mthres
M⊙

SFHo 11.77 1.21 2.7 25.7 2.95
LS220 12.5 1.09 4.3 25.7 3.05
DD2 13.26 0.98 2.8 12.7 3.35
Shen 14.42 0.84 5.0 23.3 3.45
TM1 14.36 0.85 2.5 34.2 3.1
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III. MULTIPLE-EVENT DETECTION

In this section we present the GLRT formalism for
stacking multiple events, and we assess the detectability
of BNS postmerger oscillations through such a stacking
analysis using third-generation ground-based GW
interferometers.
The GLRT formalism described in Sec. II A justifies the

rationale of claiming detection from a single event with
unknown phase, within the Bayesian framework. When it is
applied to single-event detections, it should give consistent
results with previous studies [37]. However, as discussed in
Sec. II B, these single events are not likely to allow a direct
detection of postmerger oscillations even when using the
most sensitive ground-based GW detectors proposed so far,
unless event rates are higher than expected or the EOS is
Shen-like. In the few cases where we manage to beat the
odds and have a loud event, the chance of also having a
second sufficiently loud event is even slimmer (Fig. 2).
Nevertheless, regardless of whether there is a loud event
passing the detection threshold, our MC studies indicate
that there will likely be several tens of events with modest
SNR (e.g. 1 ≤ ρ ≤ 5), which we exploit in this work to
increase the chances of detection and improve the accuracy
of parameter estimation. Notice that although the post-
merger SNRs of these events are low, their inspiral SNRs
will be significantly higher and easily detectable. This point
will be further discussed in Sec. III B.

A. Hypothesis testing with power stacking

In this section, we apply the Bayesian model selection
approach discussed in [40] for multiple events, which we
refer to as power stacking. With a group of events yi
(i ¼ 1; ::; N), the combined Bayes factor is [40]

B12 ¼
YN
i¼1

PðyijH1Þ
PðyijH2Þ

; ð36Þ

where the combined T̂ variable is

2T̂power ≡ 2 log
YN
i¼1

PðyijH1Þ
PðyijH2Þ

¼
XN
i¼1

�ðhcijyiiÞ2
hcijcii

þ ðhsijyiiÞ2
hsijsii

�

¼
XN
i¼1

hcijciiðA2
c;i þ A2

s;iÞ þ
XN
i¼1

hcijnii2 þ hsijnii2
hcijcii

þ 2
XN
i¼1

As;ihsijnii þ Ac;ihcijnii
hcijcii

¼ 2sTp þ 2nTp: ð37Þ
Note that in writing down such a combination of Bayes

factors, we have implicitly assumed that all events

follow the same hypothesis. This assertion relies on the
assumption that postmerger oscillations should exist if the
mass of the remnants is below the (EOS-dependent)
threshold. This GLRT variable does not have the same
type of noise distribution as that analyzed in Sec. II A.
Instead, its distribution is obtained from a noncentral χ22N
distribution with an appropriate change of variable. For
sufficiently large N, due to the central limit theorem, the
distribution of nTp is a Gaussian with mean N and variance
(all ci, si are normalized such that hcijcii ¼ hsijsii ¼ 1)

Var½nTp� ¼ N þ
XN
i¼1

ðA2
c;i þ A2

s;iÞ≡ σ2nTp
: ð38Þ

The distribution of the noise (2nTp) associated with the null
hypothesis Ac;s ¼ 0 is just a χ22N distribution, which also
asymptotes to a Gaussian distribution in the large N limit
with mean 2N and variance 4N. Let us denote

QσðxÞ≡ 1ffiffiffiffiffiffi
2π

p
σ

Z
∞

x
dye−y

2=ð2σ2Þ; ð39Þ

and

U2NðxÞ≡
Z

∞

x
dyPχ2

2N
ðyÞ; ð40Þ

so that the requirement to reject the null hypothesis with
significance level Pf, and the chance of success (detection
rate) being Pd, is

XN
i¼1

ðA2
c;i þ A2

s;iÞ ≥ U−1
2NðPfÞ − R−1

2NðPdÞ

≈ U−1
2NðPfÞ − 2N − 2Q−1

σnTp
ðPdÞ; ð41Þ

where R2N is the right-tail probability function for the
random variable 2nTp

. In practice, Pd being around 0.99 is
already a decent detection rate.

B. Hypothesis testing with coherent stacking

The coherent stacking approach developed in [41] for
black hole ringdowns relies on extra information to align
the phase between modes in different events. For BNS
mergers such accuracy in theoretical modeling (even given
the EOS) is unavailable at present. However, with improve-
ments in numerical simulations expected in the future, it is
possible that the inspiral part of BNS waveforms could be
used to predict the phase of postmerger modes (again, given
the EOS). The investigation in this section relies on the
above assumption.
We develop a method of coherent stacking that relies on

the existence of a dominant postmerger peak frequency,
universally related to the component masses and the radius
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via Eq. (33). The component masses and the time of merger
can be determined from the inspiral part of the waveform to
high accuracy. For example, a Fisher analysis suggests that
the mass of each individual component in a 1.35 M⊙ þ
1.35 M⊙ NS binary located at 300 Mpc away from Earth
can be measured to a precision better than ∼0.1%, assum-
ing optimal sky location and orientation of the source using
CE. The relation in Eq. (33) itself is not exact, but we
expect the theoretical understanding leading to it to
improve over time with more accurate numerical simula-
tions and better constraints on the EOS. Of course, one
should note that even if Eq. (33) were exact for the set of
candidate EOSs studied, there could still be a systematic
error if none of these EOSs is close enough to the true
finite-temperature NS EOS. If this is the case, fpeak will be
erroneously predicted, degrading the efficiency of the
coherent stacking process. We refer to Sec. IVA for more
discussions on comparing different EOSs.
In our stacking approach we pick events with modest

SNR (ρ ≥ 1) and assume that the phase ϕ0 can be
determined by the inspiral waveform within an uncertainty

σϕ0 ≈
C

ρinspiral
; ð42Þ

where C is a constant to be determined by future simu-
lations. For the Monte Carlo investigation in Sec. III C we
choose C ¼ 2π.
Different events will in general have different remnant

masses and hence different 22 mode frequencies; therefore,
we need to rescale the data before stacking so that all 22
modes have the same frequency. Such a procedure has been
described in detail in [41] to reprocess data before coherent
stacking of BH ringdown modes, and in [37] for construct-
ing a “universal” template bank.
With this at hand, let us now proceed with stacking.

Suppose we have a set of rescaled data from N different
events with ρ > 1

~yiðfÞ ¼ ~giðfÞ þ ~niðfÞ; ð43Þ
where i ¼ 1;…; N labels different events with
~gi ≡ Ac;i

~hc;i þ As;i
~hs;i. We further assume that ϕi ¼ ϕ0

i þ
δϕi is the estimator for the phase of each event, where ϕ0

i
are the unknown, true underlying phases while δϕi is the
measurement uncertainty of ϕi. We then align the phases
and coherently sum up the data with different weights via
(0 < wi ≤ 1)

~y ¼
X
i

wieiϕið~gi þ ~niÞ

¼ ~gy þ ~ny; ð44Þ
where ~gy ( ~ny) is the signal (noise) part of the stacked data ~y.
The stacked data can now be used to construct the log

Bayes factor for the hypothesis that a signal is present

versus one where no signal is present. Based on the
discussion in Sec. II A, we then need to evaluate the
quantity hyjI jyi, with I ≡ jcihcj þ jsihsj and the brackets
hji here are defined with respect to the spectrum of ny. The
quantities c and s are again defined as in Sec. II A but with
individually rescaled frequencies. It is also straightforward
to verify that I jgii ¼ jgii, because we assume that the
frequency uncertainty with a known EOS is negligible.
Using this property, T̂coherent is given by

2T̂coherent ≡ hyjI jyi
¼

X
i

w2
i hgijgii þ

X
i≠j

wiwjhgieiϕi jgje−iϕji

þ
X
ij

wiwjhnieiϕi jI jnje−iϕji

þ
X
ij

wiwj½hgieiϕi jnje−iϕji þ hnieiϕi jgje−iϕji�

¼ 2sTy þ 2nTy; ð45Þ

where 2sTy is used to designate the term appearing on the
first line and 2nTy all remaining terms. We refer to sTy (nTy)
as the signal (noise) part of T̂coherent.
The signal part of the stacked data can now be used to

determine a detection criterion. We begin by evaluating sTy
with an ensemble average over the phase uncertainties
(using heXi ¼ e−hX2i=2 for any Gaussian random variable X
with zero mean)

2hsTyi ¼
X
i

w2
i hgijgii

þ
X
i≠j

wiwjhgieiϕ0
i jgje−iϕ

0
j ie−

σ2
ϕi
2
−
σ2
ϕj
2 ; ð46Þ

which corresponds to the stacked SNR squared, and
where σ2ϕi

¼ hδϕ2
i i. Based on the discussion in Sec. II A,

the SNR of y has to be larger than 5 to pass the detection
threshold. Then, the detection criterion for the stacked
signal is just

ffiffiffiffiffiffiffiffiffiffiffi
2hsTy

q
i ≥ 5: ð47Þ

The weight coefficients wi are chosen such that hsTyi is
maximized, and in this work it is achieved using the
downhill simplex optimization method [72,73]. Similar
to the single-event case, we present the variance of nTy

in Appendix B, together with the signal-to-noise level
of T̂coherent.
The performance of stacking is discussed in Sec. III C,

but let us make an immediate observation. If there are N
events under stacking and all of them have comparable
SNR, this coherent stacking method would produce an
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OðN1=2Þ boost in sTy.
4 In reality, there is always a small

group of events with high SNR, while the remaining events
have low SNR. Thus, in practice the improvement factor
over the event with best SNR can never achieve N1=2-type
scaling. The same observation was made when coherently
stacking ringdown modes from BH coalescences [41].

C. MC study

In this section, we show how stacking enhances the
chance of detecting BNS postmerger signals by using the
results of our MC simulations. We first compare the results
for power stacking against single-event detection. We next
compare coherent stacking against power stacking and
show that the former works more efficiently than the latter.
We note that it is difficult to define a SNR for a combined

set of events, because the statistical distributions of T̂ for
the true and null hypotheses (H1;2) are different from those
of a single event [see Eq. (16)]. As a result, we define a new
quantity α, which is the universal scale factor that the SNR
of all events should be divided by (or detector noise should
be multiplied by) Ai → Ai=α, in order to exactly satisfy the
detection bound in Eq. (41) or Eq. (47). The larger this
detection-threshold-matching factor α is, the more effi-
ciently an analysis method performs. We shall apply this α
to characterize the performance of stacking in this section.

1. Power stacking versus single-event detection

In each MC realization performed in Sec. II B, we pick
the topN events to construct the Bayes factor in Eq. (37). In
Fig. 4, for illustration purposes we chooseN to be 5 and 30,
although N can be any positive integer less than or equal to
the total number of events detected in general.
In Fig. 4, α for any single event is equal to its SNR=5.

Before applying power stacking with the TM1 EOS, there
is roughly a 79% chance to detect a postmerger 22 mode
with CE operating for a year. Power stacking leads to a
decrease in the false alarm rate. For N ¼ 5, this decrease is
enough to allow the stacked signals to pass the detection
threshold in all MC realizations. For N ¼ 30, all stacked
events are able to pass the detection threshold, and the
improvement factor in α is roughly a factor of 1.5. In
principle, events with low SNR could contribute more noise
fluctuations than signal improvement in T̂power, which
means that adding more events does not necessarily lead
to better statistics for detection. This is shown in Fig. 5
because some of the MC realizations have α1st > αpower.
Here α1st stands for the α factor of the top event in each MC
realization.
Intuitively we can interpret 5 × αpower as the “effective

SNR" of the power stacked signals, as 5 × αsingle is the SNR
of a single event. In this sense, αpower=α1st just characterizes

the improvement in effective SNR by power stacking. As
shown in Fig. 5, this effective SNR improvement ranges
between 0.7 and 2.5, with median value at 1.57. When the
SNR of the best event is much higher than the rest, so that
ρ2nd=ρ1st is small, the effective SNR improvement tends to
be smaller. Therefore the power stacking approach works
better for events with more uniformly distributed SNRs.

FIG. 4. Histogram for power stacked, coherently stacked and
single-event α (a proxy for SNR, with α ¼ 1 being the detection
threshold), in each realization for the TM1 EOS. Orange bins
represent the top event in each MC realization without stacking,
with 79=100 passing the detection threshold. Blue bins represent
power stacking using the loudest 5 events, and demonstrate that
all realizations pass the detection threshold. Green bins represent
power stacking using the loudest 30 events, showing an improve-
ment compared to power stacking 5 events. Pink bins represent
coherently stacking the top 5 events with C ¼ 2π in Eq. (42); all
cases pass the detection threshold, and the skew of the distribu-
tion toward larger values of α indicates that coherently stacking
the top 5 events is more efficient than power stacking the top 30
events.

FIG. 5. Vertical axis: The improvement factor of effective SNR
for the power stacked signal (N ¼ 30) over the best single event
in each MC realization with the TM1 EOS. Horizontal axis: The
ratio of ρ between the second best event and the best event in each
MC realization.

4Notice that Sn in the definition of the inner product scales
linearly with N.
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We conclude this subsection with a short discussion of
how our results would change if we had chosen a different
EOS. Assuming that the enhancement in SNR (a factor of
∼1.5) due to power stacking relative to a single event does
not depend strongly on the EOS, one can roughly estimate
the distribution of ρ after stacking for various EOSs by
shifting the histograms in Fig. 3 to larger SNR by a factor of
∼1.5. Doing so, one finds that it is very likely that the
stacked signal can be detected for all EOS we consider here
except for the case of the SFHo EOS. This clearly shows
that the detectability of the postmerger signal is sensitive to
the underlying EOS.

2. Coherent stacking versus power stacking

We now compare the SNR improvement between
coherent and power stacking. In Fig. 4 we show α for a
coherently stacked signal using the top 5 events in each of
the 100 MC realizations discussed earlier, and C in (42) is
assumed to be 2π. Because the inspiral SNRs of these
events are much greater than the postmerger SNR, the
effect due to phase and frequency uncertainties of modes is
negligible. The weight wi is basically proportional to
postmerger SNRi, and the SNR of the coherently stacked
signal to close to

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
iSNR

2
i

p
. Figure 4 demonstrates that

the α distribution for the coherent stacking of 5 events is
skewed toward larger values than the power stacking of 30
events. Thus, coherent mode stacking outperforms power
stacking in this setting.
Another way to compare the two stacking approaches is

to consider a simple scenario in which all N events have
identical SNR, and ask how many events are needed to
satisfy the detection threshold for each stacking method.
For power stacking, this gives the following equation for
the threshold number N in terms of the individual event
SNR ρ (for simplicity, we ignore the fact that N has to be
an integer):

ffiffiffiffi
N

p

2
ρ2 ¼ 1

2
ffiffiffiffi
N

p ½U−1
2NðPfÞ − 2N� −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ2

q
Q−1

1 ðPdÞ

≈Q−1
1 ðPfÞ −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ2

q
Q−1

1 ðPdÞ: ð48Þ

One immediate observation is that unlike the coherent
stacking case discussed in Sec. III B, the N − ρ relation is
not a single power law. For example, if Pd ¼ 0.5, the
second term in Eq. (48) vanishes and we can see that the
threshold SNR satisfies ρ ∝ N−1=4. On the other hand, if
the second term dominates over the first term in Eq. (48)
and ρ ≫ 1, the threshold SNR satisfies ρ ∝ N−1=2.
To compare the performance between coherent mode

stacking and power stacking, assuming all events have the
same single SNR ρ, we compute the number of identical-
SNR events N needed to satisfy the equality in Eq. (47) for
coherent stacking, and the equality in Eq. (41) or Eq. (48)

for power stacking. In the coherent stacking case, this can
be computed exactly,

ffiffiffiffi
N

p
ρ ¼ 5; ð49Þ

without considering phase uncertainty and

ρ2½1þ ðN − 1Þe−σ
2

ϕ0 � ¼ 25; ð50Þ

where for illustration purposes we also include a case with
phase uncertainty δϕ0 ≈ 1=ρ.5 In the power stacking case,
one must carry out the calculation numerically for a given
Pf and Pd, as shown in Fig. 6. In this idealized scenario,
coherent stacking always outperforms power stacking as it
requires fewer events to pass the detection threshold for the
same Pf ¼ 0.01 and Pd ¼ 0.982. The Gaussian distribu-
tion approximation [the second line in Eq. (48)] corre-
sponds to the dashed blue line, which underestimates the
performance of power stacking (solid blue line) for small
N, but agrees better with the exact expression in the first
line of Eq. (48) for larger N, as expected. We also find that
the phase uncertainty in the coherent stacking case becomes
more important in the low-ρ regime—the solid red line
departs more from the dashed red line—as expected
from Eq. (50).

FIG. 6. Number of identical events needed to satisfy the
detection threshold, as a function of single-event SNR ρ, with
the false alarm rate Pf ¼ 0.01 and the detection probability
Pd ¼ 0.982. The solid (dashed) blue line represents the require-
ment for power stacking with (without) the Gaussian approxi-
mation. The solid (dashed) red line represents the requirement for
coherent mode stacking with (without) phase alignment uncer-
tainty considered. Note that coherent stacking is always more
efficient than power stacking (fewer events are needed to cross
above the detection threshold).

5For a general event we expect ρ to be proportional to ρinspiral,
so that δϕ0 ∝ 1=ρ according to Eq. (42). We arbitrarily picked a
coefficient 1 to illustrate the effect of phase uncertainty.
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IV. MODEL SELECTION AND
PARAMETER ESTIMATION

We now discuss how well one can distinguish two
different EOS models, mainly focusing on power stacking.
We also show how accurately one can measure the peak
frequency (and in turn the NS radius) with the stacked
events.

A. Model selection for EOSs

In order to compare the likelihood of different EOSs
based on the measured data, and in particular based on the
stacked signal, we perform a Bayesian model selection
method to evaluate the relative performance between
different models. In general, for a given data set y and
two possible models H1, H2, one can evaluate the Bayes
factor given in Eq. (15).6

Given that we can perform the analysis we present in
Sec. III B for multiple EOSs, we can determine the EOS
which gives the best SNR, which here we call model 1, and
then perform a model selection test for other EOSs by using
the data set y corresponding to model 1. Then within the
GLRT framework, we evaluate the following Bayes factor:

B1j2 ≡ PðyjH1Þ
PðyjH2Þ

: ð51Þ

We shall denote the two basis functions in model 1 as cð1Þ

and sð1Þ and the basis functions in model 2 as cð2Þ and sð2Þ.
According to Eq. (8), we then have

T̂ 1j2 ¼ logB1j2

¼ −
jjy − Â1ccð1Þ − Â1ssð1Þjj2

2

þ jjy − Â2ccð2Þ − Â2ssð2Þjj2
2

: ð52Þ

Inserting the expressions for the maximum likelihood
estimators [cf. Eq. (9)] in the above equation, we obtain

T̂ 1j2 ¼
ðhcð1ÞjyiÞ2
2hcð1Þjcð1Þi þ

ðhsð1ÞjyiÞ2
2hsð1Þjsð1Þi

−
ðhcð2ÞjyiÞ2
2hcð2Þjcð2Þi −

ðhsð2ÞjyiÞ2
2hsð2Þjsð2Þi

¼ ΔsTy þ ΔnTy; ð53Þ

where ΔsTy and ΔnTy are the signal and noise part of T̂ 1j2
respectively. For multiple events under the power stacking

framework, we simply multiply all the posterior distribu-
tions, and the total Bayes factor is

T 1j2;power ¼ log
YN
i¼1

B1j2;i

¼ −
XN
i¼1

jjyi − Â1c;ic
ð1Þ
i − Â1s;is

ð1Þ
i jj2

2

þ
XN
i¼1

jjyi − Â2c;ic
ð2Þ
i − Â2s;is

ð2Þ
i jj2

2

¼ ΔsTp þ ΔnTp: ð54Þ

In this case, the expectation of T1j2 is

hΔsTpi ¼
XN
i¼1

hgijI1;i − I2;ijgii

≔ hlogB1j2i;power: ð55Þ

On the other hand, we could coherently stack data from
different events, if the assumption made in Sec. III B is met.
By assuming that model 1 is the true EOS, we then find

2hΔsTyi ¼
X
i

w2
i ðhgijgii − hgijI2jgiiÞ

þ
X
i≠j

wiwjhgieiϕ0
i jI1 − I2jgje−iϕ

0
j ie−σ2ϕi =2−σ2ϕj =2

≔ hlogB1j2i; coherent; ð56Þ

where we use hΔsTyi as the expectation of logB1j2 for
coherent stacking. Notice that 2hΔsTyi above reduces to
2hsTyi in Eq. (46) when I2 ¼ 0 [i.e. when cð2Þ ¼ 0 ¼ sð2Þ].
One can use the Jeffreys scale of interpretation of the

Bayes factor [74] to determine how significant a Bayes
factor is. If B1j2 is between [1, 3], the statistical significance
is barely worth mentioning; if 3 < B1j2 < 10 the evidence
is strong; if 10 < B1j2 < 100 the evidence is very strong;
and beyond 100 it is decisive.
While events under the detection threshold can be used

to accumulate statistics via stacking in Eq. (16), the
interpretation of the results of model selection (and also
parameter estimation to be discussed in Sec. IV B) should
be used with caution. This is because if the combined
statistics of a set of events does not pass the detection
threshold, the existence of a 22 mode in any of these events
is not confirmed. For simplicity we only present the
distribution of hlogB1j2i;power (using the 30 loudest events)
versus the distribution of hlogB1j2i for single events;
repeating the analysis with coherent stacking will introduce
the additional complication of dealing with the effect of
phase uncertainty, which we leave to future studies.

6For coherently stacking multiple events, we generically obtain
different stacked signals for different EOSs, and thus different
data sets that one has to compare to perform model selection. This
introduces a subtlety that we discuss in Appendix C, but for
simplicity we ignore it in the following analysis.
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As an application, we assume TM1 to be the underlying
EOS (model 1), and test it against the EOS DD2 (model 2).
As discussed in Sec. V, there are 79 out of 100 MC
realizations with at least one event passing the detection
threshold, and all 100 MC realizations that pass the
detection threshold when we apply power stacking for
the top 30 events. For each MC realization that can claim a
detection, we compute the corresponding Bayes factor,
which is shown in blue bins in the histogram in Fig. 7.
Notice that these average Bayes factors can only be used to
rank the models in a semiquantitative manner, as it is
nontrivial to convert them to probability measures. A
full analysis would require one to generate statistical
distributions of these Bayes factors for each underlying
EOS. In other words, Fig. 7 should be interpreted as the
scattering of the average Bayes factor due to the astro-
physical distribution of sources. Based on the results of
comparing a single pair of EOSs, we conjecture that as
long as a single event has passed the detection threshold, it
can be used to distinguish between different EOSs with
“very strong evidence.” However, single events are less
likely to be detected than the stacked events, and thus, the
latter have more chance of distinguishing different EOSs
than the former.

B. Parameter estimation for the peak frequency

Given a signal, we can also study the degree to which we
can estimate its peak frequency, which we do here via a
Fisher analysis. This can also serve as an alternative
approach to distinguish between different EOSs, as they
generally predict different peak frequencies. As a simple
example, we assume TM1 as the best-fit EOS and construct
the stacked signal accordingly. Next we promote the
waveform [Eq. (1)] parameter vector to four dimensions,

λi ¼ ðA;ϕ0; fpeak; QÞ ð57Þ

with A ¼ A0Ar, and maximize Eq. (8) to obtain maximum
likelihood estimators of these parameters.
In the Fisher approximation, the uncertainty in λi can be

evaluated through the (Fisher) information matrix

Γij ¼ h∂ihj∂jhi; ð58Þ

where ∂i ≡ ∂=∂λi and the inner product is defined with
respect to the spectrum of ~ny in Eq. (44). The measurement
uncertainty of fpeak is simply

δfpeak ≥
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΓ−1Þfpeakfpeak

q
; ð59Þ

where the right-hand side corresponds to the square root of
the ðfpeak; fpeakÞ element of the variance-covariance matrix.
The inequality in the above equation comes about because
of the Cramer-Rao bound, which guarantees a best-case
measurement for a set of parameters in the high SNR limit
[75]. We will use a Fisher analysis here only as a rough
estimate of the accuracy to which parameters can be
measured; a more complete analysis would construct the
posterior probability distribution for each parameter
through a detailed mapping of the likelihood surface, but
this is beyond the scope of this paper.
Using these arguments and the approximations in [37],

we assume that the off-diagonal terms of the Γ matrix are
small, so that

δfpeak ≈ ðΓfpeakfpeakÞ−1=2 ¼ h∂fpeakhj∂fpeakhi−1=2

≈ 0.7
fpeak
Qρ

; ð60Þ

where in the last approximate equality we used the
fact that the Fourier transform of Eq. (1) satisfies
∂fpeak

~h ∼Q ~h=fpeak. The factor of 0.7 comes from a
numerical fit to our set of data using the TM1 EOS,
which is also expected by computing δfpeak=fpeak for a
universal Lorentzian-type waveform. This shows that
for Q ¼ 34 (corresponding to the TM1 EOS) with a signal
of ρ ∼ 6.5, fpeak can be measured to ∼0.3% accuracy
at best.
We now look at the effect of the off-diagonal terms in the

Fisher matrix. If we include ϕ0 in addition to fpeak in
the Fisher analysis, as they both enter the argument
of the phase factor in the waveform, we find that the
statistical frequency uncertainty increases by a factor
of 1.4. Consequently, the statistical radius uncertainty also
increases by 1.4. Therefore, our Fisher analysis for TM1
including ϕ0 predicts δfpeak ∼ 8 Hz. For all the realizations
with the best signal passing the detection threshold, we

FIG. 7. Average (log of) Bayes factor for different MC
realizations, testing EOS TM1 against DD2. Blue bins represent
the stacked signals with the loudest 30 events according to
Eq. (55). There are 79 realizations where their best events
individually pass the detection threshold, and their corresponding
Bayes factors are shown in orange bins.
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evaluate the uncertainties in δfpeak numerically, as shown
in Fig. 8.
Let us now map the statistical error in the peak frequency

δfpeak to that of the radius of a NS with mass 1.6 M⊙,
δR1.6 M⊙ . From Eq. (33), one finds the following relation:

δR1.6 M⊙
1 km

¼ δfpeak
1 kHz

M⊙
m1 þm2

�
2a2

�
R1.6 M⊙
1 km

�
þ a1

�
−1
;

ð61Þ
where we have neglected the error in the estimation of the
component masses, as this is negligible for third-generation
detectors. Thus, a ∼8 Hz statistical uncertainty in the peak
frequency roughly corresponds to a ∼30 m (0.3%, “TM1”
EOS) uncertainty in radius (for a NS with mass 1.6 M⊙).
The total error is the root of the sum of the squares of the
statistical and all systematic errors. One source for the
latter, as discussed in [37], comes from the fpeak − R1.6 M⊙
relation, and currently is above 100 m for R1.6 M⊙.
Therefore, for now, the error budget is dominated by
systematic error and not statistical when considering
third-generation detectors. Of course, as discussed earlier,
we expect this systematic uncertainty to be considerably
lowered by the time third-generation detectors come online,
as more accurate understanding and modeling of BNS
merger remnants is developed.
Notice that the uncertainty in frequency, with mean at

about 8 Hz in Fig. 8 is significantly smaller than the value

of order 50 Hz presented in [37]. In fact, we notice that
δfpeak=fpeak in [37] does not follow the 0.7=ðQρÞ relation
derived here. In [37] for the TM1 EOS, δfpeak=fpeak ∼
50=2300 with the postmerger SNR being 5. Based on
Fig. 11 of [37], the SNR of the dominant 22 component is
roughly half of the postmerger total SNR, i.e., ρ ∼ 2.3. This
converts to δfpeak=fpeakðQρ=0.7Þ ∼ 2.4. We suspect this
factor of 2.4 comes from the fact that we are using different
waveform templates for parameter estimation.
Let us end this section by commenting on how the

measurement accuracy of the NS radius changes if the
correct EOS in nature is not TM1. Among the five EOSs
considered in this paper, there is a very good chance of
detecting the postmerger signal after power stacking for the
DD2, TM1, LS220 and Shen EOSs, as discussed at the end
of Sec. III C 1. The Shen EOS is quite similar to TM1, so let
us consider LS220 here. The approximation in Eq. (60)
shows that δfpeak=fpeak depends only on Q and ρ. From
Table I and comparing Figs. 1 and 3, one sees that Qρ for
the DD2 EOS is roughly a factor of 2 smaller than Qρ for
the TM1 EOS, which leads to a δfpeak that is approximately
a factor of 2 larger, given the difference in fpeak.
Furthermore, using Eq. (61) one finds that DD2 has a
δR1.6 M⊙ that is roughly a factor of 1.1 times smaller. This
means that if the postmerger signal is detected with CE via
power stacking, depending on the underlying EOS we
expect δfpeak and δR1.6 M⊙ to lie in the range ∼4–20 Hz and
15–56 m, respectively (∼4% accuracy). Thus, systematic
errors seem to always dominate statistical errors on the NS
radius measurement irrespective of the EOS for third-
generation detectors (for stacked signals that pass the
detection threshold).

V. DISCUSSION AND CONCLUSION

In this work we have studied the possibility of detecting
the GWs generated by the oscillations of hypermassive NSs
formed following BNS mergers with future ground-based
GW detectors. Based on the latest estimates of the BNS
merger rate and fitting formulas for the oscillation peak
frequency from state-of-the-art BNS merger simulations,
we found that the chance of detecting such oscillations
from individual sources could be low even for third-
generation GW detectors, depending on the EOS.
However, we point out that detectability of individual
events could potentially improve if one considers all
components/peaks that arise in the postmerger waveform,
and not only the dominant peak, as we do here.
Nevertheless, it is not currently clear whether subleading
modes can persist and contribute substantially to the SNR
or whether their frequencies might drift, hence making their
detection challenging.
In order to increase the detection rate of the dominant

postmerger component, we multiplied the Bayes factor of
each event to derive the Bayes factor of combined events.

FIG. 8. Histogram of δfpeak for different MC realizations,
assuming the TM1 EOS and a 1.35þ 1.35 M⊙ BNS merger
remnant with corresponding fpeak ¼ 2.3 kHz. The blue bins
correspond to the power stacked signal using the loudest 30
events from each of the 100 realizations that pass the detection
threshold, while the orange bins correspond to the 79 individual
events that pass the detection threshold. A δfpeak ∼ 8 Hz meas-
urement roughly corresponds to a ∼26 m statistical error in the
determination of the radius of a NS with mass 1.6 M⊙. However,
systematic errors in the universal fpeak − R1.6 M⊙ relation used in
the mapping could be larger than ∼100 m, so these errors would
dominate over the statistical measurement error.
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We refer to this approach as power stacking. Such an
analysis was used to propose a test of general relativity in
[44], to probe the BH no-hair property in [45] and to
explore EOS properties in [46]. We have shown that this
method can significantly boost the statistical chance of
detection (shown in Fig. 4) as compared to single events.
The stacked signal can also be used to distinguish between
different NS EOSs. We formulated a Bayesian model
selection framework, and illustrated its application by
comparing EOS model TM1 vs DD2, assuming the former
is the true EOS. In practice, such a model selection method
only suggests relative preference between the two selected
models, both of which do not have to be the true EOS.
Thus, the results of model selection should be combined
with the signal-to-noise level of the stacked signal, assum-
ing different EOSs, to obtain an overall sense of the
“true” EOS.
The power stacking methods can be naturally applied to

other postmerger oscillation modes both in isolation or in
combination with other modes. For instance, one could
apply this to the 21 mode, which can become strong if a
one-arm instability develops in the BNS remnant [24–27].
In this case, there is a tight correlation between the
frequencies of the 21 and 22 modes which can be exploited
to further enhance the achievable stacked SNR. This
method can also be used to stack other postmerger GW
templates, such as the principal component basis developed
in [37]. In an even broader context, this approach could also
be exploited to help identify decaying modes in cold atom
data [76,77] and their connection with possible BH duals
through holographic arguments [78,79].
If in the future the theoretical uncertainty in modeling

gets down to a level that the initial phase of postmerger
modes can be estimated given the binary parameters
(including EOS), we can make use of this phase informa-
tion to coherently stack a set of postmerger events to further
boost the collective SNR. We demonstrated that such
coherent stacking could significantly increase the detection
probability of the BNS postmerger dominant 22 mode. We
explicitly showed that if we require the same level of
statistical significance, then coherent stacking is more
efficient at increasing the Bayes factor than the current
way power stacking is performed (at least in the Bayesian
framework we adopt); related comparisons are shown in
Figs. 4 and 6. It would be interesting to find a Bayesian
formulation that mimics the behavior of coherent stacking
for low-SNR events, for example by introducing different
weights for different events.
The main limitation of the coherent stacking method is

that it requires small phase uncertainty in constructing the
coherently stacked signal. If the phase uncertainties are
large, the coherent part of the stacked signal [the second
line of Eq. (46)] will be reduced dramatically. This could be
alleviated if the initial phase of the 22 mode can accurately
be estimated using the inferred parameters of the inspiral

together with numerical simulations of the merger event.
Though producing full templates of the postmerger signals
incorporating all the correct microphysics may not be
practical within the next few years, it may not be unrea-
sonable to expect that simulations can at least provide an
accurate prediction of the initial phase of the 22 mode, as
this will be fixed within the first few ms postmerger.7

Another limitation of the framework used in this paper is
that one needs to assume all the parameters are known
except for Ac and As (or the amplitude and the phase
offset). It would be interesting to extend the framework
further to the case with unknown fpeak and Q. Then, one
does not need to assume the underlying EOS a priori, and
one can reformulate the Bayesian hypothesis test problem
by taking into account the prior distribution of fpeak and Q.
When the postmerger SNR is above unity, the inspiral

SNR will be large and one can likely extract nuclear
physics information from the measurement of NS tidal
deformations that occur in this phase. Thus, it would be
interesting to study how the postmerger detection via
stacking helps in probing nuclear physics by further
including the inspiral measurement. Universal relations
between the postmerger oscillation peak frequency and the
leading tidal parameter in the inspiral waveform [60,80]
may help in addressing this question. Alternatively, an
independent measurement of the tidal deformability and the
postmerger peak frequency may allow one to confirm such
universal relations from observations. If such relations are
altered from the GR prediction in modified theories of
gravity, one can use such a measurement to probe strong-
field gravity. A similar proposal was already made and
demonstrated regarding the universal relation between the
tidal deformability and moment of inertia [81–83]. Also, as
mentioned, complementary information from electromag-
netic observations—coupled with refined numerical studies
to connect the behavior of cold and finite-temperature
nuclear EOS—could be exploited to inform suitable priors
for the analysis described here.
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APPENDIX A: FITTING THE POSTMERGER
DOMINANT GRAVITATIONAL WAVE MODE

In this appendix, we show how well Eq. (1) approx-
imates the dominant peak of the postmerger 22 mode
obtained from the numerical simulations of [13,70,71]. As
discussed in the main text the strain amplitude A0 and the
quality factor Q in Eq. (1) are chosen for each equation of
state such that the peak value of the characteristic strain and
SNR with Eq. (1) match the peak value of the characteristic
strain and SNR of the dominant postmerger 22 component
found in the corresponding BNS merger simulations.
Figure 9 shows that the Lorentzian profile (1) provides a
reasonable approximation of numerical relativity post-
merger spectra around the dominant peak.

Appendix B: VARIANCE AND
SIGNAL-TO-NOISE LEVEL OF T̂

In this appendix, we explain the variance and the signal-
to-noise level of T̂, which is the log of the Bayes factor
between the hypothesesH1 andH2. Such a signal-to-noise
level can be used, instead of ρ, to discuss the detection
criterion of the postmerger GW signals.
Let us begin with the single-event case. The variance of

nT is given by

Var½nT � ¼ 1þ A2
c þ A2

s

¼ 1þ ρ2; ðB1Þ

(recall that we chose hcjci ¼ 1 ¼ hsjsi). We can then
define the ratio

2sTffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðnTÞ

p ¼ ρ2ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ρ2

p ; ðB2Þ

which intuitively measures the signal-to-noise level in the
GLRT variable T̂single. In the limit that the detection
SNR ¼ ρ ≫ 1, it is straightforward to see that the above
ratio is approximately ρ.
We now explain the coherent stacking case. The noise

part of T̂coherent, i.e., nTy, follows a distribution similar to
Eq. (25), with Ac → hgyjci and As → hgyjsi. Its variance is
given by

Var½nTy�¼
�X

i
w2
i

Z
df

4SniðfÞj ~hcðfÞj2
SnyðfÞ2

�2

þ
X
k

w2
k

X
ij

wiwj

Z
df

2ð~gi ~g�jeiðϕ
0
i−ϕ

0
j Þþc:c:ÞSnk

SnyðfÞ2
:

ðB3Þ

With Eq. (46) and Eq. (B3), one can compute
hsTyi=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½nTy�

p
for the stacked signal y. As before, this

quantity is a measure of the signal-to-noise level in the
variable T̂coherent. Indeed, if all individual events have the
same SNR, then in the SNR ¼ ρ ≫ 1 limit one
finds hsTyi=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Var½nTy�

p
≈ N1=2ρ.

APPENDIX C: MODEL SELECTION WITH
DIFFERENT DATA SETS

For different EOSs we generically obtain different
stacked signals; thus one is faced with the problem of
performing model selection using different data sets as
discussed in Sec. IVA. In this appendix, we explain how
one can construct appropriate Bayes factors for such a
model selection study.
We begin by generalizing further Eq. (15) to allow

different data sets:

B12 ≡ Pðy1jH1Þ
Pðy2jH2Þ

; ðC1Þ

where y1 (y2) is the data y stacked using the frequency
scaling of EOS 1 (2). Within the GLRT framework, one
may consider the expectation value and noise distribution
of the random variable

T̂ 12 ≡ logB12 ðC2Þ

to do model selection using the Jeffreys criteria. Notice that
T̂ 12 ¼ −T̂ 21. Let us assume that model 1 represents the
true underlying EOS. One interesting feature implied by
Eq. (33) is that even if we make an assumption that the EOS
is model 2 whereas the true underlying EOS follows model

FIG. 9. Characteristic strain hc vs frequency for the dominant
peak in BNS postmerger gravitational wave spectra and for
various equations of state considered in this work. The luminosity
distance to the source is set to 50 Mpc. Solid lines correspond to
Eq. (1) with the values for the amplitude and quality factor listed
in Table I. Dashed lines correspond to the postmerger spectra
obtained from numerical relativity simulations of [13,70,71].

HUAN YANG et al. PHYS. REV. D 97, 024049 (2018)

024049-18



1, the frequency rescaling factors depend only on the total
mass for each event, and of course the measured mass is
EOS independent. Therefore, the main consequence of
assuming an “incorrect” EOS is that the data from different
events are not coherently stacked onto each other due to the
frequency mismatch between the predicted signal and the
actual signal. Such a mismatch also brings systematic errors
on the phase measurement, making the signals further
incoherent. Incomplete coherent stacking may greatly
degrade the signal part of the GLRT variable.
Alternatively, if model 2 is so incorrect that the ρ of the

stacked signal is well below that of model 1, the phase error
in constructing the stacked signal is large and the weights
obtained by assuming an “incorrect” EOS are far from their
optimal values, then y1 seems to be a convincingly better

set of data than y2. Therefore, it is more appropriate to
evaluate the following Bayes factor:

B1j2 ≡ Pðy1jH1Þ
Pðy1jH2Þ

: ðC3Þ

Intuitively, B12 may work better at distinguishing two close
EOSs, whereas B1j2 is expected to have wider applicability
and the associated analysis is more straightforward. In this
paper, we chose to study the statistical behavior of B1j2,
with model 1 being the one with better SNR from the study
in Sec. III B. The extension of the analysis presented here to
the case dealing with the random variable B12 goes beyond
the scope of the current paper.
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