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We present a formalism to quantify the contribution of path-interference in phonon-mediated elec-
tronic energy transfer. The transfer rate between two molecules is computed by considering the quan-
tum mechanical amplitudes associated with pathways connecting the initial and final sites. This in-
cludes contributions from classical pathways, but also terms arising from interference of different
pathways. We treat the vibrational modes coupled to the molecules as a non-Markovian harmonic
oscillator bath, and investigate the correction to transfer rates due to the lowest-order interference
contribution. We show that depending on the structure of the harmonic bath, the correction due
to path-interference may have a dominant vibrational or electronic character, and can make a no-
table contribution to the transfer rate in the steady state. © 2012 American Institute of Physics.
[doi:10.1063/1.3675844]

I. INTRODUCTION

The development of new experiments to investigate quan-
tum contributions to the dynamics of electronic excitations
in biological and chemical multichromophoric systems1–7

has renewed the impetus to investigate quantum effects in
electronic excitation energy transfer.8–16 In particular, two-
dimensional electronic spectroscopy has provided a way to
probe the dynamics of excitations in a variety of natural light-
harvesting systems, revealing that these systems can be photo-
excited to create coherent superpositions of excitonic states
which can maintain their phase coherence for time-scales
longer than originally anticipated.

Natural light-harvesting antenna are pigment-protein
complexes that absorb the solar energy and direct it towards
the photosynthetic reaction centre, whereby initiating a chain
of events that ultimately leads to the conversion of pho-
ton energy to biomass.17 A characteristic feature of some of
these light-harvesting antennae is that the electronic coupling
among pigments is small in comparison to the reorganization
energy of the vibrational modes coupled to the electronic de-
grees of freedom. Under such circumstances the phonon bath
is understood to mediate the transfer of electronic energy and
localize electronic excitation to individual pigments. More-
over, in this regime, the electronic energy transfer (EET) is
often described as an incoherent transfer process for which
Förster theory provides an adequate description of the dy-
namics of probabilities for the excitation to reside at any of
the pigments.18 However, subtle quantum phenomena such as
quantum interference between transfer pathways, that cannot
be captured within the Förster formalism, might persist in this
limit. In this article we pose the question: can “non-classical”
phenomena in the incoherent regime of energy transfer be

a)Electronic mail: gscholes@chem.utoronto.ca.

thought of as a correction to the classical transfer rates, aris-
ing from the interference of classical pathways? We use the
term “non-classical” to refer to corrections to the transfer
rates due to path-interference. This is to emphasize the fact
that although these corrections have no classical analogue as
far as the manipulation of probabilities are concerned, the
term “quantum corrections” might be misleading, as the entire
framework in which the transfer rates are computed is quan-
tum mechanical.

The dynamics and spectroscopy of natural and synthetic
multichromophore systems is dominated by the interplay be-
tween electronic and vibrational degrees of freedom. Deco-
herence of electronic excitations is normally associated to
low-frequency vibrational modes, which are often described
as a continuum distribution of modes (continuous spectral
density) weighted by their coupling to electronic transitions.
Interaction with high-energy vibrational modes is generally
described as a spectral density composed of a set of discrete
harmonic oscillators of energy larger than the thermal energy.
The precise role played by each set of modes in EET, and
their influence in coherent dynamics is an intriguing question
which has been the subject of recent attention.19–21 Of partic-
ular interest is the role played by localized vibrational modes
whose frequency match the energy transitions in the system,
as observed in several pigment dimers19 and multichromphore
assemblies.22 Here we visit this problem by investigating the
influence of each set of modes on the interference correction.

The problem of path interference in energy transfer has
been addressed by a number of authors in various contexts.23

For instance, electron transfer through intervening bonds or
high energy intermediate sites has been a subject of ex-
haustive research in the chemical physics community.24–30

These formalisms are often perturbative (as well as Marko-
vian) and demand the energy of the intermediate site to be
large, such that the perturbation remains small.24 More recent
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treatments have considered non-Markovian corrections to the
transfer rate and can be applied to both near-resonant and
off-resonant intermediate sites.31–33 Energy transfer in donor-
bridge-acceptor systems has also been considered in a recent
work by Jang via a polaronic master equation.34

In this article we consider a prototype system consist-
ing of a donor-acceptor pair and a mediator site, and present
analytic solutions for the non-Markovian corrections to the
transfer rate due to path-interference. The vibrational and
electronic parameters of phycoerythrin 545 (PE545), a light
harvesting antenna in which quantum mechanical coherence
is believed to play an important role in excitation energy
transfer,1 are used in computation of the interference cor-
rection for the prototype three-site system. We observe that
within a localized transfer model, and for physically realistic
parameters, path-interference makes a notable correction to
the transfer rate, and is dependent on the vibrational spectra,
the electronic couplings, as well as the distribution of the site
energies in the system.

II. THEORETICAL METHODOLOGY

A. Kenkre and Knox revisited

Kenkre and Knox theory of non-Markovian energy trans-
fer states that in phonon-assisted EET each mode of the
phonon bath contributes an oscillatory term to a time-
dependent transfer rate, and by keeping track of these contri-
butions one can solve for the time dependence of the popula-
tion transfer rate.35, 36 In the steady state, the non-Markovian
master equation is reduced to the Pauli master equation. In
this section we begin by deriving the Kenkre and Knox re-
sult via time-dependent perturbation theory. We demonstrate
that non-markovian transfer rate is a first-order term in a per-
turbative expansion in which the higher order terms can be
interpreted as either the probabilities associated with indirect
pathways, or “coherences” arising from quantum mechanical
path-interference. We furthermore check the consistency of
our formalism by demonstrating that path-interference is neg-
ligible if the reorganization energy of the bath is sufficiently
large.

We begin by recalling that in time-dependent perturba-
tion theory the system Hamiltonian is partitioned into a zero-
order term and a time-dependent perturbation. We use the
complete basis {|n〉} to denote the eigenstates of the unper-
turbed Hamiltonian, that is

H = H0 + V (t), (1)

H0|n〉 = En|n〉. (2)

If the system starts in the state |i〉 and evolves to the state
|α(t)〉, one can write the expansion,

|α(t)〉 = UI (t)|i〉 =
∑
f

|f 〉〈f |UI (t)|i〉 =
∑
f

cif (t)|f 〉,

(3)
where UI(t) is the unitary evolution operator in the inter-
action picture. We then write the Dyson expansion for the

amplitude cif(t)

cif (t) = 〈f |UI (t)|i〉 = c
(0)
if (t) + c

(1)
if (t) + c

(2)
if (t) + · · · .

(4)
The terms of the Dyson series are determined by the matrix
element of the perturbation V(t). The leading terms of the ex-
pansion are given by37

c
(0)
if (t) = δif , (5)

c
(1)
if (t) = −i

∫ t

0
ei�f i t

′
Vf i(t

′)dt ′, (6)

c
(2)
if (t) = (−i)2

∑
m

∫ t

0
dt ′

∫ t ′

0
dt ′′

× ei�f mt ′Vf m(t ′)ei�mi t
′′
Vmi(t

′′). (7)

The transition probability from the state |i〉 to the state |f〉 is
given by

Pif (t) = ∣∣c(1)
if (t) + c

(2)
if (t) + · · · ∣∣2

. (8)

One can apply the above general formalism to EET by assum-
ing that |i〉 represents the state of an excited donor molecule
and |f〉 the state of an acceptor after the excitation transfer.
The probability of excitation transfer at time t is then obtained
from Eq. (8). If the perturbation is assumed to be time inde-
pendent, the rate of change of population at |f〉 to the first
order in the perturbation is given by

kif (t) � d

dt

∣∣c(1)
if

∣∣2 = 2
|Vf i |2
�f i

sin (�f it). (9)

The temporal variations of this rate can be expressed in terms
of the memory kernel Gif(t), defined by the equation

kif (t) =
∫ t

0
Gif (τ )dτ. (10)

Thus, the memory kernel associated with the amplitude c
(1)
if (t)

is given by

G
(1)
if (t) = 2|Vf i |2 cos (ωf it). (11)

To describe phonon-assisted energy transfer we next assume
that the electronic state |i〉 (|f〉) is coupled to a ladder of
phonon modes {|k〉} ({|q〉}), and that the occupation proba-
bilities of the phonon modes are determined by a Boltzmann
factor. Upon this assumption Eq. (11) becomes

G
(1)
if (t) = 2

∑
kq

e−βεk

Z
|〈f, q|V |i, k〉|2 cos [(ωkq + �if )t],

(12)
where β is the inverse temperature and Z is the partition func-
tion. The energy difference between the initial and final states
has been divided into the change in the electronic energy �if,
and the change in the phonon energy ωkq. Equation (12) is
the “memory possessing transition probability” of Kenkre and
Knox (Eq. (2.5) in Ref. 36).
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c
(1)
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c
(2)
if

| i  

| m  

| f  

FIG. 1. Energy transfer from site i to site f occurs via a direct path with
an associated time-dependent amplitude c

(1)
if (t) and an indirect path with an

amplitude c
(2)
if (t).

B. Manipulation of probabilities: Sequential
versus superexchange

Before going any further, it is insightful to consider the
manipulation of probabilities as governed by Eq. (8). Figure 1
is a schematic illustration of the three sites and the energy
transfer pathways. Classically, the transfer probability from
the state |i〉 to the state |f〉 can be written as

P
SQ
if (t) = Pif (t) + Pim(t)Pmf (t), (13)

where all probabilities are quantum mechanical, but are ma-
nipulated classically. This describes a sequential transfer pro-
cess where the probabilities of the successive transfer steps
are uncorrelated. In phonon-assisted energy transfer, sequen-
tial transfer occurs in the fast thermalization limit where the
vibrational states of the intermediate site are relaxed to a ther-
mally equilibrated state before the excitation is transferred to
the acceptor site. That is, the memory of the |i〉 → |m〉 transfer
is lost before the |m〉 → |n〉 transfer occurs. The probabilities
Pim(t) and Pmf(t) describe first order processes and are given
by Pim(t) = |c(1)

im(t)|2 and Pmn(t) = |c(1)
mn(t)|2.

In the slow thermalization limit however, the indirect
transfer is a coherent process and the corresponding proba-
bility is given by

P SX
if (t) = ∣∣c(1)

if (t) + c
(2)
if (t)

∣∣2
. (14)

Such coherent indirect transfer is often refereed as a superex-
change process.38 It is evident that the interference term in
Eq. (14) has no classical equivalent. Moreover, unlike the se-
quential case the probability associated with the indirect path
cannot be expressed as the product of two uncorrelated prob-
abilities, that is |c(2)

if (t)|2 �= |c(1)
im(t)|2|c(1)

mf (t)|2.
In summary, a sequential process demands classi-

cal manipulation of uncorrelated probabilities whereas a
superexchange process involves quantum mechanical ma-
nipulation of the pathway amplitudes. Fast thermalization
in the sequential limit destroys the coherent second order
amplitude. There is therefore no interference in the sequential
limit. A superexchange process leads to (1) a coherent second
order contribution to the transfer rate and thus correlations
between probabilities of sequential events and (2) corrections
due to interference of pathways. In the regime of weak elec-
tronic coupling, the direct transfer rate is much larger than
the indirect coherent contribution. We therefore only concern

ourselves with the direct transfer rate and the interference
correction in the superexchange limit.

C. Linear exciton-phonon Hamiltonian

The successive orders of the Dyson series in Eq. (4) can
be evaluated for a given perturbation. In this section we evalu-
ate the first three terms of the expansion for the linear exciton-
phonon Hamiltonian. The Hamiltonian is given by

H =
∑
n,k

a†
nan[εn + φnkωk(b†k + bk)]

−
∑
mn

Jmna
†
man +

∑
k

ωkb
†
kbk, (15)

where Jmn is the electronic coupling between the sites m and n,
{a†

n, an} are the molecular raising and lowering operators for
site n, εn is the electronic transition energy at site n, {b†k, bk}
are the bosonic creation and annihilation operators for mode
k of the bath, φnk is a dimensionless displacement quantify-
ing the exciton-phonon coupling between site n and mode k,
and ωk are the bath frequencies. To incorporate bath-induced
localization we next apply a small-polaron transformation on
the Hamiltonian and identify the off-diagonal element in the
polaron basis as the relevant perturbation,37 that is,

H̃ =
∑

n

a†
nanε̃n +

∑
k

ωkb
†
kbk

−
∑
n�=m

Jnm[a†
nF

†
nFmam], (16)

V = −
∑
n�=m

Jnm[a†
nF

†
nFmam], (17)

where

Fn = e− ∑
k φnk(b†k−bk ), (18)

ε̃n = εn −
∑

k

h2
k

ωk

. (19)

The transfer rates computed henceforth are thus between the
dressed sites. It is noteworthy that although polaron formation
modifies the transfer rates, the basis in which the populations
are computed is still the site basis. Next we note that Eq. (8)
can equivalently be written as the expansion of a generalized
memory kernel, that is

Gif (t) = G
(1)
if (t) + G

(12)
if (t) + G

(2)
if (t) + · · · , (20)

where

G
(1)
if (t) = ∂2

t

∣∣c(1)
if (t)

∣∣2
, (21)

G
(12)
if (t) = 2∂2

t �[
c

(1)
if (t)c(2)

if (t)∗
]
, (22)

G
(2)
if (t) = ∂2

t

∣∣c(2)
if (t)

∣∣2
. (23)
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In these expressions G
(1)
if (t) is the Kenkre and Knox mem-

ory associated with a direct transfer pathway, G
(2)
if (t) is the

correction due to the coherent indirect pathway with one in-
termediate site, G

(12)
if (t) is a correction arising from the inter-

ference of these two pathways, and R stands for the real part.
This contribution is henceforth referred to as the first-order
interference. More generally this expansion involves terms of
the form G

(p)
if (t) which are associated with coherent pathways

with p − 1 intermediate sites, as well as terms of the form
G

(pq)
if (t) which arise from the interference of two pathways,

one with p − 1 and the other with q − 1 intermediate sites.
For any finite-size system there are a finite number of path-
ways whose associated memory can, in principle, be explic-
itly evaluated.

In this article we are interested in quantifying the first-
order interference (G(12)

if (t)) and identifying the conditions un-
der which it influences the transfer rate. We therefore special-
ize to the simplest case of three sites. We furthermore demon-
strate that as the number of intermediate sites associated with
a given pathway is increased, the amplitude of that pathway is
exponentially reduced. This shows that in the incoherent limit
where the electronic couplings are small, the expansion is al-
ways convergent and the generalized memory is dominated by
contributions from pathways with fewer intermediate sites.

D. Pathway associated memory kernels

By applying the perturbation of Eq. (17) to Eq. (6) and
Eq. (7), and considering a continuous spectral density, we ar-
rive at the following results for the first-order memory,

G
(1)
if (t) = 2|Jif |2Re{ei�if t I (2)(t, 0)}, (24)

where the two-time bath correlation function I(2)(t1, t2), is de-
fined at the end of this section. The first-order interference is
the summation of four contributions and is given by

G
(12)
if (t) = Jif Jf mJmi

4∑
α=1

f (12)
α (t), (25)

where

f
(12)
1 (t) = 4Re

{
ie−i�if t

∑
m

∫ ∞

0
dt1e

−i�imt1I (3)(−t, 0, t1)

}
,

(26)

f
(12)
2 (t) = 2Re

{
iei�imt

∫ ∞

0
dt1

∫ ∞

0
dt2

[
i�im + ∂t

]
× I (3)(−t1, t2,−t)ei�f i t1ei�f mt2

}
, (27)

f
(12)
3 (t) = 2Re

{
iei�f mt

∫ ∞

0
dt1

∫ ∞

0
dt2

[
i�f m + ∂t

]
× I (3)(−t1, t, t2)e−i�if t1e−i�imt2

}
, (28)

f
(12)
4 (t) = −2Re

{
iei�if t

∫ ∞

0
dt2

∫ ∞

0
dt1

[
i�if + ∂t

]
× I (3)(t, t1, t2)e−i�imt2ei�f mt1

}
, (29)

where m is the index associated with the intermediate site.
I(2)(t1, t2) and I(3)(t1, t2, t3) are the two-time and three-time
bath correlation functions and are given by

I (2)(t1, t2) = exp

{
− 2

∫ ∞

0
dω

J (ω)

ω2
[1 + 2n(ω)]

}
× exp

{
2
∫ ∞

0
dω

J (ω)

ω2
n(ω)eiω(t1−t2)

}
× exp

{
2
∫ ∞

0
dω

J (ω)

ω2
[n(ω) + 1]e−iω(t1−t2)

}
(30)

and

I (3)(t1, t2, t3) = I (2)(t1, t2)1/2I (2)(t1, t3)1/2I (2)(t2, t3)1/2,

(31)
where J(ω) is the spectral density of the bath and n(ω)
= [exp (βω) − 1]−1 is the thermal occupation number at fre-
quency ω. Higher order terms can be evaluated in the same
manner and have not been considered in the present article.

Note that the factor I (2)(t, 0) = 〈F †
i Fn(t)F †

nFi〉 is a vi-
brational overlap, or Frank-Condon term, which quantifies the
thermally averaged squared overlap of the initial harmonic vi-
brational level of the donor state, with the vibrational excited
state of the acceptor state.37, 39 The vibrational overlap integral
is an essential ingredient in phonon-assisted transport prob-
lems and appears explicitly in other formulations of EET.40–42

The two-point correlation function of the type defined
in Eq. (30) has been historically investigated by Kubo43 and
forms the basis for calculation of spectral line-broadening
in linear spectroscopy.44, 45 It can be demonstrated that for
short times (ωct < 1), the function has a Gaussian decay pro-
file, that is I(2)(τ ) ∼ exp [−τ 2/(2σ 2)] where the characteris-
tic decay time is given by σ−2 = ∫ ∞

0 dωJ (ω) coth (βω/2).
For long times (t � β) however the decay is exponen-
tial, that is, I(2)(τ ) ∼ exp [−τ /τ d].46 For the purpose of the
present article we suffice to note that under the assumption
of independent and identical bath modes, an n-point corre-
lation function can always be factorized as the product of
n two-point correlation functions, as shown in Eq. (31). If
the two-point correlation functions are assumed to decay ex-
ponentially, it can readily be demonstrated that the func-
tion

∫ ∞
0 dt2 · · · ∫ ∞

0 dtnI
(n)(t1, . . . , tn) decays on the same time

scale as I(2)(t1, 0), but has a much smaller amplitude. This
point will be of importance in Sec. III where we numerically
compute the first two terms in the expansion of the memory
kernel and observe that although the higher order terms are
exponentially smaller, all orders of the memory kernel decay
on the same time scale.

The contribution of the coherent indirect pathway is not
discussed on the grounds that it is the highest order term in the
expansion and we estimate it to be two orders of magnitude
smaller than the direct term.
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FIG. 2. Chromophores from the structural model of PE545 (Rhodomonas sp.
strain CS24). We investigate the influence of PEB 158 C (intermediate site)
to the transfer rate from DBV 19 A to DBV 19 B.

III. RESULTS AND DISCUSSION

A. First-order interference in PE545

In this section we numerically solve for the time depen-
dence of the memory kernels obtained in Sec. II D. Inspired
by the observation of coherence in EET in light-harvesting
antennae, we consider the electronic and vibrational param-
eters of the phycoerythrin 545 (PE545) protein in our inves-
tigations of path-interference in a prototype three-site model.
The electronic and vibrational parameters of PE545 are doc-
umented in Refs. 22 and 47. Later on however, we shall vary
the system and the bath parameters at will to explore the dif-
ferent regimes under which interference makes a significant
contribution to energy transfer.

The structural arrangement of the light-absorbing
molecules in PE545 (isolated from Rhodomonas sp. strain
CS24) is shown in Fig. 2. The vibrational spectrum of PE545
can be modeled as two low-frequency Brownian oscillator
spectral densities, and a total of fourteen discrete modes at
higher frequencies.22 Inspired by this system, we aim to inves-
tigate the form of the interference correction for each of these
contributions to the spectral densities. We consider a proto-
type three-site model and compute: (1) the interference cor-
rection due to a localized high-frequency mode, whose energy
is of the order of the donor-acceptor energy difference and
(2) the interference correction for thermally populated low-
frequency modes, described by a continuous spectral density
with a characteristics cutoff frequency.

1. Single mode spectral density

We first consider a Lorentzian spectral density centred at
718 cm−1, with a narrow width of 50 cm−1 and a total reor-
ganization energy of ER = 110 cm−1. For this spectral den-

sity we compute the first two orders of the memory kernel
between the two pathways: DBV A → DBV B and DBV A
→ PEB 158 C → DBV B as indicated in Fig. 2. The left panel
in Fig. 3 depicts the spectral density and the corresponding
memory terms. The relevant intermediate transition frequen-
cies are denoted on the spectral density. The oscillations in
the first-order memory, as well as the interference term, have
a vibrational origin and occur at the frequency of the single
bath mode.

2. Brownian oscillator spectral density

We now consider a Brownian oscillator spectral density
of the form

J (ω) = 2ER

π

ωωc

ω2 + ω2
c

, (32)

with a total reorganization energy of ER = 110 cm−1, and
a cutoff frequency of ωc = 100 cm−1. The spectral density
and the corresponding memory terms are depicted in the right
panel in Fig. 3. The oscillations in G

(12)
if (t) occur at the fre-

quencies of the intermediate transitions (ωim and ωmf) and will
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FIG. 3. Left panel: (a) Lorentzian spectral density of width 50 cm−1 and re-
organization energy ER = 110 cm−1. (c) Direct transfer kernel and (e) inter-
ference kernel for the Lorentzian spectral density. Right panel: (b) Brownian
oscillator spectral density of cutoff frequency ωc = 100 cm−1 and reorgani-
zation energy ER = 110 cm−1. (d) Direct transfer kernel and (f) interference
kernel for the Brownian oscillator bath. The donor-acceptor energy gap is ωif

= 35 cm−1, the intermediate site has an energy of ωmi = 703 cm−1. The
relevant electronic couplings are Jif = −4.08 cm−1, Jim = −31.85 cm−1,
Jmf = −2.88 cm−1.
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be explored further in this section. By comparing the form of
the interference correction for each choice of the spectral den-
sity, one can conclude that depending on the form of the spec-
tral density, and its relation to the intermediate transition fre-
quencies, the oscillations in the interference correction may
have an electronic or a vibrational character. Moreover, re-
gardless of the form of the spectral density, the interference
correction to the transfer rate in the steady state is given by

k
(12)
if �

∫ ∞

0
dt G

(12)
if (t). (33)

Thus, if the interference correction exhibits fast oscillations
on the time-scale of the bath memory, it contributes a vanish-
ingly small correction to the transfer rate in the steady state.
Such fast oscillations can occur due to (1) high frequency in-
termediate sites and (2) high frequency discrete bath modes.
There is always a correction on a short time-scale (∼100 fs)
which demands a non-Markovian treatment of the bath and
cannot be captured within a Markovian (or course-grained)
formulation.

B. Path-interference correction: Short time
versus steady state

To investigate the influence of the intermediate energy
state on the nature of the interference correction, we next con-
sider three different intermediate states, as depicted in Fig. 4.
For each scenario we obtain the interference correction. The
first-order memory is independent of the intermediate site and
is plotted in Fig. 3(d). The interference corrections for specific
states are plotted in Fig. 4(b). If the intermediate site is ener-
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FIG. 4. (a) The energetics of different intermediate states. The relevant
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= 703 cm−1. (b) First-order interference for different intermediate states.
(c) Steady-state correction to the transfer rate as a function of the energy
of the intermediate site.

getically far from the donor, it constitutes a virtual bridging
state. A virtual state contributes to the donor-acceptor transi-
tion rate, but can only be populated for a short time t, sat-
isfying the Heisenberg uncertainty relation tE ∼ 1, where
E is the energy difference between the donor state and the
intermediate site. The state |m0〉 in Fig. 4(a) is such a vir-
tual state. For this state the interference term exhibits oscilla-
tions at the intermediate transition frequency. The interference
correction is significant for short times, but vanishing in the
steady state.

The steady-state correction to the transfer rate due to
path-interference as a function of the energy of the intermedi-
ate site, is plotted in Fig. 4(c). The states that lie between the
donor and acceptor contribute minimally to the transfer rate.
States with energy gap of ∼300 cm−1 either above the donor
or below the acceptor give the largest contributions.

In this example all electronic couplings are negative.
If the sign of an odd number of coupling matrix ele-
ments is changed, the sign of the interference contribution
is also changed. The classical probabilities however depend
on the squared modulus of the couplings and are thus phase-
invariant.

C. Classical limit

If the interference corrections have a truly quantum ori-
gin, they must vanish in a suitable classical limit. In this sec-
tion we argue that by changing the bath reorganization energy
we can observe this quantum to classical transition. Figure 5
shows the two orders of the memory kernel for the interme-
diate state |m1〉 as the reorganization energy of the bath is
raised. All orders of the memory become smaller as the re-
organization energy is increased. To investigate whether the
interference contribution is diminishing faster than the direct
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FIG. 5. (a) Brownian oscillator spectral density for different reorganization
energies. (b) First-order memory and (c) first-order interference for different
bath reorganization energies for the intermediate state |m1〉. (d) The correc-
tion due to the first-order interference relative to the first-order memory as a
function of the bath reorganization energy.
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transfer rate, we define the function R(ER) to be the relative
correction to the donor-acceptor steady-state transfer rate due
to the first-order interference. That is

R(ER) =
∫ ∞

0 dt G
(12)
if (t)∫ ∞

0 dt
[
G

(1)
if (t) + G

(2)
if (t)

] × 100,

�
∫ ∞

0 dt G
(12)
if (t)∫ ∞

0 dt G
(1)
if (t)

× 100, (34)

where in the second line the correction due to the indirect
pathway has been neglected on the grounds that it is two
orders of magnitude smaller than the first-order term. Fig-
ure 5(d) is a plot of this correction ratio versus the reorgani-
zation energy of the bath for the intermediate state |m1〉. Due
to the small-polaron transformation, the bath cutoff cannot be
made arbitrarily small. For the state |m1〉 the magnitude of this
correction is 5.7% for a bath energy of 110 cm−1, and is re-
duced to less than 4% for a bath energy of 1000 cm−1. Thus in
the limit of weak electronic coupling raising the bath energy
reduces the interference contribution slowly, and interference
vanishes in the limit of infinite bath energy.

D. Higher order pathways

In this section we demonstrate that, provided that the
electronic couplings are sufficiently small, each term in the
expansion of the memory kernel is smaller than its previous,
such that the most important pathways are always the ones
with fewer intermediate sites. The amplitude of a generalized
memory associated with a path with p − 1 intermediate sites
is determined by

G
(p)
if ∼ J 2

i,m1
· · · J 2

mp−1,f
I (2p)(t1, . . . , t2p), (35)

where the magnitude of the p-point correlation function
I(p)(t1, . . . , tp) is dominated by the following exponential
pre-factor

I (p)(t1, . . . , tp) ∼ exp

{
− p

∫ ∞

0
dω

J (ω)

ω2
[1 + 2n(ω)]

}
.

(36)

We now assume, for the sake of simplicity, that all the cou-
plings are of the same order. That is,

G
(p)
if ∼ J 2pI (2p)(t1, . . . , t2p). (37)

The ratio of two successive terms is thus determined by

G
(p+1)
if

G
(p)
if

∼ J 2 exp

{
− 2

∫ ∞

0
dω

J (ω)

ω2
[1 + 2n(ω)]

}
. (38)

The exponential pre-factor therefore guarantees that terms
with higher order temporal correlations are significantly
smaller than the ones with lower order correlations. For large
electronic couplings however, the J2 term may exceed the ex-
ponential pre-factor. We observe that for realistic parameters
that satisfy the condition J < ER (as demanded by the small-
polaron transformation) the ratio is always dominated by the
exponential pre-factor. We therefore conclude that in the lo-
calized regime of energy transfer where the electronic cou-

plings are small, the coherent contribution of a given pathway
to the transfer process is exponentially diminished as the num-
ber of intermediate “relay” sites in that pathway is increased.
The same conclusion can be applied to the interference cor-
rections: The contribution of an interference term may exceed
that of a classical pathway if it involves a lower-order tempo-
ral correlation function.

A crucial question arising at this juncture is, what hap-
pens to the interference corrections as the size of the system
is increased? For a system of size n, there are ( n−2

p ) ways
that pathways with p intermediate sites can arise. It is there-
fore somewhat trivial that the integrated contribution due to
higher order pathways is more significant for larger systems.
Our preliminary analysis shows that if all pathways with a
given number of intermediate sites carry approximately the
same weight, the sum total of all path-interference contribu-
tions does not, in general, vanish as the system size is in-
creased. However, the assumption that the transfer time is
much shorter than the thermalization time-scale, becomes
more difficult to satisfy as the number of intermediate sites is
increased. Arbitrarily high order coherent pathways can there-
fore only exist at close to zero temperature. Thermal equili-
bration destroys the higher order coherent contributions, and
at any finite temperature coherent pathways with more than a
few intermediate sites can be neglected.

E. Comparison to other treatments

In bridge-assisted EET, the excitation can be thermalized
at the mediator site before hopping to the acceptor. This de-
scribes a sequential process, with no interference corrections.
A superexchange process on the other hand describes a co-
herent second order process where the time scale of thermal-
ization is slower than the EET time scale. These two limiting
cases have been historically treated distinctively because the
perturbative expansions applied for a superexchange interac-
tion are divergent for a sequential process. A unified treatment
that extrapolates between the two limits was first formulated
by Sumi and Kakitani.31, 32 Our treatment assumes that there
is a coherent second order contribution and that the excitation
is not thermalized at the mediator site.

Scholes and Ghiggino48 and Lin49 have studied the
higher order perturbative terms of the transfer rate expan-
sion for the superexchange case. In the Markov (steady-state)
limit, we found our results to be in agreement with their
findings. Our treatment however, captures subtle short time
features of the interference correction which are washed out
in the coarse graining approximation of a time-independent
Markovian formulation.

In a formulation similar to ours, Kimura33 applied time-
dependent third-order perturbation theory to compute the
modification to the transfer rate due to a mediator state. The
difference between the two formulations lies in our treatment
of the bath, and the application of the small polaron trans-
formation which takes explicit account of bath-induced local-
ization. Kimura obtains similar results for the dependence of
the steady-state interference correction on the energy of the
mediator site.
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IV. CONCLUSION

It has already been noted in the literature that a bridg-
ing molecule can substantially modify the energy transfer rate
from a donor to an acceptor site. Existing theoretical models
however, often assume a Markovian vibrational bath, and due
to the short time-scale of non-Markovianity in many systems
of interest, the influence of an intermediate “relay” state on
a memory-possessing transition rate has largely been over-
looked. In this article we have generalized the Kenkre and
Knox theory of non-Markovian energy transfer to account
for this influence. Our results indicate that within a localized
transfer representation, a bridging molecule can substantially
modify the transfer rate between a donor and an acceptor, pro-
vided that it is not too energetically far from the donor and the
acceptor. For small electronic couplings this modification is
by and large dominated by the interference between the direct
and the indirect classical pathways.

Many of the subtle features of phonon-mediated path-
interference demand a careful averaging of the n-point tem-
poral correlation function and cannot be reproduced with
a Markovian approach. For instance, path-interference may
lead to oscillatory corrections to the transfer rate if the en-
ergy of the intermediate site is sufficiently far from the donor-
acceptor transition. Such oscillations require consideration of
a finite non-Markovianity window and cannot occur within a
Markovian formulation. For off-resonant intermediate states,
the interference correction to the transfer rate is only impor-
tant over short time scales (∼100 fs), and is vanishingly small
in the steady state. Near-resonant intermediate states how-
ever, can make a notable correction to the transfer rate in the
steady state. The distinct short time and steady-state dynam-
ics of off-resonant and near-resonant intermediate states are
examples of some of the subtle features of phonon-assisted
path-interference that require a non-Markovian treatment of
the bath.

Our results suggest that path-interference can play
a role in enhancing or suppressing energy transfer to
specified sites in multichromophoric systems with weak
electronic couplings. We furthermore speculate that the
interference correction may contribute to the anomalous
enhanced transfer rates observed in systems with multiple
acceptors.50

We conclude by noting that even close to the Förster
limit the correction arising from interference of higher order
pathways can make a detectable correction to the steady-state
transfer rate. This observation is of current experimental rel-
evance since two-dimensional electronic spectroscopy has re-
vealed that molecules in photosynthetic antenna complexes
are not as weakly coupled as is assumed in the Förster theory.
Such corrections may therefore be of importance in systems
exhibiting EET where the electronic coupling is small enough
(in comparison to the bath reorganization energy) to consider
the excitations as localized, but large enough to render the as-
sumption of Markovian bath correlations and instantaneous
relaxation of vibrational modes questionable. In other words,
if the bath retains its memory over an indirect pathway, the
probabilities of sequential events remain correlated. Depend-
ing on the spectra of the vibrational bath, such coherent sec-

ond order contributions can make a detectable correction to
the steady-state transfer rate.
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