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Nomenclature

c = characteristic constant for satellite propulsion
system, m∕s

F1, F2, F3 = thrust components in reference frame

(b̂1, b̂2, êr), N
Isp = specific impulse of the thruster, s
m = mass of the spacecraft, kg
q = quaternion vector of components

q1�t�, q2�t�, q3�t�, and q4�t�
r = radial position, km
T = thrust magnitude, N
Tmax = maximum thrust, N
t = time variable, s
tf = final time, s
u = control vector
u, v, w = velocity vector components, m∕s
x = state vector
α, β = thrust direction angles in reference

frame (êϕ, êθ, êr), rad
θ, ϕ, ψ = Euler angles, rad
ω1, ω2, ω3 = angular velocity vector components, rad∕s

I. Introduction

R ECENTLY, the potential of electric propulsion (EP) for orbit
transfer of scientific or commercial satellites has begun to be

recognized both by satellite manufacturers and providers [1,2]. The
increasing interest in EP to perform primary maneuvers for geo-
centric missions (until now, under the domain of chemical propul-
sion) is first motivated by the potential mass savings this technology
enables due to the high Isp andmore efficient propellant management
compared to conventional chemical rockets. This mass saving
directly translates into more room for payload or the possibility of
using smaller (and thus less expensive) launch vehicles.

The challenges associated with low-thrust orbit raising using EP
come from the long transfer times; the need for continuous, and
relatively high, power; and the resulting long exposure to radiation
from the Van Allen belts. In [3–5], an optimization tool to determine
orbit-raising trajectories to geostationary Earth orbit (GEO) for all-
electric telecommunication satellites, which minimizes both time of
flight and radiation damage on the solar arrays, was developed.
However, the range of possible orbits studied in such previous work
was constrained by the limitations of the dynamic model. In those
optimizations, the equations of motion were written using spherical
coordinates in a spherical frame, which are amore robust formulation
than using Cartesian coordinates. [6] However, this choice of
coordinate system also introduces singularities at 90 deg inclination,
putting an upper limit on the inclination of the injection orbit options
that can be considered. There are two reasons for considering high-
inclination injection orbits. Because of the figure-eight form of the
cross section of the Van Allen belt, high-inclination injection orbits
can minimize the incidence of radiation during the initial part of the
transfer (when the spacecraft moves through the inner hazardous part
of the Van Allen belt). Second, having longer solar exposure for the
solar arrays, resulting from a sun-synchronous orbit for example,
reduces the eclipse duration, and consequently the onboard energy
storage system requirement and its associated mass penalty for
continuous thrust.
Although a globally nonsingular description of the satellite

dynamics could be found by returning to Cartesian coordinates, it is
known that the rapid variation along with switching signs of
Cartesian coordinates makes numerical optimization extremely
sensitive. Several variations of parameters approaches (using Gauss-
like planetary equations) have been proposed using alternative
nonsingular orbital elements [6–9]. However, these approaches are
numerically complex, complicating an optimization scheme, and
result in an osculating description of the trajectory. The goal of this
Note is to use a coordinate description rather than an osculating
parametric description. Thus, it will be presented in the following
pages the definition, implementation, and validation of an alternative
set of globally nonsingular equations of motion based on quaternions
that can be used in low-thrust models to overcome the limits of
previous formulations.
Although quaternions are commonly used as a globally non-

singular and numerically robust set of coordinates for satellite
attitude dynamics [10–15], and as a replacement for the angular
orbital elements in an osculating description [7] to remove singu-
larities, they have not been used as coordinates for position in the two-
body problem. Described here is a formulation of Newton’s second
law for the position of a satellite in terms of radial distance and
quaternions that can be used in a direct optimization scheme. Al-
though the specific application considered to test the new set of
equations is the transfer from a high-inclination orbit to GEO, the
approach is applicable to any general orbital transfer problem.
In the following sections of the Note, the new coordinates, their

constraints, and the equations of motion have been derived. The new
equations are tested by integrating them inMATLAB and comparing
the final result to the Cartesian case. Moreover, the MATLAB
integration of the new set of equations has the equally important goal
of providing approximate upper bounds on the transfer time and fuel
expenditure of a specific orbital transfer.
The goal of this Note is to present the new coordinates and

equations ofmotion, and to validate the formulation on the low-thrust
orbit-raising problem. It will be in the scope of a future paper
formulating a minimum-time optimization problem and comparing
the results to the previous approach using spherical coordinates
[3]. Then, it will possible to use the optimization model to
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design minimum-time and minimum-radiation transfers from high-
inclination injection orbits.

II. Equations of Motion

In this section, the equations of motion for a single particle in
orbit about the Earth are presented. After a review of the previous
formulation using spherical coordinates, it is shown how singularities
can be removed by introducing quaternions to replace the usual
two angle coordinates. In addition to removing the singularity,
this formulation has the added benefit of keeping all variables of
order unity.

A. Previous Formulation

The standard modeling approach for the orbit-raising problem
uses spherical coordinates, �r; θ;ϕ�I , to describe the trajectories,
where r is the radial distance from the origin of the inertial frame
I ; θ is the azimuthal angle; and ϕ is the colatitude. These are
depicted in Fig. 1. The state vector components, x�t� �
�r�t�; θ�t�;ϕ�t�; u�t�; v�t�; w�t�; m�t��, then consist of the position,
velocity, and mass of the satellite at any time t. The vector position of
the object in the inertial frame in terms of the three spherical
coordinates is given by

r � r cos θ sin ϕex � r sin θ sin ϕey � r cos ϕez (1)

The spherical reference frameBs, shown in Fig. 1, has the first axis,
defined by the unit vector eϕ, pointed south; the third axis, denoted by
er, pointed in the radial direction; and the second, denoted by the unit
vector eθ, completing the right-handed set and pointed east. This
frame can be obtained from the inertial frame via three-axis and two-
axis rotations by the spherical angles θ and ϕ [16]. The resulting
direction-cosine matrix (DCM) between the spherical frame and
inertial frame is given by

BsCI �
"
cos θ cos ϕ sin θ cos ϕ − sin ϕ
− sin θ cos θ 0

cos θ sin ϕ sin θ sin ϕ cos ϕ

#
(2)

It is easily confirmed that the position vector in Bs, r � rer, when
multiplied by the transpose of the DCM in Eq. (2), gives the inertial
position vector in Eq. (1). Similarly, the angular velocity vector for
the 3-2 rotation is given by

IωBs � −θ̇ sin ϕeϕ � ϕ̇eθ � θ̇ cos ϕer (3)

The inertial velocity of the satellite is given by the inertial derivative
of the position

v �
Id

dt
r �

Bsd

dt
r� IωBs × r (4)

which results in the expression

v � rϕ̇eϕ � rθ̇ sin ϕeθ � _rer (5)

The generalized speeds u�t�, v�t�, andw�t� are used for the equations
of motion. The velocity vector can bewritten in terms of these speeds
as follows:

v � u�t�eϕ � v�t�eθ �w�t�er (6)

where the component magnitudes u�t�, v�t�, andw�t� can be written
in terms of r�t�, θ�t�, and ϕ�t�; and their first time derivatives can be
written as

u � rϕ̇; v � rθ̇ sin ϕ; w � _r (7)

The acceleration is then given by the inertial derivative of the velocity

a � _ueϕ � _veθ � _wer � IωBs × v (8)

which results in

a �
�
_u� uw − v2 cot ϕ

r

�
eϕ �

�
_v� vw� uv cot ϕ

r

�
eθ

�
�
_w −

u2 � v2
r

�
er (9)

The resulting equations of motion in state-space form are then

ϕ̇ � u
r

(10a)

θ̇ � v

r sin ϕ
(10b)

_r � w (10c)

_u � −uw� v2 cot ϕ

r
� T
m
sin β (10d)

_v � −
vw� uv cot ϕ

r
� T
m
sin α cos β (10e)

_w � u
2 � v2
r

−
μ

r2
� T
m
cos α cos β (10f)

_m � −
T

c
(10g)

The control vector u�t� � �T; α; β� includes the thrust magnitude T
and two angles describing the orientation of the thrust vector in the
spherical frame. The angle between the unit vector er and the thrust
vector projection on the plane defined by the unit vectors er and eθ is
given by α. The direction of the thrust vector is completed by β, which
is the angle the thrust vector makes with the plane defined by er and

Fig. 1 Earth-centered inertial frame, spherical reference frame, and

spherical coordinates r�t�, θ�t�, and ϕ�t�.
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eθ. Although this formulation using spherical coordinates has proved
to work well when considering injection orbits at low inclinations,
it becomes singular when the latitude approaches 90 deg. For
this reason, it is considered, replacing the two spherical angles by
quaternions.

B. Quaternion for Position

To investigate high-inclination orbits, one needs to provide a
nonsingular formulation of the equations of motion. Two main
alternatives are available for this purpose: applying variation of
parameters [17] or changing coordinate system. Variation of
parameters in terms of orbital elements has been used in previous
studies of orbital transfer [8,9] in which the final orbit (GEO in
the case of most communication satellites) is singular due to zero
inclination and zero eccentricity. Hence, the optimal trajectory
achieved by these methods is feasible only in an approximate sense
because the final orbit achieved is not exactly GEO. Moreover, the
orbital elements describe only a set of osculating orbits (at each
instant of time) that do not necessarily coincide with the exact low-
thrust trajectory. Although, in the case of the equinoctial elements,
the singularities can be removed from the equations, the resulting
equations are still only osculating.
There are two possible alternative coordinate systems one might

consider to remove the singularity, Cartesian, and quaternions.
Although Cartesian coordinates result in nonsingular equations of
motion, they have the drawback of fast variations with frequent
switching of signs during the transfer, thus making the optimization
process numerically sensitive with respect to the choice of initial
guess [6]. On the other hand, quaternions are bounded between 0 and
1,making them numerically robust and avoiding at the same time any
singularity. This advantage comes at the cost of the introduction of
two new constraint equations.
For the new formulation, the same 3-2-3 rotation between the

inertial frame and spherical frame can be applied, only now assuming
that ψ is nonzero (the final rotation about the er axis); the new
frame will be called the quaternion frame Bq and defined by the
unit vectors b1, b2, and b3 � er. The added arbitrary angular
coordinate ψ will be accounted for by an added constraint later in
the development. The resulting direction-cosine matrix between the
inertial and quaternion frames is

BqCI �

0
@ cos θ cos ϕ cos ψ − sin θ sin ψ sin θ cos ϕ cos ψ � cos θ sin ψ − sin ϕ cos ψ
− cos θ cos ϕ sin ψ − sin θ cos ψ − sin θ cos ϕ sin ψ � cos θ cos ψ sin ϕ sinψ

cos θ sin ϕ sin θ sin ϕ cos ϕ

1
A (11)

One approach to writing the direction-cosine matrix in terms of quaternions is to first rewrite it in terms of the eigenaxis e � �e1; e2; e3�T and
rotation angle ξ using Euler’s theorem:

BqCI �

0
@ cξ� e21�1 − cξ� e1e2�1 − cξ� � e3 sin ξ e1e3�1 − cξ� − e2sξ
e2e1�1 − cξ� − e3sξ cξ� e22�1 − cξ� e2e3�1 − cξ� � e1sξ
e3e1�1 − cξ� � e2sξ e3e2�1 − cξ� − e1sξ cξ� e23�1 − cξ�

1
A (12)

where cξ ≡ cos ξ and sξ ≡ sin ξ.

The quaternions (or Euler parameters) are directly related to the
components of the eigenaxis e and to the rotation angle ξ through the
relationships

q1 � e1 sin�ξ∕2� (13a)

q2 � e2 sin�ξ∕2� (13b)

q3 � e3 sin�ξ∕2� (13c)

q4 � cos�ξ∕2� (13d)

Substituting the expressions in Eqs. (13a–13d) into Eq. (12), the
direction-cosine matrix in terms of quaternions can be found:

BqCI �

0
@ 1 − 2�q22 � q23� 2�q1q2 � q3q4� 2�q1q3 − q2q4�

2�q1q2 − q3q4� 1 − 2�q21 � q23� 2�q2q3 � q1q4�
2�q1q3 � q2q4� 2�q2q3 − q1q4� 1 − 2�q21 � q22�

1
A

(14)

Equating the matrix in Eq. (11) to the matrix in Eq. (14) term by term
and going through some algebra, an explicit expression for the
quaternions q1, q2, q3, and q4 in terms of θ, ϕ, and ψ can be derived:

q1 �
sin ϕ

4q4
�sin ψ − sin θ� (15a)

q2 �
sin ϕ

4q4
�cos ψ � cos θ� (15b)

q3 �
�1� cos ϕ�

4q4
�cos θ sin ψ � sin θ cos ψ� (15c)

q4 �
1

2
��1� cos ϕ��1� cos θ cos ψ − sin θ sin ψ��1∕2 (15d)

Perhaps more usefully, the inverse of Eqs. (15a–15d) provides the
Euler angles in terms of the quaternions:

ϕ � cos−1�1 − 2�q21 � q22�� (16a)

θ � sin−1
�

�q2q3 − q1q4�
�q21 � q22��1∕�q21 � q22� − 1�1∕2

�
(16b)

ψ � sin−1
�

�q2q3 � q1q4�
�q21 � q22��1∕�q21 � q22� − 1�1∕2

�
(16c)

As usual, the quaternions satisfy the unit norm constraint

q21 � q22 � q23 � q24 � 1 (17)

which accounts for the added fourth coordinate to replace the three
angles. Of course, only two angles and distance are needed for the
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three degrees of translational freedom. The second constraint will
come from the equations of motion.
Given the quaternions and radial distance r, the direction-cosine

matrix in Eq. (14) can be used to reexpress the position vector from
Eq. (1) in the inertial frame, but now in terms of quaternions

r � 2r�q1q3 � q2q4�ex � 2r�q2q3 − q1q4�ey
� r�1 − 2�q21 � q22��ez (18)

C. Equations of Motion

To find the equations of motion, one can begin by writing the
general vector expressions of position, velocity, and acceleration
expressed as derivatives in the rotating quaternion frame:

r � rer (19a)

v � _rer � rIωBq × er (19b)

a� �rer� 2_rIωBq × er� rI _ωBq × er� rIωBq × IωBq × er (19c)

where IωBq � �ω1;ω2;ω3�T is the angular velocity vector describing
the motion of the quaternion frame in the inertial frame expressed as
components in the quaternion frame. Unlike in the development of
the equations of motion in spherical coordinates, where there were
three generalized speeds (u, v, and w), here, there are four ( _r � w,
ω1, ω2, and ω3). A second constraint thus needs to be introduced to
maintain three equations in three coordinates for the three degrees
of freedom by setting ω3 identically to zero so that IωBq �
ω1b1 � ω2b2. Doing so results in the velocity and acceleration
components

v � rω2b1 − rω1b2 � _rer (20)

a � �r _ω2 � 2_rω2�b1 − �r _ω1 � 2_rω1�b2 � � �r − r�ω2
1 � ω2

2��er
(21)

Note that the direction-cosine matrix in Eq. (14) can be used to
transform these into components in the inertial frame given the
instantaneous values of the quaternions.
The thrust vector as components in the quaternion frame is given

by F � F1b1 � F2b2 � Frer. Setting the acceleration equal to the
thrust force results in the three scalar equations of motion:

_ω2 � −
2_r

r
ω2 �

F1

mr
(22a)

_ω1 � −
2_r

r
ω1 −

F2

mr
(22b)

_w � r�ω2
1 � ω2

2� −
μ

r2
� Fr
m

(22c)

where the radial kinematic equation has been substituted:

_r � w (23)

These equations are a consistent set of equations of motion for the
three generalized speeds: ω1, ω2, and w. The third angular velocity
component remains zero at all time.
Geometrically, the constraint onω3 corresponds to a third rotation

by the angle ψ of the quaternion frame given by the third kinematic
differential equation of rotation. Expanding on the angular velocity
expression in Eq. (3) to include the third rotation inψ leaves the usual
expression for a 3-2-3 rotation:

IωBq ��ϕ̇ sinψ− θ̇ sinϕ cosψ�b1��ϕ̇ cosψ� θ̇ sinϕ sinψ�b2
��θ̇ cosϕ� _ψ�er (24)

Setting the third component equal to zero (the constraint ω3 ≡ 0)
provides an equation for the variation of ψ ,

_ψ � �ω1 cos ψ − ω2 sin ψ�cotanϕ (25)

In otherwords, unlike the spherical frame that sets the third rotation to
zero, the quaternion frame rotates about er to keep the equations of
motion nonsingular at all angles θ and ϕ.
The kinematic relationship between the angular velocity com-

ponents and the rate of change of quaternions is given by the usual
relationship [11]

�ω 0� � 2E� _q� (26)

where �ω 0� � �ω1;ω2; 0; 0�T , and the matrix E is defined as

E �

0
BB@
q4 q3 −q2 −q1
−q3 q4 q1 −q2
q2 −q1 q4 −q3
q1 q2 q3 q4

1
CCA (27)

Equation (26) can be inverted to find the kinematic equations in
which the quaternion first derivatives are written in terms of the
angular velocity and quaternions:

_q1 �
1

2
�q4ω1 − q3ω2� (28a)

_q2 �
1

2
�q3ω1 � q4ω2� (28b)

_q3 �
1

2
�−q2ω1 � q1ω2� (28c)

_q4 �
1

2
�−q1ω1 − q2ω2� (28d)

In deriving the kinematic equations, the constraint ω3 � 0 has
been used.
The eight first order differential equations in Eqs. (22a–22c), (23),

and (28a–28d), together with the two constraints given by Eq. (17) and
ω3�t� � 0 (at any t), are thenewset of nonsingular equations ofmotion
for the nine-element state variable plusmass that describes the position
and velocity of the particle: x�t� � �r; q1; q2; q3; q4;ω1;ω2; w;m�.
These equations contain no transcendental functions: only simple
algebraic operations with no singularities.

III. Testing the Equations of Motion

To verify the new quaternion-based formulation, the equations
of motion have been numerically integrated in MATLAB for two
simple scenarios and then compared to the results using Cartesian
coordinates. The first is a two-dimensional planar trajectory in polar
orbit and the second is a suboptimal three-dimensional transfer from
polar orbit to GEO. In addition to verifying the new coordinates, the
numerical robustness of the quaternion approach has been compared
to simple Cartesian coordinates.

A. Nondimensional Units

To improve the numerical accuracy, all integrations are performed
in nondimensional units. The length unit (LU) is taken equal to the
GEO radius (42,157 km), whereas the initial mass of the satellite
(1000 kg) represents one mass unit (MU). Specifying these two
values makes it possible to derive the time unit directly fromKepler’s
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third law. Assuming the standard gravitational parameter μ equals 1,
Kepler’s third law gives us a time unit (TU) of 13,716.85 s. Proper
multiplicative constants to get a nondimensional thrust c1 and
characteristic constant for the satellite propulsion system c2 can be,
respectively, derived using these basic units:

c1 �
1

MU

TU2

LU
� 0.446 · 102 N−1 (29)

c2 �
TU

LU
� 0.325 · 103 s · m−1 (30)

B. Two-Dimensional Case: Polar Orbit-Raising

The first case considered is a planar transfer from a polar orbit at
800 km altitude to a polar orbit at 10,000 km altitude for a small
satellite of initial mass of 1000 kg, a thrust magnitude of 3 N, and
a specific impulse of 2000 s. The force components F1, F2, and Fr
with respect to b̂1, b̂2, and êr are replaced by

F � Tv
v
� T

�
rω2

v
b̂1 −

rω1

v
b̂2 �

_r

v
êr

�
(31)

which gives the expression for a tangential thrust necessary to
perform a planar transfer. Table 1 presents the final radial distance,
time, mass, and fuel expenditure when integrating the equations of
motion with tangential thrust using the quaternion formulation and
Cartesian coordinates. The integration is performed using the explicit
Runge–Kutta method of order (2, 3) with a time step of 1.58 s.
The final values of radial distance, time, and mass are exactly the

same for both the quaternion-based and Cartesian formulations,
verifying the approach. However, it can also be noted that the new
quaternion-based formulation is less sensitive to numerical error.
In fact, when performing the integration for different solving
algorithms keeping both the relative and absolute error tolerances at
the relatively relaxed values of 10−3 and 10−6, respectively, the final
radial distance found is significantly more sensitive to the algorithm
choice for the Cartesian formulation than for the quaternion-based.
The results can be seen in Table 2, where the different algorithms
used are denoted by numerical differentiation formulas (NDFs),
Adams–Bashforth–Moulton (ABM), Runge–Kutta (2, 3) (RK23),
the modified Rosenbrock formula of second order (MR2), the trap-
ezoidal rule (TR), and the trapezoidal rule plus backward dif-
ferentiation formulas of the second order (TR-BDF2). It takes
a significant reduction in error tolerances to make the Cartesian
formulation behave as stably as the quaternion one. Also, although
it was possible to use an explicit Runge–Kutta (4, 5) formula to
integrate the problem formulated using quaternions with the relative
and absolute error tolerances at 10−3 and 10−6, respectively, the
same approach using the Cartesian formulation was not able to meet
integration tolerances without reducing the step size below the
smallest value allowed. This highlights the challenge of using
Cartesian coordinates and one of the motivations for the quaternion
formulation.

C. Three-Dimensional Case: Orbital Transfer from a Polar Orbit to a

Geostationary Orbit

In this section, considered as a test case is the transfer of a large
satellite of mass 3500 kg from a polar orbit at 10,000 km altitude to
GEO. The spacecraft uses four BPT-4000 thrusters of 0.29 N each
with a specific impulse of 1788 s. At any instant of time t, we denote
by r�t�, v�t�, and h�t� the radius, velocity, and angular momentum
vectors of the satellite. To perform the transfer, it is assumed that the
thrust is always constrained to be in the plane defined by the velocity
vector v�t� and the angular momentum vector h�t�. Let the thrust
vector have magnitude T�t� � Tmax at all times. Its direction is given
by the unit vector eT, which varies with time. This direction is defined
by the angle β�t�with respect to the velocity vector v�t�. Let v⊥�t� be
the component of the velocity vector perpendicular to the equatorial

plane. Based on the sign of this component of velocity, the following
thrust profile for the satellite orbit-raising maneuver is considered:

T�t� �

8><
>:
cos β0

v�t�
v�t� � sin β0

h�t�
h�t� ; if v⊥ < 0

cos β0
v�t�
v�t� − sin β0

h�t�
h�t� ; if v⊥ > 0

0 if v⊥ � 0

(32)

The assumption that there exists a constant β0 ∈ �0 deg; 90 deg� such
that the satellite attains the radius and the inclination of GEO in a finite
time is introduced. Using the thrust profile in Eq. (32) and the satellite
specifications already mentioned, the quaternion-based and Cartesian
sets of equations are integrated in MATLAB using the Adams–
Bashforth–Moulton method. The results are shown in Table 3.
Table 3 shows perfect accordance between the two sets of

equations and provides an approximate upper bound for transfer time
and fuel expenditure to transfer a satellite from a medium polar orbit
to GEO. In Fig. 2, the altitude z is plotted versus x, showing how z
increases and then decreases during the transfer. The plot is the same
for both sets of equations, and the radius increases at amore rapid rate
than the inclination decreases, so the amplitude of z increases during
the initial part of the transfer but eventually decays to zero.
As a further test of the equations of motion, the trajectory in-

tegration was repeated with varying thrust, initial mass, and thrust
direction. The results are tabulated in Tables 4–6. In this test, one pa-
rameter at time was changed while keeping all the others fixed. Note

Table 1 2-D orbit-raising test

Coordinates rF, km tF, d mF, kg Fuel expenditure, kg

Quaternions 10,053.4 9.15 879.0 121.0
Cartesian 10,053.4 9.15 879.0 121.0

Table 2 Final radius for the quaternion-based and Cartesian

formulation for different numerical integration techniques

Solver NDFs ABM RK23 MR2 TR TR-BDF2

Quaternions 0.3892 0.3895 0.3896 0.3898 0.3898 0.3898
Cartesian 0.5424 0.3483 0.4363 0.4357 0.4165 0.3811

Table 3 3-D orbital transfer from a polar orbit

to near GEO

Coordinates rF, km tF, d mF, kg Fuel expenditure, kg

Quaternions 42,164 263.65 1993.0 1507.0
Cartesian 42,164 263.65 1993.0 1507.0

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
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Fig. 2 Trajectory projection on xz plane.
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that, when the thrust angle changes, the spacecraft reaches the equa-
torial plane at a different altitude than GEO, which supports the
assumption that there exists one constant thrust direction such that
the satellite attains the radius and the inclination of GEO in a
finite time.
When changing the thrust value, the specific impulse changes as

well while keeping constant the enginemass flow rate. An increase in
thrust correctly reduces the transfer time. Although it might appear
from Tables 4–6 that less fuel is required when increasing the thrust,
this conclusion would be incorrect because of the assumption on the
mass flow rate (assumed to be constant). In the case of a change of the
initial mass of the spacecraft, a lighter satellite requires, as expected,
less time to transfer to near GEO. Finally, the scenario was ex-
amined in which the constant thrust angle (β0 � 79.15 deg in the
first case, shown in Table 3), is modified while keeping all the other
parameters unchanged. It can be observed that an increase in the
thrust angle, which means a larger out-of-plane thrust component,
translates into a lower final radius compared to the one reached when
applying less out-of-plane thrust. This is expected because of theway
in which the thrust is distributed among in-plane and out-of-plane
components. When a bigger fraction of thrust is used for the plane-
change maneuver instead of the orbit raising, then the final radius
is less than GEO. Note also that the value β0 � 79.15 deg is the
one that brings the satellite exactly to GEO, getting closer to the
equatorial plane than higher or larger values of thrust angle.

IV. Conclusions

In this Note, it was shown how a nonsingular formulation of the
low-thrust orbit-raising problem can be obtained using quaternions
instead of the spherical angle coordinates. A quaternion-based
formulation has the twofold advantage of avoiding any singularity in
the equations of motion and, at the same time, keeping the numerical
implementation more robust. The new formulation was verified on
two simple orbit-raising maneuvers by comparing to Cartesian
coordinates. The first case to be considered was the one of a simple
coplanar transfer of a small satellite from 800 to 10,000 km altitude at
90 deg inclination and applying a 3 N tangential thrust. The results
show how the new formulation remains consistent, apart from an
integration error, with that obtained when performing the integration
in Cartesian coordinates. The second scenario was a plane-change
maneuver of a large satellite from a polar orbit at 10,000 km altitude
to geostationary Earth orbit applying a total thrust of 1.16N. The new
quaternion-based formulation proved again to be in accordance with
the reference model. As further testing, the equations’ behavior was

analyzed when one parameter at time was changed in the problem,
showing the expected trend in the integration output.
The performed tests show the potential of the new nonsingular

quaternion-based formulation applied to the all-electric orbit raising
of a GEO satellite. Given its generality, the same formulation can be
used to solve any low-thrust problem. At the same time, the absence
of any singularity allows for the investigation of high-inclination
injection orbits to transfer to GEO. Future work will include the
inclusion of the new equations ofmotion into an optimization scheme
that minimizes both transfer time and radiation exposure of the
satellite, as well as a systematic application of the formulation to the
problem of high-inclination injection orbits.
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