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Shear dispersion in dense granular flows
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Abstract We formulate and solve a model problem of dis-
persion of dense granular materials in rapid shear flow down
an incline. The effective dispersivity of the depth-averaged
concentration of the dispersing powder is shown to vary as
the Péclet number squared, as in classical Taylor–Aris dis-
persion of molecular solutes. An extensions to generic shear
profiles is presented, and possible applications to industrial
and geological granular flows are noted.

Keywords Taylor–Aris dispersion · Rapid granular flow ·
Bagnold profile · Granular diffusion

1 Introduction

Dispersal of a passive solute, such as a dye in a pipe flow
or a pollutant in a river, is a classical fluid mechanics trans-
port phenomenon that falls within the subject of macrotrans-
port processes [1]. G. I. Taylor [2], followed by Aris [3],
showed that the dispersal of a passive solute in a pressure-
driven laminar flow in a circular pipe of radius R can be de-
scribed, at long times and far downstream from its injection
point, by a cross-sectionally averaged advection-diffusion
process in which the mean solute concentration c̄ is advected
by the mean flow vx but diffuses with an effective disper-
sivity D that depends on its molecular diffusivity Dm, the
mean flow speed vx, and the typical length scale R associ-
ated with the cross-section of the flow vessel. In particular,
D =Dm+vx

2R2/(48Dm) [1,2,3]. (Note that D is undefined
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in the limit of Dm→ 0 because non-diffusive solutes are sim-
ply advected by the flow and remain on the streamlines they
start on for all time.) Many variations of the classical Taylor
dispersion problem have been considered in the fluid me-
chanics literature [1,4]. Although the phenomenon has been
mentioned in studies of self-diffusion of granular materials
in shear flow, in which the diffusivity is inferred from the
mean squared displacement [5,6], to the best of our knowl-
edge the dispersion problem has not been posed “in the spirit
of Taylor” for rapidly flowing dense granular materials, de-
spite the fact that the latter can behave similar to fluids and
can be approximated as a continuum [7,8,9,10].

At the same time, there are practical implications to un-
derstanding the spread and dispersal of one type of granular
material, such as a pharmaceutical powder, glass beads in
the laboratory, or rocks and vegetation in a landslide, in a
second granular material. For example, understanding gran-
ular dispersion is relevant for industrial separation processes
such as the drying of powders for the purposes of dehydrat-
ing food [11]. Another aspect to this process is the vibration
of the vessel with the goal of mixing a flowing powder with
another powder injected into the flow via diffusion in the
transverse direction [12].

Modeling transport of particulate materials is also im-
portant in geophysical flows such as snow avalanches, mud
and land slides [13,14]. For example, in a polydisperse ava-
lanche, segregation drives the large particles to the front [15],
which can lead to fingering instabilities [16]. The resulting
distribution of debris upon the cessation of flow can dictate
the ecological impact of the event [17]. Hence, it is impor-
tant to know how the various constituent materials are dis-
persed during the landslide. More quantitatively, we can es-
timate the relevance of shear dispersion in the geophysical
context by noting that a typical landslide can reach speeds
up to vx ' 10 m/s, has a runout distance ` ' 10− 100 km,
a depth of h ' 0.5− 1 m, and an effective diameter d ' 1
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mm−1 m for the particulate material [13]. Let us estimate
the debris as being relatively fine, d ' 10 cm, and thus more
likely to be monodisperse. Then, the diffusivity can be es-
timated by dimensional considerations as D0 ∝ d2vx/h '
10−1 m2/s (see the discussion in Section 3 below), from
which we estimate, based on an analogy to Taylor’s result
[2], the shear-augmented portion of the effective dispersiv-
ity as vx

2h2/D0 ' 103 m2/s. For a laboratory-scale chute
flow experiment, on the other hand, the typical values are
D0 ' 10−6 m2/s, vx ' 1 m/s and h ' 10−2 m [18], which
gives vx

2h2/D0 ' 10−2 m2/s. Both of these estimates indi-
cate that the shear-augmented portion of the effective dis-
persivity is not negligible, specifically it is several orders of
magnitude larger than D0.

Thus, the goal of the present work is to pose the shear
dispersion problem for rapid flows of particulate materials
and to present solutions for the effective dispersivity for some
elementary dense granular flows. We restrict our discussion
to dry, cohesionless monodisperse materials to avoid, in par-
ticular, the complicating effects of segregation of bidisperse
and polydisperse mixtures due to flow [19]. By “solute” we
mean a set of tagged particles released at the upstream end
of the flow (x = 0 in Fig. 1 below).

2 Mathematical theory of shear dispersion

Consider a steady two-dimensional (2D) flow vx(z) that is
uniform in x with x ∈ [0,∞) as the streamwise coordinate
and z ∈ [0,h] as the transverse coordinate. The evolution of
the concentration c (number of particles per unit area) of
a diffusive passive tracer with (non-constant) diffusivity D
advected by such a flow obeys

∂c
∂ t

+ vx(z)
∂c
∂x

=
∂

∂x

(
D

∂c
∂x

)
+

∂

∂ z

(
D

∂c
∂ z

)
. (1)

Equation (1) is supplemented with no-flux boundary condi-
tions ∂c/∂ z = 0 at z = 0,h, since material is not allowed
to leave through the layer’s boundaries, an initial condition
c(x,z,0) = ci(x,z), and decay boundary conditions c→ 0 as
|x| → ∞.

Formally, we can always let c(x,z, t)≡ c̄(x, t)+c′(x,z, t)
and vx(z)≡ vx +v′x(z), where an overline denotes the depth-
averaging operator (·) = 1

h
∫ h

0 (·)dz, and primes denote devi-
ation from the average. By construction, the overlined quan-
tities can only depend on the axial coordinate x and time
t and c′ = v′x = 0. Then, following Taylor [2], we analyze
the flow in the limit that the transverse diffusion time h2/D0
is much shorter than the typical streamwise advection time
`/vx, where ` is a characteristic axial length scale over which
we study the flow, and D0 is a characteristic diffusivity. Based
on the estimates given in the introduction, h2/D0 ' 10 s and

`/vx ' 103− 104 s for a geophysical debris flow.1 There-
fore, `/h � vxh/D0 and, for |c′|/c̄ � 1, the evolution of
the mean c̄ separates from the fluctuations c′, leading to a
one-way coupled set of macrotransport equations. In gen-
eral, for D = D(c,x,z, t), one obtains an advection-diffusion
equation for the mean concentration c̄ and an ordinary dif-
ferential equation for the spatial structure of the fluctuations
(see the appendix):

∂ c̄
∂ t

+ vx
∂ c̄
∂x
≈ ∂

∂x

(
D

∂ c̄
∂x

)
− v′x

∂c′

∂x
, (2)

∂

∂ z

(
D

∂c′

∂ z

)
≈ v′x

∂ c̄
∂x

, (3)

where D is the depth-averaged diffusivity.
Equation (3) can be integrated, and then the fluctuation

induced diffusive flux, i.e., the last term on the right-hand
side of Eq. (2), can be evaluated using the fact that v′x is
independent of x:

v′x
∂c′

∂x
=

∂

∂x

[
v′x(z)

∫ z

0

1
D

∫ z̃

0
v′x( ˜̃z)d˜̃zdz̃

∂ c̄
∂x

]
. (4)

Combining Eqs. (2) and (4), we can define the effective dis-
persivity of c̄ (see also [1,20]) as

D =
1
h

∫ h

0
Ddz− 1

h

∫ h

0
v′x(z)

∫ z

0

1
D

∫ z̃

0
v′x( ˜̃z)d˜̃zdz̃dz. (5)

The first term is the influence of the basic diffusion process
alone, while the second terms gives the contribution of the
shear via the “fluctuations” v′x in the velocity.

3 Rapid granular flow down an inclined plane

Consider the flow of a granular material down an incline at
an angle θ with respect to the horizontal, as shown in Fig. 1.
We assume the flow is fully developed and steady, and the
thickness of the layer is approximately h everywhere. The
local viscoplastic rheology model [21] can be used to show
[9,10,22] that the local shear rate varies as the square root
of the local depth:

γ̇ ≡ ∂vx

∂ z
= A
√

h− z, (6)

where A is a constant. Typically, this type of model corre-
sponds to an experiment performed at constant pressure at
the free surface, so that the pressure distribution through-
out the layer is hydrostatic [9]. Under these conditions, the

1 For the laboratory-scale chute flow from [18], `' 1 m, so h2/D0 '
102 s and `/vx ' 1 s. In this particular experimental setup, we would
not expect to see dispersion because the granular layer is too thin, and
the device is too short in the streamwise direction.
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Fig. 1 Schematic of a rapid dense granular shear flow down an incline
at an angle θ . The granular material is assumed to be dry, cohesionless
and monodisperse (i.e., the particles are of identical size, density, sur-
face roughness, etc.) and the flow is steady and fully developed so that
it can be approximated by the continuous profile vx(z) at any stream-
wise location x. The layer is typically dozens to hundreds of particles
thick, hence d/h� 1.

layer thickness h can fluctuate.2 However, here, we assume
h≈ const. and similarly the volume fraction φ ≈ const. to a
first approximation. This assumption is consistent with ex-
periments [9]. Thus, h is representative of the thickness of
the layer of fluidized material, not of the static packing prior
to flow.

Integrating Eq. (6) and enforcing “no slip” at the bottom
surface, vx(0) = 0, yields the classical Bagnold profile [24,
25]:

vx(z) =
2
3

A
[
h3/2− (h− z)3/2

]
,

A =
I0

d

(
tanθ − tanθ0

tanθ2− tanθ

)√
φgcosθ , (7)

where d is the particle diameter, I0 is a dimensionless model
parameter, θ0 is the marginal angle of repose at which flow
begins, θ2 is the angle beyond which steady flow is impossi-
ble, φ is the volume fraction,3 and g is the acceleration due
to gravity.

Unlike molecular solutes [2,3] or colloidal suspensions
[20,26,27,28], granular materials are macroscopic and, thus,
not subject to thermal fluctuations or ordinary Brownian mo-
tion. Nevertheless, inelastic collision between particles can
give rise to macroscopic diffusion [18,29,30]. The precise
theory of diffusion of granular materials is unsettled [31]
and many models exist. For example, as early as the 1980s,

2 Streamwise variations of the layer thickness of the form h(z) =
h0[1+ β f (z)] have been shown to lead to contributions on the order
of β 2 to the effective dispersivity D [23]. Hence, streamwise varia-
tions of the layer could be incorporated into the dispersion calculation,
by replacing h with h(z) everywhere, without changing the result, as
long as the variations are small, i.e., β = O(h0/`)� 1, which renders
the O(h2

0/`
2) contributions to D negligible within the chosen order

of approximation (see the appendix). Furthermore, we expect that the
Bagnold profile remains valid for such h(z) with β � 1.

3 That is, the proportion of volume occupied by the number of par-
ticles in a unit area. Note that c is the concentration of the injected or
“tagged” particles while φ is the volume fraction of the granular mate-
rial, i.e., all particles present in a unit area, not just tagged ones.

“shear-induced diffusion” models were proposed empirically
to provide better fits to experimental data [18]. In this case,
the diffusivity is modeled as D = D0(1+Kγ̇), for some con-
stants D0 and K. Although such an expression can be mo-
tivated for hydrodynamically-interacting colloidal particles
[20], it appears to be problematic for granular flows in which
if motion ceases (vx = 0⇒ γ̇ = 0) so do the inter-particle col-
lisions, and, hence, we would expect no effective diffusion
(D = 0).

On the other hand, kinetic theory for hard spheres can be
successfully used for dilute granular flows (“granular gases”)
[32], and it has been suggested that such theories hold (with
appropriate corrections) even for a moderately dense vol-
ume fraction of φ ≈ 0.5 and beyond [10]. In particular, it
has been shown by Savage and Dai [30,33] that

D = χ(φ ,e)d2 |γ̇| , (8)

where χ(φ ,e) is a dimensionless function that depends solely
on the volume fraction φ and the restitution coefficient e
for particle collisions. In this work, we assume that φ can
be taken to be constant to a first approximation in the fully
developed steady flow down an incline, hence χ = const.
as well. This assumption is supported by particle-dynamics
simulations [33]. It should be noted that Eq. (8) can also be
deduced using only dimensional analysis.

4 Dispersion in granular shear flow on an incline

Now, we combine the mathematical results from Section 2
with the model from Section 3. The Bagnold profile from
Eq. (7) can be re-written as

vx(z) =
5
3

vx

[
1−
(

1− z
h

)3/2
]
, vx ≡

2
5

Ah3/2. (9)

Then, the Savage–Dai diffusivity from Eq. (8) becomes

D(z) = D0

√
1− z

h
, D0 ≡

5
2

χd2 vx

h
. (10)

Substituting Eqs. (9) and (10) into Eq. (5), we find that

D =
5
3

vx

h
χd2 +

4
275

h3vx

χd2 = D0

[
2
3
+

8
1375

(
h2

χd2

)2
]
.

(11)

The inclination angle θ enters into the effective dispersivity
only through the constant A in the mean flow speed vx, while
the particle diameter enters both the base diffusivity D0 di-
rectly and also vx through A. Also, note that the effective
dispersivity D depends on the ratio h/d to the fourth power,
which can be extremely large given that d/h ' 10−5− 1 in
the context of landslides and debris flows, as discussed in
the introduction.
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By analogy to the fluids context, we can introduce a
Péclet number Pe= vxh/D0 as the ratio of the transverse dif-
fusion and advection time scales. Using the definition of D0
from Eq. (10), Pe = 2h2/(5χd2), then the effective disper-
sivity from Eq. (11) can be written as D = D0

2
3

(
1+ 3

55 Pe2
)
.

Furthermore, let us introduce the dimensionless variables:4

c̄ = c0C̄, t = (`/vx)T , z = hZ, x = `X , with h/` ≡ ε , then
Eq. (2) becomes

∂C̄
∂T

+
∂C̄
∂X

=
ε

Pe
2
3

(
1+

3
55

Pe2
)

∂ 2C̄
∂X2 . (12)

In dispersion problems, one is typically interested in the re-
lease of a finite mass of material, which can be approximated
by a point-source initial condition C̄(X ,0) = δ (X), where
δ (·) is the Dirac delta function, subject to decay boundary
conditions C̄(X ,T )→ 0 as |X | → ∞; other initial conditions
are possible as well [2]. Switching to the moving frame,
where ξ = (X − T )/

√
3Pe/(2ε) is the streamwise coordi-

nate, we arrive at the final form of the macrotransport equa-
tion:

∂C̄
∂T

=

(
1+

3
55

Pe2
)

∂ 2C̄
∂ξ 2 . (13)

For the point-source initial condition, the exact solution to
the “dispersion equation” (13) is

C̄(ξ ,T ) =
1√

4πD̃T
exp
(
− ξ 2

4D̃T

)
, (14)

where D̃ = 3D/(2D0) = 1+(3/55)Pe2 using Eq. (11). In
other words, the dispersing material spreads like a Gaussian
with diffusivity D̃ in the moving frame.

Meanwhile, the classical Taylor–Aris version of Eq. (13)
for plane Couette flow [1] is

∂C̄
∂T

=

(
1+

1
30

Pe2
)

∂ 2C̄
∂ζ 2 , ζ =

X−T√
Pe/ε

. (15)

The effective dispersivities in Eqs. (13) and (15) are the
same order of magnitude (3/55≈ 0.055, 1/30≈ 0.033) for
a given Pe. Therefore, Taylor–Aris shear dispersion should
be an observable phenomenon in rapid dense granular flow,
just as it is for molecular solutes in fluids.

5 Dispersion in a generic 2D shear profile

More generally, we can consider the shear profiles given by
the velocity field

vx(z) =
(

1+α

α

)
vx

[
1−
(

1− z
h

)α]
⇒ D = D0

(
1− z

h

)α−1
, D0 ≡ (1+α)

vx

h
χd2. (16)

4 By the linearity of Eq. (2), c0 is arbitrary. For definiteness, it can be
taken to be, e.g., c0 =

∫ +∞

−∞
c̄(x,0)dx for a finite mass initial condition.

For monodisperse materials, we expect that 1≤α ≤ 2, where
α = 1 and α = 2 correspond to Couette and Poiseuille flow,
respectively, of a Newtonian fluid between two parallel plates,
while α = 3/2 is the Bagnold profile for granular flow on an
incline. For α < 1, the velocity profile is convex; such pro-
files have been measured experimentally [34,35] in bidis-
perse chute flows, in which significant size segregation oc-
curs.

Following the same procedure as above, we obtain the
effective dispersivities for such flow profiles:

D

D0
=


1
α

[
1+

α

2(4−α)(4+α)
Pe2
]
, D ∝ γ̇,

1+
2

3(9+9α +2α2)
Pe2, D = const.,

(17)

with the Péclet number defined as before. Let us the define
the enhancement factor as the coefficient of Pe2 in the ex-
pressions in Eq. (17). Figure 2 shows the dependence of the
enhancement factors on the shear profile exponent α . It is
evident that for larger α , the dispersivity of a material with
shear-rate-dependent diffusivity increases significantly over
the constant-diffusivity case.

0.5 1.0 1.5 2.0 2.5 3.0
Α

0.05

0.10

0.15

0.20

enhancement factor

Fig. 2 Enhancement factors (i.e., coefficients of Pe2 in Eq. (17))
as functions of the shear profile exponent α in Eq. (16). The solid
curve represents the case of shear-rate-dependent diffusivity, while the
dashed curve corresponds to the case of constant diffusivity. Vertical
dotted lines are a guide-to-eye representing α = 1 (plane Couette flow
of a Newtonian fluid) and α = 3/2 (Bagnold profile for a dense granu-
lar flow down an incline).

6 Conclusion

In this paper, we presented the calculation of the Taylor–
Aris effective dispersivity for the rapid flow of a dry, co-
hesionless monodisperse granular material down an incline,
assuming that volume fraction variations are negligible in
the fully-developed Bagnold profile and that the diffusiv-
ity is proportional to the shear rate. In particular, for this
prototypical granular flow, we found that the enhancement
of the diffusivity due to the shear flow varies as the Péclet
number squared, which is the same dependence found for
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molecular solutes with constant diffusivity in a shear flow
of a Newtonian fluid. This result suggests that shear dis-
persion is a relevant transport mechanism in flows of gran-
ular materials. Moreover, we showed that with increasing
concavity of the shear profile, the enhancement factor for
a shear-rate-dependent diffusivity grows significantly, while
the constant-diffusivity enhancement factor decays. This fea-
ture could suggest approaches for maximizing/minimizing
dispersion in flows of particulate materials by controlling
the shear profile.

A limitation of the present work is that we have assumed,
to a first approximation, a constant volume fraction and that
the particle flux q relative to the flow profile is Fickian,
namely q ∝ −D∇c, where D is allowed to depend on any
of the independent variables, explicitly or implicitly. Thus,
an avenue of future work is to incorporate non-Fickian ef-
fects such as volume-fraction variation and segregation of
bidisperse materials by generalizing Eq. (1) using mixture
theory [36], which leads to the addition of, e.g., a term pro-
portional to Sγ̇φ(1−φ) in q, where Sγ̇ is a percolation ve-
locity (see, e.g., [19,34,35]). For the case of granular ma-
terials immersed in a viscous fluid (e.g., concentrated col-
loidal suspensions), shear-induced migration effects due to
hydrodynamic interactions [26,27,28,37] could also be in-
cluded along these lines by augmenting q with a term pro-
portional to d2φ∇(φ γ̇). These extensions of the problem
lead to concentration-dependence effects and, consequently,
to nonlinear dispersion equations (see, e.g., [20,38,39]) and/or
dispersion processes with streamwise variations of the mean
flow speed [40]. Finally, in the related context of porous me-
dia, it has been suggested that even nonlocal effects can arise
in the macrotransport equation [41] (see also the discussion
in [4]).

In conclusion, we hope that this work will stimulate fur-
ther research on the interaction between shear, diffusion and
dispersion in flows of granular materials. In particular, it
would be of interest to design experiments that lead to the
verification of the theoretical results presented herein.
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Appendix

Following [2,20], first we substitute c(x,z, t) ≡ c̄(x, t)+ c′(x,z, t) and
vx(z)≡ vx + v′x(z) into Eq. (1) to obtain

∂ c̄
∂ t

+
∂c′

∂ t
+ vx

∂ c̄
∂x

+ v′x
∂ c̄
∂x

+ vx
∂c′

∂x
+ v′x

∂c′

∂x

=
∂

∂x

(
D

∂ c̄
∂x

)
+

∂

∂x

(
D

∂c′

∂x

)
+

∂

∂ z

(
D

∂ c̄
∂ z

)
︸ ︷︷ ︸

=0

+
∂

∂ z

(
D

∂c′

∂ z

)
. (18)

Next, we apply the depth-averaging operator (·)= 1
h
∫ h

0 (·)dz to Eq. (18)
to obtain the governing equation for the depth-averaged concentration:

Dc̄
Dt

+ v′x
∂c′

∂x
=

∂

∂x

(
D

∂ c̄
∂x

)
+

∂

∂x

(
D

∂c′

∂x

)
,

D

Dt
≡ ∂

∂ t
+ vx

∂

∂x
,

(19)

where the average of the last term on the right-hand side of Eq. (18)
vanishes due to the no-flux boundary condition ∂c/∂ z= 0 (⇒ ∂c′/∂ z=
0) at z = 0,h. In Eq. (19) and below, the double-underlined terms turn
out to be the dominant ones in the dispersion regime. Now, we sub-
tract Eq. (19) from Eq. (18) to obtain the governing equation for the
concentration fluctuations:

Dc′

Dt
+ v′x

∂ c̄
∂x

+ v′x
∂c′

∂x
− v′x

∂c′

∂x
=

∂

∂x

[
(D−D)

∂ c̄
∂x

]

+
∂

∂x

(
D

∂c′

∂x

)
+

∂

∂ z

(
D

∂c′

∂ z

)
− ∂

∂x

(
D

∂c′

∂x

)
. (20)

At this point, we invoke the asymptotic assumptions in the disper-
sion regime, namely that |c′| � c̄ once transverse diffusion has equili-
brated, i.e., for `/h� vxh/D0. Meanwhile, both vx and v′x are the same
order of magnitude because the velocity field is steady and given. Thus,
the scales for the various variables are

[c̄] = c0, [c′] = εc0, [vx] = [v′x] =U, [D] = D0,

[x] = `, [z] = h = ε`, (21)

where 0 < ε � 1, and the scaling for z is set by the assumption `/h�
vxh/D0, which implies that h� `[D0/(vxh)], where D0/(vxh) is the
inverse of the (dimensionless) Péclet number, which is assumed to be
O(1).

Now, to ensure that the dispersion problem is nontrivial, both the
material derivative and the fluctuation term on the left-hand side of
Eq. (19) should be retained, which sets the timescale to be [t] = `/(εU),
i.e., we are considering the “long time” behavior as posited by Taylor
[2]. Then, upon dividing both sides of Eq. (19) by εc0U/` and defining
Uh/D0 = O(1) as the Péclet number, it is evident that the first term on
the right-hand side of Eq. (19) (underlined) is O(1), while the second
term is O(ε). Thus, in the dispersion regime, the evolution equation
(19) of the depth-averaged concentration reduces to Eq. (2).

Turning to the left-hand side of Eq. (20), we first divide both sides
by c0U/`. Then, it is clear only the second term on the left-hand side
(underlined) is O(1), while all other terms are O(ε) or smaller. Mean-
while, on the right-hand side of Eq. (20), again defining Uh/D0 =
O(1) as the Péclet number, only the second-to-last term (underlined) is
O(1), while all other terms are O(ε) or smaller. Thus, in the dispersion
regime, the evolution equation (20) of the concentration fluctuations
reduces to Eq. (3).

Finally, we note that Eq. (2) and (3) can also be derived formally
by perturbation techniques such as the method of multiple time scales
[42,43] with the aspect ratio ε ≡ h/` as the small parameter.
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