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Abstract This paper introduces the Global Mixed-Integer Quadratic Optimizer, GloMIQO,
a numerical solver addressing mixed-integer quadratically-constrained quadratic programs
(MIQCQP) to ε-global optimality. The algorithmic components are presented for: refor-
mulating user input, detecting special structure including convexity and edge-concavity,
generating tight convex relaxations, partitioning the search space, bounding the variables,
and finding good feasible solutions. To demonstrate the capacity of GloMIQO, we exten-
sively tested its performance on a test suite of 399 problems of diverse size and structure.
The test cases are taken from process networks applications, computational geometry prob-
lems, GLOBALLib, MINLPLib, and the Bonmin test set. We compare the performance of
GloMIQO with respect to four state-of-the-art global optimization solvers: BARON 10.1.2,
Couenne 0.4, LindoGLOBAL 6.1.1.588, and SCIP 2.1.0.

Keywords Mixed-Integer Quadratically-Constrained Quadratic Programs · Numerical
Optimization Software ·Mathematical Programming Reformulations · Branch-and-Bound
Global Optimization

1 Introduction and Problem Definition

The Global Mixed-Integer Quadratic Optimizer, GloMIQO, considers Mixed-Integer Quadrat-
ically-Constrained Quadratic Programs (MIQCQP) of the form:

min xT ·Q0 · x+a0 · x+ c0 · y
s.t. bLO

m ≤ xT ·Qm · x+am · x+ cm · y≤ bUP
m ∀ m ∈ {1, . . . , M}

x ∈ RC

y ∈ {0, 1}B

(MIQCQP)

where C, B, and M represent the number of continuous variables, binary variables, and
constraints, respectively. We assume that it is possible to infer finite bounds

[
xL

i , xU
i
]

on
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the variables participating in nonlinear terms, that matrices Qm ∀m ∈ {0, . . . , M} are upper
triangular, and that the continuous component may be nonconvex . In practical applications,
GloMIQO will equivalently reformulate quadratic matrices Qm into upper triangular form.
We alternately denote quadratic products as:

xT ·Qm · x =
C

∑
i=0

C

∑
j=i

Qm, i, j · xi · x j ∀ m ∈ {0, . . . , M}

Major applications of MIQCQP include quality blending in process networks, separating
objects in computational geometry, and portfolio optimization in finance. Specific instanti-
ations of MIQCQP in process networks optimization problems include: pooling problems
[5, 12, 20, 28, 53, 65, 66, 67, 79, 93, 97, 98, 100, 101, 107, 137, 139], distillation sequences
[8, 54, 58], wastewater treatment and total water systems [9, 13, 22, 29, 50, 62, 71, 73,
108, 109], hybrid energy systems [23, 24, 49], heat exchanger networks [39, 56], reactor-
separator-recycle systems [75, 76], separation systems [119], data reconciliation [115], batch
processes [86], crude oil scheduling [78, 80, 81, 104, 103], and natural gas production
[82, 83]. Computational geometry problems formulated as MIQCQP include: point pack-
ing [16, 40], cutting convex shapes from rectangles [72, 110], maximizing the area of a
convex polygon [19, 21], and chip layout and compaction [46]. Portfolio optimization in
financial engineering can also be formulated as MIQCQP [90, 112].

Given the applicability of MIQCQP to a wide array of interesting problem classes, we
have developed GloMIQO as a numerical software tool addressing MIQCQP to ε-global op-
timality. GloMIQO falls broadly into the category of branch-and-bound global optimization
because it [6, 7, 27, 51, 52, 55, 57, 60, 125, 133]: generates and solves convex relaxations
of the nonconvex MIQCQP that rigorously guarantee lower bounds on the global solution,
finds feasible solutions via local optimization to bound the global solution from above, and
divides and conquers the feasible set to generate a sequence of convex relaxations converg-
ing to the global optimum.

More specifically, GloMIQO represents an effort to carefully elucidate and exploit any
special structure within user-defined MIQCQP. By responding dynamically to a wide range
of structural components within MIQCQP, GloMIQO globally optimizes diverse test cases
of vastly different problem size and structure. We demonstrate the capacity of GloMIQO us-
ing process networks applications, computational geometry problems, GLOBALLib, MINLP-
Lib, and the Bonmin [32] test set.

To introduce GloMIQO, we begin in Section 2 by reviewing prior MIQCQP contribu-
tions relevant to our work. Section 3 discusses the algorithmic choices integrated into the
implementation of GloMIQO. After outlining the test set and describing the computational
results in Section 4, we conclude in Section 5. Tables of results are in an Online Resource.

2 Literature Review

As a numerical solver addressing MIQCQP to ε-global optimality, GloMIQO falls broadly
into the class of MINLP solver software. We refer the reader to the reviews of Floudas and
co-workers [55, 60] for background on the state-of-the-art in global optimization, to the
recent review of Bussieck and Vigerske [36] for detailed descriptions of generic MINLP
solver software, and to an array of excellent texts [51, 52, 68, 105, 125, 133]. Hereafter, we
narrow our focus to the contributions most relevant to this paper.

The development of several numerical code bases are relevant to GloMIQO. We list the
implementations and mention the algorithmic components most relevant to our own work:

– αBB [6, 7, 15, 52, 89]
The primary contribution of the αBB code base is the implementation of a method de-
termining univariate quadratic perturbations that convexify twice-continuously differen-
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tiable functions. This quadratic perturbation technique is integrated into a branch-and-
bound algorithm addressing MINLP to ε-global optimality. Although αBB addresses
the broader class of MINLP, it has specialized routines to handle MIQCQP via the con-
vex envelopes of bilinear terms [11, 91].

– BARON [26, 133, 134, 135]
Like αBB, the BARON code base addresses general MINLP to ε-global optimality but
specializes its approach for MIQCQP. In addition to relaxing bilinear terms using the
convex hull, the BARON preprocessing routines detect connected multivariable terms
within quadratic equations [26].

– Branch-and-cut for QCQP [18, 19, 20, 21]
Audet et al. [18] discuss their implementation of a branch-and-cut global optimization
algorithm for QCQP which made contributions to generating cutting planes and bound-
updating strategies.

– Couenne [27, 88]
Like αBB and BARON, Couenne addresses generic MINLP to ε-global optimality and
relaxes bilinear terms using the convex hull. There are several novel branching strategies
within Couenne [27].

– GloptLAB [42, 43, 44, 45]
GloptLAB is a Matlab-based framework for solving quadratic constraint satisfaction
problems [42]. The GloptLAB bounding and scaling strategies are particularly interest-
ing [43, 44, 45].

– LindoGLOBAL [63, 87]
Like αBB, BARON, and Couenne, LindoGLOBAL addresses generic MINLP to global
optimality with specific routines for quadratic components.

– SCIP [1, 3, 30, 31]
SCIP was originally developed as an mixed-integer programming (MIP) solver, but
was recently extended to MIQCQP [30, 31]. SCIP recognizes several special structure
components within MIQCQP including convexity and second-order cone constraints
[30, 31]. SCIP offers the most interesting comparison to GloMIQO because it helps
clarify the trade-offs associated with our constituent algorithmic components.

The remainder of this literature review discusses advances in formulating MIQCQP,
elucidating special structure including convexity and edge-concavity, generating tight con-
vex relaxations, partitioning the search space, bounding the variables, and finding feasible
solutions. We focus on the contributions most relevant to GloMIQO.

Automatic reformulations, while common in MIP solver software, are relatively rare
in MIQCQP solver software [36]. GloMIQO represents a major effort to elucidate special
structure within MIQCQP via reformulations, but we can only review MIQCQP formulation
strategies that are external to any solver; GloMIQO is on the leading edge of integrating
reformulation techniques that can be implemented generically and applied universally.

The Reformulation-Linearization Technique (RLT) of Sherali and co-workers [84, 85,
125, 126, 127, 128] considers variable/variable, variable/equation, and equation/equation
products that may lift the convex relaxation of MIQCQP. These products are additionally
useful in the context of variable bounding [18, 127, 128]. Because there may be many pos-
sible RLT equations in MIQCQP, multiple filtering techniques exist to automatically reduce
the size of the RLT representation [124, 127, 128]. However, it is difficult to a priori deter-
mine which RLT cuts will be the most advantageous for a specific problem class, so there is
documentation on the relative advantage of specific RLT cuts for individual problem classes
[4, 16, 70, 74, 109, 115, 133].

Two recommended MIQCQP formulation strategies include disaggregating bilinear terms
[85, 133] and adding redundant linear constraints to the model formulation [9, 73, 116]. The
GloMIQO reformulation uses the observation that disaggregating bilinear terms tightens
the relaxation of MIQCQP and actively takes advantage of any redundant linear constraints
added to the model.
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It is standard to use termwise convex/concave envelopes [11, 91] to relax MIQCQP, but
many tighter relaxations have been developed based on: polyhedral facets of edge-concave
multivariable term aggregations [17, 26, 34, 94, 95, 96, 99, 111, 130, 131, 132], eigenvector
projections [38, 106, 113, 122], piecewise-linear underestimators [29, 65, 66, 73, 93, 98, 99,
100, 101, 107, 119, 139], outer approximation of convex terms [32, 48, 47], and semidefinite
programming (SDP) relaxations [16, 25, 35, 122, 121]. GloMIQO incorporates several of
these advanced relaxations.

Interesting branching strategies suitable for MIQCQP include simple heuristic strategies
for determining the variable with the greatest associated error [6, 7, 18], strong branching
[2], violation transfer [133, 134], and reliability branching [2, 27]. GloMIQO uses reliability
branching, a technique that integrates strong branching with a pseudocost heuristic to predict
the best branching variable [2, 27].

Variable bounding algorithms relevant to this work include: interval arithmetic bounds
tightening [6, 7, 15, 18, 27, 127, 128], optimality-based bounds tightening [89, 133], reduced
cost bounds tightening [117, 118], and quadratic equation constraint satisfaction [44, 45, 77].

Finally, any branch-and-bound global optimization algorithm needs subroutines for find-
ing feasible solutions. A common strategy is to initialize a local NLP solver at the node
relaxation solution [6, 7, 27].

3 Implementing the Global Mixed-Integer Quadratic Optimizer (GloMIQO)

Fig. 1: Given a user-defined MIQCQP, GloMIQO reformulates the model, detects special
structure in the reformulated MIQCQP, solves the optimization problem, and returns the
model to the user with respect to the original problem variables

This section discusses the algorithmic components illustrated in Figure 1 that are in-
tegrated into the C++ implementation of the Global Mixed-Integer Quadratic Optimizer
(GloMIQO). The major entry into the code is a C++ callable library that accepts vectors of
continuous variables x ∈RC with any associated bounds

[
xL

i , xU
i
]

for i ∈ {1, . . . , C}, vectors
of binary variables y ∈ {0, 1}B, and equations m ∈ {1, . . . , M} of the form:

bLO
m ≤ xT ·Qm · x+am · x+ cm · y≤ bUP

m

where bLO
m , bUP

m ∈ R, Qm ∈ RC×C, am ∈ RC, bm ∈ RB. There are also functions to manage
the parameter choices and algorithmic options discussed in Sections 3.1 – 3.6.

GloMIQO requires third-party software for solving: linear systems of equations, mixed-
integer linear programs (MILP), and nonlinear programs (NLP – local solver). The C++
GloMIQO interface can itself be built as a library and interfaced with generic modeling
software.
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The following sections describe the major algorithmic components of: reformulating
user input (§3.1), detecting special structure including convexity and edge-concavity (§3.2),
generating tight convex relaxations (§3.3), partitioning the search space through variable
branching (§3.4), reducing the search space through variable bounding (§3.5), and finding
good feasible solutions (§3.6).

3.1 Reformulating User Input

GloMIQO begins by transforming the optimization problem via variable elimination (§3.1.1)
and bilinear term disaggregation (§3.1.2). The goal of these reformulations is to uncover
special structure that will be detected using the strategies discussed in Section 3.2 and sub-
sequently exploited for generating tight relaxations (§3.3) and enhancing variable bounding
(§3.5).

(a) Original User Model

(b) Variable Elimination (c) Disaggregation

Fig. 2: (a) Process networks problems are typically defined as a series of modular units.
(b) The GloMIQO variable elimination steps transform the user model. (c) The subsequent
bilinear term disaggregation further reformulates the model. The entire process is seamless
and unseen by the user; GloMIQO reverses all transformations after solving the problem
and reports results with respect to the original user model in (a).

While the transformation steps described in Sections 3.1.1 & 3.1.2 are implemented
generically and applied universally, the reformulations are specifically targeted at enhancing
the performance of GloMIQO on process networks problems. As illustrated in Figure 2,
GloMIQO effectively transforms modular process networks problems (e.g., [9, 10, 62, 73,
114]) into generalized pooling problems (e.g., [93, 97, 98, 101]) because our computational
experience is that pooling problems are easier to address to global optimality than models
formulated with many process units that have a single inlet and a single outlet.

For example, in the integrated water networks design problem of Ahmetović and Gross-
mann [9, 10], the mixers, treatment units, and splitters are effectively modeled as illustrated
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in Figure 2(a):

Mixer

{
∑i FM, i = F IN

T

∑i xM, i, j ·FM, i = xIN
T, j ·F IN

T ∀ j ∈ {1, . . . , J}

Treatment

{
F IN

T = FOUT
T

xIN
T, j = βT, j · xOUT

T, j ∀ j ∈ {1, . . . , J}

Splitter

{
FOUT

T = ∑i FS, i

xOUT
T, j = xT, i, j ∀ i ∈ {1, . . . , I}; j ∈ {1, . . . , J}

where the x and F variables represent concentrations and flowrates, the i and j indices
represent individual flowrates and monitored quality components, and the parameter βT, j
represents the removal of undesired quality j.

Repeated application of variable elimination Step 1 in Section 3.1.1 transforms the orig-
inal model of Ahmetović and Grossmann [9, 10] to a formulation equivalent to Figure 2(b).
The disaggregation strategies described in Section 3.1.2 then reformulate the problem to
Figure 2(c). This process is seamless and unseen by the user; GloMIQO reverses all trans-
formations after solving the problem and reports results with respect to the variables and
constraints in the original user model. Observe that the positive results in Table 6 and Tables
S4 and S5 in the Online Resource are highly dependent on these reformulations.

3.1.1 Eliminating Variables

After appropriately re-labeling any fixed variables as parameters, GloMIQO performs four
variable elimination steps:

1. For linear equality constraints with continuous variables xi,x j and coefficient parameters
ai,a j ∈ R:

ai · xi +a j · x j = b

GloMIQO eliminates xi from the optimization problem by substituting b−a j ·x j
ai

for every
instantiation of variable xi and, if variable xi had finite bounds, adding a constraint xLO

i ≤
b−a j ·x j

ai
≤ xUP

i .
2. For linear equality constraints with two binary variables yi,y j and coefficient parameters

ci,c j ∈ R:
ci · yi + c j · y j = b

GloMIQO eliminates yi from the optimization problem by substituting b−c j ·y j
ci

for every

instantiation of variable yi and adding a constraint yLO
i ≤

b−c j ·y j
ci
≤ yUP

i .
3. For linear equality constraints with continuous variable xi that participates linearly in

MIQCQP, binary variable y j and coefficient parameters ai,c j ∈ R:

ai · xi + c j · y j = b

GloMIQO eliminates xi from the optimization problem by substituting b−c j ·y j
ai

for every
instantiation of variable xi and, if variable xi had finite bounds, adding a constraint xLO

i ≤
b−c j ·y j

ai
≤ xUP

i .
4. For equality constraints with bilinear or quadratic term xi ·x j, continuous variable xk that

participates linearly in MIQCQP, and coefficient parameters qi j,ak ∈ R:

qi j · xi · x j +ak · xk = b

GloMIQO eliminates xk from the optimization problem by substituting b−qi j ·xi·x j
ak

for
every instantiation of variable xk, if variable xk had finite bounds, and adding a constraint
xLO

k ≤
b−qi j ·xi·x j

ak
≤ xUP

k .
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As in Figure 2(b), the specific example of Ahmetović and Grossmann [9] becomes:

Mixer

{
∑i FM, i = F IN

T

∑i, j xM, i, j ·FM, i = βT, j · xOUT
T, j ·F IN

T ∀ j ∈ {1, . . . , J}
Splitter

{
F IN

T = ∑i FS, i

Every instantiation of FOUT
T and xT, i, j elsewhere in the model is also replaced with F IN

T and
xOUT

T, j , respectively.

3.1.2 Disaggregating Bilinear Terms

GloMIQO performs two reformulation steps that are designed to disaggregate bilinear terms.
These disaggregation steps may significantly increase the number of nonlinear terms in the
model but may also tighten the linear relaxation of MIQCQP [85, 133]:

1. For linear equality constraints with one continuous variable xi that participates nonlin-
early elsewhere in the MIQCQP optimization problem and J continuous variables x j
that exclusively participate linearly in MIQCQP:

ai · xi +
J

∑
j=1

a j · x j = b

GloMIQO eliminates xi from the optimization problem by substituting
b−∑

J
j=1 a j ·x j

ai
for

every instantiation of variable xi and, if variable xi had finite bounds, adding a constraint

xLO
i ≤

b−∑
J
j=1 a j ·x j

ai
≤ xUP

i .
2. For linear equality constraints with I continuous variables xi that are bounded by 0 (i.e.,

xLO
i ≥ 0 ∀ i ∈ {1, . . . , I}):

I

∑
i=1

ai · xi = b

and have coefficient parameters ai with:

a1 > 0 and ai < 0 ∀ i ∈ {2, . . . , I}

or, symmetrically:
a1 < 0 and ai > 0 ∀ i ∈ {2, . . . , I}

GloMIQO eliminates x1 from the optimization problem by substituting b−∑
I
i=2 ai·xi
a1

for
every instantiation of variable x1 and, if variable x1 had finite bounds, adding a constraint

xLO
1 ≤

b−∑
I
i=2 ai·xi
a1

≤ xUP
1 .

Continuing with the example of Ahmetović and Grossmann [9], the first mixer equation
fails the first disaggregation check because F IN

T and FM, i ∀i participate nonlinearly after
applying the steps discussed in Section 3.1.1. But the first mixer equation passes the second
disaggregation test and becomes the model in Figure 2(c):

Pool

{
∑i, j xM, i, j ·FM, i = ∑i βT, j · xOUT

T, j ·FM, i ∀ j ∈ {1, . . . , J}
∑i FM, i = ∑i FS, i

Other occurrences of F IN
T are also replaced with ∑i FM, i. GloMIQO automatically multiplies

linear expressions together, so expressions like βT, j · xOUT
T, j ·∑i FM, i become ∑i βT, j · xOUT

T, j ·
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FM, i. There are many alternative ways to consider disaggregating bilinear terms; the current
GloMIQO detection strategies are designed to target a specific collection of test problems
and are inline with our observations that splitter and mixer models are often written in a
functional form identified by Steps 1 or 2 [9, 10, 62, 73, 114]. These disaggregation steps
may tighten the linear relaxation of MIQCQP [85, 133] and are quite important for the
equation factoring bounding technique discussed in Section 3.5.1.

3.2 Elucidating Special Structure

After transforming the user input model, GloMIQO searches for special structure in the re-
formulated MIQCQP. GloMIQO detects: (a) Reformulation-Linearization Technique (RLT)
equations that do not add any additional nonlinear terms to MIQCQP (§3.2.1) and (b) spe-
cial structure in separable multivariable terms (§3.2.2). The special structure detected by
this preprocessing phase is used to generate tight relaxations (§3.3) and enhance variable
bounding (§3.5).

3.2.1 Generating Reformulation-Linearization Technique Equations

To generate RLT equations, GloMIQO considers equation/variable and equation/equation
products [84, 85, 125, 126, 127, 128].

Equality Equation/Variable: GloMIQO considers every product of variable xi that par-
ticipates nonlinearly in MIQCQP with linear equality equation m containing only continuous
variables (i.e., m such that Qm = 0; cm = 0; bLO

m = bUP
m = bm):(

∑
j

am, j · x j−bm

)
· xi = ∑

j
am, j · x j · xi−bm · xi = 0 (1)

If Equation (1) does not increase the number of nonlinear terms in MIQCQP and is not
already present in the model formulation, GloMIQO adds it directly to the model. GloMIQO
immediately adds Equation (1) to the model because this cut has been demonstrated to be
exceptionally deep in the context of problems as diverse as quadratic assignment [4], pooling
[109, 133], de novo protein design [74], and scheduling batch processes [70]. Although
GloMIQO does not use RLT constraints to eliminate bilinear terms, directly adding Equation
(1) to the model formulation is similar to integrating a subset of the Liberti and Pantelides
[85] reduction constraints into the model formulation. Observe that the superior performance
of GloMIQO on ex5 2 5 from GLOBALLib [59, 92, 121] is a direct result of detecting and
integrating this cut (see Table 5 and Tables S14 & S15 in the Online Resource).

Inequality Equation/Variable: GloMIQO considers the product of variable xi that par-
ticipates nonlinearly in MIQCQP with linear equation m containing only continuous vari-
ables (i.e., Qm = 0; cm = 0). For inequality constraint m, GloMIQO considers four products:(

am · x−bUP
m
)
·
(
xi− xLO

i
)
≤ 0 (2)(

am · x−bUP
m
)
·
(
xUP

i − xi
)
≤ 0 (3)(

bLO
m −am · x

)
·
(
xi− xLO

i
)
≤ 0 (4)(

bLO
m −am · x

)
·
(
xUP

i − xi
)
≤ 0 (5)

If Equations (2) – (5) do not increase the number of nonlinear terms in MIQCQP, they are
stored as possible RLT equations that may be useful for generating cuts (§3.3) and improving
variable bounding (§3.5). At each node of the branch-and-bound tree, Equations (2) – (5)
are updated with current bounds xLO

i and xUP
i .
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Equation/Equation: GloMIQO considers products of two linear equations m, n that
contain exclusively continuous variables (i.e., Qm = Qn = 0 and cm = cn = 0):

−1 ·
(
am · x−bUP

m
)
·
(
an · x−bUP

n
)
≤ 0 (6)(

am · x−bUP
m
)
·
(
an · x−bLO

n
)
≤ 0 (7)(

am · x−bLO
m
)
·
(
an · x−bUP

n
)
≤ 0 (8)

−1 ·
(
am · x−bLO

m
)
·
(
an · x−bLO

n
)
≤ 0 (9)

If Equations (6) – (9) do not increase the number of nonlinear terms in MIQCQP, they are
stored as possible RLT equations that may be useful for generating cuts (§3.3) and improv-
ing variable bounding (§3.5). Observe that, for equation/equation pairs with one equality
constraint (e.g., bLO

m = bUP
m ), there will be at most two equation/equation products and, for

equation/equation pairs with two equality constraints (i.e., bLO
m = bUP

m and bLO
n = bUP

n ), there
will be only one equation/equation product.

A large body of literature documents the relative advantage of specific RLT cuts for indi-
vidual problem classes [4, 16, 70, 74, 109, 115, 133]. The RLT generation steps in GloMIQO
use the experience of these papers (e.g., the general consensus that Equation (1) represents
a deep cut), but eliminates any need for a modeler to explicitly specify Equations (1) – (9).
The RLT equations are now inferred automatically by the preprocessor, updated when vari-
able bounds change, and used appropriately in the context of the branch-and-bound tree.
The GloMIQO implementation therefore favors adding linear constraints to the model for-
mulation because any redundant linear equations specified in the user-defined model allow
GloMIQO to (as contextually appropriate) eliminate variables, disaggregate bilinear terms,
and generate more RLT equations.

As a final observation with respect to generating RLT equations, notice that a modeler
will significantly improve the performance of GloMIQO by writing linear constraints that
can be multiplied together without increasing the number of nonlinear terms. As described
by Liberti and Pantelides [85], augmenting the model formulation with additional bilinear
terms may allow RLT detection routines to generate additional sharp cuts, but the current
version of GloMIQO does not use this strategy. For example, the symmetry between two dis-
tinct but otherwise identical points in R2 with centers (xi, yi) and (x j, y j) that are separated
by a distance θ :

−(xi− x j)
2− (yi− y j)

2 ≤−θ

can be broken by horizontal ordering inequalities as discussed by Anstreicher [16] and Costa
et al. [40]:

xi ≤ x j (10)

or by diagonal ordering inequalities as implemented by Kallrath [72]:

xi +5 · yi ≤ x j +5 · y j (11)

Alternatively adding the symmetry breaking constraints (10) or (11) will identically improve
the performance of branch-and-bound algorithms that do not automatically generate RLT
equations, but the GloMIQO implementation strongly prefers symmetry breaking of the
form in Equation (10) over that of Equation (11) because Equation (10) can be multiplied
by itself, variable xi, and variable x j without introducing any new nonlinear terms into the
model formulation. Users applying the diagonal ordering inequalities in Equation (11) will
only improve the performance of GloMIQO insofar as they will improve any branch-and-
bound algorithm.
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(a) Undirected Graph Representation (b) Separable Multivariable Terms

(c) Low-Dimension Edge-Concave Aggrega-
tions

Fig. 3: (a) Each nonlinear equation m is represented as an undirected graph with nodes
representing variables and edges representing nonzero coefficients Qm, i, j. (b) The equation
is divided into separable multivariable terms by detecting disjoint vertex sets. (c) Because the
separable multivariable terms are sum decomposable, all high-order cuts and every bounding
strategy operates on a specific multivariable term. For example, the three-dimensional edge-
concave aggregations are detected as illustrated in red.

3.2.2 Detecting Special Structure in Multivariable Terms: Edge-Concavity, Eigenvectors,
and Convexity

After reformulating the input model and inferring any auxiliary equations, GloMIQO gener-
ates an undirected graph representation of each individual nonlinear equation m as depicted
in Figure 3(a). The nodes of the graph are variables participating in the equation and the
edges represent non-zero coefficients Qm, i, j. GloMIQO then proceeds, as illustrated in Fig-
ure 3(b), to partition the equation into separable multivariable terms (i.e., divide each undi-
rected graph into disjoint vertex sets). The GloMIQO implementation is centrally focused
around these separable multivariable terms because every equation is ultimately represented
as a vector of unassociated multivariable terms. Every high-dimension cut and each bound-
ing operation is based on the separable multivariable terms.

To understand the multivariable term data structure, consider the three-hump camelback
function indexed by GLOBALLib [59, 92] as problem ex8 1 4 and reformulated by Saxena
et al. [121]:

min 12 · x2
1−6 · x1 · x2 +6 · x2

2−6.3 · x2
3 + x2

4
s.t. −x1 · x1 + x3 = 0
−x3 · x1 + x4 = 0
x1 · x4− x3 · x3 = 0
x ∈ RC

(ex8 1 4)

None of the preprocessing steps discussed in Sections 3.1 or 3.2.1 affect ex8 1 4, so it
will proceed without modification into the module that partitions equations into separable
multivariable terms. There, the objective function is divided into three multivariable terms:

12 · x2
1−6 · x1 · x2 +6 · x2

2︸ ︷︷ ︸
MT 1

+−6.3 · x2
3︸ ︷︷ ︸

MT 2

+ x2
4︸︷︷︸

MT 3

The first two constraints have one multivariable term each (−x1 · x1 and −x3 · x1, respec-
tively). The third constraint has two separable multivariable terms (x1 · x4 and −x3 · x3).
Linear components that are connected to existing multivariable terms are added to that term
(i.e., if the objective in ex8 1 4 had a linear term 5 · x1, it would be added to MT 1), but
stand-alone linear components do not comprise their own multivariable term.
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Because separable functions are sum decomposable, the convex envelope of a sum of
separable functions coincides with the sum of the convex envelopes of the separable func-
tions [96, 99, 130, 131, 132]. In other words, finding the convex envelope of the equation
represented by Figure 3(a) is equivalent to finding the convex envelopes of the four sepa-
rable multivariable terms in Figure 3(b). Therefore, after generating the undirected graph
representation and partitioning the graph into disjoint vertex sets, GloMIQO detects special
structure on the individual multivariable terms.

GloMIQO uncovers the following special structure formations:

– Convexity: GloMIQO computes the eigenvalues of each separable multivariable term
to determine convexity/concavity. If a multivariable term is convex and its equation m
has a finite upper bound bUP

m or (symmetrically) is a concave term in an equation m
with a finite lower bound bLO

m , GloMIQO will consider outer approximation separation
cuts for that multivariable term (§3.3.5) and, in the context of feasibility-based bounds
tightening (FBBT), enforce bounds on that multivariable term in accordance with the
stationary point of the multivariable term (§3.5.1).
Observe that this convexity detection technique is similar to the one used by SCIP 2.1.0
[2, 3, 30, 31] except that GloMIQO detects convex multivariable terms rather than con-
vex equations because a nonconvex equation may include one or more convex multi-
variable terms.

– Eigenvectors: When generating the eigenvalues of a separable multivariable term, Glo-
MIQO additionally preserves the associated eigenvectors for use in the eigenvector pro-
jections (§3.3.3).

– Low-Dimensional Edge-Concave Aggregations: As discussed in our previous work
[99], GloMIQO detects low-dimensional edge-concave aggregations for the purpose of
generating dominant cuts (§3.3.2) and reducing variable bounds (§3.5.1).

After GloMIQO has reformulated the problem, identified all possible RLT cuts, and detected
special structure in the separable multivariable terms, the preprocessing is complete and a
branch-and-bound tree is initialized. The remaining functionality of GloMIQO, described in
Sections 3.3 – 3.6, may apply to multiple nodes of the branch-and-bound tree.

3.3 Generating Tight Convex Relaxations

GloMIQO generates tight MILP relaxations of MIQCQP using: termwise McCormick hulls
(§3.3.1), low-dimensional edge-concave relaxations (§3.3.2), eigenvector projections (§3.3.3),
piecewise-linear underestimators (§3.3.4), outer approximation cuts for convex multivari-
able terms (§3.3.5), and adaptive RLT (§3.3.6).

The overarching strategy generates an MILP relaxation of MIQCQP by replacing each
nonconvex term (xi · x j) in MIQCQP with an auxiliary variable (wxx

i, j) [91]. The relaxations
in Sections 3.3.1 – 3.3.6 represent linear cuts which tighten the relaxation.

Observe that the GloMIQO strategy of generating MILP rather than LP relaxations of
MIQCQP is also discussed by Smith and Pantelides [129] and used by the global optimiza-
tion solver Couenne [27]; Couenne calls Bonmin [32] or SCIP [2, 3, 30, 31] to address
MILP subproblems. The major difference is that GloMIQO employs many more advanced
cuts than Couenne (§3.3.2 – 3.3.6).

3.3.1 Termwise McCormick Envelopes

Following the work of McCormick [91] and Al-Khayyal and Falk [11], each auxiliary vari-
able wxx

i, j representing nonlinear term xi · x j is constrained according to its convex hull:

wxx
i, j ≥max

{
xi · xL

j + xL
i · x j− xL

i · xL
j ; xi · xU

j + xU
i · x j− xU

i · xU
j
}

(12)
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wxx
i, j ≤min

{
xi · xU

j + xL
i · x j− xL

i · xU
j ; xi · xL

j + xU
i · x j− xU

i · xL
j
}

(13)

Equations (12) – (13) are used at every node of the branch-and-bound tree where the bounds
on both xi and x j are finite (i.e., neither unbounded nor within a predefined εBOX > 0).

3.3.2 Low-Dimensional Edge-Concave Relaxations

Our recent work analyzed the conditions under which low-dimensional edge-concave func-
tions introduce dominant cuts into the MILP relaxation of MIQCQP [99]. Given the func-
tion:

f (xi, x j, xk) = qi, i · xi · xi+qi, j · xi · x j +qi,k · xi · xk +ai · xi+

q j, j · x j · x j +q j,k · x j · xk +a j · x j+

qk,k · xk · xk +ak · xk

(EC-AGG)

where qi, i, q j, j, qk,k are non-positive scalars, we used results of Tardella [130, 131, 132] and
Meyer and Floudas [96] to generate the convex hull of (EC-AGG) and elucidate the facets
of (EC-AGG) that strictly dominate the termwise relaxation of MIQCQP.

As described in our earlier work [99], the GloMIQO preprocessing detects low-dimen-
sional edge-concave aggregations that may lead to dominant cuts in the MILP relaxation.
Then, at every node of the branch-and-bound tree, GloMIQO updates the facets of (EC-
AGG) and compares them with the termwise relaxation of (EC-AGG). Dominant facets are
automatically included in the MILP relaxation.

3.3.3 Eigenvector Projections

Eigenvector projections are a common relaxation strategy for nonconvex quadratic program-
ming problems [38, 106, 113] that also have been used for underestimating MIQCQP [122].
The major difference between the seminal strategy proposed first by Rosen and Pardalos
[113] and the more recent effort of Saxena et al. [122] is that Saxena et al. [122] do not
transform the variables participating in connected, nonconvex quadratic terms into separa-
ble terms but rather augment the relaxation of each quadratic expression:

xT ·Qm · x+am · x+ cm · y≤ bm ∀ m ∈ {1, . . . , M}

with a convex relaxation of the N eigenvalues λm,n and corresponding eigenvectors νm,n of
Qm:

N

∑
n=1

λm,n
(
ν

T
m,nx

)2 +am · x+ cm · y≤ bm ∀ m ∈ {1, . . . , M}

The Saxena et al. [122] treatment is suited for MIQCQP because nonlinearities may appear
in multiple equations within MIQCQP and variable transformation is therefore undesirable.
The GloMIQO approach is similar to that of Saxena et al. [122] except that:

– As described in Section 3.2.2, GloMIQO segments each quadratic matrix xT ·Qm ·x into
separable, multivariable terms before finding the eigenvectors and eigenvalues of each
separable multivariable term.

– We only augment the MILP relaxation of MIQCQP with eigenvector projections of mul-
tivariable terms that are not sum decomposable as defined by Tardella [130, 131, 132]
and Meyer and Floudas [96]. Differently stated, we only integrate the eigenvector pro-
jection relaxation for multivariable terms where the convex envelope of the aggregate
term may be different than the sum of the individual McCormick relaxations.
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3.3.4 Piecewise-Linear Underestimators

Our previous work integrated piecewise-linear underestimators into the global optimization
branch-and-bound tree based on computational experimentation determining the best for-
mulations for these underestimators [29, 65, 66, 73, 93, 98, 99, 100, 101, 107, 119, 139].
After extensive testing on process networks and point packing problems [99], we suggested
that using the piecewise-linear relaxation scheme increases the probability that MIQCQP
will solve to ε-global optimality within a given time limit.

However, for problems that can converge without the piecewise-linear underestimators,
the convergence is generally faster when they are excluded [99]. Therefore, the default in
GloMIQO is not to use the piecewise-linear relaxations. Because all of the results in Ap-
pendix A and the Online Resource represent exactly one choice of parameter settings (pa-
rameter values and algorithmic options are not changed between problems), none of the
computational experiments in this paper employ piecewise-linear cuts. Users are strongly
encouraged to experiment with activating the piecewise-linear options for models that do
not solve within a reasonable amount of time, and especially for large-scale process net-
work and pooling problems [99, 101].

3.3.5 Outer Approximation Cuts for Convex Terms

At each node of the branch-and-bound tree, after solving an MILP relaxation of MIQCQP,
GloMIQO queries the violation of any quadratic term x2

i and convex multivariable terms that
were identified in preprocessing (§3.2.2) by evaluating the terms at the relaxation solution
x̂, ŵxx with respect to some predefined violation parameter εV > 0. For any quadratic terms
violating the convex hull of x2

i by at least εV > 0:

ŵxx
i, i ≤ x̂2

i − εV

GloMIQO adds a cut:

wxx
i, i−2 · x̂i · xi + x̂i · x̂i ≥ 0

For any convex multivariable terms
C
∑

i=0

C
∑
j=i

Qi, j · xi · x j violating their convex hull by at least

εV > 0:

C

∑
i=0

C

∑
j=i

Qi, j · ŵxx
i, j ≤

C

∑
j=i

Qi, j · x̂i · x̂ j− εV

GloMIQO adds a cut:

C

∑
i=0

C

∑
j=i

Qi, j ·wxx
i, j−

C

∑
i=0

C

∑
j=i

Qi, j · xi · x̂ j +
C

∑
i=0

C

∑
j=i

Qi, j · x̂i · x̂ j ≥ 0

After adding the cutting planes and solving the revised MILP, GloMIQO again checks the
violation of quadratic terms and convex multivariable terms and adds more separation cuts
as necessary. Observe that this strategy is similar to one used by SCIP 2.1.0 [1, 3, 30, 31]
except that our cutting planes are defined with respect to multivariable terms rather than
entire equations; see in supplementary Tables S18 and S19 in the Online Resource that both
GloMIQO and SCIP 2.1.0 do well on the Bonmin [32] test set as a result of these cuts.
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3.3.6 Adaptive Reformulation-Linearization Technique (RLT)

As described in Section 3.2.1, GloMIQO detects equation/variable and equation/equation
products that do not increase the number of nonlinear terms in the model formulation. Equal-
ity equation/variable products are added directly to the model formulation in preprocessing.
Inequality equation/variable and equation/equation products are considered in a dynamic,
on-the-fly implementation of the RLT methodology [125, 126, 127, 128]. For the first n lev-
els of the branch-and-bound tree (n defaults to 3 in the C++ implementation), GloMIQO
begins by solving the basic MILP relaxation of MIQCQP. After iteratively adding the outer
approximation cuts described in Section 3.3.5, GloMIQO queries the auxiliary RLT cuts and
adds the v most violated equations to the model formulation (v defaults to 100). The revised
MILP relaxation is then resolved.

GloMIQO tracks the RLT equations added at each node in the first n levels of the branch-
and-bound tree. After those first n levels, GloMIQO assumes that it has dynamically learned
the RLT cuts that will consistently tighten the MILP relaxation of MIQCQP. If an RLT
cut was added to at least half of the nodes in the first n levels of the branch-and-bound
tree, GloMIQO automatically integrates that equation into the MILP relaxation at every
remaining node in the branch-and-bound tree.

This adaptive implementation of RLT is deeply inspired by efforts to a priori determine
the best RLT cuts and the extensive computational testing that has been performed to eluci-
date good RLT cuts [4, 16, 70, 74, 85, 109, 125, 126, 124, 127, 128, 133]; see our discussion
in Section 3.2.1 on automatically adding an RLT cut with widely-regarded efficacy. How-
ever, GloMIQO moves away from statically determining the best RLT cuts by dynamically
learning cuts that are dominant in the model so as to avoid the extensive computational ex-
perience needed to decide which RLT cuts are most effective for a predetermined class of
problems. An additional advantage of this dynamic RLT implementation is that the inequal-
ity equation/variable products in Section 3.2.1 are appropriately updated at each node of the
branch-and-bound tree and cuts are based on the current variable bounds.

3.4 Partitioning the Search Space Through Variable Branching

(a) Strong Branching (b) Maximum Error
Branching

Fig. 4: Two complementary schemes for partitioning the search space are (a) strong branch-
ing and (b) maximum error branching

GloMIQO selects an appropriate branching variable via reliability branching, a technique
that integrates strong branching with a pseudocost heuristic to predict the best branching
variable [2, 27]. Figure 4 motivates the advantage of reliability branching by comparing the
two complementary strategies of strong and maximum error branching.
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Strong Branching tests several possible branching candidates before selecting the lo-
cally optimal variable for partitioning. The advantage of strong branching is that it often
explores relatively few nodes in the branch-and-bound tree; the disadvantage is that select-
ing variables for branching is computationally intensive [2].

Maximum Error Branching automatically selects the variable contributing to the great-
est discrepancy between the MILP relaxation and the nonlinear representation at the relax-
ation solution ŵxx; x̂ [6, 7, 18]:

argmax
i

∑
j

∣∣ŵxx
i, j− x̂i · x̂ j

∣∣ (14)

The advantage of maximum error branching is that an individual branching choice is com-
putationally efficient; the disadvantage is that the branch-and-bound tree may be large.

Reliability branching represents a complementary combination of strong and heuris-
tic branching [2]. GloMIQO defaults to the reliability parameter ηREL = 8 [2]. Although we
generally find the advantage of exploring fewer branch-and-bound tree nodes worth the com-
putational expense of generating reliable pseudocosts, GloMIQO will automatically reduce
the reliability parameter ηREL to bCPUMAX

C c where C is the number of continuous variables
in MIQCQP.

GloMIQO performs strong branching on the LP rather than MILP relaxation of MIQCQP
with maximum number of simplex iterations γITER = 1000. Although GloMIQO does not
enforce integrality of the binary variables during strong branching, it does include in the LP
relaxation any low-dimensional edge-concave and RLT cuts that were used to generate tight
relaxations in the parent node (§3.3). GloMIQO does not consider branching on discrete
variables because the relaxations of MIQCQP are addressed directly using a MILP solver.
Rather, binary variables are eliminated whenever possible through feasibility-based bounds
tightening (§3.5.1), optimality-based bounds tightening (§3.5.2), and reduced costs bounds
tightening (§3.5.3).

As in Equation (14), GloMIQO scales the pseudocosts with the infeasibility of a variable
(rb-inf in the analysis of Belotti et al. [27]) and continues to update the pseudocosts even
after they are deemed reliable. Alternative heuristics for variable selection (e.g., rb-int-br
and rb-int-br-rev [27]) are also available as algorithmic options in GloMIQO. When strong
branching identifies a branching choice resulting in an infeasible child node, GloMIQO au-
tomatically takes that branching step and eliminates the infeasible child. However, to prevent
the relative pseudocost values from diverging, GloMIQO will not update the pseudocosts or
increment the reliability parameter ηREL when it finds a branching step leading to an infea-
sible child.

To avoid variables with very narrow bounds relative to the other variables, GloMIQO
tempers pseudocost branching with the variant outlined in Algorithm 1. The primary issue
Algorithm 1 addresses is that the best variables for initial branching steps will have unfairly
large pseudocosts deep in the branch-and-bound tree because the improvement parameters
tend to be larger during the first few tree levels. Therefore, GloMIQO will only compare the
relative pseudocost values for variables that represent a currently reasonable branching step
(i.e., variables with relatively wide bounds and relaxation values towards the middle of their
domains).

After selecting an appropriate branching variable, GloMIQO branches at a convex com-
bination of the variable midpoint (default: λ = 0.25) and the solution to the MILP relaxation
(1−λ = 0.75) but require that the branching point be a minimum distance away from the
variable bounds (xL

i +α · (xU
i − xL

i )≤ xBRANCH
i ≤ xU

i −α · (xU
i − xL

i )); default: α = 0.10.

3.5 Reducing the Search Space Through Variable Bounding

After solving the MILP relaxation of each node, GloMIQO reduces the search space of
MIQCQP through extensive variable bounding. The following sections discuss interval arith-
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Algorithm 1 GloMIQO tempers pseudocost branching (which would branch on
argmaxi dPSC

i ) with the relative spacing between the relaxation solution x̂ and the variable
bounds xLO

i ; xUP
i

dGAP ← εSTART (default: 0.1)
iPSC
MAX ←−1

dPSC
MAX ← 0

while true do
for all i ∈ {1, . . . , C} do

if dPSC
i > dPSC

MAX and x̂i−xLO
i

xUP
i −xLO

i
> dGAP and xUP

i −x̂i

xUP
i −xLO

i
> dGAP and xUP

i − xLO
i > dGAP

then
dPSC

MAX ← dPSC
i

iPSC
MAX ← i

end if
end for

if dPSC
MAX > 0 then
break

else
dGAP← 1

2 ·dGAP
end if

end while

Branch on variable iPSC
MAX

metic bounds tightening (§3.5.1), optimality-based bounds tightening (§3.5.2), and reduced
cost bounds tightening (§3.5.3) in detail.

3.5.1 Interval Arithmetic Bounds Tightening

The most basic interval arithmetic strategy for bounds tightening is feasibility-based bounds
tightening (FBBT). For each equation:



bLO
m ≤

C
∑

i=0

C
∑
j=i

Qm, i, j · xi · x j +am · x +cm · y≤ bUP
mw� Replace nonlinear terms with auxiliary variables

bLO
m ≤

C
∑

i=0

C
∑
j=i

Qm, i, j ·wxx
i, j +am · x +cm · y≤ bUP

mw� Replace variables with intervals

bLO
m ≤

C
∑

i=0

C
∑
j=i

Qm, i, j ·
[
wxx

i, j, wxx
i, j

]
+am · [x, x] +cm ·

[
y, y
]
≤ bUP

mw�
Infer tighter variable bounds based on interval arithmetic

(FBBT)

FBBT is computationally inexpensive but may produce minimal bounds tightening. There-
fore, GloMIQO augments FBBT with the more advanced techniques. GloMIQO cycles
through the equations, inferring tighter variable values, until either the variable bounds fail
to fall by a preset factor (default: 0.999) or a limit on the number of allowable cycles through
the equations is reached (default: 50).

– Tracking Multivariable Term and Auxiliary Variable Bounds
When an interval arithmetic bounds tightening operation is first called at a given tree
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node, GloMIQO initializes bounds on all the multivariable terms wMT (§3.2.2) and aux-
iliary variables wxx. As the interval arithmetic subroutines cycle through the equations,
bounds on the multivariable terms

[
wMT , wMT

]
and auxiliary variables

[
wxx, wxx

]
are

tightened as possible. Finding tighter bounds on wxx in equation m′ may improve the
bounds on original problem variables x and y in equation m′′.

– Exploiting Multivariable Term Convexity
When GloMIQO analyzes a convex multivariable term wMT , the bounds

[
wMT , wMT

]
are not permitted to exceed its stationary point.

– RLT, McCormick Envelope, and Edge-Concave Facet Bounding
As we discussed in our previous work [99], we follow Androulakis et al. [15], Sherali
and Tuncbilek [127], and Audet et al. [18] in augmenting a FBBT scheme with several
additional sets of constraint equations. We perform FBBT strategies on:

– The RLT equations identified in Section 3.2.1
– The convex hull of each auxiliary variable wxx (Equations 12 – 13)
– All facets (including the non-dominant ones) associated with the low-dimensional

edge-concave aggregations elucidated in preprocessing (§3.2.2).
– Equation Factoring

Because the overestimate of interval arithmetic may be large if the same variable appears
multiple times in a multivariable term wMT

m , GloMIQO addresses variables appearing
more than twice in a multivariable term wMT

m by factoring the equation:

wMT,LO
m ≤

C
∑

i=0

C
∑
j=i

Qm, i, j · xi · x j +am · x≤ wMT,UP
mw� Factor xi′ out of the multivariable term

wMT,LO
m ≤ xi′ ·

(
C
∑

i=0
Qm, i, i′ · xi +ai′

)
+

C
∑

i=0
i6=i′

C
∑
j=i
i6=i′

Qm, i, j · xi · x j +am · x≤ wMT,UP
mw� Replace variables with intervals

wMT,LO
m ≤

[
xi′ , xi′

]
·
(

C
∑

i=0
Qm, i, i′ ·

[
xi, xi

]
+ai′

)
+

C
∑

i=0
i6=i′

C
∑
j=i
i6=i′

Qm, i, j ·
[
wxx

i, j, wxx
i, j

]
+am · [x, x]≤ wMT,UP

mw�
Infer bounds on xi′

The GloMIQO default is to consider all the interval arithmetic strategies discussed in this
section at every node of the branch-and-bound tree. However, a user may deactivate any/all
of them.

3.5.2 Optimality-Based Bounds Tightening

In addition to using FBBT at each branch-and-bound tree node, we tighten the root node re-
laxation of MIQCQP using optimality-based bounds tightening (OBBT) by cycling through
each nonlinearly participating variable until the volume improvement factor fails to improve
by a preset parameter (default: 0.95) [89]:

max\min xi

s.t. bLO
m ≤

C
∑

i=0

C
∑
j=i

Qm, i, j ·wxx
i j +am · x+ cm · y≤ bUP

m ∀ m ∈ {0, . . . , M}

wxx
i, j ≥max

{
xi · xL

j + xL
i · x j− xL

i · xL
j , xi · xU

j + xU
i · x j− xU

i · xU
j

}
wxx

i, j ≤min
{

xi · xL
j + xU

i · x j− xU
i · xL

j , xi · xU
j + xL

i · x j− xL
i · xU

j

}
x ∈ RC

y ∈ [0, 1]B

(OBBT)
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GloMIQO also performs OBBT on all discrete binary decision variables. After the root
node, OBBT continues as long as it significantly tightens nonlinearly participating vari-
ables. As in Misener et al. [101], each parent node passes knowledge down its children
nodes as to whether OBBT improved the bounds on the variables participating in nonlinear
equations. Once the volume representing the hyperrectangle of the variable bounds fails to
fall by a factor of at least 0.95, the parent node informs the children nodes that OBBT is
no longer advantageous and the descendants no longer employ OBBT. To expedite solution
time, OBBT operates on the LP relaxation of MIQCQP rather than addressing any binary
terms in MIQCQP. Even if OBBT is deactivated by this dynamic strategy, OBBT tightening
starts up again with probability 2λ−L where λ is a preset parameter (default: 1) and L is the
level of the tree [27].

3.5.3 Reduced Cost Bounds Tightening

At the root node of each MILP solve (before any branching has been performed on the
discrete binary variables), GloMIQO queries the dual multipliers λi of each variable xi; yi
and stores them with the lower bound L of the LP. GloMIQO then uses the positive dual
multipliers to shrink the variable bounds [117, 118]:

xi ≥ xUP
i −

1
λi
· (UB−L)

xi ≤ xLO
i +

1
λi
· (UB−L)

3.6 Finding Good Feasible Solutions

GloMIQO stores every feasible solution that the linked MILP solver generates as an initial-
ization point for finding a good feasible point, or upper bound, on MIQCQP. In the imple-
mentation that links with CPLEX, GloMIQO further uses the populate utility to generate
many more possible starting values. After a feasible point has been found, GloMIQO deac-
tivates the populate utility.

4 Testing the Global Mixed-Integer Quadratic Optimizer (GloMIQO)

The GloMIQO code base is written in C++ and interfaces CPLEX 12.4 [69] for the MILP
relaxations, SNOPT 5.3 [64] for the local NLP solves, and LAPACK [14] for determining
the facets of the edge-concave functions and the eigenvectors and eigenvalues of each con-
nected multivariable term. The code is itself built as a library and linked to GAMS [33]
using the GAMS Modeling Object (GMO) interface. The code linking our solver to GAMS
is adapted from the COIN-OR/GAMSLinks project [88, 136].

To test the performance of the solver GloMIQO, we compared the 399 test problems
outlined in Table 2 against the state-of-the-art global optimization solvers listed in Table 1:
BARON 10.1.2 [135], Couenne 0.4 [27], LindoGLOBAL 6.1.1.588 [63, 87], and SCIP 2.1.0
[2, 3, 30, 31]. Linus Schrage of LINDO Systems has generously given us a particularly high-
performing version of LindoGLOBAL 6.1.1.588 [63, 87]; the license permits us to input
problems larger than the typical 2000 variable/3000 constraint limit in GAMS and allows us
to access an undocumented quadratic mode option in LindoGLOBAL. It is very important
for the reader to note that all of the excellent solvers that we compare to GloMIQO are
subject to active development and under continual improvement. We have used the latest
version of each solver available to us as of January 2012.

We ran each of the 5 · 399 = 1995 computational experiments under two termination
criteria: (1) an optimality gap ε = UB−LB

|LB| ≤ 1× 10−6 = 1× 10−4% and (2) a 7200 s time
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Table 1: MIQCQP Global Optimization Solvers

Solver Date Released Linked Libraries

GloMIQO 1.0 – CPLEX 12.4
SNOPT 5.3 [64]
LAPACK [14]

BARON 10.1.2 [135] –‡ CPLEX 12.4
MINOS 5.5

Couenne 0.4 [27] 20 October 2011 GAMSLinks [136]
CPLEX 12.4
BONMIN 1.5 [32]
IPOPT 3.10 [138]

LindoGLOBAL 6.1.1.588 [63, 87] 14 July 2011 CONOPT

SCIP 2.1.0 [2, 3, 30, 31] 31 October 2011 GAMSLinks [136]
SoPlex 1.6.0
IPOPT 3.10 [138]

‡ Version made available to us 09 January 2012; the latest commercial release is BARON 9.3.1

limit. For each of the solvers, we also set the feasibility tolerance to 1× 10−6 (the default
is 1× 10−5 in BARON and 1× 10−7 in LindoGLOBAL). Following the recommendation
of Dolan and Moré [41], each of the 5 solvers addressed a test problem successively so as
minimize the effect of fluctuating machine load. We performed our computational studies on
a Linux workstation containing one Intel Core 2 Quad processor with four 2.83 GHz cores
and 4 GB of RAM associated with each processor.

We considered 399 test cases from three classes of problems: process networks [9, 10,
73, 78, 80, 81, 101, 102, 103, 114], computational geometry [16, 72], and standard test li-
braries [32, 37, 59, 92, 120, 121]. After solving each of the 399 test cases using GAMS, a
Perl script asserted the feasibility of the solution returned by each solver. Instances where
solvers returned infeasible points but claimed they were ε-global optimum points, local op-
timum points, or integer feasible points were automatically relabeled as failures. Therefore,
dashes (–) in columns LB and UB of supplementary Tables S2 – S23 in the Online Resource
indicates a benign failure (the solver chose to terminate based on numerical instability or
other internal issue and did not return a solution to the user) while the demarcation fl indi-
cates a troublesome failure (the solver gave an incorrect answer or violated a constraint).

Comparisons between the algorithmic components are based on performance profiles
first defined by Dolan and Moré [41]:

tp,s ≡ Performance metric (e.g., time in seconds) for problem p by technique s ∈ S

rp,s ≡
tp,s

min
{

tp,s′ : s′ ∈ S
}
∀ p ∈ P

; s ∈ S

ρs(τ) =
1
np

size
{

p ∈ P : rp,s ≤ τ
}

Both the linear and logarithmic plots in this paper, which diagram ρs(τ) as a function of
τ and ρs (log2 (τ)) as a function of log2 (τ), respectively, were generated using the MAT-
LAB performance profile implementation from http://www.mcs.anl.gov/∼more/
cops/perf.m. Note that, while we provide numerical data for all of the 399 test cases in
supplementary Tables S2 – S23, the performance profiles in Figures 5 – 9 are only represen-
tative of the 369 problems with well-defined bounds. Observe that certain properly-bounded
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problems are mislabeled by some solvers as unbounded (e.g., abel in GLOBALLib is con-
vex, so GloMIQO recognizes that the infinite variable bounds are contextually appropriate
although the BARON solver claims the problem is unbounded). The performance profiles in
Figures 5 – 9 therefore represent the sufficiently-bounded test cases.

We have instituted additional post-processing to determine the upper and lower bounds
when a solver terminates prematurely or returns without a feasible point. SCIP often gen-
erates large branch-and-bound trees, so it regularly fails after the branch-and-bound tree
grows beyond the 4 GB of RAM available on our machine. Although no solution is returned
to GAMS in these cases, we use the GAMS logging files to determine where SCIP was at
its failure point and record the optimality gap at that point. For instances where the BARON
solver has bounded the global solution but not produced a feasible point (e.g., Lee 4.10)
we record the best known bounds on the solution rather than penalizing the solver with
dashes (–) in columns LB and UB.

The for problems that did not converge within the two hour time limit, we record the
gap between the best possible (LB) and best known (UB) solutions as follows:

Gap ≡ 100 ·
(

UB−LB
|LB|

)

We record the absolute UB− LB rather than relative gap for problems where LB×UB ≤
0 (i.e., problems where a relative gap is meaningless). However, the performance profiles
addressing gap compare relative gap only and not absolute gap; the gap is set to infinity in
the performance profiles when relative gap is meaningless.

Table 2: MIQCQP Test Suite of 399 Problems

Problem Class # Cases Discrete Source

Process
Networks

Pooling 19 X [101]
Water Systems 8 X [9, 10, 73, 114]
Crude Oil Scheduling 31 X [78, 80, 81, 102, 103]
Natural Gas Production 3 X [82, 83, 123]

Computational
Geometry

Point 14 [16]
Circles & Convex Polygons 36 [72]

Test Libraries
GLOBALLib 187 [59, 92]
MINLPLib 39 X [37, 59]
Convex MIQCQP 20 X [32, 120]

Reformulated
Libraries

Reform. GLOBALLib 32 [59, 92, 121]
Reform. MINLPLib 10 X [37, 59]

4.1 Definition of the MIQCQP Test Suite

The MIQCQP test suite we used to compare GloMIQO with the state-of-the-art solvers is
outlined in Table 2. Sections 4.1.1 – 4.1.4 and Tables 7 – 16 in Appendix B further detail
the test cases.
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4.1.1 MIQCQP Test Suite Definition: Process Networks Problems (61 Test Cases)

– 19 Pooling Problems [101]
The test suite of twenty pooling problems, comprising the standard and generalized
instances from our previous work [101], is outlined in Table 7.

– 8 Water Systems Problems [9, 10, 73, 114]
The water systems problems described in Table 8 are taken from Karuppiah and Gross-
mann [73], Ruiz and Grossmann [114], and Ahmetović and Grossmann [9, 10]. Seven
of the eight problems were modified by approximating the concave univariate power law
terms ( f α

i such that α < 1 for flowrates fi) via piecewise-linear underestimation so as to
transform the general MINLP into MIQCQP. In all cases, we used n = 4 partitions:

Parameters
{

f̂i,n = f L
i + n

N ·
(

f U
i − f L

i
)
∀ i ∈ I; n = 0, . . . , N

ˆf α
i,n = f̂i,n ∀ i ∈ I; n = 0, . . . , N

PW Lin Approximation



N
∑

n=1
λi,n = 1 ∀ i ∈ I

cL
i,n + cR

i,n = λi,n ∀ i ∈ I; n = 1, . . . , N
N
∑

n=1
f̂i,n−1 · cL

i,n + f̂i,n · cR
i,n = fi ∀ i ∈ I

N
∑

n=1
ˆf α

i,n−1 · cL
i,n + ˆf α

i,n · cR
i,n ≤ f α

i ∀ i ∈ I

Because of this approximation, the data in Table 8 is somewhat different than in their
original sources (i.e., the global minimum is lower for each of the modified test prob-
lems). Further note that the ε-shift proposed by Ahmetović and Grossmann [9, 10] for
concave univariate functions is irrelevant in the context of piecewise-linear approxima-
tion and therefore the piecewise-linear approximation is performed on the original f α

i
power law rather than the shifted expression ( fi + ε)α .

– 31 Crude Oil Scheduling Problems [78, 80, 81, 102, 103]
The crude oil scheduling problems outlined in Table 9 are taken from Li et al. [80, 81]
and Mouret et al. [102, 103]. The seven test cases of Li et al. [81] use the continuous
time formulation rather than the earlier discrete time formulation [80]. The crude oil
scheduling problems of Mouret and Grossmann [102] were taken from www.minlp.
org without modification.

– 3 Natural Gas Production Problems [82, 83, 123]
Li et al. [82, 83] reformulated the natural gas production model of Selot et al. [123]
from a general MINLP to MIQCQP. The 3 test cases in Table 10 are effectively the
same problem with a different number of uncertain scenarios.

4.1.2 MIQCQP Test Suite Definition: Computational Geometry Problems (50 Test Cases)

– 14 Point Packing Problems [16]
Using the notation of Anstreicher [16], we consider the point packing problem of maxi-
mizing the separation distance between n points in the unit square:

min −θ

s.t. −(xi− x j)
2− (yi− y j)

2 ≤−θ , 1≤ i < j ≤ n
xi+1 ≤ xi 1≤ i≤ n−1
0≤ xi ≤ 1

2 1≤ i≤ d n
2e

0≤ xi ≤ 1 d n
2e< i≤ n

0≤ yi ≤ 1 1≤ i≤ n

(PP)
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For PP(n), there are 2 ·n continuous variables, n·(n+1)
2 equations, 2 ·n concave quadratic

terms, and n · (n− 1) nonconvex bilinear terms. We tested 14 instances (2 ≤ n ≤ 15)
and checked the correctness our computational results with the website packomania.
com/.

– 36 Packing Problems: Circles and Convex Polygons [72]
The 36 test problems listed in Table 11 were modeled according to the specifications
of Kallrath [72]. The only difference is that symmetry is broken using horizontal rather
than diagonal ordering inequalities (see the discussion in Section 3.2.1).

4.1.3 MIQCQP Test Suite Definition: Test Library Problems (246 Test Cases)

– 187 GLOBALLib Test Cases [59, 92]
The QCQP test cases listed in Table 12 are taken directly from GLOBALLib [59, 92]
and represent all of the available QCQP in GLOBALLib. The unbounded test cases are
labeled.

– 39 MINLPLib Test Cases [37, 59]
The test cases in Table 13 were taken from MINLPLib [37, 59] and represent all of
the MINLPLib problems of form MIQCQP described in Section 1. The unbounded test
cases are labeled.

– 20 Convex Mixed-Integer Nonlinear Programs [32, 120]
The test problems outlined in Table 14 are from Sawaya [120] and Bonami et al. [32].
The GAMS files were downloaded from http://egon.cheme.cmu.edu/ibm/
page.htm.

4.1.4 MIQCQP Test Suite Definition: Reformulated Test Library Problems (42 Test Cases)

– 32 Small Reformulated GLOBALLib Test Cases [59, 92, 121]
Saxena et al. [121] reformulated these GLOBALLib [59, 92] test cases with 50 or fewer
variables from general NLP optimization problems to QCQP. The 32 small GLOBAL-
Lib test cases outlined in Table 15 correspond to the reformulations of Saxena et al.
[121] except that we have removed the variable bounds that they added to simplify the
problems. A major challenge in solving the GLOBALLib [59, 92] test cases is inferring
relevant variable bounds or accurately determining that a problem is unbounded; we
want to keep that additional difficulty as an integral part of our testing. The unbounded
test cases are labeled.

– 10 Reformulated MINLPLib Test Cases [37, 59]
The test cases in Table 16 were reformulated from MINLPLib [37, 59] using the same
principles as Saxena et al. [121] used for GLOBALLib.

4.2 Computational Study

Aggregate performance profiles for the complete test suite are diagrammed in Figure 5.
To discuss the results of the computational study, we begin in Sections 4.2.1 – 4.2.4 by
describing the relevant performance of the five MIQCQP solvers on the individual problem
classes. Section 4.2.5 discusses the results in aggregate.

4.2.1 Results: Process Networks Problems (61 Test Cases)

Performance profiles for the 61 process networks problems are diagrammed in Figure 6.
Results for the individual problem sets can be found in Online Resource Tables S2 – S9.
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– 19 Pooling Problems [101]
The results in Tables S2 & S3 demonstrate that the two solvers most effectively address-
ing these 19 problems are GloMIQO and BARON 10.1.2; observe that these two solvers
are roughly comparable on the first 17 pooling problems. Although the algorithms of the
two solvers are different (e.g., GloMIQO does not employ the BARON probing strat-
egy), GloMIQO and BARON share an emphasis on variable bounding and it is therefore
understandable that they both perform well on the pooling problems. For Meyer10 and
Meyer15, GloMIQO returns tighter gaps. Although the GloMIQO default is not to use
piecewise-linear underestimators, we have previously shown that these tighter underes-
timators result in better performance for Meyer10 and Meyer15 [99, 101].

– 8 Water Systems Problems [9, 73, 114]
According to the data in Tables S4 & S5, GloMIQO, BARON 10.1.2, and LindoGLOBAL
6.1.1.588 are the best solvers for the 8 water systems problems; the three solvers each
address 4 of the 8 test cases to ε-global optimality. However, note that GloMIQO is gen-
erally faster than BARON 10.1.2 or LindoGLOBAL 6.1.1.588 and, for Karuppiah4
and Ahmetović2, closes a much more significant fraction of the gap. As discussed in
Section 3.1, the GloMIQO reformulation strategies are especially well suited to process
networks problems that have not been formulated as pooling problems.

– 31 Crude Oil Scheduling Problems [78, 81, 102, 103]
Tables S6 & S7 show that the two solvers most effectively addressing the crude oil
scheduling problems are GloMIQO and SCIP 2.1.0. GloMIQO directly calls an MILP
solver and SCIP branches on all discrete variables before branching on any continu-
ous nonlinear variables, so the high performance of both solvers is consistent with the
observation of Mouret et al. [102, 103] that many crude oil scheduling problems are
well-approximated by solving an MILP relaxation.
As an example of both GloMIQO and SCIP performing strongly, Table 3 presents Li
6 which has 832 continuous variables, 132 binary variables, 2437 equations, and 192
distinct nonlinear terms.

– 3 Natural Gas Production Problems [82, 83, 123]
GloMIQO and SCIP 2.1.0 are the two best-performing solvers in Tables S8 and S9.

Table 3: Process Networks: Results of Li et al. Example 6 [81]

Time (s) Gap LB UB

GloMIQO 1.0.0 1004 1.000e-04 -3.355e+03 -3.355e+03
BARON 10.1.2 – – -3.375e+03 –
Couenne 0.4 – – -3.375e+03 –
LindoGLOBAL 6.1.1.588 – – -3.375e+03 –
SCIP 2.1.0 680 1.000e-04 -3.355e+03 -3.355e+03

Gap ≡ 100 ·
(

UB−LB
|LB|

)
; Termination Criteria: Gap = 1×10−4% or Time = 7200 s

GloMIQO dominates the process networks performance profile in Figure 6 because it
effectively addresses all three problem sets whereas the BARON, LindoGLOBAL, and SCIP
each do well on a specific problem sets. Note that GloMIQO is at least tied with the fastest
solver for ≈60% of the test cases and can address ≈70% of the process networks problems.
GloMIQO and SCIP generally close more of the optimality gap than the other solvers, but
GloMIQO successfully returns to GAMS without memory allocation errors.
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4.2.2 Results: Computational Geometry (50 Test Cases)

Performance profiles for the 50 computational geometry problems are diagrammed in Figure
7. Results for the individual problem sets can be found in Online Resource Tables S10 – S13.

– 14 Point Packing Problems [16]
Tables S10 & S11 illustrate that the three solvers best suited to the 14 point packing
problems are GloMIQO, BARON 10.1.2, and SCIP 2.1.0. GloMIQO and SCIP 2.1.0
best close the optimality gap for the 6 problems (PP 10 – PP 15) that do not converge
in the 7200 s time limit.

– 36 Packing Problems: Circles and Convex Polygons [72]
See in Tables S12 & S13 that GloMIQO dominates this category, solving 28 of the
36 problems when the two commercial solvers only address 17 problems, each. These
strong results derive from the RLT and edge-concave strategies in GloMIQO. It is very
difficult for the solvers to get a lower bound greater than 0 for any of the Kallrath [72]
packing problems, so a major challenge for the solvers is that they continue rational
branching strategies even when the lower bound is not improving from node-to-node.
Table 4 presents results for the test problem congruent c72, which has 18 contin-
uous variables, 61 equations, and 57 distinct nonlinear terms. GloMIQO identifies in
preprocessing 525 possible RLT equations that it later uses dynamically in the branch-
and-bound tree (§3.3.6).

Table 4: Computational Geometry: Results of congruent c72 [72]

Time (s) Gap LB UB

GloMIQO 1.0.0 57 1.000e-04 1.966e+00 1.966e+00
BARON 10.1.2 – 8.600e+03 7.474e-02 6.502e+00
Couenne 0.4 –4 fl fl fl
LindoGLOBAL 6.1.1.588 3400 1.000e-04 1.966e+00 1.966e+00
SCIP 2.1.0 143 1.000e-04 1.966e+00 1.966e+00

Gap ≡ 100 ·
(

UB−LB
|LB|

)
; Termination Criteria: Gap = 1×10−4% or Time = 7200 s

4 Solver returned an infeasible point

GloMIQO performs exceptionally well on the 50 computational geometry problems,
primarily because of its RLT-based strategies and edge-concave techniques. GloMIQO is
at least tied with the fastest solver for ≈50% of the test cases and can address ≈70% of
the problems within the time limit. GloMIQO reaches a finite relative gap for ≈85% of the
problems.

4.2.3 Results: Test Libraries (246 Test Cases)

Performance profiles for the appropriately bounded GLOBALLib test cases are diagrammed
in Figure 8. Performance profiles for the test library instances with a discrete component are
illustrated in Figure 9. Results for the individual problem sets are in Online Resource Tables
S14 – S19.

– 187 GLOBALLib Test Cases [59, 92]
The results in Tables S14 – S15 and Figure 8 illustrate that GloMIQO, BARON 10.1.2,
LindoGLOBAL 6.1.1.588, and SCIP 2.1.0 are roughly comparable on the 164 GLOB-
ALLib problems with well-defined variable bounds. GloMIQO, with its reformulations,
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low-dimensional edge-concave cuts, and convexity recognition, solves slightly more
problems and addresses them more quickly than the other solvers. GloMIQO also gen-
erally closes more of the optimality gap than the other solvers.
As an example of the strong performance of GloMIQO, Table 5 considers GLOBALLib
ex5 2 5, a problem with 32 continuous variables, 20 equations, and 60 distinct non-
linear terms. GloMIQO does well on ex5 2 5 because, as described in Section 3.2.1,
it detects 15 equality equation/variable products and automatically adds these nonlin-
ear equations to the formulation. BARON 10.1.2, LindoGLOBAL 6.1.1.588, and SCIP
2.1.0 all find the global optimum as a feasible solution but cannot close the optimality
gap within the 7200 s time limit. Couenne finds a point with the value −3.500× 103

but does not report a feasible solution to the user. SCIP 2.1.0 may have closed the gap
further on a computer with more RAM, but it seg faults on our machine after a memory
allocation failure at 3451 s.

– 39 MINLPLib Test Cases [37, 59]
20 Convex Mixed-Integer Nonlinear Programs [32, 120]
See in Tables S16 – S19 and Figure 9 that GloMIQO and SCIP 2.1.0 jointly dominate
the 59 test library instances with a discrete component. This is largely based on the abil-
ity of both solvers to recognize convex equations (SCIP) or convex multivariable terms
(GloMIQO) and then generate appropriate cutting planes.
Table 6 outlines the strong performance of GloMIQO for waste in MINLPLib which
has 2084 continuous variables, 400 binary variables, 1992 equations, and 1368 dis-
tinct nonlinear terms. Note that waste is a properly bounded problem although Lin-
doGLOBAL 6.1.1.588 does not recognize it. GloMIQO begins by automatically refor-
mulating this problem and, through variable elimination (§3.1.1) and bilinear term dis-
aggregation (§3.1.2), arrives at an equivalent MIQCQP with 666 continuous variables,
400 binary variables, 1980 equations, and 1284 distinct nonlinear terms. Seventy-two of
the 1980 equations in the reformulated model are RLT equations of the form in Equation
(1). GloMIQO solves this problem in 176 s while the other solvers, which do not incor-
porate the GloMIQO reformulation strategies, are unable to close the gap in the two hour
time limit. BARON 10.1.2 erroneously reports a global optimum of 623.4 (≈4% worse
than the best known solution of 598.9). Couenne 0.4 throws a series of errors before seg
faulting after 211 s. SCIP 2.1.0 may have closed more of the gap on a computer with
more RAM, but it seg faults on our machine after a memory allocation failure at 3808 s.

Table 5: GLOBALLib: Results of ex5 2 5 [59, 92]

Time (s) Gap LB UB

GloMIQO 1.0.0 0 1.000e-04 -3.500e+03 -3.500e+03
BARON 10.1.2 – 2.647e+01 -4.760e+03 -3.500e+03
Couenne 0.4 –4 fl fl fl
LindoGLOBAL 6.1.1.588 – 9.920e+01 -4.355e+05 -3.500e+03
SCIP 2.1.0 –‡ 5.361e+01 -7.545e+03 -3.500e+03

Gap ≡ 100 ·
(

UB−LB
|LB|

)
; Termination Criteria: Gap = 1×10−4% or Time = 7200 s

‡ Memory allocation failure prematurely terminated the solver
4 Solver returned an infeasible point

To summarize the 246 test library examples, GloMIQO is very competitive with the other
solvers.
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Table 6: MINLPLib: Results of waste [37]

Time (s) Gap LB UB

GloMIQO 1.0.0 176 1.000e-04 5.989e+02 5.989e+02
BARON 10.1.2 55933 1.000e-04 6.234e+02 6.234e+02
Couenne 0.4 – fl fl fl
LindoGLOBAL 6.1.1.588 – – -3.333e+29 6.500e+02
SCIP 2.1.0 –‡ 3.288e+01 4.521e+02 6.008e+02

Gap ≡ 100 ·
(

UB−LB
|LB|

)
; Termination Criteria: Gap = 1×10−4% or Time = 7200 s

‡ Memory allocation failure prematurely terminated the solver
3 Objective value is ≈4% worse than the best known solution of 598.9

4.2.4 Results: Reformulated Test Libraries (42 Test Cases)

The 32 Small Reformulated GLOBALLib Test Cases [59, 92, 121] in Tables S21 – S22
and the 10 Reformulated MINLPLib Test Cases [37, 59] in Online Resource Tables S22
– S23 again demonstrate the potential of both GloMIQO and SCIP.

4.2.5 Aggregated Results: Collection of 399 Test Cases

The aggregate performance profiles for the complete test suite diagrammed in Figure 5 dis-
play a strong advantage for GloMIQO across a wide array of problem classes. GloMIQO is
the fastest solver for ≈68% of the test cases and can address ≈81% of the test cases within
the time limit. SCIP 2.1.0 is second with respect to algorithmic speed and the number of
problems solved. Additionally, GloMIQO is generally able to close more of the optimality
gap.

The success we document with respect to the GloMIQO solver is a direct result of find-
ing and expoiting an array of special structure components within MIQCQP. However, note
that GloMIQO and SCIP represent an interesting algorithmic trade-off. Figures 9 & 10 show
that the SCIP solver tends to be faster than GloMIQO on the smaller instances. This is a
direct result of the orthogonal branch-and-bound algorithmic strategies of GloMIQO and
SCIP. GloMIQO, with its many advanced relaxations and extensive bounding strategies
tends to spend a relatively long time addressing each node while SCIP tends to generate
a large branch-and-bound tree by making many branching decisions. We do not know if it
would be possible for GloMIQO to dynamically abandon its more elaborate approach under
circumstances where a SCIP-like algorithm is more effective or if a slower solution time on
the smaller problems is a price we pay for addressing the exceptionally large problems.

The post-processing Perl script shows that Couenne 0.4 returns an infeasible point in
over half of the 399 test cases. We do not know the source of the problems in Couenne 0.4;
it often returns an infeasible solution with the same objective value as the ε-global optimum.

5 Conclusion

We introduce the Global Mixed-Integer Quadratic Optimizer (GloMIQO), a numerical solver
addressing mixed-integer quadratically-constrained quadratic programs (MIQCQP) to ε-
global optimality. The algorithmic components of: reformulating user input, detecting spe-
cial structure including convexity and edge-concavity, generating tight convex relaxations,
partitioning the search space, bounding the variables, and finding good feasible solutions
have been extensively tested on a test suite of 399 problems of diverse size and structure. The
test cases are taken from process networks applications, computational geometry problems,
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GLOBALLib, MINLPLib, and the Bonmin [32] test set. Comparing the performance of
GloMIQO with respect to state-of-the-art global optimization solvers: BARON 10.1.2 [135],
Couenne 0.4 [27], LindoGLOBAL 6.1.1.588 [63, 87], and SCIP 2.1.0 [2, 3, 30, 31], we find
that the advanced reformulations, relaxations, and bounding techniques give GloMIQO a
strong advantage over the other solvers.
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tion for the synthesis of property-based recycle and reuse networks including environ-
mental constraints. Comput. Chem. Eng., 34(3):318 – 330, 2010.

109. I. Quesada and I. E. Grossmann. Global optimization of bilinear process networks
with multicomponent flows. Comput. Chem. Eng., 19:1219 – 1242, 1995.

110. S. Rebennack, J. Kallrath, and P. M. Pardalos. Column enumeration based decomposi-
tion techniques for a class of non-convex MINLP problems. J. Glob. Optim., 43(2-3):
277–297, 2009.

111. A. D. Rikun. A convex envelope formula for multilinear functions. J. Glob. Optim.,
10:425 – 437, 1997.

112. L. Rios and N. V. Sahinidis. Portfolio optimization for wealth-dependent risk prefer-
ences. Annals of Operations Research, 177:63–90, 2010.

113. J. B. Rosen and P. M. Pardalos. Global minimization of large-scale constrained con-
cave quadratic problems by separable programming. Math. Program., 34(2):163–174,
1986.

114. J. P. Ruiz and I. E. Grossmann. Water treatment network design,
2009. Available from CyberInfrastructure for MINLP [www.minlp.org,
a collaboration of Carnegie Mellon University and IBM Research] at:
www.minlp.org/library/problem/index.php?i=24.

115. J. P. Ruiz and I. E. Grossmann. Exploiting vector space properties to strengthen the
relaxation of bilinear programs arising in the global optimization of process networks.
Optimization Letters, 5:1–11, 2011.

116. J. P. Ruiz and I. E. Grossmann. Using redundancy to strengthen the relaxation for the
global optimization of MINLP problems. Computers & Chemical Engineering, 35:
27292740, 2011.

117. H. S. Ryoo and N. V. Sahinidis. Global optimization of nonconvex NLPs and MINLPs
with applications in process design. Computers and Chemical Engineering, 19(5):
551–566, 1995.



GloMIQO: Global Mixed-Integer Quadratic Optimizer 33

118. H. S. Ryoo and N. V. Sahinidis. A branch-and-reduce approach to global optimization.
Journal of Global Optimization, 8:107–138, 1996.

119. Y. Saif, A. Elkamel, and M. Pritzker. Global optimization of reverse osmosis network
for wastewater treatment and minimization. Ind. Eng. Chem. Res., 47(9):3060 – 3070,
2008.

120. N.W. Sawaya. Reformulations, relaxations and cutting planes for generalized disjunc-
tive programming. PhD in Chemical Engineering, Carnegie Mellon University, 2006.

121. A. Saxena, P. Bonami, and J. Lee. Convex relaxations of non-convex mixed integer
quadratically constrained programs: extended formulations. Math. Program., 124(1-
2):383–411, 2010.

122. A. Saxena, P. Bonami, and J. Lee. Convex relaxations of non-convex mixed integer
quadratically constrained programs: projected formulations. Mathematical Program-
ming, 130:359–413, 2011.

123. A. Selot, L. K. Kuok, M. Robinson, T. L. Mason, and P. I. Barton. A short-term
operational planning model for natural gas production systems. AIChE J., 54(2):495–
515, 2008.

124. H. Sherali, E. Dalkiran, and L. Liberti. Reduced RLT representations for nonconvex
polynomial programming problems. Journal of Global Optimization. 10.1007/s10898-
011-9757-3.

125. H. D. Sherali and W. P. Adams. A Reformulation-Linearization Technique for Solv-
ing Discrete and Continuous Nonconvex Problems. Nonconvex Optimization and Its
Applications. Kluwer Academic Publishers, Dordrecht, Netherlands, 1999.

126. H. D. Sherali and A. Alameddine. A new reformulation-linearization technique for
bilinear programming problems. J. Global Optim., 2:379 – 410, 1992.

127. H. D. Sherali and C. H. Tuncbilek. A reformulation-convexification approach for
solving nonconvex quadratic-programming problems. J. Glob. Optim., 1995(7):1, 1-
31.

128. H. D. Sherali and C. H. Tuncbilek. New reformulation linearization/convexification
relaxations for univariate and multivariate polynomial programming problems. Oper.
Res. Letters, 21(1):1 – 9, 1997.

129. E.M.B. Smith and C.C. Pantelides. A symbolic reformulation/spatial branch-and-
bound algorithm for the global optimisation of nonconvex minlps. Computers &
Chemical Engineering, 23(4 - 5):457 – 478, 1999.

130. F. Tardella. On a class of functions attaining their maximum at the vertices of a poly-
hedron. Discret. Appl. Math., 22:191–195, 1988/89.

131. F. Tardella. On the existence of polyhedral convex envelopes. In C. A. Floudas and
P. M. Pardalos, editors, Frontiers in Global Optimization, pages 563–573. Kluwer Aca-
demic Publishers, 2003.

132. F. Tardella. Existence and sum decomposition of vertex polyhedral convex envelopes.
Optim. Lett., 2:363–375, 2008.

133. M. Tawarmalani and N. V. Sahinidis. Convexification and Global Optimization in Con-
tinuous and Mixed-Integer Nonlinear Programming: Theory, Applications, Software,
and Applications. Nonconvex Optimization and Its Applications. Kluwer Academic
Publishers, Norwell, MA, USA, 2002.

134. M. Tawarmalani and N. V. Sahinidis. Global optimization of mixed-integer nonlinear
programs: A theoretical and computational study. Mathematical Programming, 99:
563–591, 2004.

135. M. Tawarmalani and N. V. Sahinidis. A polyhedral branch-and-cut approach to global
optimization. Mathematical Programming, 103:225–249, 2005.

136. S. Vigerske. COIN-OR/GAMSLinks. https://projects.coin-or.org/
GAMSlinks/, 2011. Trunk Revision 1026.

137. V. Visweswaran. MINLP: Applications in blending and pooling. In C. A. Floudas and
P. M. Pardalos, editors, Encyclopedia of Optimization, pages 2114 – 2121. Springer



34 Ruth Misener, Christodoulos A. Floudas

Science, 2 edition, 2009.
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B Test Suite Definition

Table 7: Process Networks: Test Suite of Pooling Problems [59, 92, 101]

Problem Name # Variables
# Constraints

# Bilinear
Terms

Best Known
Sol’n

Source
Continuous Binary

Adhya 1 13 0 31 20 −549.80 [5]
2 13 0 39 20 −549.80
3 20 0 44 32 −561.05
4 18 0 58 40 −877.65

BenTal 4 8 0 8 2 −450 [28]
5 38 0 26 30 −3500

Foulds 2 22 0 13 8 −1100 [61]
3 168 0 49 128 −8
4 168 0 49 128 −8
5 100 0 41 64 −8

Haverly 1 7 0 7 2 −400 [67]
2 7 0 7 2 −600
3 7 0 7 2 −750

RT 2 16 0 29 18 −4391.83 [20]
Lee 1 40 9 83 24 −4640 [79]

2 44 9 93 36 −3849
Meyer 4 63 55 142 48 1.086 ·106 [93]

10 207 187 424 300 1.086 ·106

15 382 352 769 675 9.437 ·105 [98]

Table 8: Process Networks: Test Suite of Water Systems Problems [9, 10, 73, 114]

Problem Name # Variables
# Constraints

# Bilinear
Terms

Best Known
Sol’n

Source
Continuous Binary

Karuppiah 1 77 0 65 42 1.171e+02 [73]
2† 324 84 211 86 3.814e+05 [73]
3† 267 56 179 86 8.735e+05 [73]
4† 556 108 385 219 1.033e+06 [73]

Ahmetović 1† 302 128 273 42 6.065e+05 [9, 10]
2† 925 408 838 219 1.092e+06 [9, 10]

flowbased† 400 25 415 150 3.463e+05 [114]
concbased† 460 25 355 260 3.451e+05 [114]
† Test Case Modification: Power Law Terms Approximated via Piecewise-Linear

Underestimation (i.e., general MINLP transformed into MIQCP)
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Table 9: Process Networks: Test Suite of Crude Oil Problems [78, 81, 102, 103]

Problem Name # Variables # Constraints # Bilinear
Terms

Best Known
Sol’n Source

Continuous Binary

Li 1 296 48 696 56 -5.123e+03 [80, 81]
Li 2 1057 240 5005 54 -1.016e+08
Li 3 832 132 2443 192 -3.484e+03
Li 5 808 132 1917 192 -3.133e+03
Li 6 832 132 2437 192 -3.355e+03
Li 11 997 180 3506 192 -4.670e+03
Li 21 1132 216 4682 192 -4.795e+03

Lee 1 5 495 40 1241 320 -7.975e+01 [78, 102, 103]
6 594 48 1504 384 -7.975e+01
7 693 56 1777 448 -7.975e+01
8 792 64 2060 512 -7.975e+01
9 891 72 2353 576 -7.975e+01
10 990 80 2656 640 -7.975e+01

Lee 2 5 1085 70 2582 840 -9.617e+01 [78, 102, 103]
6 1302 84 3118 1008 -1.012e+02
7 1519 98 3671 1176 -1.012e+02
8 1736 112 4241 1344 -1.012e+02
9 1953 126 4828 1512 -1.012e+02
10 2170 140 5432 1680 -1.012e+02

Lee 3 5 1210 70 2787 980 -8.545e+01 [78, 102, 103]
6 1452 84 3360 1176 -8.545e+01
7 1694 98 3950 1372 -8.545e+01
8 1936 112 4557 1568 -8.545e+01
9 2178 126 5181 1764 -8.545e+01
10 2420 140 5822 1960 -8.545e+01

Lee 4 5 1860 95 4242 1520 -1.325e+02 [78, 102, 103]
6 2232 114 5094 1824 -1.325e+02
7 2604 133 5966 2128 -1.325e+02
8 2976 152 6858 2432 -1.325e+02
9 3348 171 7770 2736 -1.325e+02
10 3720 190 8702 3040 -1.325e+02

Table 10: Process Networks: Test Suite of Natural Gas Production Problems [82, 83, 123]

Problem Name # Variables
# Constraints

# Bilinear
Terms

Best Known
Sol’nContinuous Binary

Sarawak 01 93 38 213 34 -3.245e+04
16 1488 38 2253 544 -3.227e+04
81 7533 38 11093 2754 -3.227e+04

Table 11: Computational Geometry: Circles and Polygons [72]

Problem Name # Variables # Constraints # Bilinear
Terms

Best Known
Sol’nContinuous Binary

Circles c6a 18 0 55 57 2.112e+00
c6ax 18 0 55 57 4.321e+00

continued on the next page
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Table 11 (Packing Problems: Circles and Polygons) continued

Problem Name # Variables # Constraints # Bilinear
Terms

Best Known
Sol’nContinuous Binary

c6b 18 0 55 57 1.974e+00
c6c 20 0 64 73 2.798e+00
c7a 20 0 70 73 2.663e+00
c8a 22 0 87 91 2.541e+00

Circles /
Polygons

c1p11 43 0 49 23 1.996e-01
c1p12 43 0 49 23 3.396e-01
c1p13 43 0 49 23 3.396e-01
c1p5a 158 0 175 111 2.849e+00
c1p5b 791 0 817 651 4.318e+00
c1p6a 1110 0 1135 931 4.097e+00

Circles /
Rectangles

c1r11 49 0 53 27 1.996e-01
c1r12 49 0 53 27 3.396e-01
c1r13 49 0 53 27 2.146e-01
c6r1 184 0 193 169 7.388e+00
c6r29 390 0 389 329 7.623e+00
c6r39 634 0 620 523 8.386e+00

Congruent
Circles

c31 10 0 17 13 6.438e-01
c32 10 0 17 13 1.376e+00
c41 12 0 25 21 8.584e-01
c42 12 0 25 21 8.584e-01
c51 14 0 35 31 1.073e+00
c52 14 0 35 31 1.537e+00
c61 16 0 47 43 1.288e+00
c62 16 0 47 43 1.288e+00
c63 16 0 47 43 1.288e+00
c71 18 0 61 57 1.502e+00
c72 18 0 61 57 1.966e+00

Different
Circles

10 24 0 72 111 1.194e+01
5a 14 0 25 31 5.116e+00
5b 14 0 25 31 5.116e+00
6 16 0 32 43 7.788e+00
7 18 0 41 57 7.153e+00
8 20 0 50 73 1.448e+01
9 22 0 61 91 1.335e+01

Table 12: Test Library Problems: GLOBALLib Test Cases [59, 92]

Problem Name # Variables # Constraints # Nonlinear Terms
Continuous Binary

abel 30 0 15 30
arki0001 1030 0 514 512
bayes2 10 86 0 78 385
bayes2 20 86 0 78 385
bayes2 30 86 0 78 385
bayes2 50 86 0 78 385
camshape100 199 0 201 198
camshape200 399 0 401 398
camshape400 799 0 801 798
camshape800 1599 0 1601 1598
catmix100? 303 0 201 202
catmix200? 603 0 401 402
catmix400? 1203 0 801 802
catmix800? 2403 0 1601 1602
circle 3 0 11 3
? Unbounded problem excluded from performance profiles

continued on the next page
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Table 12 (GLOBALLib Test Cases) continued

Problem Name # Variables # Constraints # Nonlinear Terms
Continuous Binary

demo7 70 0 58 6
dispatch 4 0 3 6
ex14 1 6 9 0 16 11
ex2 1 10 20 0 11 20
ex2 1 1 5 0 2 5
ex2 1 2 6 0 3 5
ex2 1 3 13 0 10 4
ex2 1 4 6 0 6 1
ex2 1 5 10 0 12 7
ex2 1 6 10 0 6 10
ex2 1 7 20 0 11 20
ex2 1 8 24 0 11 24
ex2 1 9 10 0 2 22
ex3 1 1 8 0 7 5
ex3 1 2 5 0 7 8
ex3 1 3 6 0 7 6
ex3 1 4 3 0 4 6
ex5 2 2 case1 9 0 7 2
ex5 2 2 case2 9 0 7 2
ex5 2 2 case3 9 0 7 2
ex5 2 4 7 0 7 6
ex5 2 5 32 0 20 60
ex5 3 2 22 0 17 12
ex5 3 3 62 0 54 70
ex5 4 2 8 0 7 5
ex7 3 3 5 0 9 3
ex8 3 2 110 0 77 184
ex8 3 3 110 0 77 184
ex8 3 4 110 0 77 184
ex8 3 5 110 0 77 184
ex8 3 8 126 0 94 235
ex8 3 9 78 0 46 92
ex8 4 1 22 0 11 30
ex9 1 10 14 0 13 5
ex9 1 1 13 0 13 5
ex9 1 2 10 0 10 4
ex9 1 4 10 0 10 4
ex9 1 5 13 0 13 5
ex9 1 8 14 0 13 5
ex9 2 1 10 0 10 6
ex9 2 2 10 0 12 6
ex9 2 3 16 0 16 6
ex9 2 4? 8 0 8 4
ex9 2 5 8 0 8 5
ex9 2 6 16 0 13 10
ex9 2 7 10 0 10 6
ex9 2 8 6 0 6 3
flowchan100 2400 0 2399 800
flowchan200 4800 0 4799 1600
flowchan400 9600 0 9599 3200
flowchan50 1200 0 1199 400
haverly? 12 0 10 2
himmel11 9 0 5 8
himmel16 18 0 22 54
house 8 0 9 4
hydro 31 0 25 12
? Unbounded problem excluded from performance profiles

continued on the next page
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Table 12 (GLOBALLib Test Cases) continued

Problem Name # Variables # Constraints # Nonlinear Terms
Continuous Binary

immun 21 0 8 6
jbearing100? 5304 0 1 15758
jbearing25? 1404 0 1 4133
jbearing50? 2704 0 1 8008
jbearing75? 4004 0 1 11883
meanvar 8 0 3 28
nemhaus 5 0 6 9
pinene100? 5005 0 4996 1900
pinene200? 10005 0 9996 3400
pinene25? 2505 0 2496 1150
pinene50? 2505 0 2496 1150
popdynm100? 5615 0 5593 3208
popdynm200? 11215 0 11193 6208
popdynm25? 1415 0 1393 1558
popdynm50? 2815 0 2793 2108
prob05 2 0 3 3
prob06 2 0 3 2
prolog? 20 0 23 4
qp1 50 0 3 1275
qp2 50 0 3 1275
qp3 100 0 53 50
qp4 79 0 32 29
qp5 108 0 32 0
sambal 17 0 11 13
st bpaf1a 10 0 11 5
st bpaf1b 10 0 11 5
st bpk1 4 0 7 4
st bpk2 4 0 7 4
st bpv1 4 0 5 2
st bpv2 4 0 6 2
st bsj2 3 0 6 3
st bsj3 6 0 2 6
st bsj4 6 0 5 6
st cqpf 4 0 7 4
st cqpjk1 4 0 3 4
st cqpjk2 3 0 2 3
st e01 2 0 2 1
st e02 3 0 4 3
st e06 5 0 7 6
st e07 10 0 8 2
st e08 2 0 3 3
st e09 2 0 2 1
st e18 2 0 5 2
st e22 2 0 6 2
st e23 2 0 3 1
st e24 2 0 5 2
st e25 4 0 9 10
st e26 2 0 5 2
st e28 9 0 5 8
st e30 14 0 16 8
st e33 9 0 7 2
st e34 6 0 5 6
st e42 7 0 3 3
st fp1 5 0 2 5
st fp2 6 0 3 5
st fp3 13 0 11 4
? Unbounded problem excluded from performance profiles

continued on the next page
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Table 12 (GLOBALLib Test Cases) continued

Problem Name # Variables # Constraints # Nonlinear Terms
Continuous Binary

st fp4 6 0 6 1
st fp5 10 0 12 7
st fp6 10 0 6 10
st fp7a 20 0 11 20
st fp7b 20 0 11 20
st fp7c 20 0 11 20
st fp7d 20 0 11 20
st fp7e 20 0 11 20
st fp8 24 0 21 24
st glmp fp1 4 0 9 1
st glmp fp2 4 0 10 1
st glmp fp3 4 0 9 1
st glmp kk90 5 0 8 1
st glmp kk92 4 0 9 1
st glmp kky 7 0 14 2
st glmp ss1 5 0 12 1
st glmp ss2 5 0 9 1
st ht 2 0 4 2
st iqpbk1 8 0 8 36
st iqpbk2 8 0 8 36
st jcbpaf2 10 0 14 5
st jcbpafex 2 0 3 1
st kr 2 0 6 2
st m1 20 0 12 20
st m2 30 0 22 30
st pan1 3 0 5 3
st pan2 5 0 2 5
st ph10 2 0 5 2
st ph11 3 0 5 3
st ph12 3 0 5 3
st ph13 3 0 11 3
st ph14 3 0 11 3
st ph15 4 0 5 4
st ph1 6 0 6 6
st ph20 3 0 10 2
st ph2 6 0 6 6
st ph3 6 0 6 4
st phex 2 0 6 2
st qpc-m0 2 0 3 2
st qpc-m1 5 0 6 15
st qpc-m3a 10 0 11 55
st qpc-m3b 10 0 11 55
st qpc-m3c 10 0 11 55
st qpc-m4 10 0 11 54
st qpk1 2 0 5 3
st qpk2 6 0 13 11
st qpk3 11 0 23 21
st robot 8 0 9 11
st rv1 10 0 6 10
st rv2 20 0 11 20
st rv3 20 0 21 20
st rv7 30 0 21 30
st rv8 40 0 21 40
st rv9 50 0 21 50
st z? 3 0 6 3
torsion100? 5308 0 5 15758
? Unbounded problem excluded from performance profiles

continued on the next page
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Table 12 (GLOBALLib Test Cases) continued

Problem Name # Variables # Constraints # Nonlinear Terms
Continuous Binary

torsion25 1408 0 5 4133
torsion50? 2708 0 5 8008
torsion75? 4008 0 5 11883
turkey 518 0 288 55

Table 13: Test Library Problems: MINLPLib Test Cases [37, 59]

Problem Name # Variables # Constraints # Nonlinear Terms
Continuous Binary

alan 4 4 8 6
elf 30 24 39 6
ex1223a 3 4 10 3
ex1263 20 72 56 16
ex1264 20 68 56 16
ex1265 30 100 75 25
ex1266 42 138 96 36
ex4 12 25 32 5
fac3 54 12 34 513
fuel 12 3 16 6
gbd 1 3 5 1
meanvarx 21 14 45 28
netmod dol1 1536 462 3138 6
netmod dol2 1536 462 3081 6
netmod kar1 320 136 667 4
netmod kar2 320 136 667 4
nous1 48 2 44 56
nous2 48 2 44 56
nuclear104? 12997 10816 14246 21008
nuclear10b 12906 10920 24972 2080
nuclear14b 968 600 1786 384
nuclear14? 986 576 1227 1248
nuclear24b 968 600 1786 384
nuclear24? 986 576 1227 1248
nuclear25b 1033 650 1910 400
nuclear25? 1053 625 1304 1400
nuclear49b 3292 2450 6234 882
nuclear49? 3334 2401 3874 4998
product2 2714 128 3126 660
product 1446 107 1926 264
sep1 27 2 32 6
space25a 143 240 202 86
space25 143 750 236 86
spectra2 40 30 74 165
st e13 1 1 3 1
st e27 2 2 7 2
st e31 88 24 136 8
util 118 28 169 5
waste 2084 400 1992 1368
? Unbounded problem excluded from performance profiles
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Table 14: Test Library Problems: MIQCQP Test Instances with Convex Continuous Component [32, 120]

Problem Name # Variables # Constraints # Nonlinear
Terms Best Known Sol’n

Continuous Binary

CLay0203M 12 18 6 55 4.157e+04
CLay0204M 20 32 8 91 6.545e+03
CLay0205M 30 50 10 136 8.092e+03
CLay0303M 12 21 6 67 2.667e+04
CLay0304M 20 36 8 107 4.026e+04
CLay0305M 30 55 10 156 8.092e+03
SLay04H 116 24 8 175 9.860e+03
SLay04M 20 24 8 55 9.860e+03
SLay05H 190 40 10 291 2.266e+04
SLay05M 30 40 10 91 2.266e+04
SLay06H 282 60 12 436 3.276e+04
SLay06M 42 60 12 136 3.276e+04
SLay07H 392 84 14 610 6.475e+04
SLay07M 57 84 14 190 6.475e+04
SLay08H 520 112 16 813 8.496e+04
SLay08M 72 112 16 253 8.496e+04
SLay09H 666 144 18 1045 1.078e+05
SLay09M 90 144 18 325 1.078e+05
SLay10H 830 180 20 1306 1.296e+05
SLay10M 110 180 20 406 1.296e+05

Table 15: Test Library Problems: Reformulated Small GLOBALLib Test Cases (i.e., 50 or fewer variables)
[59, 92, 121]

Problem Name # Variables # Constraints # Nonlinear Terms Best Known Sol’n
Continuous Binary

alkylation 12 0 14 6 -1.769e+03
alkyl 16 0 10 10 -1.765e+00
ex14 1 1 7 0 11 9 0.000e+00
ex14 1 2 7 0 11 7 0.000e+00
ex4 1 1 3 0 4 6 -7.487e+00
ex4 1 3 3 0 4 5 -4.437e+02
ex4 1 4 3 0 4 4 0.000e+00
ex4 1 5? 4 0 4 7 0.000e+00
ex4 1 6 3 0 4 5 7.000e+00
ex4 1 7 2 0 2 3 -7.500e+00
ex4 1 8 3 0 3 3 -1.674e+01
ex4 1 9 3 0 4 3 -5.508e+00
ex7 3 1 10 0 18 25 3.417e-01
ex7 3 2 9 0 14 8 1.090e+00
ex8 1 3 8 0 7 6 3.000e+00
ex8 1 4 4 0 4 7 0.000e+00
ex8 1 5 5 0 5 8 -1.032e+00
ex8 1 7 9 0 10 15 2.931e-02
ex8 1 8 8 0 8 6 -4.517e-01
ex8 4 2 44 0 31 60 4.852e-01
harker? 34 0 22 34 -9.865e+02
mathopt1 3 0 4 5 0.000e+00
mathopt2 3 0 6 5 0.000e+00
prob09 4 0 3 4 0.000e+00
process 12 0 10 7 -1.161e+03
rbrock 3 0 2 4 0.000e+00
? Unbounded problem excluded from performance profiles

continued on the next page
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Table 15 (Reformulated Small GLOBALLib Test Cases) continued

Problem Name # Variables # Constraints # Nonlinear Terms Best Known Sol’n
Continuous Binary

st e03 14 0 14 11 -1.161e+03
st e05 5 0 4 2 7.049e+03
st e10 4 0 4 3 -1.674e+01
st e17 2 0 2 2 3.763e+02
st e19 4 0 5 3 -1.187e+02
st e20 8 0 8 6 -4.517e-01

Table 16: Test Library Problems: Reformulated MINLPLib Test Cases [37, 59]

Problem Name # Variables # Constraints # Nonlinear Terms
Continuous Binary

eniplac 141 24 214 66
fo7 2 72 42 212 7
fo7 72 42 212 7
fo8 90 56 274 8
fo9 110 72 344 9
m3 20 6 44 3
m6 56 30 158 6
m7 72 42 212 7
o7 2 72 42 212 7
o7 72 42 212 7View publication statsView publication stats
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