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Abstract
Probabilistic guarantees on constraint satisfaction for robust counterpart optimization are studied
in this paper. The robust counterpart optimization formulations studied are derived from box,
ellipsoidal, polyhedral, “interval+ellipsoidal” and “interval+polyhedral” uncertainty sets (Li, Z.,
Ding, R., and Floudas, C.A., A Comparative Theoretical and Computational Study on Robust
Counterpart Optimization: I. Robust Linear and Robust Mixed Integer Linear Optimization, Ind.
Eng. Chem. Res, 2011, 50, 10567). For those robust counterpart optimization formulations, their
corresponding probability bounds on constraint satisfaction are derived for different types of
uncertainty characteristic (i.e., bounded or unbounded uncertainty, with or without detailed
probability distribution information). The findings of this work extend the results in the literature
and provide greater flexibility for robust optimization practitioners in choosing tighter probability
bounds so as to find less conservative robust solutions. Extensive numerical studies are performed
to compare the tightness of the different probability bounds and the conservatism of different
robust counterpart optimization formulations. Guiding rules for the selection of robust counterpart
optimization models and for the determination of the size of the uncertainty set are discussed.
Applications in production planning and process scheduling problems are presented.
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1. Introduction
In the vast majority of optimization applications, problem data are often subject to
uncertainty due to their random nature, measurement errors or other reasons. The solution
obtained without considering the data uncertainty may be suboptimal or even infeasible for
practical applications. Thus, addressing uncertainty issues in optimization is of significant
importance and has received a lot of attention in both academia and industry. Robust
optimization belongs to an important methodology dealing with optimization problems with
data uncertainty. With a predefined set within the uncertainty space, robust optimization
techniques aim at finding the best solution which is feasible for any realization of the data
uncertainty in the given set. The corresponding optimization problem is also called robust
counterpart optimization problem.
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While several other methods for optimization under uncertainty are available, one major
motivation for studying robust optimization is that in many applications we do not have
information on probability distributions, and in some applications infeasibility is not
accepted at all. Compared to min-max optimization problem, robust optimization has the
flexibility in controlling the solution quality, rather than only leading to worst-case scenario
solutions. Compared to methods such as two/multiple stage stochastic programming and
parametric optimization, the advantage of robust optimization is that it does not suffer from
the exponential increase in the computational complexity when the number of uncertain
parameters increases.

One of the earliest papers on robust counterpart optimization is the work of Soyster 1, who
considered simple perturbations in the data and aimed at reformulating the original linear
programming problem such that the resulting solution would be feasible under all possible
perturbations. Ben-Tal and Nemirovski 2–3, El-Ghaoui et al. 4–5, Bertsimas and Sim 6, Lin et
al. 7, Janak et al. 8, Verderame and Floudas 9–10 and Li et al. 11 extended the framework of
robust counterpart optimization, and included sophisticated solution techniques with non-
trivial uncertainty sets describing the data. El Ghaoui and Lebret 4 used a robust
optimization approach for least-squares problems with uncertain data. Ben-Tal and
Nemirovski 3 proposed the ellipsoidal set based robust counterpart formulation for linear
programming problems with uncertain linear coefficients. Bertsimas and Sim6 considered
robust linear programming with coefficient uncertainty using an uncertainty set with
budgets. In this robust counterpart optimization formulation, a budget parameter (which
takes a value between 0 and the number of uncertain coefficient parameters in the
constraints and is not necessarily integer) is introduced to control the degree of conservatism
of the solution. Lin et al. 7 and Janak et al. 8 developed the theory of the robust optimization
framework for general mixed-integer linear programming problems and considered both
bounded and several known probability distributions (e.g., normal, uniform, binomial,
poisson distribution). The robust optimization framework was later extended by Verderame
and Floudas 9 and they studied both continuous (general, bounded, uniform, normal) and
discrete (general, binomial, Poisson) uncertainty distributions and applied the framework to
operational planning problems. The work was further compared with the conditional value-
at-risk based method in Verderame and Floudas 10. In Li et al. 11, we studied different
uncertainty sets, discussed their relationships and derived their corresponding robust
counterpart optimization formulations for both linear optimization (LP) and mixed integer
linear optimization (MILP) problems. Several recent publications (e.g., El Ghaoui et al. 12,
Chen et al. 13, Chen and Sim 14, Delage and Ye 15, Ben-Tal et al. 16) aim at bridging the gap
between the conservatism of robust counterpart optimization models and the specificity of
stochastic programming, where optimal decisions are sought for the worst-case probability
distributions within a family of possible distributions, defined by certain properties such as
their support and moments.

Although robust optimization does not require known probability distribution information of
the uncertainty, one might ask for probabilistic guarantees for the robust counterpart
solution’s feasibility if there exists a particular probability distribution for the uncertainty. In
other words, it is desirable to evaluate the lower bound on constraint satisfaction or upper
bound on constraint violation, which depends on the characteristics of the uncertainty itself.
Ben-Tal and Nemirovski 3 derived probability bounds for the “interval+ellipsoidal”
uncertainty set (see equation (2.9d)) based robust counterpart optimization model for
bounded symmetric uncertainty. They showed that for ellipsoids with radius Ω, the
corresponding robust feasible solutions must satisfy the original constraint with probability
at least (1 − e−Ω2/2 ). Bertsimas and Sim 6 derived probability bounds for the “interval
+polyhedral” uncertainty set (see equation (2.9e)) based robust counterpart optimization
model for bounded symmetric uncertainty and showed that the robust feasible solution
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satisfies the constraint with probability at least (1 − e−Γ2/(2|Ji|)), where Γ is the parameter
defining the size of the polyhedron and |Ji| is the number of the uncertain parameters in the i-
th constraint. Chen et al. 13 considered more general deviation measures which capture
distributional asymmetry and lead to improved probability guarantees. Bertsimas et al. 17

presented probabilistic guarantees for the general norm based uncertainty model. Bertsimas
and Sim 18 proposed a relaxed robust counterpart for general conic optimization problems
and provided probability guarantees of the robust solution when the uncertain coefficients
obey independent and identically distributed normal distributions. Paschalidis and Kang 19

studied probability bounds for the “interval+polyhedral” uncertainty set based robust
counterpart optimization model when the entire probability distribution is available.

In this paper, probabilistic guarantees on constraint satisfaction are derived for different
uncertainty set induced robust counterpart optimization models, for both bounded and
unbounded uncertainty, with and without detailed probability distribution information.
Extensive numerical studies are performed so as to compare the tightness of the different
probability bounds and to assess the conservatism of several important robust counterpart
optimization models.

The paper is organized as follows. In section 2, we review the set induced robust counterpart
optimization for general linear optimization and mixed integer linear optimization problems.
In section 3, we study the probabilistic guarantees of constraint violation of the robust
counterpart optimization models (with detailed proofs given in the appendix). These are
derived from two directions: the uncertainty set and the solution of robust counterpart
optimization model. In section 4, numerical examples are studied to compare the different
probability bounds and a comparative study on the conservatism is performed. In section 5,
applications in production planning and process scheduling are presented.

2. Uncertainty Set Induced Robust Optimization
In set induced robust optimization, the uncertain data is assumed to be varying in a given
uncertainty set, and the aim is to choose the best solution among those “immunized” against
data uncertainty, that is, candidate solutions that remain feasible for all realizations of the
data from the uncertainty set.

In general, consider the following linear optimization problem with uncertainty in the left
hand side (LHS) constraint coefficients, right hand side (RHS) and objective function
coefficients:

(2.1)

where ãij, b̃i and c̃j represent the true value of the parameters which are subject to
uncertainty. Problem (2.1) can be equivalently rewritten as:

(2.2)

In (2.2), the uncertain parameters are all moved to the LHS.
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Similarly, consider a general mixed integer linear optimization problem with uncertainty in
LHS, RHS and objective function coefficients:

(2.3)

where xm and yk are continuous and integer variables, respectively, and ãim, b̃ik, c̃m, d̃k and
p̃i represent the true value of the parameters which are subject to uncertainty.

We can rewrite problem (2.3) as follows

(2.4)

thus, the uncertain parameters in (2.3) are all moved to the LHS of constraints in (2.4).

Based on the above analysis, without loss of generality, we focus on the following general i-
th constraint of a (mixed integer) linear optimization problem considering only LHS
uncertainty:

(2.5)

where every xj can be either a continuous or an integer variable and ãij are subject to
uncertainty. Define the uncertainty as follows

(2.6)

where aij represent the nominal value of the parameters, âij represent positive constant
perturbations, ξij represent independent random variables which are subject to uncertainty
and Ji represents the index subset that contains the variables whose coefficients are subject
to uncertainty.

Constraint (2.5) can be rewritten by grouping the deterministic part and the uncertain part
for the LHS of (2.5) as follows:

(2.7)

In the set induced robust optimization method, the aim is to find solutions that remain
feasible for any ξ in the given uncertainty set U so as to immunize against infeasibility, that
is,

(2.8)
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The formulation of the robust counterpart optimization is connected with the selection of the
uncertainty set U. Based on our previous work in Li et al. 11, we summarize five important
uncertainty sets and their corresponding robust counterpart formulations here. Notice that
we eliminate the constraint index i for the random vector ξ for the sake of simplicity.

Box uncertainty set:

(2.9a)

Ellipsoidal uncertainty set:

(2.9b)

Polyhedral uncertainty set:

(2.9c)

“Interval + Ellipsoidal” uncertainty set:

(2.9d)

“Interval + Polyhedral” uncertainty set:

(2.9e)

Note that we use “interval” uncertainty set to denote the following special case of box
uncertainty set: U∞ ={ξ| |ξj| ≤ 1, ∀j ∈ Ji }, which is useful for the case of bounded
uncertainty since the uncertainty set can be restricted inside the known bounds of the
uncertainty. The corresponding robust counterpart optimization formulations induced from
the above different uncertainty sets are presented as follows:

Box uncertainty set based robust counterpart optimization formulation:

(2.10a)

Ellipsoidal uncertainty set based robust counterpart optimization formulation:
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(2.10b)

Polyhedral uncertainty set based robust counterpart optimization formulation:

(2.10c)

“Interval+ellipsoidal” uncertainty set based robust counterpart optimization formulation:

(2.10d)

“Interval+polyhedral” uncertainty set based robust counterpart optimization formulation:

(2.10e)

The robust counterpart optimization model is obtained by replacing the original i-th
constraint in (2.5) with its robust counterpart constraint. For example, the box uncertainty
set induced robust counterpart optimization model for (2.2) is

which can be further rewritten as

(2.11)

Note that in (2.11) the same uncertainty set parameter Ψ is applied for all the constraints in
the above problem. However, different parameters Ψ can be introduced for different
constraints.

Similarly, the ellipsoidal set induced robust counterpart optimization model for MILP
problem (2.4) is
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which is further reduced to

(2.12)

An equivalent presentation based on a unification approach of the uncertainty descriptions
may be possible, but it is not selected so as to maintain the clarity of presentation. In the
next section, probability guarantees on constraint satisfaction will be studied based on the
above uncertainty sets and their corresponding robust counterpart formulations.

3. Probabilistic Guarantees of Robust Counterpart Optimization Solutions
In the uncertainty set induced robust optimization framework, the uncertainty set is defined
by the decision maker. If the uncertainty set covers the whole uncertain space containing all
the possible realizations of uncertain parameters, then it is certain that the robust solution (if
it exists) is feasible for any realizations of uncertainty (i.e., the probabilistic guarantee on
constraint satisfaction is 1). However, in reality, the uncertainty set is not necessarily
defined to cover the whole uncertain space because the decision maker might allow for a
certain degree of constraint violation. For instance, it is impossible to define a finite set to
cover unbounded uncertainty space.

For a given constraint, if we have a feasible solution and know the uncertain parameters’
probability distribution, then the degree of constraint violation is exactly the probability that
the constraint is violated. In those cases where the uncertainty set does not cover the whole
uncertainty space, the following question naturally arises: Before we solve a robust
optimization problem, what size of the uncertainty set is necessary to ensure that the degree
of constraint violation does not exceed a certain level? Upon solution of the robust
optimization problem, what is the degree of constraint violation? The answers to those
questions are related to the probabilistic guarantees on the constraint satisfaction, or the
upper bound on the probability of constraint violation.

In general, two different types of methodologies can be used in evaluating the probabilistic
guarantees. The first type of methods derives the probability using the uncertainty set
information before we solve the problem (i.e., from the robust counterpart constraint since
the robust counterpart is derived from the uncertainty set) and the resulting bound is called a
priori probability bound. The second method derives the probability directly from the
solution of the robust counterpart optimization model, which can also be viewed as checking
the probability of constraint violation, and the resulting bound is called a posteriori bound.
For both methodologies, different probability bounds can be derived with different levels of
uncertainty information.
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3.1 A priori probabilistic guarantees based on uncertainty set information

Lemma 3.1: For every robust counterpart constraint (2.10a)–(2.10e), if it is satisfied, then
the following relationship, which represents an upper bound on the probability that the
original constraint is violated, holds:

(3.1)

where the parameters Δ and δ are defined as follows:

1. For box uncertainty set based counterpart (2.10a)

(3.2a)

2. For ellipsoidal uncertainty set based robust counterpart (2.10b)

(3.2b)

3. For polyhedral uncertainty set based robust counterpart (2.10c),

(3.2c)

4. For “interval+ellipsoidal” uncertainty set based robust counterpart (2.10d),

(3.2d)

5. For “interval+polyhedral” uncertainty set based robust counterpart (2.10e),

(3.2e)

Proof: (See Appendix A).

From the above Lemma, it is observed that for the different types of robust counterparts
(2.10a)–(2.10e), bounding the probability of constraint violation corresponds to the
evaluation of the expression Pr {Σj ∈Jiξj δj > Δ}.

Lemma 3.2: If {ξj}j ∈Ji are independent and subject to a symmetric probability distribution,
then the following probability of constraint violation holds for any θ > 0:

(3.3)

where Δ and δj are detailed in Lemma 3.1.

Proof: (See Appendix A).
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Lemma 3.3: If {ξj }j ∈Ji are independent and subject to a bounded and symmetric
probability distribution supported on [−1, 1], then the following bound on the probability of
constraint violation holds for any θ > 0:

(3.4)

where Δ and δj are detailed in Lemma 3.1.

Proof: (See Appendix A).

Based on the above analysis, explicit probability bounds on constraint violation can be
derived as shown in Theorem 3.1.

Theorem 3.1: Let {ξj}j ∈Ji be independent and subject to a bounded and symmetric
probability distribution supported on [−1,1], then

1. for all the five robust counterparts (2.10a)–(2.10e), we have

(3.5)

2. for the box, ellipsoidal, and “interval+ellipsoidal” uncertainty sets induced robust
counterparts (2.10a), (2.10b) and (2.10d), we have

(3.6)

where Δ represents the adjustable parameter for the different uncertainty sets as
detailed in Lemma 3.1.

Proof: (see Appendix A).

Remark 3.1: Note that Ben-Tal and Nemirovski 3 derived the probability bound e−Ω2/2 for
the “interval+ellipsoidal” uncertainty set induced robust counterpart (2.10d) and Bertsimas
and Sim 6 derived the probability bound e−Γ2/(2|Ji|) for the “interval+polyhedral” uncertainty
set induced robust counterpart (2.10e). Theorem 3.1 enhances them to more general robust
counterpart optimization formulations.

Remark 3.2: Another bound B (|Ji|, Δ) proposed by Bertsimas and Sim 6 for the “interval
+polyhedral” based robust counterpart is also valid for all the five robust counterparts in
(2.10) since it is valid for Pr {Σj ∈Jiξj δj ≥ Δ}, thus we have the following bounds for the
robust counterparts (2.10a)–(2.10e):

(3.7)
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where , μ = v − ⌊ v ⌋

Considering the complexity in evaluating the combination terms in B (|Ji|, Δ), Bertsimas and
Sim 6 also proposed the following simpler bound:

(3.8)

where , μ = v − ⌊ v ⌋

The above bound (3.8) is still valid for robust counterparts (2.10a)–(2.10e).

The above probability bounds (3.5)–(3.8) are based on simple information on the
uncertainty, that is, bounded, symmetric and independent. Once the full probability
distribution information of the uncertainty is known, different bounds can be derived.
Paschalidis and Kang 19 studied the probability bound for the “interval+polyhedral”
uncertainty set induced robust counterpart optimization model. Here, we extend their
conclusion to other robust counterpart formulations.

Theorem 3.2: If {ξj}j ∈Ji are independent and subject to symmetric probability distribution,
then we have

(3.9)

where Δ represents the adjustable parameter for the different uncertainty sets as detailed in
Lemma 3.1.

Proof: (see Appendix A).

Note that evaluating the probability bound in (3.9) needs the moment generating function
E[eθξj] and the solution of an additional optimization problem.

3.2 A posteriori probabilistic guarantees based on solutions of robust counterpart
optimization model

All the a priori probabilistic bounds are derived from the definition of the uncertainty set and
the uncertainty characteristics. Once the solution of the robust counterpart optimization
model is available, we can check the probability of constraint violation based on the robust
solution x* (which can be any feasible solution of the robust optimization problem) and the
distribution characteristics of the uncertain parameters.
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Theorem 3.3: If the uncertain parameters {ξj }j ∈Ji are independent and subject to a
bounded probability distribution supported on [−1,1], and the robust counterpart solution is

x* with di (x*) > 0, where , then we have:

(3.10)

Proof: (see Appendix A)

For those uncertainties with full probability distribution information, we can also derive the
following probability bound.

Theorem 3.4: If the uncertain parameters {ξj}j ∈Ji are independent and the robust
counterpart solution is x*, then for any θ > 0, we have:

(3.11)

Proof: (see Appendix A)

Finally, we summarize the probabilistic bounds for the different robust counterpart
optimization models in Table 3.1.

4. Illustrative Computational Studies
To this point, we have systematically studied different uncertainty sets, their corresponding
robust counterpart formulations, and presented several different a priori and a posteriori
probability bounds on constraint violation for the resulting robust counterpart optimization
formulations.

Based on the above theoretical results, we address the following two questions through a set
of computational studies.

Question 1: While we have several alternative types of uncertainty sets and robust
counterpart optimization formulations, which one could be a better choice in
constructing the robust counterpart model?

Question 2: Once we have selected a particular type of uncertainty set and its resulting
robust counterpart optimization formulation, what is an appropriate size for the
uncertainty set such that a desired probability bound on constraint satisfaction is met?

4.1 Comparison of different probability bounds
To compare the different probability bounds for the uncertainty set induced robust
counterpart optimization formulations, the following numerical examples with different
numbers of uncertain parameters are studied.

Example 1: Consider the following linear optimization problem
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In the above problem, ã1, ã2 are uncertain coefficients and they are defined by

where , âj = 0.1aj, and ξ1, ξ2 are independent uncertain parameters.

Example 2: Consider the following linear optimization problem

In this problem, ã1, ã2, ã3, ã4 are uncertain coefficients and they are defined by

where , âj = 0.1aj, and ξ1, ξ2, ξ3, ξ4 are independent
uncertain parameters.

Example 3: Consider the following linear optimization problem

In the above problem, ãj, j = 1, …, 10 are uncertain coefficients and they are defined by

where
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, âj = 0.1aj, and ξj, j = 1, …, 10, are independent uncertain parameters.

For all the above three example problems, the LHS constraint coefficients of the first
constraint are subject to bounded uncertainty with a maximum of 10% perturbation. For
those uncertain constraints in those examples, the corresponding a priori bounds B1, B2, B3,
and B4 are computed using only the value of Δ (i.e., the value of Ψ, Ω, Γ). Bounds B5 and
B6 are computed after the solution of the different robust counterpart optimization problems
based on formulations in (2.10) and the resulting robust solutions are used to evaluate the
probability bounds.

For those numerical examples, the following different probability distributions are
considered to study the probability bounds: 1) bounded uniform distribution, 2) bounded
triangular distribution, 3) bounded reverse triangular distribution. A detailed description of
the distributions is in Table 4.1. Note that to compute the bounds B4 and B6, the moment-
generating function (m.g.f.) E [eθξj] is needed and it is listed in Table 4.1.

With the above settings, each example is studied under three different uncertainty
distributions and the upper bounds on the probability of constraint violation are computed
from different types of robust counterpart formulations. Representative results are shown in
Figure 4.1–4.3. Note that in Figure 4.2, bound B1 is not plotted since it is not applicable to
the polyhedral uncertainty set induced robust counterpart model. For complete results on
those examples, the reader is directed to Supplementary Material B.

Based on those results, the following observations can be made.

Comparing the a priori probability bounds B1, B2, B3, B4
1. Comparing the first three bounds B1, B2, B3, which do not use the probability

distribution function or the robust solution, it is seen that for the ellipsoidal and
“interval+ellipsoidal” model, bound B1 is the tightest bound. For polyhedral and
“interval+polyhedral” model, bound B3 is the tightest bound.

2. Comparing the four bounds B1–B4 without using the robust solution information, it
is observed that for ellipsoidal and “interval+ellipsoidal” model, bound B1 and
bound B4 are in general tighter than the other two, but there is not a definite
conclusion on which one is tighter between bound B1 and bound B4. For the
polyhedral and “interval+polyhedral” model, bound B4 is tighter than bound B1
and bound B3, and bound B1 is the worst bound.

Comparing the a posteriori probability bounds B5, B6—Comparing bound B5 and
B6, B6 is tighter than B5, since it takes into consideration the detailed probability
distribution information of the uncertainty. Furthermore, bound B6 is applicable to not only
bounded uncertainties but also unbounded general uncertainties. On the other hand, bound
B5 is only valid for bounded uncertainty.

Comparing the two bounds B4 and B6 using the probability distribution
information—It is also observed that bound B4 and bound B6 that have used detailed
distribution function information are tighter than those a priori bounds B1, B2 and B3 that
only use the symmetry information. Comparing bound B4 and bound B6, although both of
them use the probability distribution information of the uncertainty, bound B6 is tighter than
B4 since B6 further uses the specific robust counterpart solution to evaluate the probability
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of constraint violation. For example, for the case of bounded uncertainty, the entire support

of the random variables is covered by the uncertainty set when  or Γ ≥ |Ji|, so the
real probability of constraint violation for the robust solution should be zero, it can be
observed that the bound B6 is very close to this value, but bound B4 is not.

Guidelines for selecting Δ—Finally, based on the above comparisons, we propose some
guidelines in assigning a parameter value Δ for uncertainty sets:

1. In the process of assigning a parameter value for a specific uncertainty set, the
bounds B1, B2, B3, B4 provide us the capability to select the tightest possible
bound expression so as to define the size of the uncertainty better and to avoid
overly conservative solutions. For example, if the probability distribution
information of the uncertainty is known, we can use bound B4 to compute the
parameter value defining the “interval+polyhedral” uncertainty set since that’s the
best one among the first four bounds.

2. If the probability distribution information of the uncertainty is known, we have the
capability to further improve the solution by using the tightest possible bound B6.
A detailed algorithm that achieves the objective will be presented in our future
work.

Remark 4.1: For a given desired probabilistic guarantee on constraint satisfaction (or an
upper bound on constraint violation), no matter what type of uncertainty set is chosen for the
robust optimization application, we have to define the set with the right size (defined by Δ)
such that the probability requirement is satisfied. One important guiding rule in defining the
set is that the set should be as small as possible since a larger set leads to a worse solution
(as illustrated in previous work 11).

Remark 4.2: Since the probability bounds are non-increasing functions of the parameter Δ,
the tightest probability bound expression is preferred to find the smallest uncertainty set so
as to obtain the best solution.

4.2 Conservatism comparison of the different robust counterpart optimization models
As discussed in the previous subsection, while we are considering a single type of
uncertainty set and its corresponding robust counterpart, the desired size for the uncertainty
set is the smallest one among those satisfying the probability requirement on constraint
satisfaction. However, since there are different uncertainty sets available for constructing
robust counterpart optimization formulations, a natural question is: which type of
uncertainty set (and robust formulation) should be used?

The above question is related to the issue of the different robust counterpart models’
conservatism. Without considering other factors such as computational efforts, the decision-
maker naturally wants to adopt the least conservative model. In other words, while the same
probability of constraint violation is satisfied, the best possible solution is preferred.

4.2.1 A comparison from the worst-case scenario point of view—One of the most
important distributions widely studied in practice is the bounded uncertainty. For this type of
uncertainty, from the worst-case scenario point of view, to ensure that the solution is robust
for any possible realization of uncertainties and that there is no constraint violation, the
defined uncertainty set has to cover the whole uncertain space. While we compare the size
of the different types of uncertainty sets, a conservatism recommendation could be made
based on the following fact: the larger the uncertainty set is, the more conservatism the
solution becomes.
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First, comparing the box, ellipsoidal and polyhedral uncertainty sets, based on geometry it is
observed that the minimum size of the uncertainty set necessary to cover the whole bounded

support increases (Ψ = 1, , Γ = |Ji|), and correspondingly the model’s conservatism
increases in the following order: box, ellipsoidal, polyhedral.

Comparing the “interval+ellipsoidal” and the ellipsoidal set based model, the ellipsoidal
model is more conservative since the “interval+ellipsoidal” set is always inside the
ellipsoidal set with same parameter defining the set. Similarly, the “interval+polyhedral” set
induced model is less conservative than the polyhedral set induced model.

To illustrate these points, the solution for the following example with both LHS and RHS
uncertainty for two constraints is studied.

Example 4: Consider the following linear optimization problem

where the possible uncertainty is related to the left hand side (LHS) constraint coefficients
ã11, ã12, ã21, ã22, and the right hand side (RHS) parameters b̃1, b̃2. Here we define the
uncertainty as follows:

where âij = 0.1aij, b̂i = 0.1bi, represent constant perturbations around their nominal values,
ξ11, ξ12, ξ21, ξ22, ξ1, ξ2 are independent uncertain parameters, and the nominal parameter
values are given by

Five different robust counterpart formulations are solved for different Δ values which satisfy

the relationship: Γ = Ψ|Ji|, , and the results are shown in Figure 4.4.

From the results, it can be observed that the solution of the different models is consistent
with the above recommendation on robust counterpart optimization models’ conservatism.
For example, comparing the three dashed lines which represent the results of the box,
ellipsoidal and polyhedral set based solutions, for every Ψ value, the box set based solution
is always better (larger for maximization problem in this case) than the ellipsoidal set based
solution and the polyhedral set based solution is the worst. Comparing the red and blue solid
line representing the “interval+ellipsoidal” and “interval+polyhedral” set based solutions,
the red line is always above the blue line until the two lines overlap, and this shows that the
“interval+ellipsoidal” set induced model is less conservative than the “interval+polyhedral”
set induced model from the worst case scenario point of view.

Li and Floudas Page 15

Ind Eng Chem Res. Author manuscript; available in PMC 2013 April 16.

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript

N
IH

-PA Author M
anuscript



4.2.2 Comparisons based on probability distribution—As stated previously, it is
important to address the following question: to satisfy the same probability of constraint
violation, which model’s solution is the best? There exist some comparisons in the literature,
for example, the comparison between the “interval+ellipsoidal” set based model and the
“interval+polyhedral” set based model 20. However, the comparisons are generally based on
assigning probability bounds e−Ω2/2 and e−Γ2/(2|Ji|) for the two models, respectively.
Considering the bounds they selected, the conclusion they made is still worth to be further
discussed.

Based on the analysis in section 4.1 and realizing that bound B4 and B6 are generally tighter
than the other bounds since they use the probability distribution information, we quantify the
probability of constraint violation using B4 and B6 in our comparison strategy. In the
sequel, we plot the optimal objective of the robust counterpart optimization models and the
probability bounds B4 or B6 on the same graph, so as to view and compare the results
intuitively.

This numerical study is based on Example 4. First, we assume that only the first constraint’s
LHS coefficients in Example 4 are subject to uncertainty. With given probability distribution
information of the uncertainty, we can check the probability of constraint violation. For
example, if the uncertainty is subject to uniform distribution, the corresponding results are
shown in Figure 4.5. We also studied the triangular and normal distribution, and the results
are shown in Supplementary Material C. It can be observed from those solutions that the
different robust counterpart formulations have no difference in the conservatism since the
objective-probability plots overlap.

Furthermore, treating both constraints’ LHS coefficients of Example 4 subject to uniform
probabilistic distribution for the uncertainty, we plot the results for the case of two uncertain
constraints as shown in Figure 4.6. The corresponding results under the triangular and
normal distribution can also be found in Supplementary Material C. The results show that:
for the first constraint, polyhedral and “interval+polyhedral” set based solutions are worse
since for the same B6 value, the objective value is always smaller; but for the second
constraint, the polyhedral and “interval+polyhedral” set based solutions are better. Thus, it is
not possible to reach a conclusion based on the probability bound B6.

We also study Example 4 based on probability bound B4 which utilizes both the uncertainty
set information and the probability distribution information of the uncertainty. Based on
Example 4 and assuming uniform probability distributions for the LHS coefficients of the
first constraint, the results are shown in Figure 4.7. By assuming uniform probability
distributions for the LHS coefficients of both constraints, the results are shown in Figure 4.8.
The results under triangular and normal distributions can be found in Supplementary
Material C. From the dashed lines in those plots, it can be observed that the “interval
+polyhedral” set based model is more conservative than the “interval+ellipsoidal” set based
model since under the same probability bound of constraint violation, the objective of the
“interval+polyhedral” set based model is worse than the “interval+ellipsoidal” set based
solution. Similarly, from the solid lines in those plots, we can conclude that for the sets that
are not combined with interval sets, their conservatism increases in the following order: box,
ellipsoidal, polyhedral.

5. Application Studies on Planning and Scheduling
In this section, we study the application of the set induced robust counterpart formulations
on a LP based production planning problem and a MILP based process scheduling problem.
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Specifically, we will focus on the utilization of the probabilistic guarantees derived in
section 3 to find robust solutions for those problems.

5.1 Multiperiod production planning problem: LP Model
This example is adapted from 21 and considers the problem of planning the production,
storage and marketing of a product for a company. It is assumed that the company needs to
make a production plan for the coming year, divided into six periods of 2 months each, to
maximize the sales with a given cost budget. The production cost includes the cost of raw
material, labor, machine time, etc, and the cost fluctuates from period to period. The product
manufactured during a period can be sold in the same period, or stored and sold later on.
Operations begin in period 1 with an initial stock of 500 tons of the product in storage, and
the company would like to end up with the same amount of the product in storage at the end
of period 6. A linear optimization formulation of this problem can be formulated as below:

(5.1a)

(5.1b)

(5.1c)

(5.1d)

(5.1e)

(5.1f)

(5.1g)

In the above model, decision variables xj represent the production amount during period j, yj
represent the amount of product left in storage (tons) at the end of period j and zj represent
the amount of product sold to market during period j. The objective function (5.1a)
maximizes the total sales. The first constraint (5.1b) ensures that the total cost does not
exceed a given budget. Constraints (5.1c) and (5.1d) represent the inventory material
balances. Constraint (5.1e) requires that the final inventory meet the desired level (i.e., 500
tons). Constraints (5.1f) and (5.1g) represent the production capacity limitations and demand
upper bounds, respectively. Detailed data for the above LP problem are in Table 5.1.

To study the robust counterpart optimization technique for the uncertain planning problem,
we assume the production costs are subject to uncertainty and the cost budget constraint
(5.1b) is affected, where the parameters C̃j are the uncertain data in this constraint:
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(5.2)

It is further assumed that the production costs are subject to a uniform probability
distribution and that there is a maximum of 50% perturbation around their nominal values Cj
as listed in Table 5.1. The desired probabilistic guarantee that constraint (5.1b) is satisfied is
set to 0.85 (i.e., the upper bound on the probability of constraint violation is set to 0.15).

Before we solve the robust production planning problem, the deterministic model and the
worst-case scenario case (i.e., the uncertainty set is the interval set defined by the bounds on
the uncertain parameters) are solved and the results are shown in Figure 5.1, which will be
compared with the robust solution.

The general robust optimization methodology applied to the robust planning problem can be
described as follows: first, with the desired probability bound on constraint violation, we
calculate Δ using a priori bounds (B1, B2, B3 or B4); then with the Δ value, we solve the
robust counterpart optimization problem and obtain the robust production plan. Finally, as
an additional optional step, we can further check the a posteriori probability bound of
constraint violation based on the robust solution using bounds B5 or B6.

For the uncertain constraint (5.2), we have |Ji| = 6. Then, from the a priori probability bound
expressions B1 – B4, we can obtain the following uncertainty set parameter values Δ

Notice that for the box uncertainty set, the smallest Δ value derived above is 1.9479. Since it
is larger than 1 (i.e., the corresponding uncertainty set has exceeded and totally covered the
bounded support), it is not worth to apply the value Ψ = 1.9479 to solve the box set based
robust counterpart optimization problem since the solution will be worse than the worst-case
scenario (in this case, the optimal objective value is actually 1,969,209). While for the
ellipsoidal and the “interval+ellipsoidal” uncertainty sets, the smallest Δ derived above is

ΔB1 = 1.9479, and since , the corresponding uncertainty set does not
cover the whole uncertain space. Similarly, for the polyhedral and the “interval+polyhedral”
set, the smallest possible Δ value is ΔB4 = 2.6704, and since 2.6704 < |Ji| = 6, the
corresponding uncertainty set does not cover the whole uncertain space. The four different
robust counterpart formulations are then applied to solve the robust planning problem by
using their best possible uncertainty set parameter values and the results are listed in Table
5.2. With the robust solution, a posteriori probability bound B6 on constraint violations is
also evaluated and listed in Table 5.2. Detailed production plans for those different robust
solutions are shown in Figure 5.2.

From the solutions, it is observed that although the polyhedral and the “interval+polyhedral”
set based robust solution’s objective is better than the ellipsoidal and “interval+ellipsoidal”
set based solutions, their performances on probability of constraint violation (evaluated
based on the tightest bound B6) are much higher, which illustrates the trade-off between
optimality and feasibility.

Note that with the usage of a tighter probability bound, a smaller uncertainty set is derived
while the probabilistic guarantee on constraint satisfaction is still met. For example, for the
“interval+polyhedral” set based model, the robust solution with different Γ values derived
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from a priori probability bounds B2 and B3 are shown in Figure 5.3. Comparing Figure 5.3
with Figure 5.2(d), it is seen that while using the bound B2, the solution is actually the same
as the worst-case scenario solution, and the quality of the robust solution is greatly improved
with tighter probability bounds (especially, B4).

5.2 Process scheduling problem: MILP Model
To further study the application of the different probabilistic bounds in addressing robust
optimization problems for mixed integer linear optimization, MILP, models, here we
consider a process scheduling problem studied in our previous work 11, 22–24. This example
involves the scheduling of a batch chemical process related to the production of two
chemical products using three raw materials. The state-task-network (STN) representation of
this example is shown in Figure 5.4. The readers are directed to the paper 11 for the detailed
mixed integer linear optimization formulation and problem data.

In this example, we specifically focus on the processing time uncertainty. Note that the
demand uncertainty leads to only one uncertain parameter per constraint, and
correspondingly the different uncertainty sets are all reduced to the interval set case and the
corresponding robust formulations are the same.

The constraints related to processing time uncertainty are listed as equation (5.3), where two
uncertain parameters α̃i,j and β̃i,j exist (i.e., |Ji| = 2) for every such constraint:

(5.3)

In this study, we assume bounded triangular uncertainty on the processing time parameters
α̃i, j, β̃i, j and assign a maximum deviation of 5% of the nominal processing time data. We
set the expected minimum probability level on constraint satisfaction to 0.9 (i.e., set the
upper bound on constraint violation to 0.1).

First, we solve two extreme cases of the process scheduling problem: 1) the deterministic
case, assuming no uncertainty on the parameters; 2) the “worst-case scenario” case,
assuming that the schedule feasibility should be maintained for all the possible processing
time perturbations, which can be performed by solving the box set based robust formulation
with Ψ = 1 (i.e., the uncertainty set is exactly the whole support defined by the bounds on
the uncertainty). The results of the above two extreme cases are shown in Figure 5.5 and
Figure 5.6, which will be further compared with the other robust solution cases.

While Δ can be evaluated from several a priori bounds, we first consider solving the robust
scheduling problem without using the probability distribution information (i.e., bound B4).
Thus, with a given probability bound on constraint violation 0.1, using the a priori
probability bounds B1 and B2, we determine the value of Ψ, Ω and Γ using

 and , respectively, and the following parameter values are

obtained: Ψ = 2.146, Ω =2.146, Γ =3.0349. Since Ψ =2.146 > 1,  and
Γ =3.0349 > |Ji| = 2, the box, ellipsoidal and polyhedral uncertainty sets will all exceed the
original bounds on uncertainty. Hence, the corresponding solution could be even worse than
the worst-case scenario solution. Taking the box set based solution shown in Figure 5.7 and
polyhedral set based robust solution in Figure 5.8 as examples, they are worse than the
worst-case scenario solution in Figure 5.6. In this sense, although they are feasible solutions,
they are not good robust solutions.

Based on the above Ω and Γ values, the corresponding “interval+ellipsoidal” and the
“interval+ellipsoidal” uncertainty sets will be equal to the worst case scenario uncertainty
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set (i.e., the interval set described with the given bounds). Thus, the “Interval+ellipsoidal”
set based solution with Ω = 2.146 and the “Interval+polyhedral” set based solution with Γ =
3.0349 are the same as the worst-case scenario schedule, and they are shown in Figure 5.6.

From the above results, it is seen that using the probability bounds B1 and B2, the resulting
robust solution is the same as the worst case scenario solution and hence conservative. The
reason for this is that those two bounds are not tight for bounded triangular probability
distribution when |Ji| = 2 (see Figure B.2 in Supplementary Material B), thus leading to a
relative large Δ and hence large uncertainty sets. To avoid those conservative solutions, we
will further utilize the probability distribution information and the tighter probability bound
B4 to evaluate the uncertainty set parameters, and then solve the resulting robust
optimization problems.

For the given triangular distribution and |Ji| = 2, the relationship between the probability
bound B4 and the uncertainty set parameter Δ (i.e., Ψ, Ω and Γ) is plotted in Figure B.2 (see
Supplementary Material B). With the desired probabilistic guarantee on constraint
satisfaction set to 0.9 (i.e., the probability of constraint violation does not exceed 0.1), we
can determine the parameters using the probability bound expression B4 and get Ψ = Ω = Γ
= 1.1681. Before we solve the robust counterpart optimization problems, we observe that the
box set based robust counterpart will still lead to the worst case scenario solution because Ψ
= 1.1681 > 1. On the other hand, the “interval+ellipsoidal” and “interval+polyhedral” set
based robust counterparts will not lead to the worst case scenario solution because

, Γ = 1.1681 < |Ji| = 2. Therefore, only the “interval+ellipsoidal” and
“interval+polyhedral” set based robust counterpart optimization models are solved for the
scheduling problem. The results are shown in Figure 5.9 and Figure 5.10, respectively.

Comparing the above two schedules, it can be observed that the task sequences are the same,
and the differences lie on the batch sizes. For every task, the schedule shown in Figure 5.10
has a larger batch size than the schedule shown in Figure 5.9. This is explained by the fact
that with Γ = Ω, the ellipsoidal set is always larger than the polyhedral set since the
polyhedron is circumscribed by the ellipsoid. Thus, the resulting ellipsoidal set based robust
solution considers larger perturbations of the processing time, and as a result, the batch size
that can be processed must be smaller so as to make feasible the positive perturbations
which lead to large processing times for the tasks. Comparing the above two schedule
solutions with the worst case scenario solution schedule in Figure 5.6, it can be seen that the
solution has been improved since the batch processing size increased and the objective value
increased.

Based on above analysis, it can be concluded that using the probability distribution
information, we can improve the solution while still keeping the probabilistic guarantees on
constraint satisfaction. This demonstrates the benefits of using the probability distribution
information and tighter probability bounds.

6. Conclusions
Set induced robust counterpart optimization techniques are systematically studied in this
paper based on their probabilistic guarantees on constraint satisfaction. We derive
probability bounds for constraint violation of the robust solution for five different set
induced robust counterpart formulations. Probabilistic guarantees are derived for both
bounded and unbounded uncertainty, with and without detailed probability distribution
information. The main findings on multiple probability bounds for several important robust
optimization models extend the results in the literature and provide greater flexibility for
robust optimization practitioners in choosing tighter probability bounds so as to find less
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conservative robust solutions. Illustrative numerical studies are performed to compare the
tightness of different probability bounds and the conservatism of different robust
formulations. The insights gained provide the basis for the application of the robust
counterpart optimization in practical problems. We have also illustrated the usage of
probability distribution information and tighter a priori probability bounds to find better
robust solutions for a production planning and a process scheduling problem.

Supplementary Material
Refer to Web version on PubMed Central for supplementary material.
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Appendix A

Lemma 3.1
For every robust counterpart constraint (2.10a)–(2.10e), if it is satisfied, then the following
relationship, which represents an upper bound on the probability that the original constraint
is violated, holds:

(3.1)

where the parameters Δ and δ are defined as follows:

3) For box uncertainty set based counterpart (2.10a)

(3.2a)

2) For ellipsoidal uncertainty set based robust counterpart (2.10b)

(3.b)

3) For polyhedral uncertainty set based robust counterpart (2.10c),

(3.2c)

4) For “interval+ellipsoidal” uncertainty set based robust counterpart (2.10d),

(3.2d)

5) For “interval+polyhedral” uncertainty set based robust counterpart (2.10e),
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(3.2e)

Proof for Lemma 3.1
1. For the box uncertainty set induced robust counterpart (2.10a), the following

relationship holds:

where . Notice that while αij is a more accurate notation, for the
simplicity in presentation, we omitted the index i here. Thus, we have −1 ≤ αj ≤ 1
∀j ∈ Ji, and Σj∈Ji αj ≤ 1.

In the above derivation, the equality (1) is obtained by adding ΨΣj∈Ji âij|xj| on both
sides of the constraint and then moving bi to the LHS; the inequality (2) is based on
the box uncertainty set induced robust counterpart constraint (2.10a).

2. For the ellipsoidal uncertainty set induced robust counterpart (2.10b):

where . Thus, we have −1 ≤ βj ≤ 1 ∀j ∈ Ji, and .

In the above derivation, the equality (1) is based on adding term  on
both sides of the constraint; the inequality (2) is based on the ellipsoidal uncertainty
set induced robust counterpart constraint (2.10b).

3. For the polyhedral uncertainty set induced robust counterpart (2.10c):
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where . Thus, we have −1 ≤ γj ≤ 1 ∀j ∈ Ji

The inequality (1) in the above derivation process is based on the first constraint of
the robust counterpart constraints set (2.10c), the inequality (2) is based on the
second constraint of (2.10c).

4. For the “interval+ellipsoidal” uncertainty set induced robust counterpart (2.10d):

where  is defined by . Thus, .

Note that in the above derivation procedure, the inequality (1) uses absolute value
relaxation and the inequality (2) uses the robust counterpart constraint (2.10d).

5. For the “interval+polyhedral” uncertainty set induced robust counterpart (2.10e):

It is proved by Bertsimas and Sim 6 that for the “interval+polyhedral” set based
robust counterpart formulation (2.10e), the following inequality holds,

where 

Summarizing the above results, evaluating the probability of constraint violation under
different uncertainty sets concludes to the evaluation of the expression Pr {Σj ∈Jiξj δj > Δ},

where δj represents the coefficient αj, βj, , γj,  and Δ represents the adjustable
parameter Ψ, Ω, Ω, Γ, Γ for the different cases, respectively. This completes the proof.
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Lemma 3.2
If {ξj } j ∈Ji are independent and subject to a symmetric probability distribution, then the
following probability of constraint violation holds for any θ > 0:

(3.3)

where Δ and δj are detailed in Lemma 3.1.

Proof for Lemma 3.2
Following the result in Lemma 3.1 (i.e., inequality (3.1)), the following derivation holds for
the robust counterpart formulations (2.10):

Note that in the above derivation, inequality (1) uses direct relaxation of the strict inequality;
equality (2) uses θ > 0; inequality (3) uses the Markov inequality; equality (4) uses the
independence condition; equality (5) uses the Maclaurin series; equality (6) separate the
terms by odd and even value of k; equality (7) uses the symmetric distribution condition.

Lemma 3.3
If {ξj } j ∈Ji are independent and subject to a bounded and symmetric probability
distribution supported on [−1, 1], then the following bound on the probability of constraint
violation holds for any θ > 0:

(3.4)

where Δ and δj are detailed in Lemma 3.1.

Proof for Lemma 3.3
Starting from the conclusion of Lemma 3.2 (i.e., inequality (3.3)), we have
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In the above derivation, inequality (1) uses the [−1, 1] bound condition; inequality (2) uses
the fact (2k)! > 2k k !. Finally, to obtain the best (smallest) upper bound by selecting the
value of θ, we can solve the bound with respect to θ and the best upper bound is obtained,
that is,

Theorem 3.1
Let {ξj }j ∈Ji be independent and subject to a bounded and symmetric probability
distribution supported on [−1,1], then

2) for all the five robust counterparts (2.10a)–(2.10e), we have

(3.5)

4) for the box, ellipsoidal, and “interval+ellipsoidal” uncertainty sets induced
robust counterparts (2.10a), (2.10b) and (2.10d), we have

(3.6)

where Δ represents the adjustable parameter for the different uncertainty sets as
detailed in Lemma 3.1.

Proof for Theorem 3.1
1. Based on Lemma 3.1, for the box, ellipsoidal, polyhedral, “interval+ellipsoidal”,

and “interval+polyhedral” uncertainty sets induced robust counterparts, we have |δj|

≤ 1, ∀j ∈ Ji, so that  and the following relationship holds:
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Using the conclusion of Lemma 3.3, we have

2. For the box, ellipsoidal, and “interval+ellipsoidal” uncertainty set induced robust

counterparts, we have |δj| ≤ 1, ∀j ∈ Ji and , thus the following
relationship holds:

Similarly, using the conclusion of Lemma 3.3, we have

With the above analysis, we obtain the probability bounds presented in (3.5) and
(3.6).

Theorem 3.2
If {ξj }j∈Ji are independent and subject to symmetric probability distribution, then we have

(3.9)

where Δ represents the adjustable parameter for the different uncertainty sets as detailed in
Lemma 3.1.

Proof for Theorem 3.2
If the uncertainties are independent and subject to symmetric probability distribution
assumption, then using the probability distribution information and starting from the
conclusion in Lemma 3.2, we have
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Note that in the above derivation, θ is a positive number, inequality (1) uses |δj| ≤ 1; equality
(2) uses the symmetric distribution condition. Finally, we obtain the best possible upper
bound by selecting the optimal value of θ:

Theorem 3.3
If the uncertain parameters {ξj }j∈Ji are independent and subject to a bounded probability
distribution supported on [−1,1], and the robust counterpart solution is x * with di (x*) > 0,

where , then we have:

(3.10)

Proof for Theorem 3.3

In the above derivation, the inequality (1) is based on relaxation of strict inequality; the
equality (2) is di (x*) based on adding on both sides of the constraint; the equality (3) is
based on the definition of di (x*) and the inequality (4) is based on Hoeffding’s inequality 25.

Theorem 3.4
If the uncertain parameters {ξj } j ∈Ji are independent and the robust counterpart solution is
x*, then for any θ > 0, we have:
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(3.11)

Proof for Theorem 3.4

In the above derivation, θ is a positive number, the inequality (1) is based on direct
relaxation of strict inequality and the inequality (2) is based on the Markov inequality.
Finally, the following probability bound is obtained through selecting optimal value of θ,
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Figure 4.1.
Example 1 (|J|=2) under uniform probability distribution, ellipsoidal uncertainty set induced
robust optimization model is used for evaluating B5 and B6
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Figure 4.2.
Example 2 (|J|=4) under triangular probability distribution, polyhedral uncertainty set
induced robust optimization model is used for evaluating B5 and B6
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Figure 4.3.
Example 3 (|J|=10) under reverse triangular probability distribution, “interval+ellipsoidal”
uncertainty set induced robust optimization model is used for evaluating B5 and B6
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Figure 4.4.

Example 4 with LHS+RHS uncertainty for both constraints (|J|=3, Γ = Ψ|Ji|, )
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Figure 4.5.
Probability bound B6 vs. objective (uncertainty only in the first constraint, uniform
probability distribution)
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Figure 4.6.
Probability bound B6 vs. objective (uncertainty in both constraints, uniform probability
distribution)
Upper: Bound B6 computed for the first constraint; Lower: Bound B6 computed for the
second constraint
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Figure 4.7.
Probability bound B4 vs. objective (uncertainty only in the first constraint’s LHS, uniform
probability distribution)
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Figure 4.8.
Probability bound B4 vs. objective (uncertainty in both constraints’ LHS, uniform
probability distribution)
Note: Same Δ is applied for both constraints, thus the bound B4 for the two constraints is
the same.
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Figure 5.1.
Deterministic and worst-case scenario solution
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Figure 5.2.
Different robust planning solutions
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Figure 5.3.
“Interval+polyhedral” set based robust solution with Γ derived from B2, B3
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Figure 5.4.
State Task Network (STN) representation of the batch chemical process
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Figure 5.5.
Deterministic schedule (obj*=1088.75)
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Figure 5.6.
Worst-case scenario schedule (obj*=979.01)
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Figure 5.7.
“Box” set based schedule, with Ψ = 2.146 derived from B1, obj*=848.27
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Figure 5.8.
“Polyhedral” set based schedule, with Γ = 3.0349 derived from B2, obj*=870.51
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Figure 5.9.
“Interval+ellipsoidal” uncertainty set based robust schedule, with Ω = 1.1681 derived from
B4 (obj*=997.14)
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Figure 5.10.
“Interval+polyhedral” uncertainty set based robust schedule, with Γ = 1.1681 derived from
B4 (obj*=1019.39)
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Table 3.1

Summary on probabilistic guarantees of constraint satisfaction

Upper bound on the probability of constraint violation Robust counterpart applicable
Assumption on uncertainty
distribution

B1 IE3, B, E, Independent, symmetric, bounded

B2 IP6, B, E, IE, P Independent, symmetric, bounded

B3 B′(|Ji|, Δ) (1 ≤ Δ ≤ |Ji|) IP6, B, E, IE, P Independent, symmetric, bounded

B4 IP19, B, E, IE, P Independent, symmetric, known
probability distribution function

B5 B, E, IE, P, IP Independent, bounded

B6 IP19, B, E, IE, P Independent, known probability
distribution function

1) ‘B’: Box set based robust counterpart;
‘E’: Ellipsoidal set based robust counterpart;
‘P’: Polyhedral set based robust counterpart;
‘IE’: “interval+ellipsoidal” set based robust counterpart;
‘IP’: “interval+polyhedral” set based robust counterpart;

2) Bounds B1, B2, B3, B4 are a priori derived from uncertainty set definitions, bounds B5, B6 are posteriori bound derived from robust counterpart
solutions.

3) Detailed description on B3 can be found in equation (3.8).

4) For B5: 

5) For B6: 
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Table 4.1

Probability distribution summary

p.d.f. f (x) m.g.f. E [eθξj]

Uniform 0.5, −1 ≤ x ≤ 1

Triangular

Reverse Triangular
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Table 5.2

Solution for robust planning problem

Ellipsoidal Polyhedral Interval+Ellipsoidal Interval+Polyhedral

Δ Ω = 1.9479 Γ = 2.6704 Ω = 1.9479 Γ = 2.6704

Obj* 2,350,433 2,459,972 2,356,977 2,475,824

B6 1.8429e-004 0.0014 1.6574e-004 0.0038
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