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Nomenclature

a, b = parameters describing the analytical radiation flux
model, varied units

Br, Bθ, Bϕ = components of the geomagnetic flux density in
spherical reference frame, N∕A · m

B0 = equatorial geomagnetic flux density, N∕A · m
Dd = displacement damage dose,MeV∕g
E = energy level of protons, MeV
Eu = upper bound of the energy level of protons, MeV
El = lower bound of the energy level of protons, MeV
E = discrete set of all energy levels of protons, MeV
er, eθ, eϕ = unit vectors for the spherical coordinate system
f = vector corresponding to the right-hand side of the

equations of motion, varied units
g = function of the energy level and flux of protons,

/(cm2 · MeV2 · s)
L = distance of magnetic field line at the equator,

nondimensional
M = magnetic dipole moment of the Earth, A · m2

m = mass of the satellite, kg
R = radius of the Earth, km
r = radial distance of a satellite from the center of the

Earth, km
SP = nonionizing energy loss due to protons, MeV ·

cm2∕g
T = thrust magnitude, N
tf = final time for the orbit-raising maneuver, days
u = radial velocity of the satellite, m∕s
v = transverse velocity of the satellite, m∕s
w = out-of-plane velocity component of the satellite,

m∕s
x = state vector for a satellite, varied units

α = direction (in-plane) of the thrust vector of the
satellite, deg

β = direction (out-of-plane) of the thrust vector of the
satellite, deg

δE = change in energy level across a segment, days
δt = time duration corresponding to a trajectory

segment, days
ζ = defect constraint corresponding to an equation of

motion, varied units
θ = azimuthal angle corresponding to the position of a

satellite, deg
K = user-defined constant, nondimensional
λ = latitude of a location in space, deg
μ = gravitational parameter for the Earth, km3∕s2
μ0 = magnetic permeability of free space, N∕A2

τ = timelike variable for the direct optimization scheme
ϕ = colatitude corresponding to the position of a

satellite, deg
ΨP = fluxof protons at a location in space, /(cm2 ·MeV·s)
ΨP 0 = derivative of proton flux with respect to energy

level of protons, /(cm2 · MeV · s)

Subscripts

i = indices for nodes for the energy grid
k = indices for nodes for the time grid

I. Introduction

A LTHOUGH electric propulsion systems have been used in deep
spacemissions for performing interplanetary transfers, their use

has primarily been restricted to station-keeping purposes for Earth-
orbiting satellites. Geosynchronous equatorial orbit (GEO) satellites
havemostly used chemical thrusters to transfer toGEO from an initial
orbit into which it is launched by an appropriate launch vehicle. The
use of electric thruster for raising the orbit of a GEO satellite is only a
recent phenomenon; in March 2015, the first ever all-electric satel-
lites incorporating the Boeing 702-SP architecture were launched
using the Falcon 9 launcher of SpaceX. The use of electric propulsion
systems during orbit raising, typically starting from a low Earth orbit
or a geosynchronous transfer orbit, results in significant fuel savings
owing to the superior propellant management of electric thrusters
compared to their chemical counterparts. This reduction of fuel
expenditure (that translates into the realization of a smaller and lighter
satellite) comes at the cost of a higher transfer time toGEObecause of
the low thrust levels generated by electric thrusters. Apart fromdelay-
ing the deployment of the satellite by months compared to chemical
orbit raising, the sluggish transfer causes the satellite to spend a long
time within the Van Allen radiation belts where impacting protons
and electrons cause degradation of the solar arrays of the satellite
[1–3]. To deploy a satellite with the same beginning-of-life power at
GEO, the satellite needs to start the transfer with a heavier solar array:
either by launching the satellite with a larger solar array or by provid-
ing sufficient shielding material to the solar arrays. In either case,
there is an associatedmass penalty that reduces themass benefits that
can be achieved by electric thrusters during the transfer. Furthermore,
the long exposure to the Van Allen radiation may be hazardous for
other onboard electronics. This Note deals with the problem of de-
signing transfer trajectories to theGEO such that the satellite encoun-
ters minimum radiation damage along its path.
A number of studies have looked at the general problem of

electric orbit raising and have captured the tradeoffs among transfer
time, mass savings, and radiation exposure for a variety of mission
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scenarios [4–8]. However, all these studies have consideredminimum-
time trajectories to the GEO and then evaluated the extent of radiation
damage for these trajectories [5,7–13]. Note that the damage caused
to solar arrays by Van Allen radiation is dependent on a number of
factors: fluence of impacting particles, energies of impacting particles,
the type of solar cells used, and the material of shielding used, where
the fluenceofparticles captures the important parameters radiation flux
and transfer time. For a given type of solar cell and associated shield-
ing, a minimum-time trajectory would correspond to minimum solar
cell damage only if the radiation flux is uniform for all particle energies
throughout the Van Allen belt. Obviously, this is not the case (see
Fig. 1, which shows the proton flux over circular equatorial orbits of
varying radius) because the radiation flux varies with altitude and
latitude, and a minimum-time trajectory cannot be guaranteed to tra-
verse the regions of lower radiation flux. In other words, a minimum-
time trajectory does not necessarily lead tominimum radiation damage
of the solar arrays.
Dutta et al. [14] present a preliminary mathematical framework

that determines orbit-raising trajectories minimizing the total radia-
tion fluence of all particles encountered during the transfer. The
current Note improves upon that work in two important ways. First,
the optimization solver is extended to minimize the displacement
damage dose [15] of particles encountered during the transfer be-
cause it is a truer measure of the radiation damage for a given solar
cell type and shielding material. In fact, minimizing total radiation
fluence of all particles does not necessarily lead to minimum radia-
tion damage because the extent of damage caused by particles depends
on their respective energy levels. For details on the computation of
solar array degradation using displacement damage dose method, see
[15–17]. Recognizing the fact that protons are the most hazardous of
the impacting particles in the Van Allen belt and are the primary cause
of solar array degradation of satellites during the transfer, the proton
displacement damage dose is specifically minimized in the current
Note. Second, the analytic model for the Van Allen belt radiation flux
[18] is used to make the optimization process more efficient than
using lookup tables to compute the objective function as in [14]. The
analytical models used in the numerical simulations of the Note are
based on the AP-8 models for minimum solar cycle (AP8MIN) data;
however, our methodology is extendible to incorporate newer AP-9
models of the radiation flux.
The primary contribution of thisNote is the development of a novel

mathematical framework to minimize the displacement damage dose
due to protons encountered by a satellite during electric orbit raising
to the GEO. Our methodology is based on a discretization of the
satellite trajectory and control variables at different times (standard
procedure for a direct optimization technique) as well as the discre-
tization of the energy levels encountered during the orbit-raising
maneuver. Hence, the energy level of encountered protons is an addi-
tional independent variable in our trajectory optimization problem.
Note that in our treatment of the minimum-radiation problem, we
ignore the impact of slowing down of the protons when they pass
through the shielding material. This is equivalent to consideration of
zero shielding thickness for the solar arrays. Hence, the radiation
damage predicted by our current methodology is not accurate when
compared to radiation analysis software such as SCREAM [17].
However, note that the consideration of proton energy levels as
variables will allow the extension of the currently developed math-

ematical framework in future to consider the impact of shielding
material and thereby determinemore accurately the radiation damage
for the low-thrust trajectories. The Note is organized as follows.
Section II presents the mathematical formulation for the minimum-
radiation-damage orbit-raising problem. Section III presents a direct
optimization based methodology using discretized states, control,
and energy levels to set up a nonlinear programming problem (NLP)
that minimizes the displacement damage dose along the trajectory.
Section IVillustrates by numerical examples thatminimum-radiation
trajectories are considerably different from theminimum-time trajec-
tories, specifically when starting from nonequatorial orbits.

II. Mathematical Formulation of Optimal Electric
Orbit-Raising Problem

To develop the mathematical formulation of the electric orbit-
raising problem, this section outlines the mathematical models of the
satellite dynamics, geomagnetically trapped radiation, and solar array
degradation during the orbit-raising maneuver. Next, this section
describes the optimal control problem that needs to be solved to obtain
the optimal trajectory of the satellite from the initial injection orbit to
the GEO.

A. Electric Orbit-Raising Trajectory

Let us consider a satellite in an arbitrary initial orbit, which can be
circular or elliptical and may have inclination with respect to the
Earth’s equatorial plane. Let x�t� denote the state of the satellite at any
time t. The state vector is composed of the satellite’s position vector,
the inertial velocity vector, and themassm�t�. At t � 0, the satellite is
at its initial orbit intowhich it has been injected by a suitable launcher.
The initial state of the satellite x�0� is known a priori and given by the
position and velocity of the satellite in the injection orbit and the
initial mass m�0�. It is assumed that the satellite uses its electric
propulsion system to transfer from the starting injection orbit to the
GEO. The GEO therefore provides constraints for the position and
velocity at final time,where the final time tf of the transfer is free. The
dynamics of the satellite are described in a spherical reference frame.
Figure 2 depicts this spherical reference frame and its orientation
with respect to the Cartesian reference frame fixed to the Earth in
terms of the azimuthal angle θ and the polar angleϕ. Let us denote by
u, v, and w the components of the inertial velocity along the unit
vectors er, eθ, and eϕ. Also, the state vector of the satellite is now
given by x�t� ≡ �r�t�; θ�t�;ϕ�t�; u�t�; v�t�; w�t�; m�t��. The equa-
tions of motion are summarized as

_r � u (1a)

Fig. 1 Variation of radiation flux in Van Allen belt with radial distance
(based on AP8MIN data).

Fig. 2 Reference system to describe satellite motion and the geomag-
netically trapped radiation flux.
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_θ � v

r sin ϕ
(1b)

_ϕ � w

r
(1c)

_u � −
μ

r2
� v2 �w2

r
� T

m
sin α cos β (1d)

_v � −
uv� vw cot ϕ

r
� T

m
cos α cos β (1e)

_w � −uw� v2 cot ϕ

r
� T

m
sin β (1f)

_m � −
T

c
(1g)

where T is the magnitude of the total thrust provided by the electric
propulsion system; α is the angle that the projection of the thrust
vector onto the r − θ plane makes with the er axis; β is the angle that
the thrust vectormakeswith the r − θ plane; and c is the characteristic
constant of the electric propulsion system and equals g0Isp, with g0
being the acceleration due to gravity at the surface of the Earth and Isp
being the specific impulse of the electric propulsion system.

B. Geomagnetically Trapped Radiation

To make the optimization framework efficient, the focus is on the
use of analytic descriptions of the Earth’s magnetic field and the
radiation flux in the Van Allen belts. To this end, the geomagnetic
field is modeled by considering a magnetic dipole centered with the
Earth and with an axis parallel to the Earth’s magnetic axis passing
through its center of mass. The tilted dipole approximation results
in the following components of the Earth’s magnetic field in the
spherical reference frame [19]:

Br � −
2B0

�r∕R�3 cos ϕ (2a)

Bϕ � −
B0

�r∕R�3 sin ϕ (2b)

Bθ � 0 (2c)

where R is the radius of the Earth, and B0 is the equatorial value of
geomagnetic flux density given by

B0 �
μ0M

4πR3
(3)

withM being the magnetic dipole moment of the Earth and μ0 being
themagnetic permeability of free space.Themagnitude of thegeomag-
netic field for a spin axis aligned dipole can therefore be written as

B � B0

�r∕R�3 �1� 3 cos2 ϕ�1∕2 (4)

The geometry of the magnetic field lines can be expressed by the
following relation:

r � LR sin2 ϕ (5)

where the parameter L represents the distance to the field line at
ϕ � π∕2, that is, at the equator. Substituting Eq. (5) in Eq. (4), the
relationship between B and L is given by

B � B0

�r∕R�3
�
4 −

3r

LR

�
1∕2

(6)

McIlwain’s �B; L� coordinate system [20] is used to conveniently
compute properties of the trapped charged particles because it is a
means of converting the three-dimensional space into a two-
dimensional space based on the fact that the dipole field is axially
symmetric. The omnidirectional radiation flux (defined as the flux of
all particles averaged over all directions) at any location owing to
charged particles, namely protons and electrons, can be computed
usingMcIlwain’s coordinates for this location, and a suitable model of
radiation flux, for instance, the NASA AP-8 and AE-8 models [21],
provides data for the flux values for various energies in terms of the
�B;L� coordinates, described in terms of tabulated values. However,
usage of tabulated values does not lend itself well for optimization
purposes. To this end, approximate analytical expressions of the Van
Allen belt radiation flux are derived [18] in terms of the McIlwain
coordinate L and the latitude λ, where

λ � π

2
− ϕ (7)

Furthermore, it is known that the inner Van Allen belt that is
composed of protons is significantly more hazardous compared to the
outer belt that is composed of electrons only. Hence, in this study, only
the radiation damage caused by protons is considered. The omnidi-
rectional flux of protons of energyE can be expressed by the following
analytical form [18]:

ΨP�L; λ; E� � a�L;E�e−b�L;E�λ2 (8)

where a�L;E� and b�L;E� are functions of L and E. Given this
relationship, the rate of change of the radiation flux with respect to the
energy levels (other parameters remaining constant) is given by

Ψ 0
P�L; λ; E� �

∂Ψ
∂E

� ∂a
∂E

e−b�L;E�λ2 −ΨP�L; λ; E�
∂b
∂E

λ2 (9)

Note that there is a one-to-one relationship between the spherical
coordinates and McIlwain’s coordinates, and hence Ψ�E; r� is
written instead ofΨ�L; λ; E�, where λ is the latitude at any place and is
related to the colatitude by λ� ϕ � π∕2. In other words, it is
considered that

ΨP�E; r� ≡ΨP�L; λ; E� and Ψ 0
P�E; r� ≡Ψ 0

P�L; λ; E� (10)

Radiation data models like AP-8 or AP-9 can be used to find the
values of the parameters defining the function a and b that best fits the
radiation data. As already indicated, in this Note, wewill use the AP-8
data to prove the value of our approach, but this methodology can
be extended to the case of AP-9 data too. We can write these functions
as [18]

a�L;E� � a0e
a1E�a2�a3�L�2 (11)

and

b�L;E� � b0 � b1E� b2L� b3EL� b4L
2 � b5L

3 (12)

where the constants in the aforementioned relationships are
given by: a0 � 2.094 × 108 cm−2 · s, a1 � −1.673 MeV−2,
a2�−2.07, a3�−2.825, b0 � −0.00971, b1�0.0000982MeV−1,
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b2�0.01484, b3 � 0.0001561 MeV−1, b4 � −0.004581, and
b5 � 0.0004356. Using Eqs. (11) and (12), it follows fromEq. (9) that

Ψ 0
P�L; λ; E� � �a1 − λ2�b1 � b3L��ΨP�L; λ; E� (13)

C. Displacement Damage Dose

The solar array of the maneuvering satellite degrades owing to the
impacting particles encountered in the Van Allen belts. The amount
of degradation is a complex function of the type of solar cells, amount
and material of the shielding provided, the energies of radiation
encountered along the path, and the number of particles for each
encountered energy level. As given in [15], the power loss is defined
by the quantity displacement damage dose that is defined as

Dd �
Z

Eu

El

∂Φ�E; r�
∂E

SP�E� dE (14)

where Φ�E; r� is the differential particle fluence for the optimal
trajectory, and SP�E� is the nonionizing energy loss. Note that [15]
uses the total differential dΦ∕dE to compute the displacement
damage dose for a given spacecraft trajectory, where the trajectory
does not change. But this Note deals with a trajectory optimization
problem inwhich the trajectory is a variable to be determined. Hence,
Φ in reality is a function of r andE, and the partial differential ∂Φ∕∂E
is used to compute the displacement damage dose.
The fluence of protons of all energy levels greater than or equal to

E encountered along the orbit-raising trajectory is given by

ΦP�E; r� �
Z

tf

t�0

ΨP�E; r� dt (15)

Note that the differential of the fluence is needed to compute the
displacement damage dose. By definition,

∂
∂E

ΦP�E; r� � lim
ϵ→0

1

ϵ
�ΦP�E� ϵ; r� −ΦP�E; r�� (16)

where ϵ > 0 represents a small change in the energy level E. Using
Eq. (15),

∂
∂E

ΦP�E; r� � lim
ϵ→0

1

ϵ

�Z
tf

0

ΨP�E� ϵ; r� dt −
Z

tf

0

ΨP�E; r� dt
�

(17)

Taking the limit within the integral and then rearranging terms,

∂
∂E

ΦP�E; r� �
Z

tf

0

lim
ϵ→0

1

ϵ
�ΨP�E� ϵ; r� − ΨP�E; r�� dt (18)

which equals (by considering the definition of derivatives of the flux)

∂
∂E

ΦP�E; r� �
Z

tf

0

Ψ 0
P�E; r� dt (19)

representing �∂ΨP∕∂E� by Ψ 0
P for the sake of brevity. Note that

analytical expressions for the omnidirectional radiation flux ΨP�E�
and its partial derivative Ψ 0

P�E� are given by Eqs. (8) and (9). The
displacement damage dose for the orbit-raising trajectory is then
given by

Dd �
Z

Eu

El

Z
tf

0

Ψ 0
P�E; r�SP�E� dt dE (20)

D. Optimal Orbit-Raising Trajectory

The next step is to summarize the optimal control problem, the
solution of which yields the electric orbit-raising trajectory corre-
sponding to the minimum radiation damage:

min J � Dd �
Z

tf

0

�Z
Eu

El

Ψ 0
P�E; r�SP�E� dE

�
dt (21)

The constraints of the optimal control problem are given by the
equations of the motion for the satellite as depicted in Eq. (1) and the
boundary conditions

r�0��r0; u�0��u0; v�0��v0; ϕ�0��ϕ0; θ�0��0; m�0��m0

(22)

at the initial injection orbit and the

r�tf� � rf; u�tf� � 0; v�tf� � vf; ϕ�tf� �
π

2
(23)

at the final time.

III. Solution Methodology

This section discusses themethodology that is followed for solving
the optimal control problem. A direct optimization approach is fol-
lowed and is known to be more robust numerically in terms of initial
guesses and solution convergence [22]. The developed solver in [12]
is extended by discretizing the energy spectrum of protons encoun-
tered during the transfer to compute the displacement damage dose
associated with the transfer.

A. Direct Transcription and Collocation

As already mentioned, a direct optimization scheme is used to
solve the optimization problem for each scenario. The scheme con-
verts the trajectory optimization problem to a parameter optimization
problem using direct transcription and collocation and then uses a
nonlinear programming (NLP) problem solver (IPOPT [23], LOQO
[24]) to determine the solution. The time variable is discretized using
a nondimensional timelike variable τ:

0 � τ1 < τ2 < : : : < τn � 1 (24)

and final time tf is also a parameter in the problem, that is,

tk � tfτk; k ∈ f1; 2; : : : ; ng (25)

The state x and control u variables of a continuous trajectory are
also discretized based on the selected time grid:

xk � x�tk�; uk � u�tk� (26)

Using a trapezoidal discretization scheme, one can approximate
the dynamic constraints as follows:

ζk � xk�1 − xk −
Δtk
2

�f�xk�1; uk�1� � f�xk;uk�� � 0 (27)

Note that one has a set of defects corresponding to each of the
equations of motion given in Eq. (1), that is, ζk ≡ �ζr; ζθ; ζϕ;
ζu; ζv; ζw�, where the superscript indicates the equation of motion
that the defect corresponds to. If these defects are driven to zero, then
the dynamic constraints (equations of motion) will hold approxi-
mately at each of the segments created by the discretization process.
The set �x1; x2; : : : ; xn; u1; u2; : : : ; un; tf� represents the decision
variables of the resulting parameter optimization problem.During the
optimization process (using an NLP solver), the defects are driven to
zero. Using the discretization scheme, one can also write down the
objective function (radiation fluence) using the values of L and λ
evaluated at discretized nodes using Eqs. (5) and (7).

B. Discretized Energy Levels

To compute the objective function representing the radiation
damage caused to the solar arrays of a satellite, consider a discrete set
of energy levels E � fE1; E2; : : : ; Emg, such that E1 � El and
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Em � Eu, withEl andEu being respectively the lower and the upper
bounds of the set ofm energy levels under consideration (see Fig. 3).
Based on this discretization,

Z
Eu

El

g�E; r�t�� dE ≈
Xm−1

i�1

1

2
�g�Ei; r� � g�Ei�1; r��ΔEi (28)

Using this relation, the displacement damage dose can bewritten as

Dd ≈
1

2

Z
tf

0

Xm−1

i�1

�Ei�1 − Ei��Ψ 0
P�Ei; r�SP�Ei�

� Ψ 0
P�Ei�1; r�SP�Ei�1�� dt (29)

Finally, considering the discretization of the trajectory states,

Dd ≈
1

4

Xn
k�1

Xm−1

i�1

�tk�1 − tk��Ei�1 − Ei�

· �Ψ 0
P�Ei; rk�SP�Ei� � Ψ 0

P�Ei; rk�1�SP�Ei�
� Ψ 0

P�Ei�1; rk�SP�Ei�1� � Ψ 0
P�Ei�1; rk�1�SP�Ei�1��

Based on the discretization of the trajectory and the energy levels,
one can write the radiation flux in Eq. (8) as follows:

ΨP�Lk; λk; Ei� � a�Lk; E� i�e−b�Lk;Ei�λ2k (30)

Similarly, using Eq. (21), the rate of change of the radiation flux
with energy level can be expressed as

Ψ 0
P�Lk; λk; Ei� � �a1 − λ2k�b1 � b3Lk��ΨP�Lk; λk; Ei� (31)

C. Nonlinear Programming Problem Solution

Equations (25–31) represent the nonlinear programming problem
that needs to be solved to yield the optimal trajectory to the GEO. If n
nodes are selected to represent the trajectory, andm energy levels are
similarly selected to represent the energy spectrum, then there are 12n
NLP variables corresponding to the discretization of variables r, θ,ϕ,
u, v, w, m, T, α, β, L, λ, m NLP variables corresponding to the
discretization of variable E and 1 NLP variable corresponding to the
final time. Hence, there are altogether 12n�m� 1 NLP variables
for the entire optimal control problem. Apart from the boundary
conditions in the problem, there are 7�n − 1� constraints corre-
sponding to the equations of motion, 2n constraints that relate L and
λ to the spherical coordinates, and n2m constraints that define the
radiation fluence corresponding to the analytical model relating the
radiation fluxes to the variables λ and E.
The model of the optimization problem defined by the aforemen-

tioned variables and constraints is set up inAMathematical Program-
ming Language (AMPL) [25] and then the NLP solver LOQO [24] is
used to solve the problem. LOQO is an interior-point-based method
and is suitable for performing large-scale nonlinear optimization. The
minimum-time solution is provided as the initial guess to the NLP
solver. The minimum-time solutions are derived by solving a much
simpler NLP as depicted in [12]. The minimum-time optimization
solver needs an initial guess, and the following initial guesses are
used to yield converged solution: radial position r is considered to be
a cubic polynomial of the timelike parameter τ, transverse velocity

v � ��������
μ∕r

p
, thrust is considered to have a component only along the

eθ direction, thrust magnitude is set to the maximum value, and final

time tf � K�1 − ���������
r�0�p �m�0�∕T when the transfer starts from the

equatorial orbit, where K is a user-defined constant. Furthermore,
nondimensionalized quantities are used for the numerical problems,
by considering one distance unit (DU) to be the radius of theGEOand
the gravitational parameter μ to be equal to 1 DU3∕TU2. This choice
of the nondimensionalized quantities implies that the time period of a
satellite in the GEO is 2π time unit (TU).

IV. Numerical Examples

This section presents solutions obtained using our methodology
for low-thrust orbit raising from an initial circular injection orbit to
the GEO. The obtained solutions are compared with the minimum-
time solutions for transfer starting from both equatorial and non-
equatorial orbits. The minimum-time solutions are derived using the
tool developed in [12]. The proton non-ionizing energy loss (NIEL)
values SP for different energy levels used in the simulations
correspond to Gallium Arsenide (GaAs) solar cells and are
determined from the Table 1 of NIEL values provided in [16].

Fig. 3 Function of E evaluated for a set of discretized energy levels.
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Fig. 4 Minimum-time and minimum-radiation solutions for varying inclinations: a) comparison of displacement damage dose, and b) percentage
increase in transfer time for minimum-radiation solutions.
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A. Minimum-Radiation Solution from Equatorial Circular Orbits

The orbit-raising problem for transferring a satellite of mass
4500 kg from an equatorial circular orbit of altitude 10,000 km to the
GEO is considered. It is assumed that the satellite is equipped with
four BPT-4000 thrusters, each of which has a thrust of 290 mN and
a specific impulse of 1788 s. The power level is held constant during
the transfer to operate the four thrusters at maximum thrust level.
The minimum-time solution for this problem yields a displacement
damage dose of 1.2 × 1011 MeV∕g after 79.18 days. This solution is
used as an initial guess for the minimum-radiation-damage problem,
in which the displacement damage dose due to protons of energies
greater than 2 MeV are considered. This problem converges to a
solution that is essentially the minimum-time solution. The transfer
time approximately equals that of the minimum-time problem, and
the dose is almost the same. Theminute difference in the transfer time
of 0.02% is only a numerical artifact of the problem, and the solution
does not show any plane changes. Varying the type of thruster and
the starting altitude of the orbit yields a similar behavior for the
minimum-radiation-damage problem. Note here that the displace-
ment damage dose is a function of both transfer time and the radiation
flux. The satellite can potentially reduce the radiation flux bymaking
plane changes (moving away from the equatorial plane) during the
transfer, but such a change would also increase the transfer time
because the satellite has to come back to an equatorial destination
orbit in the end. In other words, the displacement damage dose incor-
porates two conflicting objectives with the transfer time dominating
when the maneuver starts from an equatorial orbit. Hence, it is con-
cluded that the solutions of the minimum-radiation problem and the
minimum-time problem are essentially the same if the transfer starts
from an equatorial circular injection orbit.

B. Minimum-Radiation Orbit Raising from Starting Inclined Orbits

We now consider that the starting orbit for the orbit-raising
maneuver is inclined. We increase the value of inclination of the
starting orbit in increments of 1 deg and solveboth theminimum-time
andminimum-radiation problem for each case. For all these cases, the

altitude remains at 10,000 km at the beginning of transfer, and the
power available during the transfer is considered to be enough to
operate four BPT-4000 thrusters. The energy spectrum used to com-
pute the displacement damage has a lower bound of El � 3 MeV.
The starting mass of the satellite is 4500 kg. It is found that the
difference between the minimum-time solution and the minimum-
radiation damage solution becomes more prominent with increasing
inclination of the initial injection orbit. This comparison is depicted
in Fig. 4a. Another important observation is that the maximum
displacement damage dose for the minimum-time solutions occurs at
around 13 deg rather than the equator, owing to the fact that the
Earth’s magnetic axis is tilted with respect to its rotational axis.
However, the angle at which the displacement damage dose becomes
maximum is a bit off from the actual tilt angle (around 10 deg), likely
due to our use of an approximate analytical model for the radiation
flux of protons in the Van Allen belt. Figure 4b shows the increment
of transfer time for minimum-radiation transfers, when compared to
the minimum-time transfers.
To understand why the minimum-time trajectories differ from the

minimum-radiation trajectories, we consider the specific example
of orbit raising starting from a circular orbit of 10,000 km altitude
with 25 deg inclination. We assume that the spacecraft employs
five BPT-4000 thrusters, each providing a maximum thrust of
290 mN at a specific impulse of 1788 s. When the minimum-time
problem is solved, the resulting transfer time is 105.021 days, and the
corresponding displacement damage dose is 7.36 × 1010 MeV∕g.
Solving the minimum-radiation problem yields a reduced displace-
ment damage dose of 3.86 × 1010 MeV∕g, at the cost of an increased
transfer time of 122.60 days. To understand the difference between
the two solutions, we plot the osculating inclination angle during
the transfers with respect to time in Fig. 5.As seen from the figure, the
spacecraft avoids changing plane as much as possible during the
initial phase of the transfer to avoid the regions where charged
protons are more abundant. The majority of the inclination change
happens at comparatively higher altitudes so as to reduce the impact
of radiation.
If we start the transfer of a 4500 kg satellite from a higher altitude,

say 24,000 km, the amount of total dose decreasesmostly because the
protons become less abundant in these regions. Even for transfers
starting at these altitudes, the minimum-radiation solution is signi-
ficantly different from the minimum-time solution. We consider
a starting inclination of 15 deg and solve both the minimum-time
problem and the minimum-radiation-damage problem for this case.
Also, we use the following propulsion system parameters for the
transfer: four BPT-4000 thrusters providing a maximum thrust of
290mN each at a specific impulse of Isp � 1788 s. For the minimum-
time case, the satellite starts performing plane changes from the very
beginning of the transfer; the change in inclination is approximately
linear in this case. Figure 6a depicts the change in the polar angle for
this transfer. For the case of minimum-radiation transfer, the satellite
stays away from the more radiation-dense areas by delaying the plane
change until it has reached a sufficient altitude because the radiation
flux also decreases with increasing altitude from the Earth. The
difference in the optimal trajectories are illustrated in Fig. 6, which
depicts the variation in the polar angle ϕ for the minimum-time
solution and the minimum-radiation-damage solution. Note here that
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Fig. 5 Variation of osculating inclination angle with time.
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there is no benefit for the satellite to do unnecessary plane changes to
move to regions of even higher latitudeswith less severe radiation flux,
owing to the effect of the increased transfer time on the displacement
damage dose. Hence, the satellite only makes plane changes that are
necessary for the transfer and only delays it sufficiently to reduce the
radiation damage. In this case, the displacement damage dose de-
creases by almost an order ofmagnitude (88%) at the cost of increasing
the transfer timeby22%.The total dose for theminimum-time solution
(65.27 days) is 1.242 × 109 MeV∕g, and that for the minimum-
radiation solution (83.08 days) is 1.407 × 108 MeV∕g.

V. Conclusions

This Note develops a formulation to determine orbit-raising trajec-
tories that minimize the radiation damage dose incurred by a satellite
during electric orbit raising to the geosynchronous equatorial orbit.
The proposed formulation considers the discretization of the space-
craft trajectory as well as the energy levels for the protons in the Van
Allen belts, and the resulting nonlinear programming problem is
solved using the solver LOQO. Furthermore, analytical models of the
radiation flux of protons in the Van Allen belts, based on AP8MIN
models, is used to facilitate the optimization process. The slowing
down of the proton spectrum, that is the effect of shielding, is ignored
in the computation of the displacement damage dose. The minimum-
time solutions are provided as initial guesses to our developed solver.
Orbit-raising examples to GEO starting from circular injection orbits
are considered. When the satellite starts from an equatorial orbit, it
is found that minimizing displacement damage dose is the same
as minimizing time. However, when the satellite starts from an
inclined circular orbit, the minimum-radiation-damage solution
differs from the minimum-time solution. At the beginning of the
transfer, the satellite stays in the lower regimes of radiation flux and
thereby restricts doing as much plane change as a minimum-time
transfer. The proposed methodology can be extended to include
newer and accurate AP-9 models of the Van Allen belt as well as the
effect of shielding thickness to compute the solar array power
degradation accurately and to enable the computation of trajectories
that minimize the power degradation during the transfer.
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