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Microfluidic channels are powerful means of control of minute volumes such as
droplets. These droplets are usually conveyed at will in an externally imposed flow
which follows the geometry of the micro-channel. It has recently been pointed out
by Dangla et al. [“Trapping microfluidic drops in wells of surface energy,” Phys.
Rev. Lett. 107(12), 124501 (2011)] that the motion of transported droplets may
also be stopped in the flow, when they are anchored to grooves which are etched
in the channels top wall. This feature of the channel geometry explores a direction
that is usually uniform in microfluidics. Herein, this anchoring effect exploiting
the three spatial directions is studied combining a depth averaged fluid description
and a geometrical model that accounts for the shape of the droplet in the anchor.
First, the presented method is shown to enable the capture and release droplets in
numerical simulations. Second, this tool is used in a numerical investigation of the
physical mechanisms at play in the capture of the droplet: a localized reduced Laplace
pressure jump is found on its interface when the droplet penetrates the groove. This
modified boundary condition helps the droplet cope with the linear pressure drop in
the surrounding fluid. Held on the anchor the droplet deforms and stretches in the
flow. The combination of these ingredients leads to recover the scaling law for the
critical capillary number at which the droplets exit the anchors Ca� ∝ h2/R2 where
h is the channel height and R the droplet undeformed radius. C© 2014 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4867251]

I. INTRODUCTION

Droplet based microfluidic devices are built on the idea of precise flow control of minute
volumes. Such control is mostly borne by the small dimension of microfluidic channels, usually their
height h � R, where R is the typical radius of a droplet. These length scales impose low Reynolds
number in the flows as Re = ρuh/μ where u is the typical flow speed, μ the fluid viscosity, and ρ

its density. Such a strategy minimizes inertial effects, hence enforces control. A consequence of this
choice of parameters is that the droplets are geometrically constrained in-between the walls of the
channel and adopt a pancake like shape. In complete wetting and quiescent conditions, their exact
3D shape is the one of a Delaunay surface1 of uniform mean curvature

C = 2

h
+ π

4

1

R
, (1)

where the curvature C should write C =
(

2
h + [

π
4 − 1

]
1
R + 1

R

)
to better highlight the correction[

π
4 − 1

]
1
R brought to the 2/h term accounting for the difference between such a surface and a torus.2

On the theoretical side, be it for analytical purposes or numerical simulations, these droplets may
advantageously be averaged along the ez axis and tackled in a two-dimensional (2D) formalism,3

the specificities of the 3D shape being typically transmitted by conditions such as Eq. (1). This
2D approach is further strengthened by the typical experimental imaging techniques that consist
in focusing in the plane (ex, ey), say at a height h/2, to render the droplets motion in the channel.
However, recent applications have started to make an extensive use of the ez direction be it when
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FIG. 1. (I) Scheme of an anchor of diameter d holding a confined droplet. Inset: the droplet interface (plain line) compared
to a torus (dashed line). (II) Experimental and numerical situations for Ca = μu∞

γ
= 1.9 × 10−4, d/h = 1.8, and R/h = 6.25.

Photo courtesy: Rémi Dangla. (III) Details of the droplet shape. Out-of-plane (plain lines) and in-plane (dashed) directions
of the principal curvatures.

etching grooves in the top of channels4, 5 (Fig. 1) or making their height variable in the flow direction,
say h(x).6 In the former case, the grooves create an area of reduced confinement that droplets may
fill and thus reduce their surface energy.4 These wells of surface energy of depth �Eγ act as anchors
of force Fγ � |�Eγ |/d, where d denotes the diameter of the anchor and the subscript γ refers
to the surface tension of the fluid. Consequently, the droplets remain pinned on the anchor when
Fγ > Fd where Fd is the drag force exerted on the droplets. This is of course possible as the
capillary numbers Ca = μu/γ found in the channel are rather small. However, the evoked anchors
violate the hypothesis of uniformity of the channel in the z-direction along which the problem is
usually averaged. Therefore, they call into question the previously stated 2D formalism. Herein, we
concentrate on this type of droplet capturing devices and propose a solution to restore an almost
two-dimensional formalism (2D+) and generalize Eq. (1) using a geometrical model. The model
accounts for the curvature of the droplet in the groove as the external flow rate is increased from
zero to a critical value above which the droplet is detached. The obtained results are quantitatively
validated against experimental data from the literature and help building a physical insight of such
a system. Before doing so, we start and recall the so called Brinkman model and the key features of
the numerical methods we use to solve droplet based microfluidics problems.

II. THE ANCHORING PROBLEM FORMULATION

A. The depth averaged fluid model

For low Reynolds numbers Re � 1, the fluid problem is governed by the 3D Stokes equation
for creeping flows that writes

μ�u − ∇ p = 0, (2)
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where the velocity field u = (u, v, w) in cartesian coordinates and p is the pressure field. This
equation goes along with the mass conservation equation

∇ · u = 0. (3)

Herein, we consider flattened microchannels so that h/R � 1 where R is a typical length of
the problem in the in-plane-direction (x, y). Therefore, the out-of-plane velocity w is weak when
compared to u and v and is assumed to be zero at leading order (w = 0 in the Hele-Shaw realm).
Consequently, Eq. (2) implies ∂p/∂z = 0 yielding the following Poiseuille velocity profile over the
height of the cell:

u(x) = ū(x, y)
6z

h2
(1 − z) , (4)

where ū(x, y) is the in-plane velocity.
Inserting Eqs. (4) in (2) and (3) and averaging the velocities in the thin direction one obtains the

so-called 2D Brinkman equation7, 8

μ(∇̄2ū − k2ū) − ∇̄ p = 0, (5)

where k = √
12/h and all variables and operators are restrained to the (x-y) plane.

In the case of a droplet of a fluid 1 conveyed in the flow of another immiscible fluid 2, Eq. (5)
holds in the carrier fluid as well as in the droplet using [μ, p, u] = [μi , pi , ui ] where a subscript i
denotes a variable defined in the fluid i. The boundary conditions that go along with (5) are detailed
next. They express both fluid velocities equality, the tangential stress continuity and the generalized
Laplace law all expressed at the interface. They, respectively, write

ū1 = ū2, (6a)

t · σ1 · n = t · σ2 · n, (6b)

n · σ1 · n − n · σ2 · n = [[f]] = γ
( 2

h
+ π

4
κ̄
)

n, (6c)

where κ̄ denotes the interface in-plane curvature (κ̄ = 1/R for a pancake droplet at rest), σ is the
planar stress tensor, [[f]] denotes the normal stress jump at the interface, a subscript i denotes a
variable defined for the fluid i, and t and n, respectively, denote the interface tangent and normal.
Equation (5) along with the boundary conditions (6a)–(6c) constitute a mathematically well posed
problem. The generalized Laplace pressure jump in (6c) uses the curvature of a pancake droplet in
the channel given in (1). We now derive a model to revise (6c) when the droplet is anchored onto a
groove.

B. A geometrical model for the anchor

1. Extension of the generalized Laplace pressure jump (6c)

The 3D shape of an anchored droplet in quiescent conditions may be derived using a minimiza-
tion of surface energy software such as Surface Evolver.4 The droplet partially fills the groove with
a protuberance in the form a spherical cap. In particular, it has been pointed out that the curvature of
this cap matches the curvature of the interface elsewhere: C = 2

h + π
4

1
R as stated in Eq. (1) yielding

a uniform pressure jump at each point of the interface. This is in agreement with the fact that the
droplet is at rest.

Deriving the exact shape of the droplet in the anchor in the presence of a flow is a complex 3D
dynamical problem. It is technically challenging and is beyond the scope of the present publication:
not only one has to carry out time consuming 3D computations but also account for the details of
the contact line at the edge of the groove. The approach we propose is different.
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FIG. 2. (I) (x, z) view of the droplet in quiescent conditions, the upstream interface curvature remains unchanged despite the
spherical cap in the groove. (IIa) and (IIb) Spherical cap model of a fully anchored droplet. The upstream interface complies

geometrically touching the points A, B, and C and is modeled by a sphere of radius ρl = h
2

(
1 + d2

4h2

)
. The downstream

radius of curvature remains unchanged, ρ = h/2. (III) Successive shapes adopted by the droplet front interface when the
flow rate is increased. The radius of curvature evolves from ρ = h/2 to ρ = ρl. The variable r denotes the distance from the
interface to the center of the anchor.

We propose a simple model to account for the out-of plane geometry of the droplet which can
adapt to the flow rate. The model is twofold. First, we concentrate on the largest possible state
of occupation of the groove. We anticipate that this state corresponds to a limiting situation and
is associated to a critical value of the flow rate above which the droplet will be released. Second,
we propose a parametrization allowing for the interface geometry to adapt to the flow rate from
quiescent conditions up to the critical value of release.

Let us first model the situation where the droplet occupation rate in the groove is maximal. For
simplicity, the depth of the anchor is assumed not to be a limiting factor here. The upstream interface
is assumed to be a spherical cap (Figure 2(II)). This is a natural hypothesis in the view of the ex-
perimental results5 reported in the literature where bubbles flowing in square cross-section channels
with trapping features are studied. As illustrated in Figure 2(IIb), this spherical cap indentation is
assumed to approximate the exact shape of the droplet in the anchor region and to match the rest of
the pancake droplet. This idealization cannot be justified a priori in absence of any 3D simulations
but will be validated against experiments using indirect indicators as done in Sec. III B.

The (x, z) central view of the droplet is shown in (Figure 2(II)). The corresponding critical radius
of curvature writes

ρl = h

2

(
1 + d2

4h2

)
, (7)

as the circle in the (x, z) plane passes through the three points A, B, and C.
Second, let us introduce r defined as the distance from the center of the anchor to the interface

and parametrize the curvature at each point of the interface

ρ(r ) = h

2

(
1 + d2

4h2
exp

(
− ln(2)

(
4r2

d2

)4
))

. (8)
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FIG. 3. Simplified pressure profiles as a function of x, respectively, for (1) a path circumnavigating the droplet and (2) a path
passing right through it.

This expression allows for a smooth transition from a free state ρ = h/2 (quiescent conditions)
to a fully anchored droplet ρ = ρ l (critical situation). The continuous range of configurations in-
between these two limiting configurations are schematized in Figure 2(III). Hereafter, each point of
the interface is provided with a curvature which is only a function of its distance to the anchor and
Eq. (6c) is discarded in favor of

n · σ1 · n − n · σ2 · n = [[f]] = γ
( 1

ρ
+ π

4
κ̄
)

n. (9)

With this boundary condition we now have a modified set of equations to solve. Prior solving them
we briefly draw the physical picture which underpins the anchor mechanism.

2. A naı̈ve scenario for the anchoring mechanism

We now briefly depict a pressure based explanation of the anchoring mechanism. It consists in
explaining the possibility of equality between the pressure changes (�p)1 and (�p)2, respectively,
found when circumnavigating the droplet (path 1 in Figure 3) or going through its interface (path
2 in Figure 3). (�p)1 simply consists in a linear decrease in pressure.4, 9 (�p)2 is evaluated in the
following.

Let us first denote δpu and δpd the upstream and downstream absolute pressure jumps encoun-
tered on the path 2 in Figure 2. Since the droplet is at rest, the pressure field in the droplet is assumed
uniform so that (�p)2 = δpd − δpu . In Eq. (9), the pressure jump is dominated by the out-of-plane
terms since ρ∝h � R and κ̄ � 1/R. As a first attempt the in-plane terms of the curvature are
discarded yielding δpu = γ /ρ and δpd = 2γ /h, respectively. Consequently, (�p)2 = γ (1/ρ − 2/h).

The model we have proposed allows values of 1/ρ l ≤ 1/ρ ≤ 2/h. Such values yield −γ (2/h
− 1/ρ l) ≤ (�p)2 ≤ 0 which adapts to the pressure change (�p)1 ≤ 0 dictated by the outer flow and
function of u∞.

This scenario neglects the in-plane curvature which, to be properly taken into account, requires
a determination of the in-plane droplet shape. This motivates the following numerical method.

III. A NUMERICAL INVESTIGATION

The predominance of surface tension effects (Ca � 1) at these scales requires interface tracking,
i.e., the representation of the interface with discrete setting of variables, allowing to account for
the jump conditions at the exact location of the interface. In order to do so in an efficient and
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fluid 2

fluid 1

FIG. 4. Scheme of the discretized domain, sketching far away boundaries � and droplet interface �. Inset: a sketch of the
Green function that is solution of the Brinkman equation.

accurate manner, a Boundary Element Method (BEM hereafter)10 for solving Brinkman equations
in microfluidic channels was developed.

A. A boundary element method

The derivation of the boundary integral method for the Brinkman equation is briefly summarized
in the following paragraph. Let us first consider a generic domain  of boundary ∂. We anticipate
the discretization of this boundary and define the vectors xi ∈ ∂ where i ∈ [[1, n]]. These vectors
are used to define the origin of generic test functions denoted w̄ and associated stress tensors τ that
verify

∇̄ · τ − k2w̄ = δ(xi)e j and ∇̄ · w̄ = 0, (10)

where δ(xi) denotes the Dirac distribution centered on a point xi lying on the boundary ∂. This
Dirac may be interpreted as a point force generating a flow along e j that is solution of the Brinkman
equation almost everywhere and plotted in Figure 4. Equation (10) solutions are known as the Green
functions and write in a generic way

w̄i j (x) = G(x − xi)e j , ¯̄τi j (x) = T (x − xi)e j , (11)

where G and T are, respectively, the 2nd and 3rd order tensors defined in Kohr et al.11

These functions are of particular interest as they help extracting the value of ū at a particular
point x̄i ∫



(∇̄ · τ − k2w̄) · ū ds = 2π ū(xi). (12)

Similarly, one may integrate the Brinkman equation (5) over the test function w̄ yielding∫


(∇̄ · σ − μk2ū) · w̄ ds = 0, (13)

where ∇̄ · σ = −∇̄ p + μ∇̄2ū. We now proceed and integrate by parts Eqs. μ ×(12) and (13)

μ

∫


(−∇̄ū · ∇̄w̄ + q ∇̄ · ū − k2ū · w̄) ds + μ

∮
∂

¯̄τn · ū ds = μ 2π ū(xi), (14)
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∫


(−μ∇̄ū · ∇̄w̄ + p ∇̄ · w̄ − μk2ū · w̄) ds +
∮

∂

¯̄σn · w̄ ds = 0, (15)

where q is the 2D pressure field associated with test velocities w̄. Equations (14) and (15) may be
simplified as ∇̄ · ū = ∇̄ · w̄ = 0. Subtracting them yields∮

∂

( ¯̄τn · μū − ¯̄σn · w̄) ds = 2πμū(xi) (16)

that is referred to as the boundary integral formulation of the problem.
One may now apply the latter to our case:  divides into two sub-domains: d inside the droplet

and f in the carrier fluid. d has a single boundary � and f has two of them, namely, � and � that
denote the outer boundary of the carrier fluid. Using (16) in each fluid and (6) to couple the outer
flow and the droplet, one obtains∮

�

μ2 ¯̄τn · ū − ¯̄σn · w̄ ds −
∮

�

(μ1 − μ2) ¯̄τn · ū − [[ f ]] · w̄ ds = 2π (μ1 + μ2)ū(xi ), (17)

where the difference of viscosities in the left hand side results from the opposite directions of the
droplet interface normals, respectively, seen from the inner and the outer fluid. It is crucial to note
that [[f]], earlier established in (9), enables us to naturally incorporate the effect of the thin direction
ez in this 2D scheme. Note that the boundary � in our study is placed infinitely far from the droplet
and therefore is not influenced by the droplet. The contribution of the inflow boundary is calculated
analytically yielding ∮

�

μ2 ¯̄τn · ū − ¯̄σn · w̄ ds = −4πμ2u∞ex, (18)

where u∞ex is the speed imposed upstream. Using the collocation10 method we write (17) for i ∈
[[1, n]] and j = 1, 2 yielding 2n independent equations for the 2n unknowns that are the (ū(xi ))i∈[[1,n]].
In particular, the discretization of these integrals into summations on the vertices allows to write an
algebraic system that forms a dense matrix then solved by the Lapack12 routine DGESV so that the
value of ū is obtained for a given configuration.

This value ū at a given time t is used to move the interface x̄ with an Euler explicit scheme

x̄(t + �t) = x̄(t) + ū(t) �t. (19)

This scheme allows to compute the time evolution of deformable droplets in confined channels
as shown in Sec. III B.

B. Capture, deformation, and release

In the rest of the article, we investigate numerically droplets of viscosity μ1 = μ2/4 of radius R in
a flow of velocity u∞. The viscosities ratio is consistent with the fluids usually used in microfluidics
such as water in FC40.4 Note it is also a non-trivial case unlike the choice of μ1 = μ2 which leads
to a simplification in Eq. (16). For simplicity, the diameter of the anchor is fixed (unless otherwise
specified) and is chosen to be d = 2h.

A series of simulations were performed gradually increasing the capillary number Ca = μ2u∞
γ

.
For each capillary number, a droplet was considered to have reached equilibrium when its center of
mass was moving 10−5 slower than the free stream velocity, the droplet was then declared captured.
Next, this last configuration was used as a starting point for a new computation using a capillary
number 5% larger. The procedure was repeated until release was observed. A droplet has therefore
two states: captured or released depending on the capillary number. First, we focus on the capture
state and in particular study the deformation of the droplet interface. Second, a state diagram is
drawn searching for the separation line between the capture and release state.



032002-8 Nagel, Brun, and Gallaire Phys. Fluids 26, 032002 (2014)

−3 −2 −1 0 1 2 3

−0.1

−0.05

0

0.05

0.1

0.15

)II()I(

FIG. 5. (I) Simulation result (black thick) of an anchored droplet for parameters R/h = 8 and Ca = 1.3 × 10−4 compared to
the deformation model4 (dashed gray). The black dashed line represents the undeformed circular shape of the droplet. Inset:
Zoom on the droplet tip (II) Deformation δr/R against the angle θ for R/h = 8 and Ca = 1.3 × 10−4 (black and dotted gray
lines for the numerics and theory results, respectively).

1. Study of the deformation

Shown in Figure 5 is the typical pear like shape the droplet adopts when anchored. This shape
was obtained numerically for R/h = 8 and Ca = 1.3 × 10−4 and is compared to the expression
derived by Dangla et al.4 in the limit of small deformations

δr (θ )

R
= 48

π
Ca

R2

h2
(1 − θ sin(θ )), (20)

where δr is the local deviation from R, the droplet circular radius in absence of flow.
The numerical results are in very good agreement with (20). Note the small but significant

difference at the front of the droplet. Simulation helps recover a smooth representation of the
interface on the anchor unlike the expression (20). The droplet interface encompasses the anchor as
shown in the inset in Figure 5. Similar results, where the droplets interface follows the contour of
the anchor, are found when varying the capillary number and the anchor diameter (Figure 6). This
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FIG. 6. (I) Elongation of droplets of aspect ratio R/h: 4 •, 6 ×, 8 ◦, 10 �. The solid line gives the trend for small deformations

following (20): ε = 48/π Ca R2

h2 . Some cases are illustrated, where the solid line represents the numerical solution and the
dashed grey line the model. (II) Details of the droplet interface that nearly follows the anchor contour.



032002-9 Nagel, Brun, and Gallaire Phys. Fluids 26, 032002 (2014)

0 0.05 0.1 0.15 0.2 0.25 0.3

1

2

3

4

5

6

7

8

9
x 10

-3

0 2 4 6 8 10 12

1
2
3
4
5
6
7

x 10
-3

Released

Captured

Released

Captured

FIG. 7. Critical capillary number at which droplets are released, plotted against h2/R2. A least square fit of the data exhibits
a slope of about 29 × 10−3 for d = 2h (�) and 13 × 10−3 for d = 1.4h (●). Inset: same results plotted as a function of R/h
compared to experimental data13 (� and ©).

particular feature is made possible by the use of the parametrization function (8). Note additionally
that other smoothing functions warranting that ρ(r) evolves from h/2 far from the anchor to ρ l around
the r = d/2 have proven equally successful.

Let us now quantify the droplets deformations in term of their elongation ε = δr(0)/R. Shown
in Figure 6 is a plot of such elongations for different aspect ratios R/h and capillary numbers Ca.
The agreement between simulation and theory is very satisfactory, while the theory itself agrees
well with experiments.4 Note that these deformations are independent of the strength of the anchor
embodied by the coefficient ρ l in (7).

Numerical results separate from the theoretical prediction for large capillary numbers. This
was anticipated since the validity of Eq. (20) is restrained to weak deformations. More importantly,
note that the stretching of the droplet is increasing with the capillary number. We will see that such
in-plane deformations play a key role in the release of the droplet.

2. Droplet state diagram

The progressive increase in the carrier fluid velocity u∞ leads to an increase in the viscous drag
which eventually causes the droplet release from its anchoring site. This may advantageously be
captured defining a critical capillary number Ca� comparing the viscous and surface tension effects
acting on the droplet at the release threshold. In Figure 7 are shown the critical capillary numbers
for droplets of different aspect ratios R/h on holes of diameter d = 2h and d = 1.4h.

The critical capillary number Ca� is found to be an increasing function of the ratio d/h and the
values found numerically are found to be remarkably close to experimental data.13 In particular,
the scaling Ca� ∝ h2/R2 is recovered in agreement with the literature.4 The positive prefactor is a
function of both the strength of the anchor, hence of the value of ρ l in (7), and the effective size of
the anchor set by (8). The overall agreement between numerics and experiments validate the use of
(7) and (8) that were derived with a simplified geometric model of the droplet central slice.

The method is now used to investigate further the anchoring mechanism holding the droplet and
the consequences on the droplet dynamics.

C. Pressure distribution in and out the captured droplets

In this section, we take advantage of the numerical simulations to investigate the pressure
distribution in the considered problem and in particular revise the scenario depicted in Sec. II B 2.
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FIG. 8. (I) Illustration of the pressure field of a droplet at Ca = 4 × 10−4. (II) Pressure distribution of the droplet attached
to a hole with aspect ratio R/h = 6 and d = 2h. The dotted curves are obtained going through the droplet unlike the dashed-
dotted ones obtained when circumnavigating the droplet. The corresponding capillary numbers are 2, 4, 6, and 8 × 10−4. (III)
Out-of-plane (plain line) and in-plane (dotted line) components of the upstream (resp. downstream) curvature as a function
of the capillary number.

In Figure 8 is shown the pressure field of a droplet of aspect ratio R/h = 6 for Ca = 4
× 10−4. As underlined by the closed streamlines the droplet appears to be at rest. Additionally,
a weak recirculating flow is found inside the droplet. It results from the shear exerted by the outer
flow through the interface, as underlined by the high density of streamlines in a boundary layer.
Nevertheless, the pressure field inside the droplet is approximatively uniform. On the other hand,
the pressure decreases almost linearly in the outer flow and may be approximated4, 9 with

(�p)1 = −48u∞μ2 R/h2, (21)

where (�p)1 denotes the pressure drag along the path 1 in Fig. 8. This pressure drag is equivalent
to the classical formulation of the drag force Fd = 24πu∞μ2R2/h exerted on a cylindrical droplet.
Note that the pressure evolutions in (path 2) and out (path 1) the droplet therefore differ. Such
discrepancy is balanced by the difference in the unsigned pressure jumps on the droplet upstream
and downstream interfaces. They are, respectively, denoted δpu and δpd and are found over the path
2 in Fig. 8. Going through this path one may derive an alternative expression of the overall pressure
gradient

(�p)2 = δpu − δpd . (22)

The condition for the droplet to remain on the anchor naturally writes

(�p)1 = (�p)2. (23)

Of particular interest are the plots of the pressure evolution for different capillary numbers
(Figure 8(II)) where one may observe that the condition (23) is fulfilled. To ease the comparison the
pressure reference is set to zero exactly on the upstream interface in each case. We recall that the
dimensionless pressure jump at the interface of an unperturbed droplet is γ (π

4
1
R + 2

h ) � 13 γ

R in the
present case. As the droplet gets dragged in the anchor by the surrounding fluid, its upstream edge
sinks deeper into the hole leading to a decrease of the effective pressure jump δpu. The decrease in
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δpu outruns the weak evolution of the downstream pressure jump δpd. As a result, (�p)2 adapts and
copes with the pressure drag (�p)1 when Ca is varied.

Let us now detail the evolution of the upstream pressure jump δpu. The two curvatures found in
the Laplace equation (9) have opposite effects. The out-of-plane curvature 1/ρ decreases when
increasing the capillary number (Fig. 8(III) and Eq. (8)) . However, it appears clearly from
Figure 8(III) that the in-plane deformation of the droplet plays an important role too. The more
the droplet is dragged the more the upstream interface in-plane curvature κ̄ increases. This growth
undermines the overall effectivity of the anchor which we recall is based on the reduction of the
pressure jump in the vicinity of the groove. We now combine and quantify these effects to obtain a
pressure based expression of the critical capillary number above which (23) fails and the droplet is
released from the anchor.

Let us consider the droplet to be on the verge of release. This state is characterized by the critical
capillary number Ca� associated with the velocity u�. By definition, release is achieved when (�p)1

overcomes (�p)2. This is possible as (�p)2 is bounded by a maximal value (�p)�2 which is now
derived. Each term in (�p)�2 is evaluated individually.

Downstream the in-plane shape of the droplet is deformed by a quantity denoted δr(θ
= 0) following the formalism of Sec. III B 1. The induced change in the droplet curvature writes:
− 1

R (δr (0) + δr ′′(0)) in linear theory and may be derived recalling (20). The out-of-plane curvature
remains unchanged yielding

δpd = γ

(
2

h
+ π

4

1

R

(
1 + 48

π
Ca� R2

h2

))
. (24a)

Upstream, the droplet is more dramatically deformed and is found to be rather different from the
linear prediction (20) (Figs. 5(I) and 8(III)). Hereafter, it is modeled by a section of a spherical cap
yielding

δpu = γ

(
1

h
+ 1

h

)
, (24b)

where both 1/h terms, respectively, denote the contribution of the in-plane and out-of-plane curva-
tures. The π /4 prefactor has been voluntarily omitted to account for the evoked spherical shape.
Consequently, using (22), the overall difference (�p)2 = δpu − δpd writes

(�p)2 = −γ
π

4

1

R

(
1 + 48

π
Ca� R2

h2

)
. (24c)

Balancing (21) in the case where u∞ = u� and (24c) leads to the expression of the critical
capillary number above which the droplets are released

Ca� = π

144

h2

R2
. (25)

This analysis helps recover the proper scaling law Ca� ∝ h2/R2 as found in the numerics and
in the experiments.4 A close examination of the numerical results shows that, in the present case
Ca� � 29 × 10−3 h2

R2 when the theoretical prediction (25) is Ca� � 22 × 10−3 h2

R2 . These results are
discussed next.

This theoretical derivation of Ca� has been done in the representative yet specific case where d
= 2h and would need to be refined to account for the dependance in the anchor geometry. However,
the prediction (25) is commensurable with other sizes of anchor since Ca� � 13 × 10−3 h2

R2 in the
case of d = 1.4h. Second, the droplet is already severely deformed when released and the spherical
cap model occults the nonlinear effects that may come into play. However, this scaling enlightens
the main characteristics of the anchor that (i) warrants a decrease in the upstream out-of-plane
curvature and its contribution to the Laplace pressure jump which helps holding the droplet and in
turn (ii) induces a deformation of the droplet causing an increase in the in-plane curvatures and their
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FIG. 9. Dimensionless tangential velocity ut/u∞ on the droplet interface (see inset) as a function of the viscosity ratio (R/h
= 6 and d = 2h).

respective contribution to the Laplace pressure jumps. This increase is moderated downstream but
is severe upstream since the droplet bends into the shape of the anchor and eventually escapes.

IV. DISCUSSION

A. Recirculation

Altering the boundary condition (6c) and replacing it by (9) in the vicinity of the groove
successfully reproduces the main feature of the considered anchors: holding droplets against the
flow. The combined use of this method and the Brinkman equation (5) allows us to examine the
inner recirculating flow inside the droplet. Of particular interest is the tangential velocity ut found on
the droplet interface (Fig. 9). We propose a scaling argument to estimate ut and compare the results
with numerics. The viscous stress is estimated in the boundary layer at the interface of the droplet.
In the outer fluid, the velocity evolves from 2u∞14 far from the interface to ut over a length scaling
as the boundary layer thickness that is the height of the channel h. On the other side of the interface,
the velocity changes from ut to an approximatively nil value over the same length h. The continuity
of the tangential stress at the interface yields

μ2
2u∞ − ut

h
∼ μ1

ut − 0

h
(26)

which allows for an estimation of ut

ut = 2u∞
1

1 + μ1

μ2

. (27)

Equation (27) is plotted in Fig. 9 and compared to numerical results. The agreement validates the
scaling argument, in particular the fact that both boundary layers have the same typical size.

Such recirculating flows have important implications such as the mixing species at low Reynolds
numbers investigated next.

B. Applications

The above described droplets may be seen as the building bricks for Lab-on-a-Chip applications.
Two illustrations from the literature13 are now simulated using our anchoring model.
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Rail

before after

FIG. 10. A single droplet, R/h = 3, is following a rail of width h, amplitude A = 4R, and wavelength λ = 10πR. The flow is
such that Ca = 10−4. Passively convected tracer particles demonstrate the mixing of two species in the droplet.

1. Mixing

The anchors may easily be extended to rails13 which are etched in the channel wall and force the
trajectory of droplets in the flow. The reported numerical method is as versatile as the grooves are. A
mere change in the definition of r in Eq. (8) that is in the definition of the distance from the droplet
interface to the anchor, is sufficient to simulate the guiding of a droplet along a rail. For anchors, the
distance was given by r =

√
x2 + y2 where (x, y) are the coordinates of the droplet interface in a

system centered in the anchor. This may be traded for

r =
∣∣∣∣y − A sin

(
2π

λ
x

)∣∣∣∣ (28)

in the case of sinusoidal rail of amplitude A in the y direction and wavelength λ in the x direction.
The typical results obtained when performing a simulation using (28) are shown in Figure 10 in
the form of a time sequence. As in the experiments the droplet is found to follow a path essentially
dictated by the rail: its interface intersects the rail twice at all times so that the droplet remains on
the rail despite its overall motion along the y-axis.

It is worth noticing there is no privileged anchoring site for the droplet on the rail, unlike a
train that is directly tethered to the track it follows (Figure 10). Such an oscillatory motion is an
interesting way to enhance mixing inside the droplet. Note that the mixing in a droplet following a
straight line trajectory in a micro-channel is in fact quasi-nil.

The mixing of two species initially sitting in the “north” and “south” hemispheres of the droplet
is illustrated in Figure 10. In particular, shown are the details of the droplet after just less than
4 periods on the rail. The mixing was found improved when increasing the amplitude of the rail.
Another important factor is the viscosity ratio μ1/μ2 as the smaller the ratio the better the mixing.
This last result is consistent in the view of Figure 9 where the velocity transferred to the droplet
interface increases as μ1/μ2 decreases. On the other hand, the capillary number was found to have
little influence on the mixing.

2. Droplets interactions

The second illustration consists in sequentially sending multiple droplets towards a single trap
in operating conditions such that Ca < Ca�. A buffering mode may then be obtained: droplets are
successively stopped on the groove, since Ca < Ca�, and then chased away by the next incoming
droplet repeating the cycle. Consequently, each droplet is stopped in the flow for a limited period
without any modification of the flow rate, leaving enough time to perform specific tasks on the
droplet.13 The numerical results are in good qualitative agreement with experimental data previously
reported in the literature.13 The buffering mode is well reproduced in the simulations as shown in
Fig. 11 where the shaded droplet ejects the other one from the anchor when colliding with it. The
time of contact τ c � 0.8u∞/d is found numerically and appears to be shorter than in experiments13
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FIG. 11. Buffering mode where droplets stop on the anchor until they are chased away by an incoming droplet (Ca
= 5 × 10−3, μ1 = μ2/2, R/h = 6, d/h = 2, dt = 0.35). The dashed lines indicate the position of the center of the anchor that
is a fixed point in the channel. The dotted dashed lines denote the average speed of the droplet arriving onto and leaving the
hole.

where τ c � 1.2u∞/d. This difference is attributable to the fact that our model ignores the dissipation
in the volume of fluid residing in the anchor.

V. CONCLUSION

We described and demonstrated how to simulate droplets in confined channels in the presence
of a groove etched in the channel wall. The strategy consisted in modifying only the generalized
Laplace law boundary condition to account for these holes. This was motivated by the fact that the
capillary number is small (Ca � 1) so that surface tension effects drive the dynamics. The numerical
method was compared to experiments where droplets were anchored, deformed, and released. More
importantly, this numerical method allows to visualize the pressure fields and accurately quantify
the interface curvature revealing the inner machinery of these anchors. The reported mechanism
allowed to recover the experimental result Ca� ∝ h2/R2. This method reveals to be flexible as well
and may be extended to multiple droplets or different geometries for the anchors as the presented
rails.
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