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In bouncing cosmology, the primordial fluctuations are generated in a cosmic contraction phase before

the bounce into the current expansion phase. For a nonsingular bounce, curvature and anisotropy grow

rapidly during the bouncing phase, raising questions about the reliability of perturbative analysis. In this

paper, we study the evolution of adiabatic perturbations in a nonsingular bounce by nonperturbative

methods including numerical simulations of the nonsingular bounce and the covariant formalism for

calculating nonlinear perturbations. We show that the bounce is disrupted in regions of the universe with

significant inhomogeneity and anisotropy over the background energy density but is achieved in regions

that are relatively homogeneous and isotropic. Sufficiently small perturbations, consistent with observa-

tional constraints, can pass through the nonsingular bounce with negligible alteration from nonlinearity.

We follow scale invariant perturbations generated in a matterlike contraction phase through the bounce.

Their amplitude in the expansion phase is determined by the growing mode in the contraction phase, and

the scale invariance is well preserved across the bounce.
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I. INTRODUCTION

A bouncing cosmology is a scenario in which the uni-
verse transitions from a previous contraction phase to the
current expansion phase through a ‘‘big bounce’’ [1–4]. In
this scenario, the primordial fluctuations that seed structure
formation in the early expansion phase originate from
adiabatic perturbations generated in the contraction phase.
These adiabatic perturbations arise as quantum fluctuations
when the modes are deep inside the horizon in the early
contraction phase, then become classical when they exit
the horizon during the contraction phase. A large number
of nearly scale invariant modes can be produced by various
mechanisms in the contraction phase [5–13]. These modes
then have to pass through the bounce and carry on to the
expansion phase. Their power spectra would match current
observations if the adiabatic perturbations remain nearly
scale invariant after the bounce.

In a singular bounce, the universe passes through a
classical singularity which must be resolved by a quantum
theory of gravity. The prediction of such models relies
on a quantum treatment of the singular bounce [1,14–17].
Certain matching conditions can be derived from the
requirement of analyticity and unitarity of the bouncing
process [8,18–22]. The alternative approach is a nonsingu-
lar bounce where the universe stops contraction and
reverses to expansion at a finite size, which can be well
described by classical general relativity and effective field
theory [10,11,23–27]. In such a smooth transition, the
adiabatic perturbations evolve classically and can be

followed directly through the bounce. A rigorous analysis
of a nonsingular bounce would help display properties and
build intuition about bouncing models, especially if the
outcome of the bounce does not depend sensitively on the
details of the bouncing mechanism.
However, there are several reasons to be concerned.

First, a nonsingular bounce requires a violation of the
null energy condition (NEC). In order for the cosmic
contraction to slow down to a halt, the effective equation
of state parameter of the universe, defined by 3

2 ð1þ wÞ ¼
� _H=H2, must fall below w ¼ �1 for an extended period
of time, referred to as the ‘‘bouncing phase.’’ During this
bouncing phase, curvature and anisotropy, with effective
equations of state w ¼ � 1

3 and 1, respectively, grow much

faster than the background energy density. Such unstable
growth can potentially lead the universe into chaotic
mixmaster behavior that disrupts the bounce altogether
[28,29]. It is therefore important to determine if the growth
of curvature and anisotropy can be kept at a finite level
during the bounce.
Moreover, the growth of curvature perturbations during

the bouncing phase may change the shape of the power
spectrum [28]. The power spectrum is given by the ampli-
tude of adiabatic perturbations of different wave numbers.
The adiabatic modes that exit the horizon in the contraction
phase appear to reenter the horizon near the bounce, since
the Hubble scale 1=aH diverges when H ! 0 at the non-
singular bounce, whereas the scale factor a remains finite.
If the amplitude of the adiabatic perturbations grows dur-
ing the bounce and the growth varies with wave number,
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then the power spectrum would be distorted away from
scale invariance.

The rapid growth of perturbations also raises the
question of whether their evolution becomes nonlinear
during the bouncing phase. According to a simple estimate
[30,31], the adiabatic perturbations become strongly
coupled when the magnitude of the dimensionless parame-
ter � � � _H=H2 is much larger than 1. Toward a non-
singular bounce, � approaches �1 because H goes to
zero and _H is positive. If the strong coupling problem
occurs, then cubic and higher order interaction terms
in the action of the adiabatic perturbation become com-
parable to and even larger than the quadratic term.
Accordingly, the classical evolution of superhorizon modes
may deviate from linearized equations of motion. Such
nonlinearity causes a mixing of modes that alters the
power spectrum and induces a large non-Gaussianity. To
analyze the nonlinear evolution of adiabatic perturbations,
a nonperturbative calculation is required.

In this paper, we present a full numerical analysis of a
nonsingular bounce. Classical evolution of the spacetime
is followed from near the end of the contraction phase
through the entire bouncing phase into the expansion
phase. The Einstein equations coupled with equations of
motion for scalar fields are solved with inhomogeneous
and anisotropic initial conditions. These inhomogeneities
represent adiabatic perturbations that have exited the hori-
zon in the earlier contraction phase and henceforth evolved
classically. Our purpose is to study their behavior during
the nonsingular bounce.

Several mechanisms for creating a nonsingular bounce
have been studied, which are based on effective field
theories such as ghost condensation [10,11,25,32] and the
Galileon [26,27,33,34]. These mechanisms are not well
adapted for numerical simulations because the covariant
generalization of the effective field theories to curved
spacetime typically introduce higher derivative terms that
are susceptible to numerical instability [35–37]. For our
computation, we introduce a minimally coupled massless
scalar field with a wrong-signed kinetic term—a ghost
field—for which the stress-energy tensor explicitly breaks
the NEC. Such a ghost field would lead to unstable ex-
citations of negative quanta when coupled to normal scalar
fields and gravity. Here we treat it purely classically as an
effective way of creating a background solution that de-
scribes a nonsingular bounce; its energy density is only
significant near the bounce and otherwise negligible. The
classical equation of motion for the ghost field has an
identical form to that of a normal scalar field and is well
behaved for numerical computations. A similar setup was
used in the perturbative calculations of Refs. [23,38,39].

In our nonperturbative calculation, the evolution of the
spacetime through the bouncing phase is computed by
using harmonic coordinates [40–42]. Compared to other
numerical schemes, such as the constant mean curvature

gauge used in Ref. [43], the harmonic gauge does not run
into coordinate singularities during the bouncing phase
when a and H are nonmonotonic in time. Another advan-
tage of using harmonic coordinates is that the equations of
motion for metric components are wavelike equations that
can be easily solved. To extract the amplitude of adiabatic
perturbations from our numerical results, we compute the
nonlinear and covariant generalization of the curvature
perturbation used in linear perturbation theory. Following
the covariant formalism [44,45], the generalized curvature
perturbation is taken to be the integrated expansion along
the integral curve of the normal vector to the constant
time slices. Our numerical methods are sufficiently general
and robust to handle nonlinear evolution with large
inhomogeneities.
We show that inhomogeneity and anisotropy can disrupt

the nonsingular bounce. In particular, if the effective
density of anisotropy in certain regions of the universe
surpasses the energy density of the ghost field that is
responsible for the bounce, then these regions will keep
contracting and collapse to a singularity. On the other hand,
regions of the universe that are relatively homogeneous and
isotropic (e.g., those that underwent an ekpyrotic smooth-
ing phase prior to the bounce) can undergo a nonsingular
bounce and continue into the expansion phase. This picture
is dramatically different from that obtained in linear per-
turbation analysis where the bounce happens everywhere
and almost simultaneously.
For sufficiently small perturbations that pass through the

nonsingular bounce, we study the effect of nonlinearity by
measuring the mixing of Fourier modes in the integrated
expansion. We show that, if the amount of inhomogeneity
and anisotropy is marginally below the level that would
disrupt the bounce, then the nonlinear terms introduce
significant deviation from linear perturbative calculations.
Otherwise, if the amount of inhomogeneity and anisotropy
is well below the critical level, then nonlinearity is negli-
gible throughout the bounce despite the fact that � ! �1
at the bounce.We compare our results with the condition of
strong coupling and argue that the latter problem does not
occur at the classical level.
We further examine how the bounce affects the shape

of the power spectrum. For the purpose of illustration, we
assume that scale invariant perturbations are generated
from a matterlike contraction phase before the bounce
[7,8]. We find the matching condition that the amplitude
of the adiabatic perturbations in the expansion phase is
dominated by the contribution from the growing mode in
the contraction phase. The change in the scale dependence
of the amplitude through the bounce is negligible for small
perturbations. The power spectrum of the adiabatic pertur-
bations remains scale invariant after the bounce with no
observable tilt or running.
The nonsingular bouncing model is presented in Sec. II.

The numerical methods for simulating the nonsingular
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bounce and computing nonlinear perturbations are
explained in Sec. III. The results of large inhomogeneity
and anisotropy are described in Sec. IVA, the problem
of nonlinearity and strong coupling is characterized
in Sec. IVB, and the effect of the bounce on the scale
dependence of the power spectrum is studied in Sec. IVC.
For comparison, a perturbative calculation in the linear
harmonic gauge is presented in Appendix A, with
Bunch–Davies initial values given in Appendix B.
Conclusions and implications are discussed in Sec. V.

II. NONSINGULAR BOUNCING MODEL

For the nonsingular bounce, we consider a model with
two scalar fields � and � minimally coupled to gravity,
described by the Lagrangian

L ¼ � 1

2
ð@�Þ2 � Vð�Þ þ 1

2
ð@�Þ2: (1)

Here � is a canonical scalar field with a potential Vð�Þ ¼
V0e

�c�, and � is a ghost field with a wrong-signed kinetic
term. The conditions are chosen so that the universe is
dominated by the normal scalar field� during the contrac-
tion phase. Under such conditions, the� field has a scaling

solution in which its energy density scales as 1=a3ð1þw�Þ

with a constant equation of state w� ¼ c2

3 � 1. For c >
ffiffiffi
6

p
and V0 < 0, this solution is an attractor with w� > 1 that is

used in the ekpyrotic model [43,46,47]. Here we consider

the other case with c <
ffiffiffi
6

p
and V0 > 0, so that w� < 1 and

a nonsingular bounce can be obtained [23]. In this case, the
scaling solution is not an attractor—the initial condition
must be fine-tuned in order to keep w� nearly constant for

a sustained period.
Our computation starts near the end of the contraction

phase, assuming that the � field has w� given by the

scaling solution and the � field has negligible energy
density. Since the � field has only a kinetic term, its
equation of state is w� ¼ 1 that is greater than w�.

Therefore, the negative energy density of the � field grows
as 1=a6 during contraction, faster than the positive energy
density of the � field. Eventually the total energy density
vanishes and causes a nonsingular bounce, in which the
contraction stops and the expansion begins. Then the
energy density of the � field quickly diminishes and
becomes negligible again compared to that of the � field.

In a homogeneous, flat, and isotropic background, the
equations of motion for the scalar fields are

�00 þ a6V;� ¼ 0; (2)

�00 ¼ 0: (3)

Here 0 denotes derivative with respect to the harmonic time
t, related to the physical time � by d� ¼ a3dt; it is chosen
to satisfy the gauge condition (13), as introduced in

Sec. III A below. The Friedmann equations in harmonic
time are given by

H 2 ¼ 1

3

�
1

2
�02 þ a6V � 1

2
�02

�
; (4)

H 0 ¼ a6V; (5)

where the harmonic Hubble parameter H is defined
as H � a0=a and is related to the Hubble parameter H
by H ¼ a3H.
The background solution can be found by evolving

Eqs. (2), (3), and (5) and using Eq. (4) as a constraint.
The initial values for �, �0, �, �0, a, and H are set by

�0 ¼ 0; �0
0 � a30

_�0 ¼ �a30

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2c2V0

6� c2

s
; (6)

�0 ¼ 0; �0
0 � a30 _�0 ¼ a30

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12V0

ð6� c2Þr0

s
; (7)

a0 ¼ 1; H 0 � a30H0 ¼ �a30

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2V0ðr0 � 1Þ
ð6� c2Þr0

s
: (8)

We choose c ¼ ffiffiffi
3

p
so that initially the � field obeys the

scaling solution with a matterlike equation of state,
w� ¼ 0; such a matterlike contraction phase can generate

scale invariant adiabatic perturbations before the bounce.
r0 represents the initial value of the ratio between the
energy density of the � field and the � field, j��=��j.
For V0 ¼ 0:1 and r0 ¼ 1000, the bouncing solution for the
scale factor a is shown in Fig. 1. The ratio between the
energy density of the � and � fields is shown in Fig. 2,

FIG. 1. The background solution of the scale factor a. The
harmonic time t is shifted so that the bounce occurs at t ¼ 0 and
rescaled in units of 1=jH0j where H0 is the initial value of the
Hubble parameter.
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illustrating that the � field is only significant near the
bounce.

The ghost field �must be stabilized by some mechanism
at the quantum level, which will not be considered in this
paper. Here we only use its classical equation of motion to
effectively describe the nonsingular bouncing process.
This simple setup allows us to study the classical evolution
of adiabatic modes that have left the horizon during the
contraction phase. In particular, we will follow the ampli-
tude of the curvature perturbation through the nonsingular
bounce.

III. NUMERICAL METHODS

To analyze the nonsingular bouncing model nonpertur-
batively, we employ numerical methods to solve the equa-
tions for the spacetime metric and the scalar fields. Our
methods allow a wide range of inhomogeneous, nonflat,
and anisotropic initial conditions.

A. Harmonic coordinates

The spacetime can be described by a coordinate system
ðx�Þ ¼ ðt; xiÞ with a metric g��, where t is a timelike

coordinate and xi are spacelike coordinates. The full set
of equations includes the Einstein equations for the metric
g�� and the equations of motion for the scalar fields � and

�. From the Lagrangian (1), it follows that the � and �
fields satisfy the equations

r�r�� ¼ V0ð�Þ; (9)

r�r�� ¼ 0; (10)

where r� denotes the covariant derivative associated with

g��. The total stress-energy tensor is given by

T�	 ¼ r��r	��r��r	�

� g�	

�
1

2
r
�r
�þ V � 1

2
r
�r
�

�
: (11)

Hence, the Einstein equations can be written in the trace
reversed form as

R�	 ¼ r��r	��r��r	�þ Vg�	; (12)

where we use reduced Planck units with 8�G � 1.
To solve the Einstein equations, one must first remove

the diffeomorphic freedom in the coordinates by fixing a
gauge. This involves choosing a set of time slices, such as
the constant mean curvature slices used in simulating
the ekpyrotic contraction phase [43]. However, the same
method is not applicable to the bouncing phase. The mean
curvature becomes nonmonotonic in time when the uni-
verse enters the bouncing phase from the contraction
phase, and when it exits the bouncing phase to enter the
expansion phase. Consequently, in the presence of inho-
mogeneities, the constant mean curvature slices stop being
spacelike during these transitions (see Sec. III B below),
rendering the numerical evolution ill behaved. So,
instead, we shall use a different gauge that is well defined
throughout the entire cosmic transition from contraction to
expansion—the harmonic gauge [40–42].
The harmonic coordinates are defined to satisfy the

gauge condition

r�r�x� ¼ 0: (13)

Consequently, the Christoffel symbols �

�	 must satisfy

the condition

g�	�

�	 ¼ 0: (14)

Under this condition, the Ricci tensor takes the form

R�	 ¼ � 1

2
g
�@
@�g�	

þ g�g��@�g�ð�@	Þg� � �

���

�

	: (15)

The first term controls the character of the equations,
giving rise to hyperbolic differential equations for the
metric components g�	. These 10 equations are subject

to the 4 constraints given by Eq. (14).
To solve the equations numerically, we reduce them

to first order differential equations in time. Define the
variables P�	, P�, and P� by

P�	 � @0g�	; (16)

P� � @0�; (17)

P� � @0�: (18)

Then the Einstein equations (12) become

FIG. 2. The ratio between the energy density of the scalar
fields � and �. The � field energy density is significant only
near the bounce and otherwise negligible. The time coordinate is
scaled in the same way as in Fig. 1.
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�g00@0P�	 ¼ 2g0k@kP�	 þ gik@i@kg�	

� 2g�g��@�g�ð�@	Þg� þ 2�

���

�

	

þ 2ð@��@	�� @��@	�þ Vg�	Þ; (19)

and the equations (9) and (10) for � and � become

�g00@0P� ¼ 2g0k@kP� þ gik@i@k�� V 0ð�Þ; (20)

�g00@0P� ¼ 2g0k@kP� þ gik@i@k�: (21)

These evolution equations (16)–(21) must be supple-
mented by initial values for the variables g�	, �, �, P�	,

P�, and P� as functions of the spatial coordinates. We

choose the initial time slice to have constant mean curva-
ture, K ¼ �3H0; the metric and its time derivative on the
initial time slice are specified as follows. The metric g�	
can be decomposed as

ds2 ¼ ��2dt2 þ 
ijð	idtþ dxiÞð	jdtþ dxjÞ; (22)

where �, 	i are the lapse function and the shift vector, and

ij is the spatial metric. Note that, for the metric expressed

this way, condition (14) implies specific dynamical equa-
tions for the lapse � and the shift 	i [42]. Here, instead of
solving for � and 	i, we use the metric components g�	 as

our dynamical variables and solve for the latter directly.
Thus, the decomposition (22) is only used on the initial
time slice to specify the initial values for g�	 and other

variables.
On the initial time slice, we can freely choose the lapse

and the shift to be � ¼ 1 and 	i ¼ 0; then, the spatial
metric 
ij and its time derivative @0
ij ¼ �2Kij must

satisfy the Hamiltonian and momentum constraints,

ð3ÞRþK2�KijKij¼ _�2þDi�Di�þ2V� _�2�Di�Di�;

(23)

DiK
i
j �DjK ¼ � _�Dj�þ _�Dj�: (24)

Here ð3ÞR and Kij are the intrinsic and extrinsic curvature;

_ denotes the derivative along the normal vector to the time
slice, andDi is the covariant derivative associated with 
ij.

Once the above constraints are satisfied by the initial data,
they will hold at all times as a result of the evolution
equations and the harmonic coordinate condition [42].

The constraint equations (23) and (24) for the initial
data can be solved by using the York method [48,49].
Specifically, we choose the spatial metric to be confor-
mally flat on the initial time slice and decompose the
extrinsic curvature into the trace (i.e., mean curvature)
and the traceless parts,


ij � �4�ij; (25)

Kij � 1

3
K
ij þ��2Aij: (26)

Define further the variables Q� and Q� by

Q� � �6 _�; (27)

Q� � �6 _�: (28)

Here the functions �, Aij, Q�, and Q� depend only on

the spatial coordinates. The Hamiltonian and momentum
constraints on the initial data then become

@i@i� ¼ � 1

8
ðAijAij þQ2

� �Q2
�Þ��7

þ 1

12
ðK2 � 3VÞ�5 � 1

8
ð@i�@i�� @i�@i�Þ�;

(29)

@iAij ¼ �Q�@j�þQ�@j�; (30)

where the indices in these two equations are raised and
lowered with the flat metric �ij.

For simplicity, we restrict our computation to the case
with inhomogeneity only along one spatial dimension (x)
with periodic boundary conditions. Then Eq. (30) is solved
by the ansatz

Q�ðxÞ ¼ _�0 þ f0 cos ðmxÞ; (31)

�ðxÞ ¼ �0 þ f1 cos ðmxÞ; (32)

Q�ðxÞ ¼ _�0 þ f2 cos ðmxÞ; (33)

�ðxÞ ¼ �0 þ f3 cos ðmxÞ (34)

and the particular solution

AijðxÞ ¼
A11ðxÞ 0 0

0 A11ðxÞ 0

0 0 �ð1þ ÞA11ðxÞ

0
BB@

1
CCA; (35)

where f0, f1, f2, f3, and  are parameters to choose, and

A11ðxÞ ¼ � _�0f1 cos ðmxÞ � 1

4
f0f1 cos ð2mxÞ

þ _�0f3 cos ðmxÞ þ 1

4
f2f3 cos ð2mxÞ: (36)

These expressions are then put into Eq. (29) to solve for
�ðxÞ, using a relaxation method. The results are substi-
tuted into the expressions for 
ij and its time derivative Pij;

the remaining components g0� are given by the lapse and

the shift, and P0� are solved from the constraint (14).

Thus, our initial data are specified as follows:

g00ðt0; xÞ ¼ �1; (37)
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g0iðt0; xÞ ¼ gi0ðt0; xÞ ¼ 0; (38)

gijðt0; xÞ ¼ �ðxÞ4�ij; (39)

P00ðt0; xÞ ¼ 2K; (40)

P0iðt0; xÞ ¼ Pi0ðt0; xÞ ¼ �2�ðxÞ�1@i�ðxÞ; (41)

Pijðt0; xÞ ¼ � 2

3
K�ðxÞ4�ij � 2�ðxÞ�2AijðxÞ; (42)

�ðt0; xÞ ¼ �ðxÞ; (43)

P�ðt0; xÞ ¼ �ðxÞ�6Q�ðxÞ; (44)

�ðt0; xÞ ¼ �ðxÞ; (45)

P�ðt0; xÞ ¼ �ðxÞ�6Q�ðxÞ: (46)

The parameters �0, _�0, �0, _�0 in Eqs. (31)–(36) and K ¼
�3H0 are chosen to match the background values given
in Eqs. (6)–(8), whereas the parameters f0, f1, f2, f3, and
 will be set to incorporate different amounts of inhomoge-
neity in the initial data. In the limit of small inhomogeneities

our choice of initial data represents a single Fourier mode
with comoving wave number k ¼ m (see Appendix A).
Notice, however, the terms with double wave number
k ¼ 2m in Eq. (36), which represent small nonlinearities
that are second order in fi.
The ansatz (31)–(36) can also be generalized to include

multiple modes. As an illustration, the ansatz for two
Fourier modes k ¼ m1 and m2 is given by

Q�ðxÞ ¼ _�0 þ f0 cos ðm1xþ d1Þ þ g0 cos ðm2xþ d2Þ;
(47)

�ðxÞ ¼ �0 þ f1 cos ðm1xþ d1Þ þ g1 cos ðm2xþ d2Þ;
(48)

Q�ðxÞ ¼ _�0 þ f2 cos ðm1xþ d1Þ þ g2 cos ðm2xþ d2Þ;
(49)

�ðxÞ ¼ �0 þ f3 cos ðm1xþ d1Þ þ g3 cos ðm2xþ d2Þ;
(50)

and

A11ðxÞ ¼ �ð _�0f1 � _�0f3Þ cos ðm1xþ d1Þ � 1

4
ðf0f1 � f2f3Þ cos ð2m1xþ 2d1Þ � ð _�0g1 � _�0g3Þ cos ðm2xþ d2Þ

� 1

4
ðg0g1 � g2g3Þ cos ð2m2xþ 2d2Þ � ðf0g1m2 þ f1g0m1Þ � ðf2g3m2 þ f3g2m1Þ

2ðm1 þm2Þ cos ððm1 þm2Þx

þ ðd1 þ d2ÞÞ � ðf0g1m2 � f1g0m1Þ � ðf2g3m2 � f3g2m1Þ
2ðm2 �m1Þ cos ððm2 �m1Þxþ ðd2 � d1ÞÞ: (51)

The parameters f0, f1, f2, f3 specify the Fourier mode
k ¼ m1 as before, whereas the new parameters g0, g1, g2,
g3 are chosen to specify the second mode with k ¼ m2,
which can have a phase d2 that is different from d1 for the
first mode. Notice the appearance of mixed modes with
k ¼ m2 �m1 in Eq. (51); their amplitude is quadratically
suppressed initially, just like the double wave number
modes with k ¼ 2m1 and 2m2.

In our numerical computation, starting from the initial
values (37)–(46) and (16)–(21) are evolved until one of the
grid points first reaches future infinity. This is possible
because the physical time � ¼ þ1 is compactified to a
finite harmonic time t; indeed, for a homogeneous expan-

sion with a� �2=3ð1þwÞ and w< 1, the integral t ¼R
a�3d� converges at � ¼ þ1. The dynamical equations

are evolved by using the iterated Crank–Nicholson
method, with spatial derivatives evaluated by using
standard second-order-accurate centered finite differences.
The numerical convergence is tested by repeating the
computation at successively higher resolutions and

computing the left-hand side of the constraint equation
(14); the numerical residues vanish quadratically with the
resolution, confirming second order convergence. The
results presented below are computed on a spatial grid
with finite size L ¼ 200� and periodic boundary condi-
tions, at a baseline resolution of 128 grid points and a
Courant-Friedrichs-Lewy factor of 0.5. Typical errors of
the numerical solutions calculated from convergence stud-
ies are less than �0:1%.

B. Covariant formalism

The above numerical scheme will be used to calculate
the amplitude of adiabatic perturbations. The adiabatic
modes are often studied by using the gauge invariant
variable � , defined as the curvature perturbation on the
uniform density slicing [50]. This quantity is convenient
for studying the power spectrum of primordial fluctuations
in the expansion phase because it is invariant under gauge
transformations as well as conserved on superhorizon
scales. However, it is defined as a particular combination

XUE et al. PHYSICAL REVIEW D 88, 083509 (2013)

083509-6



of linear perturbations of the metric and scalar fields. To
extract the amplitude from our numerical computations,
we look for a nonlinear generalization of the curvature
perturbation that can be covariantly defined.

Here we follow the covariant formalism [44,45,51–53].
In this approach, the cosmological perturbations are de-
fined in a geometrical way without referring to specific
coordinates. Such covariant variables are interpreted as
perturbations because they vanish identically in a homoge-
neous, flat, and isotropic background, but they are fully
nonperturbative quantities not restricted to linear order in a
perturbative expansion. Therefore, it is appropriate to use
such variables to study the nonlinear evolution of adiabatic
perturbations. This approach is closely related to the �N
formalism [54–58]. The latter approach is often used to
calculate the superhorizon curvature perturbations based
on the separate universe approximation [59,60] and can be
shown to agree with the covariant formalism on large
scales [61].

Let n� be the timelike normal vector to the constant time

slices. This unit vector can be regarded as the 4-velocity of a
fiducial Eulerian observer [62], for whom the constant time
slice is truly synchronous. Therefore, the spacetime as
decomposed in a particular 3þ 1 slicing describes the
cosmic evolution as measured by the corresponding
Eulerian observer. The worldline of the Eulerian observer
is the integral curve of the normal vector n�. The volume
expansion of the congruence of those worldlines is given by

� � r�n
�; (52)

which represents three times the local Hubble expansion
rate. Then the integrated expansion can be defined as

N �
Z �

3
d�; (53)

where the integration is along the integral curve of n�, and �
is the proper time given by the lapse function � through
d� ¼ �dt. The integrated expansionN can be considered
as the local number of e-folds of Hubble expansion and is
defined up to an integration constant for each worldline. It is
a covariant quantity that satisfies the equation

_N ¼ �

3
; i:e:; n�@�N ¼ 1

3
r�n

�: (54)

Note that this quantity N depends on the choice of the
spacetime slicing through the normal vector n�.

In the covariant formalism, the integrated expansionN
is used to define a covector [44]

�� � @�N �
_N
_�
@��; (55)

for which the components �i describe the spatial gradient
of N on the uniform density slice where � ¼ const. This
covector �� vanishes in a homogeneous background and in

that sense defines a true perturbation that is fully non-
perturbative. It is a generalization of the linear perturbation

� � �c �H

_�
��; (56)

which describes the curvature perturbation c (see
Appendix A) in the uniform density gauge where �� ¼ 0.
More generally, the nonlinear curvature perturbation in a

particular gaugewith normal vector n� can be described by

the covector

�c � � D�N ¼ @�N � _N n�; (57)

where the integrated expansion N is defined with respect
to the same vector n�. Here D� is the covariant derivative

projected onto the spatial hypersurface, D� � ðg�� þ
n�n�Þr�. Note that �c i ¼ @iN in the coordinates

adapted to the slicing, since the spatial components ni
vanish identically. In general, at linear order, c i reduces
to the gradient of the linear curvature perturbation c in the
same gauge [44]. Therefore, the negative integrated expan-
sion�N is a covariant and nonlinear generalization of the
linear curvature perturbation c .
Indeed, the homogeneous part of N equals the number

of e-folds N in the homogeneous background,

N ¼
Z

Hdt ¼ ln a; (58)

where the scale factor a is set to be 1 initially. At linear
order, the inhomogeneous part of N is given by, up to an
integration constant [45],

N ð1Þ ¼ �c þ 1

3

Z
r2�dt; (59)

where � is the shear perturbation (see Appendix A).
On superhorizon scales, neglecting the gradient term, the
inhomogeneous part of N then becomes

�N � N � N � �c ; (60)

provided thatN ¼ �c on the initial time slice. This is the
�N formula for computing the curvature perturbation c on
superhorizon scales [56,57]. In practice,N is often calcu-
lated by making the separate universe approximation that
N ðt; xiÞ � Nð�Iðt0; xiÞÞ, where Nð�Iðt0; xiÞÞ is the homo-
geneous number of e-folds as a function of the scalar fields
�I on different patches of the initial time slice [56–58].
Instead of using the �N formalism, we can solve forN

directly from Eq. (54). To calculate the perturbation in a
particular gauge, n� should be chosen as the unit normal

vector to the corresponding time slices. In harmonic coor-
dinates, the normal vector to the constant harmonic time
slices is given by

nðhÞ� ¼
�
�1=

ffiffiffiffiffiffiffiffiffiffiffi
�g00

q
; 0; 0; 0

�
: (61)
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This vector will be used in Eq. (54) to computeN ðhÞ in the
harmonic gauge. The initial value is set to beN ðhÞðt0; xÞ ¼
2 log�ðxÞ, so that gijðt0; xÞ ¼ e2N ðt0;xÞ�ij by Eq. (39).

Ideally, we would also like to calculate the integrated

expansion N ð�Þ on the constant � hypersurface, which is
the generalization of the curvature perturbation �R� in

the comoving � gauge. N ð�Þ should be calculated by

using nð�Þ
� ¼ @��=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�ð@�Þ2p
, which is the normal vector

to the constant� hypersurfaces. However, the comoving�
gauge is not well defined in the bouncing phase when there
is inhomogeneity. Near the bounce, the � field switches
from decreasing to increasing, causing @0� to vanish at a
certain point along the worldline. As a result, the normal

vector nð�Þ
� stops being timelike near that point, and the

constant � hypersurface fails to be a spatial slicing. (The
same problem happens in other commonly used gauges as
well, including the uniform density gauge, constant mean
curvature gauge, and uniform integrated expansion gauge.)

Therefore, we cannot calculate N ð�Þ directly in the
numerical computation.

Hence, in our numerical computations, we will first

solve for N ðhÞ in the harmonic gauge. Our purpose is to
check whether its evolution becomes nonlinear, in which
case the adiabatic perturbations would no longer remain
scale invariant after the bounce. Otherwise, if nonlinearity
remains small during the bouncing phase, then the curva-
ture perturbation can be reliably calculated by linear per-
turbation theory. In that case, the comoving curvature
perturbation R� can be reconstructed from our results in

the harmonic gauge by

R� � ��N þ _N
_�ð0Þ ��; (62)

where �ð0Þ and �� are the homogeneous part of � and
the deviation from it, similar to Eq. (60). We will use
the reconstructed amplitude of R� to study the power

spectrum of the adiabatic perturbations.

IV. RESULTS

We explore three questions concerning the evolution of
adiabatic perturbations through the nonsingular bounce.
First, can inhomogeneity and anisotropy ever grow enough
to disrupt the bounce altogether? Second, if the perturba-
tions can pass through the bounce without disrupting it,
does their evolution become sufficiently nonlinear or
strongly coupled to cause mode mixing and distortion?
Third, even if the nonlinearity is negligible throughout
the bounce, does the scale dependence of the amplitude
change as a result of the bounce so as to tilt the power
spectrum away from scale invariance? We show that for
sufficiently small perturbations, consistent with the ob-
served amplitude of primordial fluctuations, the answer
to all three questions is negative.

A. Inhomogeneity and anisotropy

Our simulation of the nonsingular bounce starts from
the initial data given in Eqs. (37)–(46), with the ansatz
(31)–(36) that describes a single Fourier mode in the limit
of small perturbations. In addition to the dynamical varia-
bles�, �, and g��, we calculate the volume expansion � at

every spatial point. The Hamiltonian constraint (29) can be
written as a generalized Friedmann equation [29],

�
1

3
�

�
2 ¼ 1

3

�
E� þ E� � 1

2
ð3ÞRþ �2

�
: (63)

Here E� and E� are the energy density of the scalar fields,

E� ¼ 1

2
ð _�2 þDi�Di�Þ þ Vð�Þ; (64)

E� ¼ � 1

2
ð _�2 þDi�Di�Þ; (65)

ð3ÞR is the spatial curvature, and�2 measures the amount of
anisotropy,

�2 � 1

2
�ij�ij � 1

2

�
Kij � 1

3
K�ij

��
Kij � 1

3
K�ij

�
: (66)

Our computational results are presented in terms of the
expansion �, normalized by 3jH0j, where H0 is the initial
value of the Hubble parameter in the homogeneous solu-

tion, as well as the ratios jE�=E�j, j 12 ð3ÞR=E�j, and

j�2=E�j, where the last ratio represents the relative amount

of anisotropy as compared to the � field energy density.
Here is an example in which the universe undergoes a

smooth nonsingular bounce, with parameters

m ¼ 0:01;  ¼ �0:3; f0 ¼ �0:003;

f1 ¼ 0:001; f2 ¼ 0:002; f3 ¼ �0:005:
(67)

The numerical result for the expansion � at select times is
plotted in Fig. 3. The nonsingular bounce happens when
the expansion � crosses zero from below. Note that, due to
inhomogeneities, the bounce happens at different times for
different spatial points. Figure 4 shows the ratios jE�=E�j,
j 12 ð3ÞR=E�j, and j�2=E�j, as defined in Eq. (63). It can be

seen that the magnitude of curvature and anisotropy remain
small compared to the energy density of the scalar fields.
Note that the ratio j�2=E�j stays constant over time, just

like in the homogeneous case in which they have the same
(effective) equation of state w ¼ 1. The ratio jE�=E�j
shows that the � field energy density starts much smaller
than that of the � field and becomes substantial only near
the bounce, as in the homogeneous case shown in Fig. 2.
Consider another example in which the initial perturba-

tion amplitude is larger than the amplitude in Eq. (67), with
parameters
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f0 ¼ �0:03; f1 ¼ 0:01;

f2 ¼ 0:018; f3 ¼ �0:05:

(68)

In this example, the expansion � remains negative in the
middle range of the coordinate x shown in Fig. 5, indicat-
ing that this part of the universe keeps contracting and
never bounces. The reason is that, in this region, the
negative energy density of the � field, which is supposed
to induce the bounce, is overtaken by the anisotropy. As

shown in Fig. 6, the ratio j�2=E�j is greater than 1 in the

shaded region. Since anisotropy grows at the same rate as
the � field energy density, the latter will never overtake
the anisotropy to induce the bounce. Hence, this part of the
universe will collapse into a singularity, in contrast to the
rest of space that will pass through a nonsingular bounce.
This example presents a scenario of nonsingular bounc-

ing cosmology in which the nonsingular bounce does not
occur everywhere in the universe but only in separate
regions that are relatively homogeneous and isotropic.

FIG. 3. Local expansion � as a function of the coordinate x at
select times, computed with parameters in Eq. (67). The spatial
coordinate x is scaled in units of 1=jH0j, which is the size of a
Hubble length at the initial time, and t is scaled in the same way
as in Fig. 1 so that t ¼ 0 corresponds to the bounce in the
homogeneous solution. The expansion � is scaled in units of
3jH0j. In this inhomogeneous case, the nonsingular bounce
occurs when � crosses zero from below, which happens at
different times for different spatial points.

FIG. 5. Local expansion � as a function of the coordinate x at
select times, computed with parameters in Eq. (68). x and t
coordinates and the expansion � are scaled in the same way as in
Fig. 3. The nonsingular bounce does not occur in the shaded
region (shown here in the middle of the x range; though recall
that x is periodic, and each panel covers a single period) where
the ratio j�2=E�j is greater than 1; see Fig. 6.

FIG. 4 (color online). jE�=E�j (black continuous), j 12 ð3ÞR=E�j
(red dashed), and j�2=E�j (blue dotted) as a function of the

coordinate x at select times, computed with parameters in
Eq. (67). x and t coordinates are scaled in the same way as in
Fig. 3. In this example, curvature and anisotropy are negligible
compared to the energy density of the scalar fields.

FIG. 6 (color online). jE�=E�j (black continuous), j 12 ð3ÞR=E�j
(red dashed), and j�2=E�j (blue dotted) as a function of the

coordinate x at select times, computed with parameters in
Eq. (68); see Fig. 5 for the expansion at corresponding times.
x and t coordinates are scaled in the same way as in Fig. 3. In this
example, j�2=E�j> 1 in the shaded region (shown here in the

middle of the x range), preventing a nonsingular bounce.
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The difference in the future evolution of separate regions is
caused by large inhomogeneities that can only be precisely
calculated using a nonperturbative approach such as the
one presented here.

A quantitative figure of merit for determining whether
a certain part of the universe will undergo a nonsingular
bounce is the ratio j�2=E�j between the anisotropy and the
energy density of the � field. Since this ratio remains
constant during the cosmic evolution in our model, it is
already set by the initial data. Therefore, regions where
this ratio is initially less than 1 will undergo a non-
singular bounce, whereas regions with a ratio greater
than 1 will not.

This criterion also helps to estimate the effect of non-
linearity during the bounce. For a ratio j�2=E�j less than
but close to 1, the substantial amount of anisotropy has a
nonlinear effect on the bouncing process. A marginal case
is given by the parameters

f0 ¼ �0:01; f1 ¼ 0:003;

f2 ¼ 0:007; f3 ¼ �0:015:
(69)

Figure 7 shows the local expansion � at select times, and

Fig. 8 shows the ratios jE�=E�j, j 12 ð3ÞR=E�j, and j�2=E�j.
In this example, the ratio j�2=E�j reaches a maximum of

�10�2 near the middle of the x range in the figure.
Accordingly, the bounce in this region is much delayed
relative to other regions, making the universe spatially
inhomogeneous. The large anisotropy as compared to the
� field energy density also implies that perturbative
analysis is not accurate, since in linear perturbation
theory anisotropy is a second order effect that is supposed
to be negligible. Therefore, in this case we also expect

significant nonlinear effects in the evolution of adiabatic
perturbations, as discussed in Sec. IVB.
Our computation shows that the presence of large

inhomogeneity and anisotropy with respect to the energy
density of the � field before the bouncing phase results
in nonlinear growth of curvature and anisotropy that
can disrupt the nonsingular bounce. On the other hand,
sufficiently small perturbations can pass through the non-
singular bounce without affecting it. Nevertheless, these
adiabatic modes may become strongly coupled during the
bouncing phase, which can alter the power spectrum and
induce non-Gaussianity. In the next section, we study the
nonlinearity in the evolution of such small perturbations
for which anisotropy is subdominant with respect to the
scalar field energy density.

B. Nonlinearity and strong coupling

The adiabatic perturbation is calculated using the
covariant formalism, i.e., by solving for the integrated
expansion N from Eq. (54). To quantify the magnitude
of the nonlinearity, we decompose N into Fourier modes
at each time step,

N ðt; xÞ ¼ N ð0ÞðtÞ þN ð1ÞðtÞ cos ðmxÞ
þN ð2ÞðtÞ cos ð2mxÞ þ � � � : (70)

The zeroth mode gives the homogeneous part ofN , which
corresponds to the background solution N in Eq. (58). The

first Fourier mode N ð1Þ with k ¼ m corresponds to the
linear perturbation given in Eq. (59), which can be com-

pared to the curvature perturbation �c ðhÞ in the linear
harmonic gauge, presented in Appendix A. The second

FIG. 7. Local expansion � as a function of the coordinate x at
select times, computed with parameters in Eq. (69). x and t
coordinates and the expansion � are scaled in the same way as in
Fig. 3. Part of the space (shown here in the middle region of the
range of the periodic x coordinate) bounces at a much later time
compared to the other regions, causing inhomogeneity at late
times.

FIG. 8 (color online). jE�=E�j (black continuous), j 12 ð3ÞR=E�j
(red dashed), and j�2=E�j (blue dotted) as a function of the

coordinate x at select times, computed with parameters in
Eq. (69). x and t coordinates are scaled in the same way as in
Fig. 3. In this marginal case, the ratio j�2=E�j between the

anisotropy and the � field energy density reaches as high as
10�2, causing significant nonlinearity.
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Fourier mode N ð2Þ can only arise from nonlinearities in
either the initial data or the evolution equations. For small
perturbations, quadratic terms would be the leading non-
linear contribution in a perturbative expansion. Therefore,

the amplitude of N ð2Þ with double wave number k ¼ 2m
represents the leading order nonlinearity in the curvature
perturbation.

Consider the previous example with parameters given in
Eq. (69). The first few Fourier modes of the integrated
expansion N are plotted as a function of the harmonic
time t in Fig. 9. It can be seen in this example that the
nonlinearity is relatively large compared to the amplitude

of the linear term. In particular, the amplitude of N ð2Þ is
initially suppressed with respect to N ð1Þ by 2 orders of
magnitude, but, after a short time, this ratio decreases to
less than 1 order of magnitude, indicating that nonlinearity
is no longer negligible. Similar behavior can also be ob-
served for higher Fourier modes. Figure 10 gives a direct

comparison between the amplitude of N ð1Þ and N ð2Þ,
showing that the latter rapidly grows in the bouncing phase.

In addition, Fig. 11 shows the homogeneous part of N ,
which is compared to the background solution N ¼ ln a
from Sec. II. The clear deviation from the background
solution is due to the presence of anisotropy with a con-
siderable ratio of j�2=E�j that affects the bouncing pro-

cess. Figure 12 shows the amplitude of the first Fourier

mode N ð1Þ, as compared to the linear harmonic curvature

perturbation �c ðhÞ calculated in Appendix A. Also shown

in this figure is 1
3A

ðhÞ, where AðhÞ is the lapse perturbation in
the linear harmonic gauge, which should agree with N ð1Þ

at linear order due to the particular gauge condition (A4).
The disagreement between those curves indicates that
calculations by linear perturbation theory are far from
accurate in this case, as a result of the substantial amount
of inhomogeneity and anisotropy. Note that for both
perturbative and nonperturbative calculations presented
in all figures, the numerical error is much smaller than
the width of the curves, so the differences between the
curves here represent real deviations.
In the above example, nonlinearity is mainly caused by

large inhomogeneity and anisotropy as compared to the
energy density of the scalar fields � and �. On the other
hand, consider sufficiently small perturbations for which
anisotropy is negligible. In that case, nonlinearity would be

FIG. 9 (color online). Amplitude of the first few Fourier modes
of the integrated expansion N , computed with parameters in
Eq. (69): jN ð0Þj (black thick), jN ð1Þj (red dashed), jN ð2Þj
(yellow dash-dotted), jN ð3Þj (green dotted), and jN ð4Þj (blue
thin). t is scaled in the same way as in Fig. 1, so that t ¼ 0
corresponds to the bounce in the homogeneous case. In this
example, the amplitude of the higher Fourier modes, especially
N ð2Þ, is separated by less than 1 order of magnitude from
the linear mode N ð1Þ, indicating that nonlinearity becomes
significant during the bouncing phase.

FIG. 10 (color online). Comparison of the Fourier modesN ð1Þ
(red dashed) and N ð2Þ (yellow dash-dotted). t is scaled in
the same way as in Fig. 9. The amplitude of N ð2Þ becomes
substantial during the bounce as compared to N ð1Þ.

FIG. 11. The homogeneous part of the integrated expansion,
N ð0Þ (continuous), as compared to the background solution N
(dashed). t is scaled in the same way as in Fig. 9. The bouncing
process in the inhomogeneous case deviates from the back-
ground solution due to the substantial anisotropy as compared
to the scalar field energy density.
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an indicator for the strong coupling problem of the curvature
perturbations. If the curvature perturbations become strongly
coupled, then linear perturbation theory resultswould receive

corrections from higher order perturbations such as N ð2Þ.
We will check the amplitude of those higher Fourier modes
and assess the validity of linear perturbation theory.

Consider an example with much smaller amplitude
of perturbations compared to previous examples, with
parameters

m ¼ 0:01;  ¼ �0:3; f0 ¼ �0:00003;

f1 ¼ 0:00001; f2 ¼ 0:00002; f3 ¼ �0:00005:

(71)

The first few Fourier modes of the integrated expansionN
are shown in Fig. 13. It can be seen that the higher order
Fourier modes are successively suppressed by many orders
of magnitude, suggesting that nonlinearity is negligible.
Note that the common increase of their amplitude near
the end is an artifact of the harmonic slicing—as noted in
Sec. III A, the future infinity in physical time is compacti-
fied to a finite harmonic time, which appears to amplify
the inhomogeneities. Figure 14 compares the amplitude of

the second Fourier mode N ð2Þ to the first Fourier mode

N ð1Þ. The fact thatN ð2Þ remains small compared toN ð1Þ
throughout the bounce implies that nonlinearity is truly
insignificant in this example.

For this same example, the value of N ð0Þ is shown
separately in Fig. 15, which agrees perfectly with the
background solution N ¼ ln a from Sec. II. The amplitude

ofN ð1Þ is shown in Fig. 16, togetherwith the linear harmonic

curvature perturbation �c ðhÞ calculated in Appendix A.

The small discrepancy between N ð1Þ and �c ðhÞ is due to
the gradient term in Eq. (59). A better agreement is shown

betweenN ð1Þ and 1
3A

ðhÞ, which illustrates that linear pertur-
bation theory gives a quite accurate result for the curvature
perturbation.
The fact that the evolution of a single Fourier mode does

not suffer from nonlinearity during the bounce suggests
that each mode evolves independently. According to linear
perturbation theory, the total curvature perturbation is a
superposition of different modes. In particular, there
should be no mixing between various modes. We test the

FIG. 12 (color online). The first Fourier mode of the integrated
expansion, N ð1Þ (dashed), as compared to the curvature pertur-
bation �c h (dotted) and lapse perturbation 1

3Ah (continuous)

calculated by linear perturbation theory. t is scaled in the same
way as in Fig. 9. The clear disagreement between the curves
indicates the inaccuracy of linear perturbative calculations due to
the anisotropy.

FIG. 13 (color online). Amplitude of the first few Fourier
modes of the integrated expansion N , computed with parame-
ters in Eq. (71): jN ð0Þj (black thick), jN ð1Þj (red dashed),
jN ð2Þj (yellow dash-dotted), jN ð3Þj (green dotted), and
jN ð4Þj (blue thin). t is scaled in the same way as in Fig. 1, so
that t ¼ 0 corresponds to the bounce in the homogeneous case.
In this example, the amplitude of higher Fourier modes are
clearly suppressed with respect to the linear mode, indicating
that nonlinearity is negligible.

FIG. 14 (color online). Comparison of the Fourier modesN ð1Þ
(red dashed) and N ð2Þ (yellow dash-dotted). t is scaled in the
same way as in Fig. 13. The amplitude of N ð2Þ stays negligible
as compared to N ð1Þ.
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linear superposition by studying the evolution of multiple
modes, using the ansatz (47)–(51). Similar to the above
analysis where we follow the amplitude of double wave
number modes to check for nonlinearity, below we focus
on the amplitude of the mixed modes to address the validity
of superposition.

As an example, consider the parameters in Eq. (71) plus

m1 ¼ 0:01; m2 ¼ 0:03;

d1 ¼ 0; d2 ¼ 0;

g0 ¼ 0:00002; g1 ¼ �0:00001;

g2 ¼ �0:00002; g3 ¼ 0:00001;

(72)

which represent a second Fourier mode with an amplitude
comparable to the mode given by Eq. (71). Since m1 ¼ m
as in Eq. (71) and m2 ¼ 3m, the mixed modes have wave
numbers k ¼ 2m and 4m. Following Eq. (70), we decom-
pose the integrated expansion N into Fourier modes with
wave numbers equal to multiples ofm. Figure 17 shows the
amplitude of the first few modes during the bounce. The
principal modes with k ¼ m and 3m have comparable
amplitudes, as set by the initial values, whereas the mixed
modes with k ¼ 2m and 4m are clearly suppressed. This
verifies that there is little mixing between different modes,
consistent with the absence of nonlinearity.
Moreover, we compare the evolution of each principal

mode in cases with and without the presence of the other.
In Fig. 18, the k ¼ m mode in the current example is
compared to the result in the previous example where it
is the only mode in the input. Alternatively, the k ¼ 3m
mode in the current example is compared to the case with
gi’s given by Eq. (72) but with fi’s set to zero. In both
comparisons, the amplitude from single and double mode
computations agres perfectly, confirming that different
modes evolve independently regardless of one another.
Let us comment on the apparent contradiction with a

naive expectation based on typical strong coupling analy-
sis. The strong coupling argument states that, in the effec-
tive action for the curvature perturbation � derived from a
perturbative expansion of the Einstein action, the cubic
Lagrangian becomes comparable in size to the quadratic
Lagrangian when the parameter � � � _H=H2 is much
larger than 1 [31]. Such strong coupling can arise either

FIG. 15. The homogeneous part of the integrated expansion,
N ð0Þ (continuous), as compared to the background solution N
(dashed). t is scaled in the same way as in Fig. 13. The perfect
agreement shows that the background solution is a good
approximation.

FIG. 16 (color online). The first Fourier mode of the integrated
expansion, N ð1Þ (dashed), as compared to the curvature pertur-
bation �c h (dotted) and lapse perturbation 1

3Ah (continuous)

calculated by linear perturbation theory. t is scaled in the same
way as in Fig. 13. All three curves agree to good approximation,
showing that linear perturbation theory works well in this case.

FIG. 17 (color online). Amplitude of the first few Fourier
modes of the integrated expansion N , computed with parame-
ters in Eq. (72): jN ð0Þj (black thick), jN ð1Þj (red dashed),
jN ð2Þj (yellow dash-dotted), jN ð3Þj (green dotted), and
jN ð4Þj (blue thin). t is scaled in the same way as in Fig. 1, so
that t ¼ 0 corresponds to the bounce in the homogeneous case.
In this example, the amplitude of the two input modes N ð1Þ and
N ð3Þ are comparable to each other, whereas the mixed modes
N ð2Þ and N ð4Þ are suppressed, indicating that mode mixing is
negligible.
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at the classical or the quantum level, depending on whether
the modes have exited the horizon. For superhorizon
modes that evolve classically, strong coupling implies
that the linearized equations given by the quadratic
Lagrangian would receive corrections from quadratic
terms given by the cubic Lagrangian; these quadratic terms
become comparable to the linear terms when � is large,
causing the evolution to become nonlinear. In that case,
solving the linearized equations would not give the correct
result for the curvature perturbation, and linear perturba-
tion theory would fail. In particular, near a nonsingular
bounce, � diverges as H ! 0, implying that the quadratic
terms become singular.

To understand why the argument based on strong cou-
pling analysis fails in this case, we first note that the full
equations of motion (9), (10), and (12) remain regular
during the bounce. Therefore, a perturbative expansion in
a well defined gauge would not introduce singular terms. In
fact, the anticipated singular terms would only arise in the
cubic Lagrangian that is obtained by first eliminating
the lapse and shift variables through the Hamiltonian and
momentum constraints [63–65]. In the same way, one may
choose to eliminate the lapse and shift variables in the
equations of motion. For example, the momentum con-
straint (A20) allows one to replace the lapse A with
ð�c 0 þ 1

2�
0��� 1

2�
0��Þ=H , incurring a factor 1=H

that is singular atH ¼ 0. However, the classical equations
of motion ensure that (�c 0 þ 1

2�
0��� 1

2�
0��) and H

vanish proportionally so as to keep the lapse A finite at the
bounce. Hence, the quadratic terms in the equations of
motion involving c 0 after the substitution remain much
smaller than the linear terms near the bounce, despite the

singular coefficient. This explains why at the classical
level the nonlinearity is negligible even though the cubic
Lagrangian exhibits strong coupling. (Note that the situ-
ation is different at the quantum level where the perturba-
tions can fluctuate independently of the fixed background
H . In this paper, we do not consider the quantum strong
coupling as we focus on the classical evolution of adiabatic
perturbations.)

C. Scale dependence

Next we study the power spectrum of the adiabatic
modes. Instead of computing perturbations in the harmonic
gauge, we calculate the comoving curvature perturbation
R, which becomes nearly constant on superhorizon scales
in the expansion phase and determines the power spectrum
of primordial fluctuations. With two scalar fields, the
comoving curvature perturbation R can be defined as
[23], at linear order,

R � c þH
�0��� �0��
�02 � �02 ; (73)

where�0 and�0 are given by the background solution. This
quantity R does not have a covariant generalization.
However, shortly before and after the bounce, since �0 is
negligible compared to �0, the value of R can be well
approximated by the curvature perturbation R� in the

comoving � gauge, given by Eq. (B9). Therefore, we can
use R� to study the power spectrum of the adiabatic

perturbations.
The covariant generalization of R� is the integrated

expansion N ð�Þ on the constant � slices. As discussed

in Sec. III B, N ð�Þ cannot be calculated directly in the
numerical computation. Nevertheless, for small amplitudes
where anisotropy is negligible compared to the scalar
field energy density, linear perturbation theory is shown
to work throughout the bounce. Therefore, we adopt the
definition from there and use Eq. (62) to reconstruct R�.

At linear order,

Rð1Þ
� ¼ �N ð1Þ þ

_N ð0Þ

_�ð0Þ �ð1Þ; (74)

where the quantities on the right-hand side are calculated
in the harmonic gauge, and the superscript (k) denotes the
kth Fourier mode in an expansion like Eq. (70).
To calculate the power spectrum, the initial values for

the perturbations are no longer chosen arbitrarily. Instead,
the adiabatic perturbations arise from quantum fluctuations
that are determined by the Bunch–Davies vacuum state
when the modes are deep inside the horizon in the early
contraction phase. Recall that during the contraction phase
the � field is negligible, and the � field follows a scaling
solution with a matterlike equation of state w ¼ 0. For
such background evolution, the scalar field perturbations
in the flat gauge are given by (see Appendix B)

FIG. 18 (color online). k ¼ m mode in the two-mode compu-
tation (red dashed) and the single-mode computation (red
continuous) and k ¼ 3m mode in the two-mode computation
(green dotted) and the single-mode computation (green continu-
ous). t is scaled in the same way as in Fig. 17. The agreement of
two-mode and single-mode computations in each case shows
that different Fourier modes evolve independently.
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��c � �iC1ðkÞðt� t�1Þ þ C2ðkÞ; (75)

and it is the same for ��c . The Fourier coefficients C1ðkÞ
and C2ðkÞ depend on the wave number k as C1 � k�3=2 and

C2 � k3=2. The C1 term dominates at late times and repre-
sents the growing mode that carries a scale invariant power
spectrum, whereas the C2 term is constant and subdomi-
nant. The value for C2 is related to C1 by Eq. (B8),

C2ðkÞ ¼ 8

3

��������
k

aH

��������
3
��2

3H

�
C1ðkÞ; (76)

and the value for C1 should be normalized such that the
final amplitude of the adiabatic perturbation matches the
observed power spectrum of the primordial fluctuations
[see Eq. (B17)]. For now, we take

C1ðkÞ � 3:5� 10�5

ðkLÞ3=2 (77)

and bear in mind that it should be rescaled to the proper
value in the end.

Thus, for our calculation that starts in the late contrac-
tion phase, the initial values for the scalar field perturba-
tions in the flat gauge are

��c ðt0Þ ¼ ��c ðt0Þ ¼ �iC1ðkÞ
� �2

3H 0

�
þ C2ðkÞ; (78)

��0
c ðt0Þ ¼ ��0

c ðt0Þ ¼ �iC1ðkÞ: (79)

The initial values for ��, ��0, ��, and ��0 in the har-
monic gauge are obtained through a linear transformation,

��c ðt0Þ ¼ ��ðt0Þ þ �0
0

H 0

c ðt0Þ; (80)

��0
c ðt0Þ ¼ ��0ðt0Þ �

�
a60V0�

0
0 � ca60V0H 0

H 2
0

�
c ðt0Þ

þ �0
0

2H 0

ð�0
0��ðt0Þ � �0

0��ðt0ÞÞ; (81)

��c ðt0Þ ¼ ��ðt0Þ þ �0
0

H 0

c ðt0Þ; (82)

��0
c ðt0Þ ¼ ��0ðt0Þ �

�
a60V0�

0
0

H 2
0

�
c ðt0Þ

þ �0
0

2H 0

ð�0
0��ðt0Þ � �0

0��ðt0ÞÞ; (83)

where c ðt0Þ is given in terms of ��0ðt0Þ, ��0ðt0Þ, and
��ðt0Þ by Eq. (A37),

c ðt0Þ ¼ � 1

2a40k
2
ð�0

0��
0ðt0Þ � �0

0��
0ðt0Þ

� ca60V0��ðt0ÞÞ: (84)

To account for the twomodesC1 andC2, we use the ansatz
(47)–(51) with the same wave number m1 ¼ m2 ¼ m but
different phases d1 ¼ � �

2 and d2 ¼ 0. The C2 mode cor-

responds to the amplitude of cos ðmxÞ in a Fourier expansion
as before, whereas the C1 mode corresponds to the ampli-
tude of sin ðmxÞ [see Eq. (B14)]. The parameters f0–f3 are
inferred from the C1 term in ��ðt0Þ, ��0ðt0Þ, ��ðt0Þ, and
��0ðt0Þ by using Eqs. (A34)–(A36) in Appendix A, and
similarly for g0–g3 from theC2 term. Note that the last term
in Eq. (51) vanishes because the Bunch–Davies initial
values ensure that the coefficient f0g1 � f1g0 � f2g3 þ
f3g2 equals 0 identically.
As an example, we calculate the growing (C1) mode and

the constant (C2) mode for m ¼ 0:01. The comoving cur-
vature perturbation R� for each mode is extracted from

the integrated expansion N and the scalar field � accord-
ing to Eq. (74). Their amplitudes are shown in Fig. 19 as a
function of the number of e-folds N, which is shifted such
that the bounce occurs at N ¼ 0, and the sign is chosen so
that N is negative before and positive after the bounce.
Note that the spikes near the bounce are due to the moment

when _�ð0Þ ¼ 0 in Eq. (74), which again illustrates that

N ð�Þ cannot be evolved directly through the bounce.
The result shows that the growing mode in the contrac-

tion phase becomes constant quickly after the bounce and
remains dominant in the expansion phase. Meanwhile, the
constant mode in the contraction phase also contributes a
constant amplitude in the expansion phase but is negligible
compared to the contribution from the growing mode. This
matching condition implies that the power spectrum of
primordial fluctuations in the expansion phase is primarily
determined by the growing mode in the contraction phase,
in agreement with Refs. [8,23]. Note that the perturbation
amplitude grows even after horizon crossing because the
matterlike contraction phase is not an attractor. In addition,

FIG. 19 (color online). Amplitude of the growing mode (green
continuous) and the constant mode (red dotted) with Bunch–
Davies initial values for m ¼ 0:01. The growing mode gives the
dominant contribution to the amplitude after the bounce.
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the asymmetry of the evolution before and after the bounce
is due to the entropic perturbations between the two scalar
fields. Such entropic perturbations source the adiabatic
perturbations near the bounce when the � field is signifi-
cant. After the bounce, the � field energy quickly dimin-
ishes, and the adiabatic perturbation approaches a constant.

To check the scale invariance of the power spectrum, we
analyze the dependence of the perturbation amplitude on
the wave number k. In the matterlike contraction phase
after horizon crossing, the growing mode (C1) has the

correct k dependence, C1 � k�3=2. To maintain the scale
invariance into the expansion phase, modes with different
wave numbers must have the same factor of amplification
during the bounce. Otherwise, a slight change in the scale
dependence would induce a small tilt or running in the
power spectrum.

As a case study, we calculate the comoving curvature
perturbation R� for wave numbers k ¼ m and 3m, where

m ¼ 0:01. Since the amplitude is dominated by the grow-
ing mode for each k, in the ansatz (47)–(51) we include
only the C1 term for each of the two wave numbers
m1 ¼ 0:01 and m2 ¼ 0:03, with d1 ¼ d2 ¼ � �

2 .

Figure 20 shows their amplitude on a logarithmic scale;
their relative amplitude, given by the vertical distance
between the curves, stays approximately the same before
and after the bounce. This suggests that the amplification
factor for the perturbation amplitude depends very weakly
on the wave number k. Hence, the power spectrum remains
nearly scale invariant after the bounce. Figure 21 shows the
ratio between the amplitude of the two modes. The slight
increase of this ratio after the bounce indicates a slightly
larger amplitude at long wavelengths, hence a red tilt.

However, as shown below, the amount of tilt turns out to
be negligible on observable scales.
In order to quantify the deviation from scale invariance,

we calculate the amplitude of the comoving curvature
perturbation for a number of k modes ranging over �10
e-folds. Since their evolution is well in the linear regime,
we simply use the perturbative calculation presented in
Appendices A and B. The power spectrum is given by
Eq. (B17), �2

R � k3jRj2, as shown in Fig. 22. The ampli-

tude has been rescaled to match the observed value �2
R �

2:4� 10�9 in the limit k ! 0. The absolute value of the
numbers on the log k axis represents the number of e-folds
after the mode exits the horizon and before the bouncing
phase. The deviation of the power spectrum from a straight

FIG. 20 (color online). Amplitude of the comoving curvature
perturbation R� for wave numbers m1 ¼ 0:01 (green continu-

ous) and m2 ¼ 0:03 (blue dashed). Their relative amplitude,
given by the vertical distance, stays approximately the same
after the bounce, showing that the scale dependence of the
evolution of the perturbation amplitudes during the bounce is
weak.

FIG. 21. The ratio between the amplitude of the Fourier modes
with k ¼ m and k ¼ 3m. The increase of the ratio after the
bounce implies a small red tilt (though negligible for observable
modes, see Fig. 22).

FIG. 22. The power spectrum of the comoving curvature
perturbation R� after the bounce. The change in the amplitude

over �10 e-folds of wave numbers is as small as 10�3 and
becomes negligible for even smaller k that corresponds to
observable modes.
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line indicates that there is a running of the spectral index on
top of a tilt. However, the change in the amplitude is as
small as �10�3 over �10 e-folds that are shown in the
figure. Such changes become negligible for even smaller k,
especially the modes with j log kj � 50–60 that are mea-
sured in the cosmic microwave background. Therefore, in
practice, there is no observable spectral tilt or running.

The conservation of the power spectrum across the
bounce can be understood from the smooth evolution of
the long wavelength modes through the bounce. If the long
wavelength modes stay outside the ‘‘horizon’’ during the
bounce, then their dynamics barely depends on their wave
numbers. Here the horizon scale is not simply 1=aH, which
becomes infinite at a nonsingular bounce. Instead, it should
represent the length scale at which the spatial gradient
terms in the equations of motion become negligible com-
pared to the time derivatives. A good estimate may come
from the evolution equation for linear perturbations, e.g.,
Eq. (B1) in Appendix B, in which k2 should be compared
to a00=a ¼ a2ð _Hþ 2H2Þ. This last quantity does not vanish
near the bounce since _H is positive during the bouncing
phase. It can be checked that the wave numbers k consid-
ered in our computations are indeed much smaller than

að _Hþ 2H2Þ1=2 throughout the bounce.

V. CONCLUSION

We have presented the first nonperturbative calculation
that tracks cosmic evolution through a nonsingular bounce.
Our computation is based on a bouncing model with one
canonical scalar field that drives a matterlike (w ¼ 0)
contraction phase and another ghost field that induces a
nonsingular bounce. We have shown that large inhomoge-
neity and anisotropy compared to the energy density of the
ghost field can disrupt the bounce. Nonlinear effects
become substantial when the anisotropy is close to or
larger than the ghost field energy density that is responsible
for inducing the bounce. For smaller perturbations, the
anisotropy remains subdominant and does not affect the
nonsingular bounce. In those cases, such as one with an
amplitude consistent with observed primordial fluctua-
tions, nonlinearities are insignificant during the bounce,
and the strong coupling problem does not occur for super-
horizon modes, indicating that the nonsingular bounce
does not cause large non-Gaussianity. We have further
analyzed the scale dependence of the amplitude of the
adiabatic perturbations and showed that, given scale
invariant amplitudes generated in the matterlike contrac-
tion phase, the power spectrum remains scale invariant in
the expansion phase without observable deviations, con-
sistent with current observational constraints.

A new picture that emerges from our study is that the
nonsingular bounce can happen in separate parts of the
universe. Specifically, regions of the universe that are
overwhelmed by inhomogeneity and anisotropy collapse
into singularities, whereas regions with relatively smooth

and isotropic conditions pass through a nonsingular
bounce. This gives a completely different global picture
of a nonsingular bouncing universe from what has been
expected by linear perturbative analysis. The new sce-
nario resembles the ‘‘phoenix universe’’ model [66] in
which a contracting universe collapses in certain regions
and bounces in the others, except that here the bounce is
nonsingular. Since the inhomogeneous regions of the
universe terminate in singularities (barring quantum
effects), the volume of the universe is dominated by the
desirable regions that pass through the bounce and ex-
pand. One can further imagine that the local amplitude of
the primordial fluctuations within an expanding region
that bounced successfully evolves indifferently to the
existence of collapsed regions that are way beyond
the horizon. Since the evolution of different regions of
the universe can be followed through the bounce by
directly solving classical equations of motion, it may be
possible to find a definite probability measure for various
observables over all bouncing regions.
There are some drawbacks in the specific model consid-

ered in this paper, especially that the matterlike contraction
is not an attractor solution. Consequently, a sufficiently
long period of matterlike contraction phase requires
fine-tuning of initial values for the background solution.
Moreover, classical inhomogeneity and anisotropy grow
faster than the background energy density with a matterlike
equation of state, so it requires further fine-tuning to
suppress inhomogeneities during the contraction phase.
Furthermore, although the matterlike contraction phase
can create scale invariant adiabatic perturbations, the
dominant mode of these perturbations that carries the scale
invariant power spectrum is not conserved even on
superhorizon scales; hence, the amplitude of the adiabatic
perturbations in the expansion phase is larger than that at
horizon crossing in the contraction phase. In a cyclic
scenario in which the contraction and expansion phases
repeat again and again, the perturbation amplitude on
superhorizon scales may grow in the matterlike contraction
phase cycle by cycle and result in huge density fluctuations
in separate parts of the universe [67].
The problem with the growth of inhomogeneity and

anisotropy can be avoided in an ekpyrotic contraction
phase. The ekpyrotic contraction is an attractor that auto-
matically smooths away initial inhomogeneity, spatial
curvature, and anisotropy [43,46,47]. It may be possible
to have such an ekpyrotic phase before (or after, e.g., in
Ref. [27]) the matterlike contraction phase to provide
extremely homogeneous and isotropic conditions for the
latter. Nevertheless, the initial values for the scalar fields
would still require fine-tuning in order for the homogene-
ous solution to stay close to the scaling solution during the
entire matterlike contraction phase; the nonconservation of
the growing mode of the adiabatic perturbations outside the
horizon still exists as well.
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Alternatively, it is possible to completely replace the
matterlike contraction phase by an ekpyrotic contraction
phase. Instead of using the matterlike contraction phase to
generate scale invariant adiabatic perturbations, the latter
can be generated through an entropic mechanism with the
existing two scalar fields [9–11,68,69]. The entropic per-
turbations between the two fields can be converted into
adiabatic perturbations at the end of the ekpyrotic phase,
which then become conserved outside the horizon. This
new scenario is pursued elsewhere [70]. A similar way of
generating scale invariant adiabatic perturbations using a
curvaton field is considered in Ref. [71]. Based on our
results, we expect the adiabatic perturbations to evolve
through the nonsingular bounce without altering the scale
invariance of the power spectrum.

The remaining issue is the quantum instability of the
ghost field that is used to violate the NEC and induce the
nonsingular bounce. The ghost field serves as an effective
mechanism for describing the bouncing process and study-
ing the classical perturbations on superhorizon scales. The
positive results of our above analysis inspire us to further
study more realistic mechanisms of creating a nonsingular
bounce that is free from the ghost instability, such as the
Galileon bouncing model [26,27,71].
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APPENDIX A: LINEAR PERTURBATIONS
IN HARMONIC GAUGE

Here we present the calculation of linear perturbations in
the harmonic gauge. The background solution in harmonic
time t is given in Sec. II. Consider the following metric
with scalar perturbations:

ds2 ¼ �a6ð1þ 2AÞdt2 þ 2a4B;idtdx
i

þ a2ðð1� 2c Þ�ij þ 2E;ijÞdxidxj: (A1)

After computing the Christoffel symbols, one finds, to
linear order,

g���0
�� ¼ � 1

a6
½A0 þ 3c 0 � r2ðE0 � a2BÞ�; (A2)

g���i
�� ¼ � 1

a6
½ða2BÞ0 þ a4ðA� c �r2EÞ�;i: (A3)

Therefore, the harmonic gauge condition (14) is specified
by the constraints

C0 � A0 þ 3c 0 � r2ðE0 � a2BÞ ¼ 0; (A4)

C � ða2BÞ0 þ a4ðA� c �r2EÞ ¼ 0: (A5)

Under an infinitesimal coordinate transformation

t ! tþ �0; xi ! xi þ �;i; (A6)

the metric perturbations become

A ! A� 3H�0 � ð�0Þ0; (A7)

B ! Bþ a2�0 � 1

a2
�0; (A8)

c ! c þH�0; (A9)

E ! E� �; (A10)

hence, the constraints C0, C become

C0 ! C0 � ð�0Þ00 þ a4r2�0; (A11)

C ! C� �00 þ a4r2�: (A12)

Therefore, to transform into the harmonic gauge, one needs
to solve a wave equation for each �0 and �. Such solutions
do exist for the bouncing background; hence, the harmonic
gauge is well defined throughout the bouncing phase.
Note also that the harmonic gauge has a residual gauge
freedom allowed by homogeneous solutions to the wave
equations for �0 and �.
The Einstein tensor G�

� is given by, up to first order in
perturbations,

G0
0 ¼ � 3

a6
H 2 þ 2

a6
½3H ðc 0 þHAÞ

� r2ða4c þH�Þ�; (A13)

G0
i ¼

2

a6
½�c 0 �HA�;i; (A14)

Gi
j ¼

1

a6
ð�2H 0 þ 3H 2Þ þ 1

a6
½a4c � a4Aþ �0�;i;j

þ 2

a6

�
ðc 0 þHAÞ0 þ ðH 0 � 3H 2ÞA

� 1

2
r2ða4c � a4Aþ �0Þ

�
�i

j: (A15)

Here � is the shear perturbation, � � E0 � a2B. Then
for the scalar fields with perturbations �� and ��, the
stress-energy tensor given by the Lagrangian (1) is, up to
first order,

T0
0 ¼ � 1

a6

�
1

2
ð�02 � �02Þ þ a6V

�
� 1

a6
½�ð�02 � �02ÞA

þ ð�0��0 � �0��0Þ þ a6V;����; (A16)
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T0
i ¼ � 1

a6
ð�0��� �0��Þ;i; (A17)

Ti
j ¼

1

a6

�
1

2
ð�02��02Þ�a6V

�
�i

jþ
1

a6
½ð�0��0 ��0��0Þ

� ð�02��02ÞA�a6V;�����i
j: (A18)

Setting G�
� ¼ T�

� gives the linearized equations

3H c 0 þH 0A� a4r2c �Hr2�

¼ � 1

2
ð�0��0 � �0��0Þ � 1

2
a6V;���; (A19)

c 0 þHA ¼ 1

2
ð�0��� �0��Þ; (A20)

�0 þ a4c � a4A ¼ 0; (A21)

c 00 þHA0 þH 0A ¼ 1

2
ð�0��0 � �0��0Þ � 1

2
a6V;���:

(A22)

In addition, the equations of motion for �� and �� are

��00 � a4r2��þ a6V;����þ 2a6V;�A

��0ðA0 þ 3c 0 � r2�Þ ¼ 0; (A23)

��00 � a4r2��� �0ðA0 þ 3c 0 � r2�Þ ¼ 0: (A24)

Equation (A22) is redundant since it can be derived from
Eq. (A20). Equation (A19) serves as the Hamiltonian con-
straint, whereas Eq. (A20) is the momentum constraint.

Specifying to the harmonic gauge, Eq. (A4) becomes a
dynamical equation for A, and Eq. (A5) becomes a dy-
namical equation for B. The complete set of equations
is then given by, for a single Fourier mode with wave
number k,

A0 þ 3c 0 þ k2ðE0 � a2BÞ ¼ 0; (A25)

B0 þ 2HBþ a2ðA� c þ k2EÞ ¼ 0; (A26)

c 0 þHA ¼ 1

2
ð�0��� �0��Þ; (A27)

E00 þ a4k2E ¼ 0; (A28)

��00 þ a4k2��þ a6V;����þ 2a6V;�A ¼ 0; (A29)

��00 þ a4k2�� ¼ 0; (A30)

with a constraint coming from Eqs. (A19) and (A20),

� 1

2
ð�02 � �02ÞAþ a4k2c þH k2ðE0 � a2BÞ

þ 1

2
a6V;���þ 1

2
ð�0��0 � �0��0Þ

þ 3

2
H ð�0��� �0��Þ ¼ 0: (A31)

The initial values for ��, ��0, ��, ��0, A, B, c , E, and
E0 are chosen to agree with the initial data for our numeri-
cal computations, Eqs. (37)–(46). At linear order,

Aðt0Þ ¼ 0; Bðt0Þ ¼ 0; (A32)

c ðt0Þ ¼ �2��; Eðt0Þ ¼ 0; (A33)

��ðt0Þ ¼ f1; ��0ðt0Þ ¼ a30ðf0 � 6 _�0��Þ; (A34)

��ðt0Þ ¼ f3; ��0ðt0Þ ¼ a30ðf2 � 6 _�0��Þ; (A35)

and E0ðt0Þ is given by the constraint equation (A31). Here
�� is given by the conformal factor � in Eq. (29),
expanded to linear order,

�� ¼
_�0f0 � _�0f2 � cV0f1

4ð9H2
0 � 3V0 þ k2=a20Þ

; (A36)

and the parameters f0–f3 are specified according to our
numerical computations. Note that the above initial values
satisfy the relation

c ðt0Þ ¼ � 1

2a0k
2
ð _�0��

0ðt0Þ � _�0��
0ðt0Þ þ a30V

0
0��ðt0ÞÞ;

(A37)

which agrees with the constant mean curvature initial data
in our numerical computations.

APPENDIX B: BUNCH–DAVIES INITIAL VALUES

The adiabatic perturbations arise from quantum fluctua-
tions when the modes are deep inside the horizon. The
scalar field perturbations can be studied by using the
canonical variables u� ¼ a�� and u� ¼ a�� [72], which

satisfy the equation

u00 � a00

a
uþ k2u ¼ 0; (B1)

where in this equation 0 denotes the derivative with respect
to the conformal time �, defined by d� ¼ d�=a. For a
matterlike contraction phase with w ¼ 0, the scale factor a

follows a power law solution a� ð��Þ2=3 � ð��Þ2, hence
a00=a ¼ 2=�2. When the mode is deep inside the horizon,
kð��Þ 	 1, the quantum fluctuations should match the
Bunch–Davies vacuum state,

u ! 1ffiffiffiffiffi
2k

p e�ik�: (B2)
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For this initial condition, the solution to Eq. (B1) is
given by

u ¼
ffiffiffiffiffiffiffi
�x

4k

r
Hð1Þ

� ðxÞeið�2þ�
4Þ; (B3)

where x ¼ kð��Þ, and Hð1Þ
� is the Hankel function of the

order � ¼ 3
2 . As x ! 0 in the late contraction phase, the

Hankel function takes the asymptotic form

Hð1Þ
� ! 1

�ð�þ 1Þ
�
x

2

�
� � i

�ð�Þ
�

�
x

2

���
: (B4)

Neglecting the unsubstantial phase factor in Eq. (B3), the
scalar field perturbation can be written as

��c � 1

3
ffiffiffi
2

p k3=2 � i

8
ffiffiffi
2

p k�3=2ð��Þ�3; (B5)

and the same for ��c .

Switching to the harmonic time t, using the relation

dt ¼ d�=a2 and hence ð��Þ � ðt� t�1Þ�1=3, we canwrite

��c ¼ �iC1ðkÞðt� t�1Þ þ C2ðkÞ; (B6)

where t�1 corresponds to the time when � ! �1. The
constants C1, C2 scale as

C1ðkÞ � k�3=2; C2ðkÞ � k3=2; (B7)

and their relative size is fixed by Eq. (B5),

C2

C1

¼ 8

3
ð�k�Þ3ð�� ��1Þ ¼ 8

3

��������
k

aH

��������
3
��2

3H

�
: (B8)

Therefore, for longwavelengthswithk 
 aH, theC1 term in
Eq. (B6) dominates and gives rise to a scale invariant power
spectrum. The size of C1 can be normalized according to the
comoving curvature perturbationR as follows.

The curvature perturbation R� in the comoving �

gauge is defined as

R� � c þH
��

�0 ; (B9)

which is related to the scalar field perturbation ��c in

the flat gauge by R� ¼ H
�0 ��c . In our computation, we

consider a finite volume of size Lwith a periodic boundary
condition. So the amplitude can be expanded as a Fourier
series,

RðxÞ ¼ X
k

Rke
ik�x; (B10)

where ki ¼ 2�
L ni, ni ¼ 0;�1; . . . , and

Rk ¼ 1

L3

Z
d3xRðxÞe�ik�x: (B11)

We can write Rk � ak � ibk, where

ak ¼ 1

L3

Z
d3xRðxÞ cos ðk � xÞ; (B12)

bk ¼ 1

L3

Z
d3xRðxÞ sin ðk � xÞ: (B13)

The reality of RðxÞ implies a�k ¼ ak and b�k ¼ �bk.
These two coefficients ak, bk nicely correspond to the C2

and C1 terms above. In terms of these coefficients, the real
space amplitude can be written as

RðxÞ ¼ X
k

ak cos ðk � xÞ þ bk sin ðk � xÞ: (B14)

In the limit L ! 1, the Fourier transform becomes

RðxÞ ! L3

ð2�Þ3
Z

d3kRke
ik�x: (B15)

And the autocorrelation function is given by

hRðxÞ2i ¼ 1

L3

Z
d3xRðxÞRðxÞ� ¼ L3

ð2�Þ3
Z

d3kjRkj2

¼
Z

d log k
ðkLÞ3
2�2

jRkj2: (B16)

The power spectrum can be defined as

�2
R � ðkLÞ3

2�2
jRkj2; (B17)

which has to match the observed nearly scale invariant
amplitude �2

R � 2:4� 10�9 [73].
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