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Closed-loop feedback control of boundary layer streaks embedded in a laminar bound-
ary layer and experiencing transient growth, which is inherent to bypass boundary
layer transition, is experimentally investigated. Streaky disturbances are introduced
by a spanwise array of cylindrical roughness elements, and a counter disturbance
is provided by a spanwise array of plasma actuators, which are capable of generat-
ing spanwise-periodic counter rotating vortices in the boundary layer. Feedback is
provided by a spanwise array of shear stress sensors. An input/output model of the
system is obtained from measurements of the boundary layer response to steady forc-
ing, and used to design and analyze a proportional-integral controller, which targets
a specific spanwise wavenumber of the disturbance. Attention is directed towards a
quasi-steady case in which the controller update is slower than the convective time
scale. This choice enables addressing issues pertinent to sensing, actuation, and con-
trol strategy that are also relevant to the control of unsteady disturbances but without
the full complexity of transient effects. The feedback controller and plasma actuators
perform well, attenuating the streamwise streaks both in the vicinity of the sensors and
farther downstream. The controller remains effective for a range of off-design flow
conditions, such as when the free-stream velocity is varied. C© 2014 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4863178]

I. INTRODUCTION

The relevant underlying mechanism causing boundary layer transition depends on several factors
such as the level of free-stream turbulence and surface roughness. In cases where the disturbance
level from the environment or the flow boundary is low, a classical transition pathway is followed,
which is characterized by two-dimensional, exponentially growing, Tollmien-Schlichting (TS) waves
followed by secondary instabilities leading to turbulence. At higher disturbance levels, yet not so
high as to make nonlinear instability effects important, transition is initiated with the formation
of streamwise-elongated structures, called streaks, through a linear transient growth process. The
growth of these streaks leads to the establishment of three-dimensional structures and the formation
of turbulent spots, bypassing the classical transition pathway and resulting in transition at sub-
critical Reynolds number. Further details on transition may be found in the review on boundary
layer transition by Saric, Reed, and Kerschen.1 Regardless of the pathway, the final turbulent state
is associated with enhanced mixing and leads to higher stress on, and heat transfer from, the wall.
The focus of this study is on the development and implementation of a feedback control system to
attenuate the boundary layer streaks that initiate bypass transition.
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In recent years, there has been substantial progress in the use of modern, model-based, linear,
feedback control theory in computational feedback flow control studies,2 which has been shown to
significantly outperform classical proportional control schemes.3 Notably, Högberg and Henningson4

applied linear optimal control theory to boundary layer transition (both TS and bypass). They, as well
as several others, provide benchmark data for the potential benefit of modern control techniques.
However, bridging the gap between the successful control strategies in computational studies that
have access to full flow field information and experiments with only limited sensing and actuation is
crucial. In addition, reducing the order of the model used to represent the boundary layer dynamics
renders the computational cost of the control tractable, which is essential for realtime control
implementation. This is possible by capturing the essential input-output dynamics of the flow (for
example, Refs. 5 and 6). In addition, effective positioning of limited number of sensors and actuators
depends on the flow and the particular type of sensor and actuator.6

Experimental boundary-layer control demonstrations are rare and their outcomes are typically
less impressive compared to simulations. Kerho et al.7 used a reactive control system to target
low-speed streaks in a turbulent boundary layer (TBL) with suction at the wall. A 26% decrease in
skin friction for continuous suction, with reduced levels using the reactive controller, was inferred
from momentum thickness measurements. Rathnasingham and Breuer8 used a linear controller
based on stochastically estimated transfer functions between the inputs and outputs in a TBL. The
feedback/feedforward control led to 7% reduction of mean wall shear stress measurements, which
was inferred from the measured velocity profiles using the Clauser chart method. Jacobson and
Reynolds9 demonstrated some success in countering the disturbance produced by a stationary vortex
pair embedded in a laminar boundary layer using a synthetic-jet actuator that forms a counter-rotating
vortex pair of opposite sign to that introduced into the boundary layer. Lundell10 employed distributed
suction with upstream sensing to target the streaks occurring in a laminar boundary layer caused
by free-stream turbulence. Lundell showed attenuation of the low-speed streaks and the inhibition
of their growth for up to 40 boundary layer thicknesses using a region of actuation extending
approximately 18 boundary layer thicknesses along the span. Later, Lundell, Monokrousos, and
Brandt11 demonstrated that transition delay may be possible by extending the control region across
the entire span of the boundary layer using a numerical simulation matched with the aforementioned
experiments. This work also demonstrated the practical utility of system identification for higher
controller efficiency over the ad-hoc threshold and delay control method applied experimentally.
Furthermore, Lundell, Monokrousos, and Brandt11 highlighted the difficulty associated with the
suction actuation applied by solenoid valve arrangements and suggested that significant efforts
should be directed at the development of durable, flexible, small, and inexpensive actuators.

The effectiveness of control systems is inherently linked to the ability of the actuator to alter the
flow to a desired state. Therefore, actuators are a critical enabling technology component in any active
flow control system. Single-dielectric-barrier-discharge (SDBD) plasma actuators, herein referred
to as plasma actuators, offer several major practical advantages: they have no moving parts, can be
flush-mounted to the wall, and are relatively easy and inexpensive to construct. Plasma actuators
have recently been used to attenuate TS waves in a laminar boundary layer under an adverse pressure
gradient.12 In this case, the actuator forcing was in the streamwise direction. When two actuators are
implemented such that they cause opposite forces in the spanwise direction of the flow, a streamwise
vortex pair is generated. Arrays of such actuator pairs can be used, for instance, to induce transition13

or to maintain attached flow.14–16 Other configurations have been applied for alternating spanwise
forcing in a turbulent boundary layer,17 or for jet vectoring.18 The basic operating principle for
all these examples is the weakly ionized region of air produced by the actuator (termed plasma),
experiences a Lorentz force by an electric field resulting in a force on the surrounding fluid, which
is exploited for flow control purposes. Corke, Post, and Orlov19 and Moreau20 provide in-depth
reviews of the operation, physics, and application of these actuators.

Recently, Hanson et al.21 used a spanwise array of plasma actuators to successfully control
transient growth modes in a Blasius boundary layer. The actuators were arranged to generate
streamwise oriented, counter-rotating vortices, similar to those of Ref. 13, but with very small actuator
output, such that streaks of comparable amplitude, but opposite sign, of the targeted disturbance were
generated. It was also shown that the control effectiveness could be greatly affected by the actuator
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array geometry, which influences the distribution of the modal content of the resulting disturbance.
For all actuators employed, a high level of control over the targeted spanwise wavenumber was
maintained; typically resulting in over 95% reduction of the energy of the corresponding mode.
Later, it was shown that the driving frequency and voltage of the actuator also influences the
distribution of the modal content of the resulting disturbance.22, 23

The objective of this study is to implement a feedback controller to inhibit the transient growth
of streaks in a Blasius boundary layer. The control objective is to minimize the disturbance by
reducing the energy in the single spanwise wavenumber corresponding to the spanwise spacing of
the streaks, as measured by the wall shear stress sensors. The methodology invoked is to embed
streaks in the boundary layer at known locations using a spanwise array of cylindrical roughness
elements.24–27 This provides a tractable model problem in which to determine the effectiveness of
the control system prior to the more complex case having a stochastic forcing environment provided
by free-stream turbulence. In this work, a novel monotonic control objective is used as part of an
empirical model of the flow’s response to forcing. This model is used to design and analyze a
proportional-integral controller.

The effectiveness of the feedback controller is studied for both a steady and slowly time
varying disturbance (i.e., where the time scale of variation is much larger than the convective
time scale). Although transient flow effects are not addressed, issues are highlighted that have not
been examined previously and are equally critical for control at faster time scales. These include
aliasing in feedback sensing in control of individual spatial Fourier modes in the measurements
(due to the limited number of sensors usable in practice), the confinement of feedback to near-wall
measurements, which provides limited information about the flow farther from the wall (full-state
feedback), plasma actuator nonlinearity when operated at the very low voltage levels necessary for
transition control, and off-design performance of empirical input-output models.

Our focus on laminar boundary layer control is motivated by the inherent larger spatial and
temporal scales compared to the turbulent case, making the laminar boundary layer problem more
tractable for the experimentalist.28 However, there is evidence that the sub-layer streaks occurring
in a turbulent boundary layer and those occurring in bypass transition are governed by the same
linear mechanism.29 Therefore, this work is a step toward the more complex demonstration of
wall-bounded turbulence control.

II. EXPERIMENTAL DETAILS

Measurements were made in the closed-loop wind tunnel at the University of Toronto Institute
for Aerospace Studies, for which the working section is 1.2 m × 0.8 m and 5 m long. Adjustable fillets
located in the corners of the test section allow adjustment of the pressure gradient. The free-stream
turbulence intensity was less than 0.05% at U∞ = 5 m/s, the average free-stream velocity used in the
present experiments. A baseline laminar boundary layer was established on a cast aluminum plate,
2.1 m long, 12.7 mm thick, and spanning the 1.2 m width of the test section. The plate was mounted
0.23 m above the floor of the test section, which was between 1/4 and 1/3 of the test-section height
to minimize potential effects of secondary flows.30 A machined aluminum insert was flush mounted
with the cast-aluminum plate. This insert held the roughness element assembly and the removable
sensor/actuator assembly. The boundary layer plate was equipped with an asymmetric leading edge
geometry, which was designed to minimize the adverse pressure gradient at the leading edge and
extent of the region over which it is observed (see Hanson, Buckley, and Lavoie31). The location of
the stagnation line was controlled using a 0.4 m long flap at the downstream end of the test plate. A
schematic of the boundary layer plate is shown in Figure 1.

Measurements of the streamwise flow velocity (U) were made by two Auspex single hot-wire
boundary layer probes. Each probe was comprised of a 5 μm diameter copper-plated tungsten wire
with an active length of approximately 1 mm. The hot-wire probes were operated using a constant
temperature anemometer with an overheat ratio of 1.5. The hot-wires were calibrated against a
pitot-static tube connected to a MKS Model 223, 0–1 Torr, pressure transducer. King’s law was fitted
to 16 calibration velocities between 0.2U∞ and 1.25U∞. Each velocity measurement consisted of
an average of 5 s of data, which passed through an analog low-pass filter with a cut-off frequency
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FIG. 1. Schematic of the experimental arrangement with a detailed view of the control region.

of 2.1 kHz, and then sampled at 5 kHz with a 16-bit National Instruments PCI-6259, A/D data
acquisition card, connected to a PC. Temperature corrections were applied to the hot-wire data32

using measurements from a T-type thermocouple located in the freestream to account for the ambient
temperature variation, which remained within ±0.5 ◦C . Calibrations of the hot-wires were performed
immediately before and after each experiment to quantify the drift of the hot-wires over the time
of the experiment. The total uncertainty of the velocity measurements was estimated to be within
±1.1%. Errors were calculated using standard uncertainty analysis methodologies, see, for example,
Moffat33 and Taylor.34

The two hot-wire probes were separated by 20 mm in the spanwise direction. They were
positioned locally at the same wall-normal and streamwise coordinate using a custom built mount
with an integrated 3-axis Newark micro-stage. The hot-wire probes were then positioned globally
using a computer-controlled 3-axis traversing system, which was driven by stepper motors. The
resolution of this system was at least 2.5 μm and the minimum precision of the traverse, based
on the lead screw accuracy, was ±1 μm over a span of 10 mm. Each velocity profile consisted
of measurements of the streamwise velocity at 45 wall-normal locations over a region extending
into the freestream. The first wall-normal position of the hot-wire was located using a program
that searched for a mean velocity less than 20% of U∞. The geometric location of the wall was
evaluated by a linear fit to the measurements points between 20% and 35% of U∞ and extrapolating
to determine the offset location where the mean local velocity 〈U〉t was zero, where 〈 · 〉t represents
the time average.

A. Base flow

The baseline laminar boundary layer was measured at U∞ = 5 m/s with the roughness element
array retracted flush to the surface of the boundary-layer plate and with the actuators off. These
measurements agree well with the Blasius solution, which is illustrated in Figure 2(a) for a typical
velocity profile. The location of the virtual leading edge (x̂ = 0) is located 21 mm downstream
of the geometric leading edge location (x = 0), which was determined from measurements of the
displacement thickness30 shown in Figure 2(b). The laminar boundary layer closely followed a
zero-pressure gradient. This was verified quantitatively by the shape factor, H12 = δ*/θ , where δ*
is the displacement thickness and θ is the momentum thickness. As shown in Figure 2(c), the shape
factor remained near the Blasius value of 2.59 over the measurement region of the plate.

The disturbance targeted by the control was generated by an array of cylindrical roughness
elements. These arrays have been shown to cause transient growth of streamwise oriented streaks of
spanwise-periodic low and high streamwise velocity in the laminar boundary layer,24–26 which ade-
quately simulates the bypass transition phenomena. The array consists of nine cylindrical roughness
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FIG. 2. (a) Comparison of a measured boundary layer profile, •, with the Blasius solution, – – –. (b) Comparison of the
measured displacement thickness with the Blasius solution. (c) Streamwise variation of the shape factor, H12. The dashed
line corresponds to the Blasius solution, H12 = 2.59.

elements of diameter D = 5 mm, located 200 mm downstream of the physical leading edge of the
test plate. The height of the roughness element array was adjusted from a wall-flush position (k = 0)
to a maximum height of k = 1.75 mm. The inter-element spacing was �z = 20 mm along the span.
The roughness elements were located in an insert that fit flush into the plate. For the present results,
the Reynolds number based on roughness deployment height, Rek = Ukk/ν, was between 84 and
418, where Uk is the mean velocity of the boundary layer at height k with the roughness elements
withdrawn, at the x location of the roughness elements.

B. Control system elements

1. Plasma actuator

The upstream edge of the plasma actuator array was located 300 mm downstream of the plate’s
leading edge as shown in Figure 1. The actuator tile consisted of 1 μm thick copper electrodes de-
posited on a 0.2 mm thick borosilicate glass dielectric layer as shown in Figure 3. The manufacturing
method of these actuators is outlined in Houser et al.35 Two of the 60 mm square actuator tiles,
each with three surface mounted high voltage (HV) electrodes, were placed side-by-side to produce
a spanwise plasma actuator array with six evenly spaced HV electrodes, as shown in Figure 1.
The grounded electrode spanned the width of the actuator tile, and extended 30 mm in the

FIG. 3. Schematic of a spanwise plasma actuator tile.
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streamwise direction. The HV electrodes were spaced 20 mm apart (matching the spanwise spacing
of the roughness, �z), and their width was 8 mm. The width and spacing of the exposed electrodes
was based on the design by Hanson et al.;21 utilizing the design that caused the highest total energy
attenuation of streaks. The actuator was fit into the removable sensor/actuator insert, flush with the
surface, which was situated in the boundary layer plate.

2. Wall-shear-stress sensors

Wall-mounted hot-wire sensors were used to measure the streamwise shear stress to provide
feedback of the “flow state.” These sensors provide a spanwise-distributed measurement of the
streamwise wall shear stress, which is altered by the presence of the streaks.36 The streamwise
shear stress data were acquired using an array of eight near-wall mounted hot-wire sensors, which
were distributed uniformly along the span with �z/4 inter-sensor spacing at x = 500 mm. This
arrangement provided four measurement locations per fundamental disturbance wavelength (�z).
Therefore, the Nyquist wavenumber corresponds to a wavelength of �z/2 and the presence of modes
higher than the first harmonic of the fundamental will produce aliasing (this issue is examined in
Sec. IV B). The sensors were arranged such that the first sensor was located at z/�z = −1 and the
fifth sensor was located at z/�z = 0, which were both directly downstream of a roughness element.

The shear stress sensor array was constructed onto a 65 mm-by-20 mm plug that was flush-fit
into the flat plate. A schematic of the plug and sensor arrangement is shown in Figure 4. The plug
was fabricated from electrical-grade fibreglass and fitted with eight pairs of stainless-steel supports.
Each hot-wire, which had a sensing element with the same geometry as described previously for the
roving hot-wires, was mounted across a pair of the support prongs (0.127 mm diameter jewellers
broaches) protruding 1 mm from the plug surface. This placed each hot-wire within the linear region
of the Blasius velocity profile for calibration against the Blasius wall shear stress.

The wall mounted hot-wires were operated by constant temperature anemometers, following
the same procedures previously outlined. The calibration methodology for wall-mounted hot-wire
measurements of shear stress is well established.30, 37, 38 The relationship between the wall-mounted
hot-wire voltage and shear stress was determined using the free-stream velocity directly above the
sensors, together with the analytical relationship for wall shear stress in a Blasius boundary layer,
which was empirically verified (see Figure 2), viz.,

τ = 0.332ρU 2
∞ Re−1/2

x̂ , (1)

where Rex̂ is the Reynolds number based on the virtual boundary layer origin. A 14-point King’s
law fit, provided a suitable relationship for the required measurements over a free-stream velocity
U∞ ± 0.5U∞.37

FIG. 4. Schematic of the shear-stress sensor array plug.
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C. Control system hardware

The hardware used to implement the control system is operated discretely in time. The analog
voltage signals from the wall-shear-stress sensor array were digitized by the data acquisition system
described in Sec. II. The digitized information was averaged over 0.05 s to filter high frequency noise
and fed to the controller, which computes the actuator input voltage. The latter was fed to an Agilent
32210A waveform generator via a VISA-USB interface to the PC, and the output of the function
generator was amplified by a TREK Model 20/20C high voltage amplifier, which was connected to
the array of plasma actuators. The total time required for each iteration of the controller using this
system is 0.5 s.

III. EMPIRICAL MODEL AND CONTROLLER DESIGN

The control objective is to cancel the growth of streamwise streaks, with a spanwise wavelength
of �z, triggered by the roughness elements by generating counteracting structures with the plasma
actuator array. Thus, the experimental arrangement has two types of inputs, as shown in Figure 1,
which are caused by the array of roughness elements and the plasma actuators. The output is based
on the shear stress measurements. In this section, an empirical input-output model of the system is
defined, which is then used to design a controller.

Herein, the non-dimensional wavenumber, β i = 2πδi/�z(i = 1, 2, . . . ), is used to refer to the
Fourier component of the streaks signature with a spanwise wavelength of �z/i, where δ = √

ν x̂/U∞
is the Blasius similarity length scale. For example, the β1-mode corresponds to the component of the
streaky structure having a wavelength of �z. At the streamwise location of the shear stress sensors,
β1 is approximately 0.4.

A. Choice of the output

Ideally, it is desirable to provide feedback information by measuring the high and low velocity
within the boundary layer. This would require embedding an array of velocity sensors within the
flow, which would produce unacceptable interference with the flow. Therefore, in the present work
the output is provided from a spanwise array of streamwise-wall-shear-stress sensors (placed at one
streamwise location).

Since the goal is to cancel the β1-mode streaky structures, only this Fourier component of
the spanwise variation of the velocity that corresponds to the disturbance is of interest. Further,
the plasma actuator array creates a β1-mode with a fixed spanwise phase, so the corresponding
roughness-generated streaks can only be affected at this fixed phase. With all of this in mind, a
suitable output for the model would be the β1-mode of the velocity which has the same phase as the
controller, which we call “projected velocity,” ϕCU. However, such velocity measurements are not
available as the controller is running; only shear stress measurements are available. Thus, we use an
analogous quantity, the projected shear ϕCτ , and find that it is proportional to ϕCU (as described in
the discussion of Figure 7 below).

An example of the disturbance caused by the array of roughness elements is shown in
Figure 5 over a cross-flow (y-z) plane. The y-z plane was located 10 mm upstream of the shear
stress sensors, at x = 500 mm, to prevent potential damage by the roving hot-wires. Thus, the results
are representative of the disturbance found in the “control plane”; i.e., that above the wall-shear
sensor array. Two sample contour plots of the disturbance velocity are shown in Figure 5 for the
roughness element array deployed to (a) k = 1 mm and (b) k = 1.5 mm. The disturbance velocity
is defined as U′ = 〈U〉t − 〈U〉tz, where 〈U〉t is the time-averaged velocity and 〈U〉tz is the spanwise
average of 〈U〉t. As seen from Figure 5, high-speed streaks are centred about z/�z = −1, 0, and 1,
which correspond to spanwise locations of the roughness elements, while the low-speed streaks are
centered about z/�z = −0.5 and 0.5. This result is typical for all k values considered in this study
and similar results have been shown by Fransson and Brandt.25

At the off-wall location of the shear stress sensors, η ≈ 0.85, the spanwise profile of the
streamwise disturbance velocity is shown for each case in Figures 5(c) and 5(d), using black circles.
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FIG. 5. Contour plots of the streamwise velocity disturbance for (a) k = 1 mm and (b) k = 1.5 mm. Spanwise profile of the
disturbance velocity at η = 0.85, and disturbance shear stress for (c) k = 1 mm, and (d) k = 1.5 mm.

Measurements of the normalized disturbance shear stress are overlaid on the disturbance velocity
plots, using red squares. The disturbance shear stress is defined as τ ′ = 〈τ 〉t − 〈τ 〉tz, where, again,
〈.〉 denotes an average with respect to the dimensions in the subscript. As shown in Figures 5(c)
and 5(d), the disturbance shear stress tracks the disturbance velocity measurement, albeit with lower
spanwise resolution.

At the same y-z plane we find the effect of the plasma actuator alone. The velocity distur-
bance profiles for two sample conditions, Vpp = 3.9 and 5.1 kV, are shown in Figures 6(a) and
6(b), respectively (where the voltage is the peak-to-peak voltage (Vpp) of the waveform employed
to drive the actuators). In comparison to the roughness-induced disturbance, the effect of the ac-
tuator is comprised of a higher-mode energy, which has been shown to cause the double-peaked
contour shape within the low- and high-speed streaks in Figure 6.21 Since the actuator is located
farther downstream than the roughness element array, higher modes introduced by the actuator
into the flow have less streamwise distance to decay before reaching the downstream measurement
plane.

The output, ϕCτ , is defined mathematically as follows. The disturbance shear stress (τ ′) mea-
surements are normalized by their corresponding average shear stress, 〈τ 〉tz, which is roughly equal
to the undisturbed laminar shear stress, and are Fourier transformed, with respect to z. The coeffi-
cient of the β1-mode (with spanwise wavelength of �z) is denoted by τ̃ ′

�z . Similarly, the Fourier
coefficient for the corresponding mode of the disturbance velocity is 〈Ũ ′

�z〉y , which is
obtained from an average of Ũ ′

�z over the wall-normal direction to result in a single complex
number. τ̃ ′

�z and 〈Ũ ′
�z〉y physically represent the phase and magnitude of the β1-mode for the wall

shear stress and velocity, respectively. The phase that can be controlled by the plasma actuators is
the angle of the complex number 〈Ũ ′

�z〉y obtained from data such as that shown in Figure 6, in the
absence of roughness disturbance but with the plasma actuator turned on, viz.,

C̃U = 〈Ũ ′
�z〉y

‖〈Ũ ′
�z〉y‖
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FIG. 6. Contour plots of U′/U∞ for the plasma actuator with (a) Vpp = 3.9 kV and (b) 5.1 kV.
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which is nearly identical to the corresponding phase of τ̃ ′
�z . Considering complex numbers as

two-dimensional vectors, we define the output (or projected shear), ϕCτ , as a dot product, viz.,

output = ϕCτ = dot(C̃U , τ̃ ′
�z) = real(C̃U ) · real(τ̃ ′

�z) + imag(C̃U ) · imag(τ̃ ′
�z). (3)

A similar quantity, projected velocity, is defined as

ϕCU = dot(C̃U , 〈Ũ ′
�z〉y). (4)

Due to the spanwise arrangement of the roughness elements relative to the plasma actuators,
the β1-mode caused by only the roughness element array will have a negative value of ϕCτ and ϕCU,
whereas the one caused only by the plasma actuators will be positive. The goal of the controller is
to drive ϕCτ to as small a value as possible (i.e., as close to zero as possible).

This choice of output, ϕCτ , is better suited for control purposes than the spanwise wavenumber
power spectrum of τ�z, used previously by Hanson et al.39 The power spectrum yields information
only about the strength of the spanwise sinusoidal shear stress variation without providing an
indication of the spatial phase of the disturbance along the span. Therefore, an ad hoc treatment
was required to detect the direction of adjustment of the controller output in Hanson et al.39 The
underlying issue is that controllers are simpler to design when the output varies monotonically with
the input. The output used in this work, ϕCτ , varies monotonically with the input voltage, as shown
in Figure 7.

B. Empirical flow model

Now we find an input-output model from Vpp to ϕCτ empirically. The response of the boundary
layer to forcing by the plasma actuator was measured at 10 operating voltages from 3.9 to 5.6 kV,
with a frequency of 1.5 kHz. Below 3.2 kV, the actuator did not cause visible plasma formation and
no velocity response was detected; thus, the smallest actuator voltage which was tested, and required
during control, was well above the minimum plasma formation voltage. For excitation voltages
greater than 3.9 kV, the effect of the actuator increased monotonically with voltage. Unsteady flow
was detected for excitation voltages above 5.6 kV, which is indicative of intermittent transition
events. The relationship between the actuator voltage input and the intermediate variable, projected
velocity ϕCU, was fit with an inverse tangent function, as shown in Figure 7(a). In practice, any
monotonic function which can fit the observed data would have been acceptable for the purposes
of the current model. The relationship between the projected velocity, ϕCU, and shear, ϕCτ , was
determined from measurements of the disturbance caused by the roughness elements, and found to
be approximately linear, as shown in Figure 7(b). The array of roughness elements was deployed
from 0.75 to 1.75 mm in increments of 0.25 mm, which had a similar range of ϕCU as the actuator
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case. From these empirical fits, the following relationships were derived:

ϕCU = m · ϕCτ , (5a)

Vpp = c1 · tan−1(c2 · ϕCU ) + c3, (5b)

where m = 1.25, c1 = 2734, c2 = 1.66, and c3 = 3120. Together, these equations define the
relationship between the input Vpp and the output ϕCτ .

C. Control model linearization

The nonlinearity of the tan−1 relationship shown in Figure 7(a) makes it difficult to perform
control analysis directly.40 Since the form of the nonlinearity is known, the terms were regrouped
into a modified plant which takes a new input f, instead of Vpp, given by

f ≡ tan

(
Vpp − c3

c1

)
. (6)

Equation (5) is then rewritten in terms of f, viz.,

ϕCτ = f

m · c2
, (7)

which is a linear relationship between the input f and output ϕCτ . Figure 8 is an illustration of the
modified block diagram which takes the input f, and outputs ϕCτ .

Up to this point, the effect of the roughness elements has been set aside. This effect is now
included and assumed to act in the same way as the plasma actuators so that the input to P′ is the
sum f + d. This is a common way to include disturbances for control purposes, and is physically
motivated in this case because the plasma actuators are specifically chosen to create the same streak
structures as the roughness elements.21 The time evolution of the output is given as

ϕi+1
Cτ = f i + di

c2 · m
, (8)

where i is the discrete time step. The time step corresponds to the time between each control iteration
(0.5 s), as discussed in Sec. II C. The left-hand side of (8) is evaluated one time step later than the
right-hand side because the measurement is taken one time step after the input is applied. Given a
free-stream velocity of 5 m/s, and a distance of 200 mm between the actuators and the shear stress
sensors, as shown in Figure 1, the convective time scale is of order 0.04 s. Therefore, the time
between control iterations is so long such that the system (boundary layer with applied disturbance
and controlled input) comes to equilibrium between discrete time steps. The controlled system
dynamics can be expressed in discrete-time state-space form with one state, viz.,

xi+1
P ′ = 0 · xi

P ′ + f i + di

m · c2

ϕi
Cτ = xi

P ′ ,

(9)

where the state, xP ′ , is only an intermediate variable. Equation (9) is the empirical input-output
linear model of the plant, P′, and facilitates the design of a controller, K.

f Nonlinearity Vpp P (nonlinear) ϕCτ

P (linear)

FIG. 8. The linear plant, P′, takes input f, internally converts that via Eq. (6) to Vpp , then outputs ϕCτ via Eq. (7).
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Disturbance

Controller, K

Linear plant, P
ϕCτ

f

d +

+

FIG. 9. Block diagram of control scheme with the output defined and a linear plant.

D. PI controller design

In this section, we design a Proportional-Integral (PI) controller for the model given by (9), as
depicted in Figure 9. Proportional-Integral-Derivative (PID) controllers are widely used in feedback
control for their performance, robustness properties, and simplicity. The integral term ensures that
the system can reach the target value, whereas the derivative term typically improves closed-loop
stability. A PI controller was chosen for this work since the derivative term is highly sensitive to
noise and model uncertainty. Moreover, the plant has only one state, so PI control is equivalent to
pole placement.

To choose the PI controller gains, the performance and robustness were analyzed following
standard procedures (see, for example, Skogestad and Postlethwaite41). A measure of performance
is how quickly the controller drives ϕCτ to zero, whereas robustness is the ability of the controller
to perform well in off-design conditions. The controller system, K, evolves as

xi+1
K = xi

K + ϕi
Cτ , (10)

f i = −K I xi
K − K Pϕi

Cτ , (11)

where xK is the time integral of ϕCτ needed for integral feedback. The proportional and integral gains
are denoted by KP and KI, respectively. The plant and controller systems are combined to yield the
state-space equations of the controlled system, viz.,(

xi+1
P ′

xi+1
K

)
=

[ −K P
c2·m

−K I
c2·m

1 1

](
xi

P ′

xi
K

)
+

[
1

c2·m
0

]
di , (12)

ϕi
Cτ = [

1 0
]( xi

P ′

xi
K

)
. (13)

For the best performance, the state should decay to zero as quickly as possible. For this discrete time
system, this implies the eigenvalues of the 2 × 2 matrix in (12) should be close to zero.41 It is easily
shown that KP = KI = c2 · m makes both eigenvalues zero.

Robustness was considered by the infinity norm of the sensitivity function, ‖S‖∞, which is a
measure of robustness to plant model uncertainty (such as would be caused by a change in free-stream
velocity), and ‖ · ‖∞ denotes the infinity norm, defined as the maximum gain over all frequencies.
Letting P′ and K denote the discrete-time transfer functions of the plant, given by (9), and controller,
given by (10)–(11), the sensitivity function is given by

S ≡ 1

1 − P ′ · K
. (14)

A general guideline is for the value of ‖S‖∞ to be in the range of 1.3–2. The contour plots in
Figure 10 demonstrate the levels of performance (maximum eigenvalue) and robustness (‖S‖∞) for
a range of PI controller gains. The best performing KP and KI (zero eigenvalue) result in ‖S‖∞ = 2.
For convenience, we define KP = KI = Gc · c2 · m, where Gc is the gain coefficient. To accommodate
a larger degree of uncertainty in the model of the plant, we choose Gc = 0.5, yielding ‖S‖∞ = 1.33.

An example of the output, using various values of Gc, is shown in Figure 11. At iteration 0,
the system is undisturbed. At the next iteration, a disturbance corresponding with the maximum
value considered in the experiments is applied. Control is applied in all subsequent iterations. The
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FIG. 10. The maximum eigenvalues of the 2 × 2 matrix in (12) with control gains (a), and the value of the infinity norm of
the sensitivity function (b). The solid line indicates ‖S‖∞ = 2.

case with the best performance corresponds with Gc = 1. Increasing the gain past Gc = 1 results in
oscillation of the output, which is typical of an underdamped system. When Gc = 0.5, the controller
effectively reduces ϕCτ to zero after only a few iterations. Further decrease of the gain increases the
level of damping.

IV. LIMITATIONS OF WALL SHEAR STRESS SENSORS

The use of discrete sensor locations imposes limits on the effectiveness of the controller. This
section overviews the limitations of the shear stress sensors, including comparisons to measurements
over the entire thickness of the boundary layer and errors associated with the coarse spacing of sensors
along the span.

A. Comparison with measured velocity planes

The shear stress sensors are located 1 mm above the surface as described in Sec. II B 2, corre-
sponding to η = 0.85 for U∞ = 5 m/s, which increases the signal-to-noise ratio of the measurements
relative to sensors placed closer to the wall, while remaining within the range of linear velocity
variation with y. However, the feedback signal based on these sensors is only representative of the
disturbance in the near-wall region, which may not give accurate information of the disturbance
higher in the boundary layer. To examine if this is the case, the energy of the disturbance obtained
from velocity measurements at 1 mm above the wall (referred to as “local” below) is compared
to that obtained by integrating the energy measured at all heights within the boundary layer. The
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G
c
 = 0.5

G
c
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FIG. 11. Output of the feedback controlled model plant (simulated), demonstrating the variation in the response of the PI
closed-loop controller to a typical steady disturbance.
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FIG. 12. The variation of the fractional energy contained in β1 − 4 from the near-wall (local) velocity measurements at η =
0.85, and the boundary layer averaged measurements. (a) For the roughness element array, k = 0.75–1.75 mm, and (b) for
the actuator Vpp = 3.9–5.6 kV.

comparison is done based on the fractional energy content of a given mode, which in the case of
local measurements is given by

φU ′(βi )∑8
i=1 φU ′(βi )

× 100%, (15)

where the power spectrum of the disturbance velocity is represented by φU ′ . For the boundary-layer-
thickness-integrated energy calculation (referred to as “average” below), φU ′ in (15) is replaced by

〈φU ′ (βi )〉y =
∫ 5δ

0 φU ′(βi ) dy

5δ
. (16)

The comparison of the local and average fractional energy ratios for β1 − 4 is shown in
Figure 12(a) for the roughness array disturbance, and (b) for the actuator. Figures 12(a) and 12(b)
show distinctly different trends. As the roughness element deployment height increases, the local
and averaged fractional energy ratios reach approximately the same constant value. In contrast,
as voltage to the plasma actuators increases, the local and average fractional energy ratios differ.
These results imply that at higher voltages the near-wall sensors under predict the boundary-layer
averaged energy for the β1-mode. These results also suggest a difference in the spatial distribution
of the disturbances caused by the roughness and actuator, as shown previously in Figures 5 and 6.
Specifically, the effect of the actuator is concentrated nearer the wall, compared to the roughness
disturbance. This can be attributed to the reduced streamwise development of the actuated flow,
compared to the disturbance caused by the roughness elements, which is introduced upstream of the
actuators.

B. Aliasing due to limited spanwise resolution

The goal of this work is to target a spanwise wavenumber of the disturbance having a wavelength
�z. Typically, more than 95% of the average disturbance energy caused by the roughness element
array is contained within the first two modes (β1 and β2) at the control plane (streamwise location
of the shear sensor array). For the plasma actuators, 80% of the average disturbance energy is
contained in the first two modes and over 95% of the energy is contained in the first three modes.
Due to hardware limitations, we employed four streamwise shear stress measurement locations per
�z wavelength. For this arrangement, the Nyquist wavenumber corresponds to the β2-mode. The
contribution of higher, unresolved, wavenumbers altered the apparent (i.e., measured) energy of the
first two modes. The influence of this aliasing on the shear measurements is found by comparing
more densely sampled velocity data (from the roving hot-wire) at the same height above the wall
where the shear stress was measured (η = 0.85).
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FIG. 13. From Nz = 16 velocity measurements over �z, the energies in the first modes (β1 − 4) are plotted and have no
aliasing. The energies in β1 − 2 are plotted with Nz = 4 velocity measurements over �z, and have aliasing. The flow is
disturbed in (a) by roughness elements and actuated in (b) by plasma actuators.

Figure 13 shows the energy contained in the first four modes calculated from down sampling
the 16 points per �z velocity data to 4 points per �z for the disturbance produced by the roughness
element array and actuator. These results are compared against the alias-free modal energy content
obtained without down sampling. For the velocity measurements associated with the roughness array
(see Figure 13(a)), aliasing was less important than for the actuator array (see Figure 13(b)). As
shown by Figure 13(b), significant aliasing occurred due to the increased energy in the unresolved
third and fourth modes, compared to the roughness case.

In summary, it is apparent from Secs. IV A and IV B that the actuated flow measured by the
shear sensor array will appear as being less energetic than if it had been measured over the entire
boundary layer. Aliasing was more significant for the disturbance caused by the actuator owing to a
larger content of unresolved energy in the β3- and β4-modes. The implications of these results are
discussed in Sec. V D.

V. EXPERIMENTAL FLOW CONTROL RESULTS

Experimental results on the performance, robustness, and the overall effectiveness of the feed-
back controller are discussed in this section. First, the effect of control for a steady disturbance input
over a range of gain values and free-steam velocities is considered. These include velocity values
that differ from the values at which the input-output models are obtained. Next, the performance of
the controller to a slowly time-varying input is considered. Key aspects related to the non-modelled
characteristics of the system are addressed.

A. Effect of controller gain

The gains of the controller, KP and KI, will affect the performance of a closed-loop control
system. The condition where KP = KI remains near both optimal performance and robustness in
Figure 10 for a given controller gain level and is therefore kept equal in this study. Recall from
Sec. III D that the gain that would optimize performance was KP = KI = c2 · m, yet in this work, the
gain was reduced to KP = KI = Gc · c2 · m, where Gc = 0.5 (the gain coefficient) should be less than
unity to increase robustness to uncertainty in the input-output models. Figure 14(a) shows the control
results for the cases having a roughness element deployment height of k = 1.25 mm, U∞ = 5 m/s,
and various Gc values. The figure also contains comparison with results obtained from modelling
based on (12) and (13). At time = 0 s, the controller measured the uncontrolled disturbance due to
the presence of the upstream roughness element array.

As shown in Figure 14(a), the gain that maximizes the performance (i.e., that resulting in the
shortest settling time to reach the controlled state) is Gc = 1, corresponding to the best performance
case discussed in Sec. III D, where the system is critically damped. Further increase of Gc leads to
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FIG. 14. (a) Dependence of the time variation of the control output ϕCτ , for k = 1.25 mm, U∞ = 5.0 m/s, on Gc.
Markers represent the experimental measurements, and lines depict results from the simulations based on (12) and (13).
(b) Corresponding plasma actuator voltage.

a damped oscillation of the control response, as shown for Gc = 1.5. Lowering the gain leads to an
over-damped response, as shown in Figure 14(a), for Gc < 1 with reduced performance. It is also
noteworthy that the measured data points deviated from the model (lines) for Gc < 0.5. This is due
to the non-monotonic actuator behaviour at low voltage, which is discussed in the next paragraph.

In Figure 14(b), the actuator voltage is shown for each of the cases examined in Figure 14(a).
For Gc = 0.125, the first four actuator voltages are below 3.9 kV, which is the lowest voltage used
in obtaining the input-output data used for modelling in Sec. III B. After the first iteration (at 0.5 s),
an increase in actuator voltage causes stronger control (i.e., closer to zero control output ϕCτ ) than
predicted by the model, as seen in Figure 14(a). This is caused by non-monotonic behaviour of
the actuator at lower Vpp values. This was ascertained by testing at low actuator voltages with the
roughness elements retracted (see Figure 15). For voltages less than 3.2 kV, the electric field is
insufficient to ionize the air and produce a body force; between 3.2 and 3.8 kV the disturbance at the
control plane decreased slightly with increasing voltage. This range of actuator output (frequency
and voltage) is not addressed in the open literature. Rather, studies employing plasma actuator for
control are focused on plasma actuator output over a wide range of voltage, often at increments of
1 kV or more.

Notwithstanding the non-monotonic actuator behaviour at low voltages, the feedback controlled
plant remains stable, as shown in Figure 14(a), since the controller continues to compensate in the
correct direction. Feedback provides robustness to this type of non-modelled behaviour; which
would destabilize an ad hoc controller relying on a less sophisticated objective, as shown by Hanson
et al.39
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Vpp (kV)

ϕCU

FIG. 15. Variation of ϕCU with actuator excitation voltage, depicting non-monotonic behaviour over a range encompassing
low voltages: Vpp < 3.9 kV.
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FIG. 16. Evolution of the control objective and input voltage for k = 1.375 mm and U∞ = 5 m/s.

B. Effect of aliasing

Results for a second case, with a higher roughness height k = 1.375 mm and U∞ = 5 m/s,
is shown in Figure 16. The controller gain is set to KP = KI = 0.5 · c2 · m, for which successful
control is attained at the lower roughness height (Figure 14). For the higher k value, however, the
control does not converge, as seen from Figure 16. In this case, the controller attempts to increase
the actuator voltage beyond 5.3 kV. As seen from Figure 13(b), for Vpp > 5.3 kV, in the absence
of roughness input, the sensed (wall-shear-based) energy of the β1-mode input by the actuator
decreases with increasing voltage because of aliasing of the β3-mode energy into the β1-mode.
Consequently, with the presence of roughness disturbance, the measured wall-shear disturbance
falsely indicates stronger roughness-induced disturbance with increasing actuator voltage beyond
5.3 kV. The controller compensates by increasing the actuator output (time >2 s), which results in
an unstable control case.

C. Effect of free-stream velocity

Robustness to off-design conditions are tested by exercising the control at free-stream velocities
lower than 5 m/s (at which the input-output models were developed). The controller gain in these
experiments is KP = KI = 0.5 · c2 · m, based on the discussion in Sec. III D. The deployment height of
the roughness elements is k = 1.25 mm. Free-stream velocities of 3, 3.5, 4, and 5 m/s are considered.
Results are shown in Figure 17. At time = 0 s, the controller measured the uncontrolled disturbance
due to the presence of the upstream roughness element array.
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FIG. 17. Influence of varying the free-stream velocity on the control objective and input voltage for k = 1.25 mm.
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FIG. 18. The energy in β1-mode velocity disturbance, as measured over the entire boundary layer, and β1-mode wall shear
stress as a function of free-stream velocity. The response to roughness elements is shown in (a) and the response to plasma
actuators in (b).

Reducing the free-stream velocity lowers the initial uncontrolled plant output and consequently,
the required actuation voltage to minimize ϕCτ . For k = 1.25 mm and U∞ = 3.5, 4, and 5 m/s, ϕCτ

converges to zero within ±0.02 (or ±5% of the maximum absolute value of ϕCτ at time zero) in
less than 2 s, as shown in Figure 17(a). For the case at 3 m/s, the first control iteration results in
a high level of actuation and the controller compensates by reducing the actuator voltage. Below
3.6 kV, as shown in Figure 15, a voltage reduction increases the level of forcing at the control
plane, which is also shown in Figure 17 for U∞ = 3 m/s during the time window: 0.5–1.5 s (for
the first through third control iterations). The controller compensates by reducing the voltage until
the actuator output is extinguished (Vpp < 3.2 kV) and the control objective reaches an uncon-
trolled value of −0.2 (similar to the initial value). Furthermore, from the empirical model shown in
Figure 7, a value of ϕCτ = −0.2, would correspond to an expected actuation level of 4.5 kV. For
free-stream velocities less than the model-development velocity, the actuator voltage required to
minimize the control objective is always lower than that predicted by the model.

Increasing the free-stream velocity increases the energy of the streaks generated by the roughness
elements, but decreases the energy of the counter-streaks generated by the plasma actuators. This
change in the input-output model response is due to two important physical mechanisms. The first
is related to boundary layer receptivity to roughness-induced disturbances and the second to the
effect of free-stream velocity on the plasma actuator’s control authority. For the roughness element
array, as the free-stream velocity increases, so does the velocity at the apex of each element. The
thickness of the boundary layer decreases with increasing free-stream velocity and is proportional
to (1/U∞)0.5, which leads to a nonlinear increase in the disturbance velocity and shear stress: this is
demonstrated in Figure 18(a) for measurements of the roughness-induced disturbance in the absence
of actuation. An opposite behaviour is found for the actuator, as shown in Figure 18(b). The actuator
delivers a constant power input to the flow over the actuator length for a given voltage. Therefore, an
increase in free-stream velocity will decrease the residence time of the fluid over the actuator, which
decreases the total energy to a fluid particle. Despite these off-model-calibration changes, the steady
state error is driven to zero by the controller due to action of the integral term, see, for example,
Figure 17, except for the lowest considered velocity with actuator on/off oscillations.

D. Characterization of the controlled flow

In this section, we examine the effectiveness of the control over the entire boundary layer
thickness. Measurements of the velocity disturbance, U′, were again acquired at x = 490 mm
(effectively the control plane, at x = 500 mm, but with a small offset to avoid damaging the wall-
shear sensors during velocity probes traversing) for each of the cases considered. An example of
the uncontrolled disturbance (k = 1.25 mm, U∞ = 5 m/s) caused by the roughness element array is
shown in Figure 19(a) and the corresponding controlled flow is shown in Figure 19(b) with ϕCτ ≈ 0
and for the actuator, Vpp = 5 kV. The corresponding wall-normal energy distributions are shown
in Figures 19(c) and 19(d) for the uncontrolled and controlled flow, respectively. The energy in the
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FIG. 19. Contour plots of the disturbance velocity for (a) the uncontrolled flow with k = 1.25 mm, and (b) the controlled flow.
Wall-normal disturbance energy profiles are shown for the first three modes for (c) the uncontrolled and (d) the controlled
flows.

targeted β1-mode is substantially reduced. The remaining energy is located predominantly in the
lower half of the boundary layer and in the β3-mode.

Bandpass spatial filtering of U′/U∞ for the controlled flow (Figure 19(b)) is used to isolate
the β1-mode, as shown in Figure 20. Approximately 75% of the residual energy in β1-mode with
control is contained in the near-wall region, η < 2.5. The reconstructed β1-mode shows that in the
near wall region a central low-speed streak is located at z/�z = 0, which indicates over-actuation.
However, for η > 2.5 the β1-mode has a positive velocity at z/�z = 0, which indicates a region of
under-actuation.

The cause for this behaviour, over-actuated near-wall region, and under-controlled region of
the boundary layer above η = 2.5, stems from observations made earlier. The measured value of
the β1-mode energy is too small, and this error is attributed to the effect of aliasing, which was
more significant for the actuator than the roughness disturbance, as shown in Figure 13. This results
in the near-wall region (η < 2.5) being over-actuated, despite the control output indicating that the
β1-mode disturbance is completely attenuated (i.e., ϕCτ ≈ 0). On the other hand, the cause of the β1-
mode energy occurring above η = 2.5 is due to a difference in the wall-normal distribution of energy
for the roughness array disturbance compared to the actuator case. This difference in wall-normal
distribution of the β1-mode energy for the roughness disturbance and actuator counter-disturbance
is shown in Figure 21. For comparable maximum amplitude β1-mode disturbances, the roughness
disturbance profiles contain more energy farther from the wall, compared to the actuator disturbance
profiles. Thus, the difference between the roughness- and actuator-induced disturbances will always
leave a “remainder” disturbance in the upper part of the boundary layer.
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FIG. 20. Contour plot of the β1-mode disturbance velocity of the controlled flow.
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FIG. 21. Wall-normal profiles of the normalized β1-mode disturbance caused by the actuator with 5.4 kV and for the
disturbance caused by the roughness element array deployed to 1.5 mm.

A comparison of the spanwise-wavenumber power spectrum, averaged over the boundary layer,
is shown in Figure 22 for the uncontrolled and controlled flow from the velocity measurements
shown in Figures 19(a) and 19(b), respectively. Again, note that the value of β1 at x = 490 mm was
approximately 0.4. The remaining energy in the β1-mode disturbance is given by

〈φU ′(β1)〉yC/〈φU ′ (β1)〉y D × 100%, (17)

where the subscript, D, is for measurements of the disturbance only, and C is for measurements of
the controlled flow after the controller has converged to a minimal value of the control objective,
ϕCτ ≈ 0. For Gc = 0.5, this was always achieved before 4 s (or 8 control iterations). For the example
shown in Figure 22, approximately 6% of the β1-mode energy remains following control attainment.
A similar quantification summed over all wavenumbers is given by∑8

i=1
〈φU ′ (βi )〉yC/

∑8

i=1
〈φU ′(βi )〉y D × 100%. (18)

The boundary-layer-averaged energy remaining over all wavenumbers is 26% in this case, which is
primarily due to the presence of energy in the β2 and β3-modes not considered by the controller.
For all conditions, feedback resulted in a range of 3%–6% of remaining β1-mode energy, due to the
effects of aliasing, which change with the level of the disturbance and the effect of the actuator at
different voltages. Whereas the boundary-layer-averaged energy remaining over all wavenumbers
varies from 14% to 26%, due to the presence of β2 − 4-modes not considered by the controller. This
range of values follows from the various actuator voltages used for the different control cases, and
corresponding changes in the modal composition of the actuator effected flow, see, for example,
Figure 12(b).
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FIG. 22. Average spanwise power spectrum of the disturbance and the controlled flow, from the velocity measurements
shown in Figures 19(a) and 19(b), respectively.
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FIG. 23. Streamwise evolution of the disturbance caused by a roughness array with k = 1.25 mm and U∞ = 5 m/s.

E. Streamwise evolution of the disturbance and control

In Secs. V A–V D, the control results were presented for only a single measurement plane. In
this section, the effect of the control on the transient growth of streaks is examined over multiple
streamwise locations. Three cases with different flow conditions are examined. In the first two, the
free-stream velocity was 4 and 5 m/s and k = 1.25 mm. For the third case, the free-stream velocity
was 4 m/s and k = 1.375 mm. Measurement planes are at streamwise locations varying from x =
265 mm (65 mm downstream of the roughness elements) to x = 700 mm, over a spanwise region
between z/�z = ±1, and over the thickness of the boundary layer.

For the case with U∞ = 5 m/s and k = 1.25 mm, contour plots of U′/U∞ for the uncontrolled
flow are shown in Figure 23. As the flow developed, higher mode energy decayed, such that the y − z
planes past x = 500 mm appear to be comprised of primarily a β1-mode disturbance, associated
with the spacing of the roughness elements. The measurements of the controlled flow are shown in
Figure 24. The measurement planes upstream of the plasma actuators are omitted. The controller
effectively eliminates the energy in the targeted β1-mode, and so it is predominantly higher modes
that remain downstream, consistent with the results shown in Figure 19.

FIG. 24. Streamwise evolution of the flow shown in Figure 23 with control by the plasma actuator operated at 5.05 kV
(ϕCτ ≈ 0).
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FIG. 25. Disturbance energy evolution of β1 for k = 1.375 mm at 4 m/s and k = 1.25 mm at 4 and 5 m/s. Control results
have comparable open symbols, and the lines are fit from the function described by White, Rice, and Gökhan Ergin.26

The transient growth (i.e., initial algebraic growth followed by exponential viscous decay) of
the disturbance with increasing x for each of the three cases is shown in Figure 25. A function of
the form, 〈φU ′ 〉y

U 2∞
= A (x − x0)2 · exp [−B (x − x0)], where A represents the algebraic growth rate,

B−1 represents an exponential decay length scale, and x0 is the distance to the roughness element
array location from the leading edge (200 mm), representing the growth and decay of energy is fit to
the data points, which follows from the work of White, Rice, and Gökhan Ergin.26 The controlled
flow is again quantified by the remaining energy in the β1-mode disturbance as given by (17). The
variation of remaining energy in the β1-mode is shown over x = 400–700 mm, in Figure 26 for each
of the three cases shown in Figure 25. Near the control measurement plane, at x = 490 mm, the
remaining β1-mode energy is less than 8% for all cases; however, it is slightly increased upstream
of the control measurement plane. Farther downstream, remaining β1-mode energy continued to
decrease, and corresponds with a region of exponential decay of the disturbance shown in Figure 25
for x > 500 mm.

F. Continuous free-stream velocity perturbation

The ability of the controller to track a slowly time-varying disturbance was studied. The free-
stream velocity was varied sinusoidally at a period (Tw) of 50 s and an amplitude of 1 m/s between
4 and 5 m/s. The height of the roughness element array was fixed at k = 1.25 mm. For comparison,
the time scale associated with the streamwise distance between the actuators and feedback sensors
(200 mm), and for a convection velocity of 5 m/s, is nearly three orders of magnitude smaller than
the slowly time-varying disturbance considered here.
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FIG. 26. The energy evolution of the β1 mode following from Eq. (17), for the cases shown in Figure 25.
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We evaluated the controller with KP = KI = 0.5 · c2 · m, which had acceptable robustness, as
previously discussed in Sec. III D. The frequency response of the loop gain, P′K, is shown in
Figure 27, and the magnitude, |P′K|, is large at the frequency of the velocity variation, 2π/Tw =
0.13 rad/s. Therefore, since the error in rejecting disturbances is proportional to | 1

1−P ′ K |, the distur-
bances were expected to be rejected effectively. For the corresponding experiment, the deviations
from ϕCτ = 0 are minimal with control, as shown in Figure 28 where the streamwise velocity
variation is shown at the top, followed by the output of the controller, and the voltage applied to the
actuator below.
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FIG. 28. Control result for a continuous velocity change with k = 1.25 mm and Tw = 50 s. The free-stream velocity is shown
at the top with the corresponding control objective ϕCτ in the middle, and actuator voltage at the bottom.
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VI. CONCLUSIONS

Control of transient growth in a Blasius boundary layer was demonstrated experimentally using
a model-based feedback controller. Streamwise streaks of spanwise periodic low- and high-velocity
disturbance, characteristic of bypass transition, are created with an array of cylindrical roughness
elements. Farther downstream, a spanwise array of plasma actuators was arranged to generate streaks
of opposite spanwise phase, to attenuate the roughness-induced disturbance and control the flow.
Feedback measurements were taken with a spanwise array of wall-mounted shear-stress sensors,
which were employed to sense the spanwise periodic shear-stress variations caused by roughness
elements and the plasma actuators. A novel control scheme was formulated to reduce the energy in
the particular spanwise wavenumber corresponding to the streaks which undergo transient growth
and, if sufficiently strong, would lead to transition. Experimental data were used to find an empirical
steady input-output model of the boundary layer flow, where the inputs are the disturbance caused by
the roughness elements and a variable related to the driving voltage of the actuators (which results
in a linearized plant model). The output was related to the measured shear stress and the targeted
spanwise wavenumber (β1). This model was used to design and analyze a proportional-integral
controller prior to the implementation in the wind tunnel.

It was shown that for conditions at which the empirical model was obtained, feedback could
reduce the energy associated with the targeted β1-mode. After control, at most 6% of residual β1-
mode energy remained at the streamwise location where the feedback sensors were located. The
cause of the remaining β1-mode energy could be related to the effect of aliasing on the wall-shear-
stress measurements, and differences in the wall-normal distribution of the disturbance produced by
the roughness versus the counter-disturbance introduced by the actuator. In contrast, the boundary-
layer-averaged disturbance energy remaining over all wavenumbers varied between 14% and 26%
for all cases considered, due to the presence of β2- to β4-modes not considered by the controller,
leaving room for improvement with more intricate actuator configurations, introducing a single
wavenumber into the flow or targeting multiple wavenumbers, and denser sensor arrays (with six
to eight sensors per streak spacing) to avoid aliasing. The controller was also shown to attenuate
the disturbance both upstream and downstream of the measurement plane. The effectiveness of the
control strategy pursued in this study provides evidence that plasma actuators are a highly viable
technology for controlling the boundary layer streaks characteristic of bypass transition.

To check the robustness of the controller, it was operated at off-design conditions by imple-
menting the control at free-stream velocities different from that at which the input-output models
were obtained. It was observed that a decrease in the free-stream velocity caused the actuator to
have a stronger effect on the flow. This was attributed to the change in residence time of a fluid
particle over the actuator. The controller remained highly effective at off-design conditions, even
for slowly-time-varying disturbances, supporting its use in applications that have similarly slowly
time-varying conditions. Any limitation of attaining the control at off-design conditions were due to
shortcomings of the actuator rather than the controller. Specifically, at very low freestream velocity,
the actuator had to operate at very low voltage where issues related to non-monotonic actuator
characteristics were discovered.

The effectiveness of this controller demonstrates that the use of near-wall sensing, feedback, and
plasma actuators are all well-suited to the control of bypass transition. Specifically, issues relating
to the implementation of wall-located sensing, plasma actuators, and a suitable control objective
were addressed. The next logical step is aimed at the development of low-order dynamic models
for unsteady actuator and disturbance input. The present work addresses issues that are relevant to
this next step, including the implementation of near-wall sensing and a suitable control objective.
Another future direction is to combine feedforward and feedback control to increase the bandwidth
of the controller. In addition, the optimal placement of actuators and sensors remains unknown, and
is more effectively approached with numerical simulations.

ACKNOWLEDGMENTS

This work was supported in part by funding from the National Science and Engineering Research
Council. This work was also supported in part by funding from the National Science Foundation

 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  128.112.32.25 On: Mon, 26 Sep

2016 15:05:15



024102-24 Hanson et al. Phys. Fluids 26, 024102 (2014)

(Grant Nos. CMMI-0932546 and CMMI-0932928). Any opinions, findings, and conclusions or
recommendations expressed are those of the authors and do not necessarily reflect the views of the
National Science Foundation. R.E.H. acknowledges funding from the Queen Elizabeth II Graduate
Scholarship in Science and Technology.

1 W. S. Saric, H. L. Reed, and E. J. Kerschen, “Boundary-layer receptivity to freestream disturbances,” Ann. Rev. Fluid
Mech. 34, 291–319 (2002).

2 J. Kim and T. R. Bewley, “A linear systems approach to flow control,” Ann. Rev. Fluid Mech. 39, 383–417 (2007).
3 T. R. Bewley and S. Liu, “Optimal and robust control and estimation of linear paths to transition,” J. Fluid Mech. 365,

305–349 (1998).
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