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1 Introduction and summary

A boundary conformal field theory (BCFT) defined on the flat half-space may be related
via a Weyl transformation to the same conformal field theory defined in anti-de Sitter space.
Indeed, the flat metric on the half-space with coordinates (y,x), y > 0 can be written as

ds2 = dy2 + dx2 = y2ds2
AdSd , x = (x1, . . . , xd−1) , (1.1)
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where ds2
AdSd is the standard Poincaré metric

ds2
AdSd = 1

y2

(
dy2 + dx2

)
. (1.2)

The correlation functions of the BCFT can be then translated to correlation functions
in AdS by performing the required Weyl rescaling of the operators. For instance, for a
scalar operator of dimension ∆, we have OAdS = y∆Ohalf-space. This implies, in particular,
that the BCFT one-point functions in AdS are simply constant. In this paper, we use the
AdS approach to study various properties of boundary conformal field theories. We will
see that several aspects of a BCFT appear naturally when the CFT is defined on AdS,
and the technical machinery developed in the AdS/CFT literature can be used to extract
new results about the BCFT data. The connection between CFT on AdS and the BCFT
problem has been noted before several times in the literature, see e.g. [1–4], and [5–7]
for earlier related work. The more general idea of studing quantum field theory in AdS
background appeared a long time ago in [8].

In a BCFT, it is possible to add relevant perturbations localized on the boundary, which
may then drive non-trivial boundary RG flows connecting boundary critical points. Under
such boundary flows, the bulk theory stays conformal and the bulk OPE data remains
unaffected, but the boundary data changes. There has been considerable progress on
studying quantities that are argued to be monotonic under boundary RG flows (and more
general flows in defect CFT) [9–20]. For d = 3 Euclidean BCFT, a proof was given in [17]
that the coefficient of the Euler density term in the boundary trace anomaly decreases under
a boundary RG flow. Such anomaly coefficient may be extracted from the logarithmic term
in either the 3d hemisphere [17] or round ball [14] free energy. In d = 4, the free energy on
a hemisphere [15] (suitably normalized by the round 4-sphere free energy) was proposed
and checked in free and perturbative examples to decrease under boundary RG flows. The
boundary trace anomaly is also related to the entanglement entropy in the presence of a
boundary which has been discussed in [21–26].

It is natural to expect that in general d the free energy of the BCFT defined on a space
with spherical boundary may be used to define a suitable quantity that decreases under
boundary RG flows. When the CFT is placed in AdS space, such a free energy can be
defined by using the hyperbolic ball coordinates of AdS, so that the boundary is a sphere
and the problem is conformally related to the BCFT on the round ball. Extending the idea
of the generalized F -theorem proposed in [27] for the case of CFT with no boundaries, it
is then a plausible conjecture that the quantity

F̃ = − sin
(
π(d− 1)

2

)
FAdSd , (1.3)

where FAdSd is the free energy of the CFT on the hyperbolic space with sphere boundary,
decreases under boundary RG flows in general d.1 A similar conjecture was presented
in [19], but our main point here is the suggestion of using the AdS background to compute
the free energy of the BCFT. In odd d, i.e. even-dimensional boundary, there is no bulk

1A proposal to use AdS space to define a candidate c-function for bulk RG flows was made in [28].
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conformal anomaly, but the free energy FAdSd has a logarithmic divergence coming from
the regularized volume of hyperbolic space [29, 30]. The coefficient of the logarithmic
divergence is related to one of the boundary conformal anomaly coefficients (the one that
does not vanish for round sphere boundary). When working in dimensional regularization,
this logarithmic divergence appears as a pole, which is cancelled by the sine factor in (1.3).
Thus, in odd d, the quantity F̃ captures the boundary anomaly coefficient. In even d,
the regularized volume of hyperbolic space is finite, but the free energy FAdSd has UV
logarithmic divergences related to the bulk conformal anomaly.2 Since this is fixed by
short distance physics in the bulk, it is not expected to change under boundary RG flows.
Hence, the difference of F̃ between UV and IR should be a finite quantity in even d, and
it still makes sense to ask for positivity of F̃UV− F̃ IR. One can verify this explicitly in the
case of free fields, as we show below, but should be true more generally.

After some warm-up calculations in free field theory in section 2, we will compute the
quantity (1.3) in interacting BCFT and verify that the boundary F -theorem for F̃ holds for
boundary RG flows. Our primary example in this paper will be the critical O(N) model.
In the case of the free O(N) model, there are two possible boundary conditions, Neumann
or Dirichlet, for each of the fundamental fields. One may flow from Neumann to Dirichlet
by adding a boundary mass term, and it is easy to verify that F̃Neumann > F̃Dirichlet for all
d.3 But when we add interactions in the bulk, there is a much richer phase structure on the
boundary. The theory of boundary fixed points in the O(N) model has been studied in great
detail in the literature before [34–36]. It can be studied perturbatively near 4 dimensions
by means of an ε expansion [37–39], in general d by means of a large N expansion [39–41],
or using bootstrap techniques [42–45]. The O(N) model defined in AdS has also received
some attention on its own right [2, 46]. We briefly review some of the main features here
and explain some of the phenomena from a large N perspective.

In terms of a lattice system of spins interacting with a ferromagnetic nearest-neighbor
interaction, the boundary has a lower coordination number than bulk. So we expect order-
ing and magnetization on the boundary to be driven by the bulk, and hence the boundary
should undergo the phase transition at the same temperature as the bulk. This is what
typically happens and it is referred to as the “ordinary transition”. However, in the pres-
ence of sufficiently strong interactions at the boundary, the boundary can undergo a phase
transition at a temperature higher than the bulk. As we lower the temperature and reach
the bulk critical temperature (with the boundary already ordered), we have the so-called
“extraordinary” transition. In this case, the O(N) symmetry is broken and the fundamen-
tal field has a non-zero one-point function. Finally, there is a critical value of the boundary
interaction strength at which the bulk and boundary critical temperatures become equal.

2The conformal anomaly in even d in the presence of a boundary includes, in addition to the bulk terms,
various boundary terms, see [31] where the case of d = 4 was worked out in generality. But for the case of
round sphere boundary, the only surviving boundary term should be the topological term completing the
bulk Euler density. The combination of bulk Euler density and corresponding boundary term is proportional
to the a-anomaly coefficient, which is fixed by short-distance bulk physics.

3Calculations of the free energy for free conformal fields in hyperbolic space as well as round ball, and
their relation to conformal anomalies, were carried out previously in [32, 33].
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Figure 1. Phase diagram of the O(N) model as we vary the boundary interaction strength c [35],
defined such that c = 0 corresponds to tuning to the special transition. The blue line describes
the boundary critical temperature when it is above the bulk critical temperature, and immediately
below this line one has a phase where there is ordering only on the boundary and not in the bulk.

This corresponds to the so-called “special transition”. We reproduce the well-known phase
diagram in figure 1 showing different phases of the system at different values of the surface
interaction strength c.

In order to describe these phases and the RG flows between them more explicitly, let
us turn to the field theory description. Near four dimensions, the critical behavior of the
O(N) model can be described by the Wilson-Fisher fixed point of the scalar field theory
with quartic interactions. The bulk action on the flat half-space is4

S =
∫
dd−1xdy

(1
2(∂µφI)2 + λ

4 (φIφI)2
)
. (1.4)

This model has a perturbative IR fixed point in d = 4 − ε at a certain critical coupling
λ = λ∗. This is determined by bulk physics, and it is fixed by the renormalization of
the theory in the usual flat space without boundary. As it is well-known, the large N
expansion of the critical theory may be developed by performing a Hubbard-Stratonovich
transformation, which yields the action in terms of the auxiliary field σ(x)

S =
∫
dd−1xdy

(1
2(∂µφI)2 + 1

2σφ
IφI

)
. (1.5)

In this action we omitted the σ2/4λ term, which can be dropped in the critical limit (see
e.g. [47, 48] for reviews). Note that the σ operator, with bulk dimension 2 + O(1/N),
plays the role of φ2 at the interacting fixed point. Let us assume that we are at the bulk
critical point, and further tune the boundary interactions so that we reach the special
transition point. In the field theory description, this corresponds to tuning the boundary

4We will always assume that the bulk is critical, so any other mass terms have been tuned to zero.
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d
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−cφ̂2
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Figure 2. Surface RG flow in the large N O(N) model between 2 < d < 4.

mass term φ̂2 = φ2(x, 0), which is relevant at the special transition (in addition, the
operator φ̂I = φI(x, 0) is also relevant. Operators with a hat will denote operators in the
boundary spectrum throughout this paper). Then, we can flow out of the special transition
by adding the relevant boundary interaction cφ̂2. For c > 0, this drives the system to the
ordinary transition, where the O(N) symmetry is unbroken. The case of c < 0 corresponds
instead to flowing to the extraordinary transition, which favours a non-zero vev for φ. As
we will see later, in the large N description of the special transition, there is a boundary
operator induced by σ with dimension 2 at large N : this plays the role of the boundary
mass term driving the flow. One can see that this operator is relevant on the boundary only
for d > 3, which is consistent with the fact that d = 3 is the lower critical dimension for
the special transition for N > 1 [35] (as we will review below, from the large N approach
one finds that the dimension of the leading boundary operator induced by φI goes to zero
as d → 3). Note that another possible relevant interaction we can add on the boundary
is hφ̂I , which is like adding a surface magnetic field. This also has the effect of ordering
the boundary and drives the system to the extraordinary transition.5 In the case of the
ordinary transition, we will see below that the leading boundary operator induced by φ is
relevant and has dimension d−2 at large N . This operator can be used to drive a flow from
ordinary to extraordinary transition, and such flow exists also in the range 2 < d < 3. To
summarize, assuming we are at bulk criticality, there are three distinct boundary critical
behaviors: the special transition, which has two relevant boundary operators; the ordinary
transition, with a single relevant boundary operator; and the extraordinary transition,
which has no relevant boundary operators. We show all the three fixed points in figure 2.
We will compute the free energy for all these three boundary critical points, both at large
N and using ε-expansion, and find that F̃ is highest for the special transition, followed by
ordinary and then by extraordinary transition, in agreement with the conjectured boundary
F -theorem.

5To be precise, the fixed point that is reached by hφ̂I flow is referred to as the “normal transition” in
some of the literature, but normal and extraordinary transition belong to the same universality class [35]
and we will not distinguish between them.
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Near 4 dimensions, all the fixed points described above should match with the possible
boundary conditions of the model in eq. (1.4). Indeed, it is well-known that the special
transition corresponds to perturbing the free theory with Neumann boundary conditions
for all the N fields, and the ordinary transition to perturbing the free theory with Dirichlet
boundary conditions. The flow from special to ordinary transition described above cor-
responds in the free field limit to the familiar fact that we can flow from Neumann to
Dirichlet boundary conditions by adding a boundary mass term. On the other hand, the
extraordinary transition involves giving a non-zero one-point function to one of the φI (and
having Dirichlet boundary condition for the remaining N − 1 fields). We will see below
that this phase has a natural realization in the AdS description: it simply corresponds to
the non-trivial minimum of the scalar potential of the theory in AdS, which arises due to
the negative conformal coupling term to the AdS curvature, see eq. (3.32).

As was recently noted in [49], and as we also observe in subsection 4.2, the description
in terms of simple Neumann and Dirichlet boundary conditions is really only appropriate
in the vicinity of d = 4 where the CFT is nearly free. In general, the boundary critical
behaviors of the model may have realizations in terms of different boundary conditions
in different perturbative descriptions of the same underlying BCFT, and we will see some
explicit examples of this in the paper (see figure 6).

Recall that near 2 dimension, the critical properties of the O(N) model can also be
described by the non-linear sigma model (NLσM). In the flat half-space, the action is

S =
∫
dd−1xdy

(1
2(∂µφI)2 + σ

(
φIφI − 1

t2

))
. (1.6)

In the presence of the boundary, after solving the constraint, we can assign either Neumann
or Dirichlet boundary conditions to the N − 1 unconstrained fields. We will check below,
using our calculations of the free energy and anomalous dimensions in section 4, that the
Neumann case matches onto the ordinary transition while the Dirichlet case matches onto
the extraordinary transition in the large N theory. Note that the Neumann/Dirichlet
boundary conditions near d = 2 are not correlated with the boundary conditions in the
Wilson-Fisher description near d = 4.

The large N O(N) model can be formally continued above d = 4, and near 6 dimen-
sions, it is described by the 6 − ε expansion in a cubic theory with N + 1 fields [47, 50].
When mapped to the AdS background, the action reads

S =
∫
dd−1xdy

[1
2(∂µφI)2 + 1

2(∂µσ)2 + g1
2 σφ

IφI + g2
6 σ

3
]
. (1.7)

For large enough N , the model has a perturbatively unitary fixed point with real cou-
plings [47, 50].6 We will see that the continuation of the special transition above d = 4
matches onto the critical point of the cubic model with Dirichlet boundary conditions,
while the continuation of the ordinary transition matches onto a phase where σ acquires a

6Non-perturbatively, instantons generates exponentially suppressed imaginary parts for any N [51]. In
this paper we will focus on perturbation theory and use the cubic model (3.51) as a useful check of the
large N results.
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vev. The case of Neumann boundary conditions in the d = 6 − ε theory matches instead
with an additional phase of the large N theory which appears above d = 5, where the
leading boundary operator in the fundamental of O(N) has dimension d − 4 + O(1/N).
The extraordinary transition may also be formally continued to d > 4, though it becomes
non-unitary as we explain below; it matches onto a phase of the cubic model where both
φI and σ get a non-zero one-point function.

The rest of this paper is organized as follows: in section 2, we compute the AdS free
energy in free theories and in conformal perturbation theory, and spell out the connection
to trace anomalies in d = 3. In section 3 we study the O(N) model in AdS, focusing on
the large N expansion, and describe the different boundary critical behaviors of the model.
We calculate the corresponding values of the AdS free energy and verify consistency with
the conjectured F -theorem. We also make explicit comparisons between the large N and
the various ε expansions near even d. In section 4, we give more details on the BCFT
spectrum in these models. We suggest that using the equations of motion obeyed by
the bulk fields gives a convenient way to extract the anomalous dimensions of boundary
operators. This is essentially an application to the case of BCFT of the idea described
in [52]. For the bulk two-point function, it is particularly convenient to do this calculation
in the AdS setup, because the correlation function is then just a function of the chordal
distance. Moreover, the equation of motion operator takes a simple form and the boundary
conformal blocks are the eigenfunctions of this operator. Using this idea, we reproduce in
a straightforward manner the ε expansion results for Wilson-Fisher fixed point previously
obtained in [44, 45]. At large N , we combine this idea with the BCFT crossing equation to
get the 1/N correction to the anomalous dimension of the leading boundary operator and
OPE coefficients of subleading boundary operators in the case of the ordinary transition.7

This can be thought of as a version of analytic bootstrap for BCFT. We then go on to
calculate some examples of boundary four-point functions using Witten diagrams in AdS,
and obtain the boundary data appearing in the conformal block decomposition of the four-
point function. In section 5 we make some concluding remarks and comment on possible
future directions.

2 AdS free energy and boundary RG flows: simple examples

In preparation to the calculations in the interacting O(N) model, in this section we compute
the AdS free energy in simple free field theory examples, and check consistency with the
conjectured boundary F -theorem in terms of the quantity defined in (1.3). We also briefly
discuss the case of weakly relevant boundary flows, and elaborate on the relation of the
free energy to the trace anomaly coefficients, focusing on the d = 3 case.

As explained in the introduction, to calculate the free energy we consider the case in
which the boundary of AdS is a round sphere, in other words we will be computing the free
energy on a hyperbolic ball. The metric may be obtained, for instance, from the Poincaré
metric (1.2), by the following stereographic projection (throughout this paper, the index i

7The anomalous dimension was originally obtained some time ago by using different methods [41].
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runs from 1 to d− 1, while the index µ runs from 1 to d)

xi = 2uΩi+1
1 + u2 − 2uΩ1

, y = 1− u2

1 + u2 − 2uΩ1
(2.1)

where (Ω1, . . .Ωd) are the coordinates on the d − 1 sphere with |Ωi|2 = 1. This gives the
hyperbolic ball metric

ds2 = 4
(1− u2)2

(
du2 + u2dΩ2

d−1

)
. (2.2)

Then conjecture is that under a RG flow driven by a relevant boundary operator, F̃ com-
puted on AdSd with sphere boundary decreases. From now on, whenever we write F or F̃
it should be understood to be computed on AdS.

2.1 Neumann to Dirichlet flow in free field theory

The simplest example that we can study is the case of a conformally coupled scalar on AdS,
which can be obtained via a Weyl transformation from a free massless scalar on half-space.
The action in AdS reads

S =
∫
ddx
√
g

(1
2(∂µφ)2 − d(d− 2)

8 φ2
)
, (2.3)

where the “mass” term comes from the conformal coupling to the AdS curvature (the Ricci
scalar is R = −d(d − 1)/R2, and we have set the radius to one for convenience). Using
the usual AdS/CFT mass-dimension relation, we can get the conformal dimension of the
boundary operator induced by φ

∆̂(∆̂− (d− 1)) = −d(d− 2)
4 =⇒ ∆̂+ = d

2 , ∆̂− = d

2 − 1. (2.4)

The case of ∆̂ = d/2 − 1 corresponds to the Neumann boundary condition while d/2 to
Dirichlet boundary condition.

A relevant boundary mass term, cφ̂(x)2 = cφ(x, 0)2 triggers a RG flow from Neumann
(UV) to Dirichlet (IR) boundary conditions. The free energy can be computed by calculat-
ing determinants on AdS, since the action is quadratic (for later use, we consider slightly
more general massive case)

F (m2) = 1
2tr log

(
−∇2 +m2 − d(d− 2)

4

)
= Vol(Hd)

2(4π)d/2Γ(d2)

∫ ∞
−∞

dν
Γ(iν + d−1

2 )Γ(−iν + d−1
2 )

Γ(iν)Γ(−iν) log
(
ν2 +m2 + 1

4

) (2.5)

where we used the fact that the eigenvalues of Laplacian on AdSd are ν2 + (d−1)2

4 with
spectral density [53, 54]

µ(ν) = Vol(Hd)
(4π)d/2Γ(d2)

Γ(iν + d−1
2 )Γ(−iν + d−1

2 )
Γ(iν)Γ(−iν) . (2.6)

– 8 –
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We can also write the free energy in terms of the boundary dimension ∆̂

F (∆̂) = Vol(Hd)
2(4π)d/2Γ(d2)

∫ ∞
−∞

dν
Γ(iν+ d−1

2 )Γ(−iν+ d−1
2 )

Γ(iν)Γ(−iν) log
(
ν2+

(
∆̂− d−1

2

)2)

=− ∂

∂α

 Vol(Hd)
2(4π)d/2Γ(d2)

∫ ∞
−∞

dν
Γ(iν+ d−1

2 )Γ(−iν+ d−1
2 )

Γ(iν)Γ(−iν)
1(

ν2+
(
∆̂− d−1

2

)2
)α

∣∣∣∣∣
α→0

(2.7)

where the second line is equivalent to using the standard spectral zeta function regulariza-
tion. This integral can be explicitly computed in three dimensions and gives the result

F (∆̂) = −Vol(H3)
12π (∆̂− 1)3. (2.8)

As defined in the introduction in eq. (1.3), the quantity that is conjectured to decrease under
a boundary RG flow is F̃ . Using the regularized volume of the Hyperbolic space [29, 30]
Vol(Hd) = π

d−1
2 Γ(1−d

2 ), we get

F̃N = F̃

(
∆̂ = 1

2

)
= π

96 , F̃D = F̃

(
∆̂ = 3

2

)
= − π

96 . (2.9)

So F̃N > F̃D in agreement with the expected boundary F -theorem. The quantity F̃ is
related to one of the boundary anomaly coefficient, as we review in section 2.3 below in the
d = 3 case, and hence the inequality for the AdS free energy is in accordance with what
was proved in [17]. We can also evaluate the integral in d = 5, where it gives

F (∆̂) = Vol(H5)
360π2 (∆̂− 2)3(7 + 3 ∆̂(∆̂− 4))

=⇒ F̃N = F̃

(
∆̂ = 3

2

)
= 17π

23040 , F̃D = F̃

(
∆̂ = 5

2

)
= − 17π

23040 .
(2.10)

For general dimensions, this integral is not easy to perform, but there is a shortcut if
we are just interested in the free energy difference between the two boundary conditions.
We can think of the flow from Neumann to Dirichlet boundary conditions as analogous to
a “double trace” flow in the d − 1 dimensional CFT on the boundary driven by operator
cφ̂2. Under such a flow, the dimension of the boundary operator flows from ∆̂ to d−1− ∆̂.
So we can use the general result for the free energy change under a double trace flow driven
by the square of a primary scalar operator of dimension ∆̂ [27, 29]

F∆̂−Fd−1−∆̂ ≡ δF∆̂ = − 1
sin(π(d−1)

2 )Γ(d)

∫ ∆̂− d−1
2

0
du u sin πu Γ

(
d− 1

2 +u

)
Γ
(
d− 1

2 −u
)
.

(2.11)
This implies that the free energy change under the flow from Neumann to Dirichlet is

δF =FN−FD =F

(
∆̂ = d

2−1
)
−F

(
∆̂ = d

2

)
=−δF∆̂= d

2−1 =− 1
sin(π(d−1)

2 )Γ(d)

∫ 1
2

0
du u sinπu Γ

(
d−1

2 +u
)

Γ
(
d−1

2 −u
) (2.12)

– 9 –
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Figure 3. Free energy difference between the Neumann and Dirichlet boundary fixed points of the
free bulk theory.

It is easy to check that this result agrees with our calculation in d = 3, 5 done above. It
also agrees with a calculation of the free energy difference between Neumann and Dirichlet
performed on a hemisphere in [3]. In d = 4, (2.12) gives

δF̃ = ζ(3)
8π2 , (2.13)

while in d = 6, we find

δF̃ = π2ζ(3) + 3ζ(5)
96π6 . (2.14)

These results agree with the hemisphere free energy calculation done in d = 4 in [15] and
later generalized to even dimensions in [55–57]. For general d, in terms of F̃ , we may write

δF̃ = F̃N − F̃D = 1
Γ(d)

∫ 1
2

0
du u sin πu Γ

(
d− 1

2 + u

)
Γ
(
d− 1

2 − u
)
. (2.15)

This can be checked to be positive numerically in all d > 2,8 in accordance with F̃UV > F̃ IR

for continuous d. We plot this quantity in figure 3. Note that in even d the free energies
FN and FD have UV divergences related to the bulk conformal anomaly, but they cancel
when taking the difference leaving a well-defined, finite quantity.9

8In the limit d → 2, one can see that (2.15) diverges logarithmically. This is due to the fact that for
Neumann boundary condition the free scalar develops a zero mode in d = 2. The zero mode should be
separated out and treated carefully, but we will not discuss this case in detail in the paper.

9In the standard spectral zeta function approach, the bulk UV divergence is captured by ζ(0) [58]
(equivalently in the heat kernel approach, it is captured by the Seeley coefficient bd). This can be computed
from the second line in (2.7) by evaluating the integral by analytic continuation in α, and setting α = 0
at the end (without taking the derivative in front). The result is easily seen to be independent on the
boundary condition, as expected since it is related to short-distance physics in the bulk. For instance, in
d = 4 one finds ζ(0) = −1/90 for both ∆̂ = 1 and ∆̂ = 2, see e.g. [59].
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2.2 Weakly relevant boundary flows

Another simple situation where we can discuss the boundary F -theorem using the AdS
free energy is in conformal perturbation theory. Since the boundary is a sphere, for small
perturbations localized on the boundary, the statement is similar to the statement of gen-
eralized F -theorem for the sphere free energy in field theories without a boundary [27, 60]
(even though in the BCFT case the boundary theory is not a local CFT by itself, this is
not important for the calculation of F in conformal perturbation theory). It was shown
in [60] that when a CFT is perturbed by a weakly relevant operator, the universal part
of the free energy decreases. The same argument basically goes through when we put the
CFT in AdS and perturb the boundary by a weakly relevant boundary operator, with just
the replacement d→ d− 1. We give a very brief review of the argument here and refer the
reader to [60] for more details.

Consider a CFT in AdSd perturbed by a weakly relevant operator localized on the
boundary

S = SCFT0 + gb

∫
Sd−1

O (2.16)

where gb is the bare coupling constant and O has bare dimension ∆̂ = d− 1− ε with small
ε. The correlation functions of O can be written in terms of the chordal distance s(x,y)
on the boundary sphere

〈O(x)O(y)〉0 = C2

s(x,y)2∆̂
, 〈O(x)O(y)O(z)〉0 = C3

s(x,y)∆s(y, z)∆s(x, z)∆̂
,

s(x,y) = 2|x− y|
(1 + x2)1/2(1 + y2)1/2 .

(2.17)

It is possible to find an IR fixed point using conformal perturbation theory at the renor-
malized coupling

g = g∗ =
Γ
(
d−1

2

)
C3

π
d−1

2 C2
ε+O(ε2). (2.18)

The change in the AdS free energy under the flow can be calculated as [60]

δF = FUV − F IR = g2
b

2

∫ ∫
Sd−1
〈OO〉 − g3

b

6

∫ ∫ ∫
Sd−1
〈OOO〉. (2.19)

These integrals over the sphere can be evaluated explicitly. They are divergent as ε → 0,
and the divergences get cancelled when we plug in the bare coupling in terms of the
renormalized coupling. All in all, the answer to leading order in ε turns out to be [60]

δF̃ = F̃UV − F̃ IR =
πΓ
(
d−1

2

)2
C3

2

3Γ(d)C2
3

ε3 (2.20)

which is always positive since in an unitary theory C2 > 0 and C3 is real. Similar observa-
tions were made in [15] about the hemisphere free energy.
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2.3 Relation to trace anomaly coefficients in d = 3

The boundary free energy is related to the conformal anomaly that appears in the trace of
energy momentum tensor when we put the theory on a curved space with a boundary [17,
22, 61–65]. We confine to d = 3 for this discussion, where there is no conformal anomaly
without the presence of a boundary. In the presence of a boundary, there is a conformal
anomaly localized at the boundary, and the trace of the energy momentum tensor takes
the form [17, 61, 63]

〈Tµµ〉d=3 = δ(x⊥)
4π

(
a3dR̂+ b tr K̂2

)
(2.21)

where R̂ is the boundary Ricci scalar and K̂ij is the traceless part of the extrinsic curvature
Kij associated to the boundary

K̂ij = Kij −
1
2γijK =⇒ tr K̂2 = trK2 − 1

2K
2 (2.22)

with γij being the boundary metric. The coefficient b is related to the displacement operator
two-point function, and we come back to it in appendix C. The other coefficient a3d is
proportional to the logarithmic divergence in the AdS free energy as we now discuss. The
change in the free energy under a Weyl transformation, gµν → e2σgµν is given by

δWF = −1
2

∫
ddx
√
gδgµν〈Tµν〉 = −σ

∫
ddx
√
g〈Tµµ〉 (2.23)

In our case of Euclidean hyperbolic ball in three dimensions (we restore the AdS radius
just for this discussion), the boundary is just a two-sphere of radius R, so the Ricci scalar
is 2/R2 and the extrinsic curvature is Kij = 1

2γijK so that the traceless part vanishes. So
we have the change in free energy under the Weyl transformation in terms of the anomly
coefficient

δWF = −2σa3d. (2.24)

Under the above Weyl transformation, R→ eσR. The regularized volume of AdS3 can be
computed by imposing a radial cutoff, and it is equal to −2π log(R/ε) [66, 67] where ε is
a UV cutoff and R the radius of the boundary sphere. This gives the free energy and its
change under the Weyl transformation using eq. (2.8) as

F (∆̂) = log (R/ε)
6 (∆̂− 1)3, δWF (∆̂) = σ

6 (∆̂− 1)3 (2.25)

which implies that

a3d = − 1
12(∆̂− 1)3 . (2.26)

This tells us that in the free theory of a single scalar, aN3d = 1/96 and aD3d = −1/96 for
Neumann and Dirichlet boundary conditions respectively, in agreement with the known
results [17, 63].
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3 Large N O(N) model in AdS: boundary critical points and free energy

In this section, we study the critical O(N) model in AdS, focusing on the large N expansion.
As explained in the introduction, this is related by a Weyl transformation to studying the
O(N) model on the flat half-space (or on a ball with spherical boundary). Mapping the
action (1.5) to AdS by a Weyl transformation, we obtain the action for the critical O(N)
model in hyperbolic space as

S =
∫
ddx
√
g

(1
2(∂φI)2 − d(d− 2)

8 φIφI + 1
2σφ

IφI
)
. (3.1)

The various boundary critical points of the model can be then recovered by solving the
saddle point equations arising by integrating out the scalar fields.

Before moving on to the interacting theory, let us first discuss in a bit more detail the
case of free scalar BCFT, viewed from the AdS approach. The free scalar in half-space is
related to a conformally coupled scalar in AdS. As expected from the Weyl transformation,
it is easy to see explicitly that the two-point function of a massless scalar on the half-space
with Neumann or Dirichlet boundary conditions is the same as the bulk-to-bulk propagator
in AdS up to an overall conformal factor, namely

〈φ(x1)φ(x2)〉flat
N/D =

Γ
(
d
2 − 1

)
4π

d
2 (4y1y2)

d
2−1

(
1

ξ
d
2−1
± 1

(ξ + 1)
d
2−1

)
, ξ = x2

12 + y2
12

4y1y2

= 1
(y1y2)

d
2−1

Gbb∆̂N/D
, ∆̂N = d

2 − 1 , ∆̂D = d

2

(3.2)

where Gbb∆̂ is the well-known bulk-to-bulk propagator in AdS given by

Gbb∆̂ = Γ(∆̂)
2π

d−1
2 Γ

(
∆̂ + 3−d

2

)
(4ξ)∆̂

2F1

(
∆̂, ∆̂− d

2 + 1, 2∆̂− d+ 2,−1
ξ

)
, (3.3)

and the values of the conformal dimensions ∆̂N/D corresponding to Neumann and Dirichlet
boundary conditions can be obtained by the AdS/CFTmass/dimension relation in eq. (2.4).

In any BCFT the bulk two-point function can be expanded in conformal blocks in
two different channels: 1) Bulk channel, which corresponds to taking the two operators
close to each other in the bulk, i.e. ξ → 0, or 2) Boundary channel, which corresponds to
taking both the operators close to the boundary and then using their boundary operator
expansion (BOE), i.e. ξ →∞ (see for instance [68])

〈O(x)O(x′)〉 = A

(4yy′)∆O
ξ−∆OG(ξ)

G = 1 +
∑
k

λkfbulk(∆k; ξ) = ξ∆O

(
a2
O +

∑
l

µ2
l fbdry(∆̂l; ξ)

)
.

(3.4)

The bulk and boundary blocks have following expressions [39]

fbulk(∆k; ξ) = ξ
∆k
2 2F1

(∆k

2 ,
∆k

2 ; ∆k + 1− d

2 ;−ξ
)

fbdry(∆̂l; ξ) = ξ−∆̂l 2F1

(
∆̂l, ∆̂l + 1− d

2 ; 2∆̂l + 2− d;−1
ξ

)
.

(3.5)
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To express the two-point function (3.4) in AdS, we simply strip off the conformal factor of
(yy′)∆O , and everything else stays the same. Note that the boundary conformal block is
proportional to the AdS bulk-to-bulk propagator, which is consistent with the fact that a
free bulk field induces a single operator on the boundary of dimension d/2− 1 or d/2.

When we add interactions in the bulk and tune to criticality, we can have phases with
more interesting boundary conditions. We can have phases that preserves the O(N) sym-
metry, and also phases that spontaneously breaks it to O(N −1). These phases correspond
to different boundary critical behaviors of the model, and we will present their large N
analysis below.

3.1 O(N) invariant boundary fixed points

Assuming that the O(N) symmetry is preserved, we can start from the action in eq. (3.1)
and integrate out the N fundamental fields φI to get an effective action for σ

Z = exp[−F ] =
∫

[dσ] exp
[
−N2 tr log

(
−∇2 + σ − d(d− 2)

4

)]
. (3.6)

At large N , we can use a saddle point approximation to do the integral over σ and look
for a field configuration with a constant value of σ = σ∗.10 Therefore, at leading order in
large N , σ∗ just acts like a bulk “mass” for the φI fields (note, however, that we are still
describing a BCFT, i.e. the bulk theory remains critical: the non-zero expectation value
for σ is simply a reflection of the non-zero one-point function of the operator φ2 ∼ σ). As
in section 2, the free energy can then be written as

F (σ) = N

2 tr log
(
−∇2 + σ − d(d− 2)

4

)
= NVol(Hd)

2(4π)d/2Γ(d2)

∫ ∞
−∞

dν
Γ(iν + d−1

2 )Γ(−iν + d−1
2 )

Γ(iν)Γ(−iν) log
(
ν2 + σ + 1

4

)
.

(3.7)

The constant σ∗ can then be fixed by demanding that it extremizes the free energy, which
happens when the following derivative of free energy with σ vanishes

∂F (σ)
∂σ

∣∣∣∣
σ=σ∗

= NVol(Hd)
2(4π)d/2Γ(d2)

∫ ∞
−∞

dν
Γ
(
iν+ d−1

2

)
Γ
(
−iν+ d−1

2

)
Γ(iν)Γ(−iν)

1
ν2+σ∗+ 1

4

= NVol(Hd)
2(4π)d/2Γ(d2)

[
−sin

(
π

√
σ∗+

1
4

)
Γ
(
d−1−

√
4σ∗+1

2

)
Γ
(
d−1+

√
4σ∗+1

2

)

−
∞∑
n=0

4(−1)n(d+2n−1)cos
(
π
2 (d+2n)

)
Γ(d+n−1)

Γ(n+1)(4dn+(d−2)d+4n2−4(n+σ∗))

]
(3.8)

To go from the first line to second line, we performed the ν-integral by closing the contour
in the complex ν plane and summing over residues. The arc at infinity can be dropped for
d < 2, but in dimensional regularization we may continue the final result to d > 2. Note

10In the flat half-space picture, one would instead find that at the saddle point σ = σ∗/y
2, with σ∗ the

same constant found in the AdS calculation.
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that one of the Gamma functions also introduces poles at ν = i(d − 1 + 2n)/2, which lie
on the upper half plane for d > 1: these poles give the sum over n above. The sum can be
performed by analytic continuation in d, and we get the final result

∂F (σ)
∂σ

∣∣∣∣
σ=σ∗

= NVol(Hd)
2(4π)d/2Γ(d2)

Γ
(
d−1

2 +
√
σ∗+ 1

4

)
Γ
(
d−1

2 −
√
σ∗+ 1

4

)
sin
(
π
(
d−1

2 −
√
σ∗+ 1

4

))
sin
(
πd
2

)
= NVol(Hd)

2(4π)d/2
Γ(∆̂)Γ

(
1− d

2

)
Γ(−d+∆̂+2)

(3.9)

where we used again the familiar AdS/CFT relation

∆̂(∆̂− (d− 1)) = σ∗ −
d(d− 2)

4 . (3.10)

We also had to use ∆̂ > (d−1)/2 to get to the last line in eq. (3.9) which is where the above
spectral representation is valid, but the final result can be analytically continued in ∆̂.

Another way to arrive at the same result, that does not involve the spectral repre-
sentation, is to note that ∂F/∂σ is just the integral over AdS of the one point function
〈φIφI(x)〉/2, and the integral only produces the volume factor since the one-point functions
are constant on AdS. At leading order in large N , σ = σ∗ acts as a constant mass term, so
φ is a free massive field in AdS and its propagator must be the usual bulk-bulk propagator,
eq. (3.3). The required one-point function 〈φIφI(x)〉/2 then is equal to the coincident point
limit of the two-point function, and can be obtained from its ξ → 0 limit

〈φI(x1)φJ(x2)〉= δIJG∆̂
bb

= δIJ

ξ
d
2−1

Γ
(
d
2−1

)
(4π)d/2

+O(ξ)

+

 Γ(∆̂)Γ
(
1− d

2

)
(4π)d/2Γ(−d+∆̂+2)

+O(ξ)

 . (3.11)

One can see that the constant piece of the above expression, which is the coincident limit
of the two point function, is the same as the derivative of free energy in eq. (3.9) up to a
factor of NVol(Hd)/2.

The saddle point requirement of the vanishing of the free energy derivative in eq. (3.9)
or equivalently vanishing of the constant piece in eq. (3.11) can also be now motivated
in another way: in a BCFT, the bulk OPE data should be unaffected by the boundary,
and hence the operator spectrum encoded in the φφ bulk OPE should be the same as the
one for the critical O(N) model in flat space with no boundary. In particular, the bulk
spectrum should be such that the operator φ2 of dimension d − 2 in the free theory is
replaced by the operator σ of dimension 2. The ξ → 0 expansion in eq. (3.11) is the same
as doing the bulk OPE, and we recognize that the second term would correspond to the
contribution of an operator of dimension d − 2, which we must then set to zero. This
yields the same condition as the above saddle point analysis, and fixes the dimension of
the leading boundary operator ∆̂ and hence the value of σ∗ at leading order in large N .
We will also use the same argument in subsection 4.2 to find the 1/N corrections to the
dimension of the leading boundary operator.
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Setting eq. (3.9) equal to zero requires ∆̂ = d − n, for integer n with n ≥ 2. We will
restrict to the case of unitary theories, and so we will only consider solutions satisfying the
boundary unitarity bound. The existence of these saddles was also noted in [4].

In dimensions 3 ≤ d ≤ 5, there are two unitary solutions with dimension ∆̂ of the
form d− n:

∆̂ = d− 2 =⇒ σ∗ = (d− 2)(d− 4)
4 (3.12)

∆̂ = d− 3 =⇒ σ∗ = (d− 4)(d− 6)
4 (3.13)

The ∆̂ = d − 2 solution describes the ordinary transition, while the ∆̂ = d − 3 solution
describes the special transition. In d = 4 − ε, these match onto the possible boundary
critical behaviors of the weakly coupled Wilson-Fisher fixed point in the φ4 theory (3.32)
(see figure 6): the ∆̂ = d−2 and ∆̂ = d−3 solutions correspond to the Wilson-Fisher BCFTs
obtained by perturbing the free theory respectively with Dirichlet or Neumann boundary
conditions on the N fundamental fields (note that the description in terms of Dirichlet or
Neumann boundary conditions is really only appropriate in the vicinity of d = 4, where
we perturb a free scalar field theory). These results agree with what was found in [39] in
the flat space setup. As we review in section 4 below, computing the σ two-point function
around these saddle points, one finds that in the case of the special transition, σ induces
at the boundary an operator of dimension 2 and an operator of dimension d, while for the
ordinary transition it induces only an operator of dimension d (the latter is related to the
displacement operator). Therefore, at the special transition (∆̂ = d − 3) there is a single
O(N) invariant relevant operator at the boundary, which can be used to trigger a flow
from the special to the ordinary transition (∆̂ = d− 2). We may think of such operator as
σ̂, defined by the boundary limit of the bulk field σ. Since in the Hubbard-Stratonovich
description σ plays the role of φ2, the deformation by σ̂ can be viewed as the large N
counterpart of adding a boundary mass term. Hence, we expect that the AdS free energy
at the two saddle points (3.12)–(3.13) should satisfy F̃ ∆̂=d−3 > F̃ ∆̂=d−2. We will verify
this explicitly below.

While the solution ∆̂ = d− 3 for the special transition does not extend to d < 3,11 the
solution ∆̂ = d− 2 corresponding to the ordinary transition smoothly continues to d < 3.
As we will discuss below, this solution matches near d = 2 with the critical point of the
O(N) non-linear sigma model in d = 2 + ε, for the case of Neumann boundary conditions
on the unconstrained N − 1 fields [69]. We will compute the anomalous dimension of the
leading boundary operator in the non-linear sigma model in eq. (4.30) below, which is seen
to be precisely consistent with the large N result.

As we go above d = 5, for 5 < d < 7, we have now three possible solutions consistent
with unitarity bounds. Besides (3.12) and (3.13), there is an additional one

∆̂ = d− 4 =⇒ σ∗ = (d− 6)(d− 8)
4 . (3.14)

11The lower critical dimension for special transition is d = 3 for N > 1. In the N = 1 case, however, the
lower critical dimension is d = 2 [35]. In this paper we focus on the large N theory.
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In d = 6−ε, all these solutions match onto possible phases of the cubic theory of eq. (3.51),
as we verify below, see figure 6 (since we are interested in unitary theories, we will restrict
our attention to the case of d ≤ 6 in this paper). In particular, the new phase with
∆̂ = d − 4 + O(1/N) corresponds in d = 6 − ε to the fixed point of the cubic theory
with Neumann boundary conditions on the N fields φI , while the ∆̂ = d − 3 + O(1/N)
phase corresponds to Dirichlet boundary conditions. Therefore, at least in the perturbative
description near d = 6, we expect that we can flow from the ∆̂ = d − 4 to the ∆̂ = d − 3
phase by adding a boundary mass term of dimension ∼ 4 (in the large N description,
this should correspond to an operator of dimension 4 + O(1/N) contained in the bulk-
boundary operator expansion of σ). Finally, the phase with ∆̂ = d − 2, which is the
smooth continuation of the ordinary transition, corresponds in the cubic model description
to a O(N) invariant saddle point with non-zero expectation value for the σ field. We expect
that this phase can be reached by perturbing either the ∆̂ = d− 4 or ∆̂ = d− 3 phases by
the dimension 2 operator ∼ hσ̂. To summarize, if the boundary F -theorem holds, we then
expect that the free energies should satisfy F̃ ∆̂=d−4 > F̃ ∆̂=d−3 > F̃ ∆̂=d−2. We will verify
this shortly.

Having identified the various boundary fixed points with O(N) symmetry, we can go
on and compute the corresponding values of the AdS free energy. In d = 3, recall from
section 2 that the free energy can be computed exactly for any value of ∆̂ and we can
directly use eq. (2.8), or, in terms of F̃ :

F̃ (∆̂) = − π

12
(
∆̂− 1

)3
, (3.15)

where we used that − sin(π(d − 1)/2)Vol(Hd)|d→3 = π2. Special and ordinary transitions
correspond to ∆̂ = d− 3 and ∆̂ = d− 2 respectively, and hence

F̃S = Nπ

12 , F̃O = 0. (3.16)

So clearly F̃S > F̃O. We can also immediately get the anomaly coefficient a3d by using
eq. (2.26)

aS3d = N

12 , aO3d = 0. (3.17)

For d = 5 as well, we can use eq. (2.10) to calculate the free energy for all three symmetry
preserving phases

F̃ (∆̂ = 1) = π

360 , F̃ (∆̂ = 2) = 0, F̃ (∆̂ = 3) = − π

360 . (3.18)

To make progress for other values of d, we can use the derivative of the free energy in
eq. (3.9) and express the free energy as a function of ∆̂ in terms of a reference value, say
for a conformally coupled scalar with Dirichlet boundary, F (∆̂ = d/2), and we find

F (∆̂) = N F (d/2) +
∫ ∆̂

d
2

∂F (∆̂)
∂∆̂

d∆̂, ∂F (∆̂)
∂∆̂

= (2∆̂− d+ 1)∂F (σ(∆̂))
∂σ

(3.19)

The integral can be evaluated numerically, and we plot the result for all the large N phases
we discussed above in figure 4. The values of the free energy are indeed consistent for all
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Figure 4. Large N free energy between 2 < d < 6 for the different boundary fixed points. We are
plotting F̃subtracted = (F̃ −NF̃ (d/2))/N on y− axis. On right, we zoom in to the region between
4 and 6 dimensions for clarity.

d in 2 < d < 6 with the RG flows discussed above and the boundary F -theorem in terms
of F̃ in AdS.

In subsection 3.3, we will compute these free energies in an ε expansion near even
dimensions and verify that they are consistent with the results from the large N expansion.
For comparison, we present here some of our large N result near d = 4 and 6 by performing
the integral in eq. (3.19) near these even dimensions. In d = 4 − ε, we have two possible
phases of the large N theory which preserve O(N) symmetry

F (∆̂ = d− 3) = NF

(
d

2 − 1
)

+NVol(Hd)
[

ε

128π2 + ε2(γ + 1 + log 4π)
256π2

]
F (∆̂ = d− 2) = NF

(
d

2

)
+NVol(Hd)

[
ε

128π2 + ε2(γ − 1 + log 4π)
256π2

] (3.20)

where we express the ∆̂ = d− 3 free energy in terms of ∆̂ = d/2− 1 because that is what
we will directly obtain from ε expansion. This is because, as we said before, this phase is
obtained by perturbing free theory in 4 dimensions with Neumann boundary conditions.
In d = 6− ε, we have three possible phases

F (∆̂ = d− 4) = NF

(
d

2 − 1
)

+ NVol(Hd)ε
512π3

F (∆̂ = d− 3) = NF

(
d

2

)
+ NVol(Hd)ε

512π3

F (∆̂ = d− 2) = NF

(
d

2

)
− NVol(Hd)

96π3ε

(3.21)

Lastly, in d = 2, we have one phase with ∆̂ = d− 2

F (∆̂ = d− 2) = NF

(
d

2 − 1
)

+ NVol(Hd)(1− 2 log 2)
8π . (3.22)

Note that there are higher order corrections to all of these formulas which go like higher
powers in ε.
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3.2 O(N) symmetry breaking phase: extraordinary transition

There is also a phase of this model when the O(N) symmetry is spontaneously broken to
O(N − 1) and the fundamental field φI also gets a one-point function, in addition to σ.
This is what is referred to in the literature as the “extraordinary transition”. As explained
in the introduction, it can be obtained by either perturbing the special transition by a
boundary mass term with negative coefficient, or by adding a “boundary magnetic field”
term ∼ hφN (picking a particular direction in the scalar field space). See e.g. [42] for
discussion of this phase in the ε expansion, and [70] for a large N treatment in the flat
space setup. In this section we discuss the large N description of this phase, using the
AdS setup. In section 3.3 below we then discuss how this phase arises in the various ε
expansions near the even dimensions d = 2, 4 and 6, and match the results with large N
wherever applicable.

We again start with eq. (3.1), but unlike the previous section we do not assume O(N)
symmetry and only integrate out N − 1 fields

Z = exp[−FE ] =
∫
d[φN ]d[σ] exp[−S]

S=
∫
ddx
√
g

(1
2(∂φN )2+ 1

2(φN )2
(
σ− d(d−2)

4

))
+N−1

2 tr log
(
−∇2+σ− d(d−2)

4

)
(3.23)

At large N , we look for a saddle point with constant one point functions σ = σ∗ and
φN = φN∗ and require that the derivatives vanish

∂FE

∂σ

∣∣∣∣
σ∗,φN∗

= Vol(Hd)(φN∗ )2

2 + (N−1)Vol(Hd)
2(4π)d/2Γ(d2)

×
Γ
(
d−1

2 +
√
σ∗+ 1

4

)
Γ
(
d−1

2 −
√
σ∗+ 1

4

)
sin
(
π
(
d−1

2 −
√
σ∗+ 1

4

))
sin
(
πd
2

)
∂FE

∂φN

∣∣∣∣
σ∗,φN∗

= Vol(Hd)φN∗
(
σ∗−

d(d−2)
4

)
(3.24)

Assuming φN∗ 6= 0 (otherwise we fall back to the O(N) invariant phases discussed earlier),
the second equation gives us σ∗ = d(d − 2)/4, which when plugged into the first equation
yields

(φN∗ )2 = −
(N − 1)Γ(d− 1)Γ

(
1− d

2

)
(4π)

d
2

. (3.25)

We can expand this result near even dimensions d = 2, 4 and 6

(φN∗ )2
∣∣∣
d=2+ε

= N − 1
2πε , (φN∗ )2

∣∣∣
d=4−ε

= N − 1
4π2ε

, (φN∗ )2
∣∣∣
d=6−ε

= −3(N − 1)
8π3ε

(3.26)

which, as we will see below, match the various ε expansions. Note that the result (3.25) is
negative for 4 < d < 6, indicating that this phase is non-unitary in that range of dimensions.
We will still discuss below, the d = 6 − ε description of this phase as a useful cross-check
of our results.
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At large N , the N −1 transverse fields are just free fields in AdS with their dimensions
given by

∆̂T (∆̂T − d+ 1) = σ∗ −
d(d− 2)

4 = 0 =⇒ ∆̂T = d− 1 +O(1/N). (3.27)

The fact that the fields are massless is related to the fact that these are Goldstone modes
for the spontaneously broken O(N) symmetry. Therefore, we expect that the relation
∆̂T = d− 1 may hold to all orders in 1/N (this was also observed in [70]).

At leading order at large N , the free energy only receives contribution from the deter-
minants of these transverse fields, and knowing their dimension, we can compute its value
using (2.8). In d = 3 we get

FE = −NVol(H3)
12π , F̃E = −Nπ12 , aE3d = −N12 . (3.28)

So clearly F̃S > F̃O > F̃E consistent with the expected F -theorem for F̃ . For other values
of d, we can use eq. (3.19) to get

F (∆̂ = d− 1) = N F (d/2) +
∫ d−1

d
2

∂F (∆̂)
∂∆̂

d∆̂) . (3.29)

We plot the free energies for three phases (special, ordinary and extraordinary) in figure 5,
again showing agreement with the boundary F -theorem in the continuous range 2 < d < 4.
We do not plot extraordinary above d = 4 because this phase becomes non-unitary for
d > 4, as mentioned above. Hence, we do not expect the conjectured F theorem to hold
for this phase in 4 < d < 6.

In preparation for the ε expansion calculation, we report the results for the large N
free energy for the extraordinary phase near dimensions 2, 4 and 6 to leading order in ε

F (∆̂ = d− 1)|d=2+ε = NF

(
d

2

)
− NVol(Hd)

8π

F (∆̂ = d− 1)|d=4−ε = NF

(
d

2

)
− NVol(Hd)

8π2ε

F (∆̂ = d− 1)|d=6−ε = NF

(
d

2

)
+ 9NVol(Hd)

32π3ε
.

(3.30)

Note that the free energy in extraordinary transition in d = 6 − ε is actually higher than
all the other phases in 6− ε dimensions computed in eq. (3.21). This should be related to
the non-unitarity of the extraordinary transition above 4 dimensions. We can also check
this explicitly in d = 5, where using (2.10) we get

F̃ (∆̂ = 4) = 7π
90 (3.31)

which is again higher, rather than lower, than all the other three symmetry preserving
phases in d = 5 in eq. (3.18). We view this as an indication that the validity of the
boundary F -theorem is tied with unitarity of the BCFT.
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O
S

E

2.5 3.0 3.5 4.0
d

-1.0

-0.8

-0.6

-0.4

-0.2

0.2

0.4

F
˜
subtracted

Figure 5. Large N free energy between 2 < d < 4 for special(S), ordinary(O) and extraordinary(E)
transitions. We are plotting F̃subtracted = (F̃ −NF̃ (d/2))/N on y− axis.

3.3 ε expansion near even dimensions

The various phases discussed in the previous two subsections all have weakly coupled
descriptions in the ε expansion near even dimensions for arbitrary N . We discuss those
descriptions in this subsection, and in particular match the free energy results that we
computed above by large N methods. A summary of all the phases and their perturbative
descriptions is given in figure 6.

3.3.1 d = 4 − ε dimensions

In d = 4 − ε, the critical behavior of O(N) model is described by the Wilson-Fisher fixed
point of the quartic O(N) model written in eq. (1.4). Mapping the action to AdS by
including the appropriate conformal coupling term, we have

S =
∫
ddx
√
g

(1
2(∂µφI)2 − d(d− 2)

8 φIφI + λ

4 (φIφI)2
)
. (3.32)

Ordinary and special transition can be described by the fixed points obtained by perturbing
the free theory with Neumann or Dirichlet boundary condition, respectively. We can
compute their free energy in perturbation theory as

F = NFfree + λ

4

∫
ddx
√
gx〈(φIφI(x))2〉0 + δλ

4

∫
ddx
√
gx〈(φIφI(x))2〉0

− λ2

32

∫
ddx

∫
ddx′
√
gx
√
g′x〈(φIφI(x))2(φJφJ(x′))2〉0

(3.33)

where the expectation values are taken in the free theory and we have introduced coun-
terterms to deal with the divergences that arise (note that the counterterm δλ is fixed by
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d
2 3 4 5 6

IR

UV

“extraordinary”
∆̂ = d− 1 NLσM

Dirichlet b.c.
φ4 model
〈φ〉 6= 0

“ordinary”
∆̂ = d− 2 +O

(
1
N

)
NLσM
Neumann b.c.

φ4 model
Dirichlet b.c.

cubic model
〈σ〉 6= 0

“special”
∆̂ = d− 3 +O

(
1
N

)
φ4 model

Neumann b.c.
cubic model

Dirichlet b.c.

∆̂ = d− 4 +O
(

1
N

)
cubic model

Neumann b.c.

Figure 6. All the large N unitary boundary fixed points and their weakly coupled descriptions.
The values of ∆̂ on the left side are the large N scaling dimensions of the leading boundary operator
induced by φI .

the flat space divergences and is unaffected by the presence of the boundary). To do the
integrals on the second line, it will be convenient to work with the ball coordinates in AdS
introduced in eq. (2.1). In terms of these coordinates, we can put one of the points at the
center of the ball (u′ = 0) and then it can be checked that the cross ratio becomes

ξ = (x− x′)2 + (y − y′)2

4yy′ → u2

1− u2 . (3.34)

The two-point function becomes (here and elsewhere in this section, the top sign refers to
Neumann and the bottom sign to Dirichlet boundary condition)

〈φI(x)φJ(x′)〉N/D = δIJG(x, x′) =
δIJΓ

(
d
2 − 1

)
(1− u2)

d
2−1

(4π)
d
2

(
u2−d ± 1

)
. (3.35)

Plugging these in, we get

F =NFfree+ (λ+δλ)Vol(Hd)
4 N(N+2)

Γ
(
d
2−1

)2

(4π)d −λ
2Vol(Hd)

4
Γ(d2−1)4

(4π)2d
2π

d
2 2d

Γ
(
d
2

)×
∫ 1

0

ud−1du

(1−u2)d
[
N(N2+4(N+1))(1−u2)d−2(u2−d±1)2+N(N+2)(1−u2)2d−4(u2−d±1)4

]
(3.36)

where the integral over one of the points gave the volume of AdS and the integral over
spherical coordinates of the second point gave the volume of the sphere, leaving behind a
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single integral over u in the last term. The integrals above diverge in the case of Neumann
boundary condition. The divergence occurs as the insertion approaches the boundary,
u → 1. However we can regularize it by introducing a regulator δ and doing instead the
following integral

F =NFfree+ (λ+δλ)Vol(Hd)
4 N(N+2)

Γ
(
d
2−1

)2

(4π)d −
λ2Vol(Hd)Γ(d2−1)3

π
3d
2 (d−2)23d

∫ 1

0

ud−1du

(1−u2)d

×
[
N(N2+4(N+1))(1−u2)d−2+δ(u2−d−δ±1)2+N(N+2)(1−u2)2d−4+2δ(u2−d−δ±1)4

]
(3.37)

and then taking limit δ → 0. We can then plug in d = 4 − ε and δλ = N+8
8π2

λ2

ε (see for
instance [71]), and with Neumann boundary conditions, we get

FN = NF

(
d

2 − 1
)

+ Vol(Hd)
[
N(N + 2)

4

(
λ+ N + 8

8π2
λ2

ε

)( 1
256π4 + γ + log 4π

256π4 ε

)
−

λ2
(
N(N + 2)(N + 8)

8192π6ε
+ N(N + 2)(9(N + 8)(γ + log 4π)− 3N + 25)

49152π6

)]
= NF

(
d

2 − 1
)

+ Vol(Hd)
[
λ
N(N + 2)

1024π4 (1 + ε(γ + log 4π))

− λ2N(N + 2)
49152π6 (3(N + 8)(γ + log 4π)− 3N + 25)

]
(3.38)

where we used the fact that in the free theory with Neumann boundary condition the
dimension of the φ̂ boundary operator is ∆̂ = d/2− 1. Plugging in the critical point value
of the coupling λ = λ∗ = 8π2

N+8ε+ 24(3N+14)π2

(N+8)3 ε2, we find

FN =NF

(
d

2−1
)

+Vol(Hd)
[

ε

128π2
N(N+2)
(N+8) + 3ε2

128π2
N(N+2)(3N+14)

(N+8)3

+ ε2N(N+2)
(N+8)2768π2 (3(N+8)(γ+log4π)−25+3N)

] (3.39)

which to leading order in N becomes

FN = NF

(
d

2 − 1
)

+NVol(Hd)
[

ε

128π2 + ε2

256π2 (γ + 1 + log 4π)
]
. (3.40)

This agrees with d = 4− ε value of the large N expansion found above in eq. (3.20). With
Dirichlet boundary conditions, the integral gives

FD = NF

(
d

2

)
+ Vol(Hd)

[
λ
N(N + 2)

1024π4 (1 + ε(γ + log 4π))

− λ2N(N + 2)
49152π6 (3N + 3(N + 8)(γ + log 4π) + 13))

] (3.41)

Again, plugging in the critical point value, we find

FD = NF

(
d

2

)
+ Vol(Hd)

[
ε

128π2
N(N + 2)
(N + 8) + 3ε2

128π2
N(N + 2)(3N + 14)

(N + 8)3

+ ε2N(N + 2)
(N + 8)2768π2 (−3N + 3(N + 8)(γ + log 4π)− 13))

] (3.42)
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which at large N becomes

FD = NF

(
d

2

)
+NVol(Hd)

[
ε

128π2 + ε2

256π2 (γ + log 4π − 1)
]
. (3.43)

This again agrees with the 4− ε value of the large N expansion result, see eq. (3.20).
Let us now discuss the phase of this model where O(N) symmetry is broken and which

describes the extraordinary transition in d = 4− ε dimensions. In the AdS approach, this
is simply obtained by minimizing the potential on the hyperbolic space for the action in
eq. (3.32), V (φ) = −d(d−2)

8 φIφI + λ
4 (φIφI)2. Extremizing the potential one finds12

φKφK = d(d− 2)
4λ = N + 8

4π2ε
=⇒ φa = 0, a = 1, . . . N − 1; φN =

√
d(d− 2)

4λ =

√
N + 8
4π2ε
(3.44)

where we used the value of the coupling at the fixed point λ = λ∗ = (8π2ε)/(N + 8).
The value of the one-point function above is precisely consistent with the result of the
large N expansion in eq. (3.26). We can expand around this minimum in terms of φa and
φN =

√
d(d−2)

4λ + χ

S =
∫
ddx
√
g

(1
2(∂µφI)2 − d(d− 2)

8 φIφI + λ0
4 (φIφI)2

)
= − 1

λ0

∫
ddx
√
g +

∫
ddx
√
g

(1
2(∂µφa)2 + 1

2(∂µχ)2 + d(d− 2)
4 χ2

+
√
d(d− 2)λ0

2 (χ3 + (φaφa)χ) + λ0
4
(
(φaφa)2 + χ4 + 2χ2(φaφa)

))
(3.45)

where we use λ0 to emphasize that we are using bare coupling here. So we are left with
N − 1 massless fields with boundary dimension 3 and a single massive field χ. The mass
terms of χ also tell us the dimensions of the boundary operator corresponding to χ

∆̂(∆̂− d+ 1) = d(d− 2)
4 , =⇒ ∆̂± = d− 1±

√
3d2 − 6d+ 1
2

d→4−−−→ 4,−1 (3.46)

We obviously choose the + boundary condition for χ for boundary unitarity, which gives
a dimension 4 operator at the boundary. To leading order in ε, the free energy can then
be written as

FE = (N−1)Fφa(∆̂ = 3)+Fχ(∆̂ = 4)+Sclas. = (N−1)Fφa(∆̂ = 3)+Fχ(∆̂ = 4)−Vol(Hd)
λ0

.

(3.47)
Using eq. (3.19) in 4− ε dimensions, we get

Fφa(∆̂ = 3) = F

(
d

2

)
− Vol(Hd)

8π2ε
; Fχ(∆̂ = 4) = F

(
d

2

)
− 9Vol(Hd)

8π2ε
; (3.48)

where both of these results are true up to terms that are finite as ε→ 0. These 1/ε poles
in the free energy must be cancelled by the ones present in the bare coupling coming from

12In the flat space approach, this phase corresponds to the classical solution of the equation of motion
∇2φN = λ(φN )3 given in d = 4 by φN =

√
2/λ 1

y
, see e.g. [42].
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the classical action. Recall that in this model, the coupling gets renormalized as (see for
instance, [60])

1
λ0

= µ−ε
( 1
λ
− N + 8

8π2ε
+O(λ)

)
. (3.49)

The pole in ε here clearly cancels the ones coming from one-loop determinants for χ and
φa, so that the free energy becomes

FE = NF

(
d

2

)
− Vol(Hd)

λ∗
= NF

(
d

2

)
− Vol(Hd)(N + 8)

8π2ε
(3.50)

where we finally plugged in the value of the renormalized coupling at fixed point. At large
N , this precisely matches the result of large N computation in eq. (3.30) near 4 dimensions.

3.3.2 d = 6 − ε dimensions

Near 6 dimensions, the large N O(N) model can be described by the fixed point of the
cubic O(N) scalar theory written in (1.7) in d = 6− ε dimensions. In AdS, we work with
the action

S =
∫
ddx
√
g

[1
2(∂µφI)2 − d(d− 2)

8 (φIφI + σ2) + 1
2(∂µσ)2 + g1

2 σφ
IφI + g2

6 σ
3
]
. (3.51)

At large enough N , one finds a fixed point at [47]

(g1)∗ =

√
6ε(4π)3

N
, (g2)∗ = 6(g1)∗. (3.52)

The ∆̂ = d − 4 and d − 3 phases can be described by imposing Neumann or Dirichlet
boundary conditions on N φI fields, respectively. We will only do the leading order in N

calculation here, and this is sufficient for our purposes of comparing with the large N . To
leading order, the free energy is given by

F = NFfree −
g2

1N
2

8

∫
ddxddx′

√
gx
√
gx′G(x, x)G(x′, x′)G(x, x′). (3.53)

Plugging in the correlators gives

F =NFfree−
(g2

1N
2)Vol(Hd)Γ(d2−1)2

22d+1πd(d−2)

∫ 1

0
du

ud−1

(1−u2)d (1−u2)
d+δ

2 −1(u2−d−δ±1) (3.54)

where we already introduced the regulator δ as before, since this integral also diverges in
Neumann case. By ± above, we really mean Neumann or Dirichlet boundary condition
on the σ correlator, since φI only contributes through one-point function at this order.
We should not be able to tell which boundary condition we are using for σ just from the
leading large N calculation, and indeed both the signs give the same answer. In the case
of Neumann condition on φ, we get

FN = NF

(
d

2 − 1
)

+ g2
1N

2Vol(Hd)
6(2)15π6 = NF

(
d

2 − 1
)

+ εNVol(H6)
512π3 (3.55)
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while in the Dirichlet case

FD = NF

(
d

2

)
+ g2

1N
2Vol(Hd)

6(2)15π6 = NF

(
d

2

)
+ εNVol(H6)

512π3 (3.56)

This agrees with what we found in eq. (3.21).
There is another phase of this model that preserves O(N) symmetry, and which turns

out to be counterpart of the large N phase with ∆̂ = d − 2 (i.e., this is the smooth
continuation of the “ordinary” transition above d = 4). It corresponds to the following
extremum of the potential in AdS where the field σ gets a one-point function13

σ = d(d− 2)
2g2

; φI = 0. (3.57)

We can expand the action around this solution as

S =
∫
ddx
√
g

(1
2(∂µφI)2 + 1

2(∂µσ)2 − d(d− 2)
8 (σ2 + φIφI) + g1

2 σφ
IφI + g2

6 σ
3
)

S = −d
3(d− 2)3

96 (g2,0)2

∫
ddx
√
g +

∫
ddx
√
g

(
1
2(∂µφI)2 + 1

2(∂µδσ)2 + d(d− 2)
8 (δσ)2

−
(

1− 2g1,0
g2,0

)
d(d− 2)

8 φIφI + g1,0
2 δσφIφI + g2,0

6 (δσ)3
)
.

(3.58)

where δσ is the fluctuation of σ, and we emphasize that the coupling constants are bare.
Given the mass of the fluctuations, we can read off the boundary dimensions

∆̂σ(∆̂σ − d+ 1) = d(d− 2)
4 , =⇒ ∆̂σ

± = 6,−1;

∆̂φI (∆̂φI − d+ 1) = −d(d− 2)
4

(
1− 2g1,0

g2,0

)
, =⇒ ∆̂φI

± = 4, 1
(3.59)

We obviously choose the ∆̂+ boundary condition for both σ and φI . The dimension for φI

is indeed consistent with the phase of the large N theory with leading boundary dimension
being d−2. The σ dimension is consistent with the fact that for this phase, as we will review
in section 4 below, the leading boundary operator induced by σ has dimension ∆̂ = d.

The free energy at leading order in ε then becomes

FO = NFφI (∆̂ = 4) + Fδσ(∆̂ = 6) + Sclas. = NFφI (∆̂ = 4) + Fδσ(∆̂ = 6)− 144 Vol(Hd)
(g2,0)2 .

(3.60)
At large N , we only need to take care of the N φI fields, and using eq. (3.19)

FφI (∆̂ = 4) = F

(
d

2

)
− Vol(Hd)

96π3ε
(3.61)

13In d= 6 flat space with flat boundary, this corresponds to the solution of ∇2σ= g2
2 σ

2 given by σ= 12
g2y2 .
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This 1/ε pole gets cancelled when we plug in the bare coupling in terms of the renormalized
coupling [50]

g1,0 = µ
ε
2

(
g1 + Ng3

1 + g1g
2
2 − 8g3

1 − 12g2
1g2

12(4π)3ε
+ . . .

)

g2,0 = µ
ε
2

(
g2 + Ng2

1g2 − 3g3
2 − 4Ng3

1
4(4π)3ε

+ . . .

)
.

(3.62)

The free energy then becomes a finite function of the renormalized coupling, and plugging
in the fixed point value we find

FO = NF

(
d

2

)
− 144 Vol(Hd)

(g2)2
∗

= NF

(
d

2

)
− NVol(Hd)

96π3ε
(3.63)

This agrees with the large N result in eq. (3.21).
As discussed above, there is also a (non-unitary) O(N) symmetry breaking vacuum of

the cubic theory in eq. (3.51) which describes the extraordinary transition in d = 6− ε. It
corresponds to an extremum of the potential in AdS at the following complex values

σ = d(d− 2)
4g1

; φN = ±d(d− 2)
√

2g1 − g2

4g3/2
1

= ±12i
√

N

6ε(4π)3 ; φa = 0, a = 1, . . . , N − 1.

(3.64)
The one-point function of φN agrees with the large N result above (3.26), and its being
complex indicates that the theory is non-unitary. We can expand around this classical
solution in terms of fluctuations

S= 36(g2,0−3g1,0)
g3

1,0

∫
ddx
√
g+
∫
ddx
√
g

(
1
2(∂µφa)2+ 1

2(∂µδσ)2+ 1
2(∂µχ)2−

(
1− g2,0

g1,0

)
d(d−2)

8 (δσ)2+
d(d−2)

√
2g1,0−g2,0

4√g1,0
δσχ+ g1,0

2 δσ(φaφa+χ2)+ g2,0
6 (δσ)3

)
.

(3.65)

where δσ, χ and φa are fluctuations of σ, φN and the N − 1 transverse fields respectively.
The transverse fields are massless Goldstone bosons and the leading boundary operator in
their boundary operator expansion has dimensions 5. So the free energy is

FE = (N − 1)Fφa(∆̂ = 5) + Fδσ + Fχ + 36(g2,0 − 3g1,0)Vol(Hd)
g3

1,0
. (3.66)

At large N , we only really need to take into account the contribution of N − 1 massless
fields, and using eq. (3.19) in d = 6− ε, we get

Fφa(∆̂ = 5) = F

(
d

2

)
+ 9Vol(Hd)

32π3ε
+ . . . (3.67)

up to terms that are finite as ε → 0. This 1/ε pole is cancelled by the one coming from
classical action when we plug in the bare coupling in terms of renormalized coupling, thus
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rendering the free energy finite in terms of renormalized coupling. We can then plug in the
fixed point value of the coupling to get at large N

FE = NF

(
d

2

)
+ 36((g2)∗ − 3(g1)∗)Vol(Hd)

g3
1,0

= NF

(
d

2

)
+ 9NVol(Hd)

32π3ε
. (3.68)

This again agrees with the result we found using a large N expansion (3.30).

3.3.3 d = 2 + ε dimensions

A similar analysis can be done for the non-linear sigma model in 2+ε dimensions. Mapping
the flat space action (1.6) to AdS, we have

S =
∫
ddx
√
g

(1
2∂µφ

I∂µφI − d(d− 2)
8 φIφI + σ

(
φIφI − 1

t2

))
. (3.69)

For the free energy calculation in this section, we will restrict to the simpler case of Dirichlet
boundary conditions, which we expect to be related to the extraordinary transition. We
can solve the constraint explicitly in terms of the following unconstrained variables

φa = ψa, a = 1, . . . , N − 1; φN = 1
t

√
1− t2ψaψa , (3.70)

and the ψa are quantized with Dirichlet boundary conditions. Recall that in d = 2+ ε, this
model has a fixed point at t2 = (t∗)2 = (2πε)/(N − 2) [72]. Using this fixed point value,
we find the one-point function of φN to leading order in ε

φN = 1
t∗

=

√
N − 2

2πε , (3.71)

which is seen to match the large N expansion result for the extraordinary transition, given
in (3.26). Using the parametrization (3.70) we can write down the action in terms of the
unconstrained variables

S =
∫
ddx
√
g

(
1
2∂µψ

a∂µψa − d(d− 2)
8t20

+ t20
2 (ψa∂µψa)2 + . . .

)
(3.72)

where we omitted additional terms of higher order in t. So we are left with N − 1 massless
fields ψa, and the extraordinary transition corresponds to choosing ∆̂+ = d− 1 boundary
condition for these fields in AdS. We will check this further by computing the anomalous
dimensions of these transverse fields in eq. (4.30) and comparing it to the large N result
for the extraordinary transition. To leading order, the free energy will be just the classical
action plus the fluctuations of N − 1 massless scalars

FE = (N − 1)F (∆̂ = d− 1)− εVol(Hd)
4t20

(3.73)

The bare coupling in this case is (see for instance [73])

t0 = µ−
ε
2

(
t+ t3(N − 1)

4πε + . . .

)
(3.74)
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and using eq. (3.19) in d = 2 + ε gives

F (∆̂ = d− 1) = F

(
d

2

)
− Vol(Hd)

8π + . . . (3.75)

up to terms that vanish as ε→ 0. Combining these results and using the fixed point value
t2∗ = 2πε

N−2 , we get a precise match with the large N result in eq. (3.30)

FE = (N − 1)F
(
d

2

)
− (N − 2)Vol(Hd)

8π . (3.76)

4 Bulk correlators and extracting BCFT data

In this section, we study in more detail the BCFT data of the models discussed in this
paper. We start with the discussion of the bulk two-point functions of both φ and σ at
large N . We then move on to the Wilson-Fisher model in d = 4 − ε dimensions, where
we compute the bulk two-point function of the fundamental field φ, to second order in ε,
for both Neumann and Dirichlet boundary conditions on the fundamental field. This can
be used to calculate the anomalous dimensions and OPE coefficients of various boundary
operators appearing in boundary operator expansion of φ. Instead of directly computing
loop diagrams, we make essential use of the fact that φ satisfies an equation of motion in the
bulk. We use similar ideas and the BCFT crossing equation to compute 1/N corrections
to some of the BCFT data in the large N description. We find that at order 1/N , for the
ordinary transition, the boundary operator expansion of φ contains a tower of operators
with dimensions 2d− 2 + 2k. From the boundary point of view, these can be schematically
written as φ̂(~∂2)kσ̂ with φ̂ and σ̂ being the leading boundary operators induced by φ and
σ. We find the boundary operator expansion coefficients for this tower, and use this result
to “bootstrap” the 1/N correction to the scaling dimension of φ̂. For the special transition,
we find that two such towers appear, with dimensions d−1 + 2p and 2d−3 + 2q. This is in
accordance with the fact that, as we will see, for special transtion, σ induces two boundary
operators with dimensions 2 and d.

We also give a formula for the anomalous dimensions of higher-spin displacement op-
erators which are induced on the boundary by higher-spin currents in the bulk. We will
find the anomalous dimensions by using the fact that the current conservation is weakly
broken in the bulk, similarly to the analysis in [74, 75]. Lastly, we calculate the bound-
ary four-point function in the Wilson-Fisher model and in the non-linear sigma model,
which in AdS language is given by a relatively simple contact Witten diagram. We extract
the anomalous dimensions of boundary operators from these four-point functions using
techniques familiar from AdS/CFT literature.

4.1 Bulk two-point functions

Let us start by analyzing the ordinary (∆̂ = d−2+O(1/N)) and special (∆̂ = d−3+O(1/N))
transition in a little more detail. Knowing the dimension of the boundary operator, we can
immediately get the two point function of the bulk fundamental field φ to leading order in
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large N . For ordinary transition (O), it is

〈φIφJ〉 = δIJGφ(ξ) = δIJG∆̂=d−2
bb =

Γ
(
d
2 − 1

)
(4π)

d
2

1
(ξ(1 + ξ))

d
2−1

(4.1)

while for special transition(S), we have

〈φIφJ〉 = δIJGφ(ξ) = δIJG∆̂=d−3
bb (ξ) =

Γ
(
d
2 − 1

)
(4π)

d
2

1 + 2ξ
(ξ(1 + ξ))

d
2−1

(4.2)

In the boundary channel, clearly there is only a single operator in both cases (this is
because, as mentioned above, the bulk-to-bulk propagator in AdS is proportional to a
single boundary conformal block). In the bulk channel, there is a tower of operators with
dimensions 2n+ 2 with the following OPE coefficients

(λ)On = −
(−1)nΓ

(
d
2

)
2F1

(
−n− 1,−n; 1

2(d− 4n− 2); 1
)

Γ(n+ 2)Γ
(
d
2 − n− 1

)
(λ)Sn =

(d2 − 4d(n+ 2) + 8(1 + n)2 + 4)Γ(1− d
2 + n)Γ(2− d

2 + n)2

4Γ(2− d
2)2Γ(n+ 2)Γ(2− d

2 + 2n)
.

(4.3)

We show how to derive these formulae in the appendix A.
To do a large N perturbation theory, we still need the σ propagator. To calculate that,

we decompose σ = σ∗ + δσ(x) into a constant background and fluctuations around it. We
can plug this into eq. (3.6) and read off the quadratic piece of the effective action for σ

S2 =−N4

∫
ddxddy

√
gx
√
gyδσ(x)B(x,y)δσ(y), B(x,y) =

[
1

−∇2+σ∗− d(d−2)
4

]2

. (4.4)

This tells us that the connected propagator of σ must satisfy∫
ddx
√
gx (Gφ(ξx1,x))2G0

σ(ξx,x2) = − 2
N

δd(x1 − x2)
√
gx1

. (4.5)

So we need to invert the square of the φ propagator in order to get the σ propagator. The
general method to invert functions on half-space was described in [39]. The procedure can
be straightforwardly adapted to AdS and we show how to do that in appendix B. Here we
just report the results. The full two point function of σ takes the form

〈σ(x)σ(x′)〉 = (σ∗)2 +Gσ(ξ). (4.6)

For ordinary transition with σ∗ = (d−2)(d−4)
4 , we get

Gσ(ξ) = B
Γ(d)Γ(d− 2)

Γ(2d− 4) ξ−d 2F1

(
d− 2, d; 2d− 4;−1

ξ

)
(4.7)

where
B = (4− d)Γ(d− 2)

NΓ(2− d
2)Γ(d2 − 1)3 . (4.8)
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In the limit when we push one of the points to the boundary, y′ → 0, the leading term is

Gσ(ξ) = B
Γ(d)Γ(d− 2)

Γ(2d− 4)

( 4yy′

(~x− ~x′)2 + y2

)d
. (4.9)

This tells us that the dimension of leading boundary operator induced by σ is ∆̂ = d, and
we identify it as the being proportional to the displacement operator (more comments on
the displacement operators are collected in appendix C). For the special transition with
σ∗ = (d−4)(d−6)

4 , we get the more complicated expression

Gσ(ξ) =B

[
1
3

(6−d)Γ(d)Γ(d−2)
(d−2)Γ(2d−5)

ξ+ 1
2

(ξ(ξ+1))
d+1

2
3F2

(
d

2 + 1
2 ,
d

2−
3
2 ,

3
2;d− 5

2 ,
5
2;− 1

4ξ(1+ξ)

)

+
πΓ(d2−1)2

Γ(d−3)Γ(d2−
3
2)Γ(7

2−
d
2)

8
(1+2ξ)2 2F1

(3
2 ,1; 7

2−
d

2 ; 1
(1+2ξ)2

)]
. (4.10)

Again, if we push one of the points to the boundary, y′ → 0, the leading terms are

Gσ(ξ) = B

[
1
3

(6− d)Γ(d)Γ(d− 2)
(d− 2)Γ(2d− 5)

( 4yy′

(~x− ~x′)2 + y2

)d

+
8πΓ(d2 − 1)2

Γ(d− 3)Γ(d2 −
3
2)Γ(7

2 −
d
2)

( 4yy′

(~x− ~x′)2 + y2

)2]
.

(4.11)

So there are two operators of dimensions d and 2 induced by σ on the boundary. The
dimension d operator is proportional to the displacement. The dimension 2 operator is the
boundary mass operator which drives the transition from special to ordinary transition.

Let us now turn to the extraordinary transition, where the O(N) symmetry is broken to
O(N −1) and both σ and φN acquire one-point functions. The correlator of the transverse
N − 1 fields to leading order at large N is easily obtained by simply plugging into the
bulk-to-bulk propagator the boundary dimension ∆̂ = d− 1

〈φa(x1)φb(x2)〉 = δabGT (ξ); GT (ξ) =
Γ
(
d
2

)
(4π)

d
2 (d− 1)

ξ−d+1
2F1

(
d− 1, d2 ; d;−1

ξ

)
(4.12)

To compute the correlators for the fields φN and σ, we can expand them around their
background values, φN = φN∗ +χ and σ = σ∗+ δσ and then the action up to the quadratic
terms for the fluctuations becomes

S2 =
∫
ddx
√
g

(1
2(∂χ)2 + φN∗ χδσ

)
− N − 1

4

∫
ddxddy

√
gx
√
gyδσ(x)B(x, y)δσ(y)

B(x, y) =
[

1
−∇2 + σ∗ − d(d−2)

4

]2

= 1
(∇2)2 (4.13)

where we already used the large N values of σ∗ and φN∗ . To get the σ correlator Gσ, we
integrate out χ exactly, which gives the effective quadratic term for σ, and tells us that the
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correlator must satisfy∫
ddx
√
gx Π(ξx1,x)Gσ(ξxx2) = δd(x1 − x2)

√
gx1

Π(ξx1,x) = −N − 1
2 (GT (ξ))2 + (φN∗ )2GT (ξ)

(4.14)

Then, following [70], to invert Π(ξ), it is convenient to first apply the differential operator
corresponding to the massless equation of motion to it, which annihilates one of the terms
and simplifies the other term in Π(ξ)

1
√
g
∂µ(√ggµν∂ν)Π(ξx1,x) =

(
ξ(ξ + 1)∂2

ξ + d

(
ξ + 1

2

)
∂ξ

)
Π(ξx1,x)

= −
(N − 1)Γ

(
d
2

)2

(4π)d (ξ(ξ + 1))d−1 = Π̃(ξx1,x).
(4.15)

When we apply this to the equation of motion of σ in eq. (4.14), we find∫
ddx y−d Π̃(ξx1,x)Gσ(ξxx2) = yd+2

1

(
~∇2
x1 + ∂2

∂y2
1

+ d+ 2
y1

∂

∂y1
+ d

y2
1

)
δd(x1 − x2) (4.16)

Now that we have a sufficiently simpler function to invert, we turn to the method reviewed
in appendix B, being careful about the modifications wherever necessary because of the
differential operator present on the right hand side. Integrating the above equation over
the boundary coordinates x1, we get

∫ ∞
0

dy

y
π̃(ρy1,y)gσ(ρyy2) = y

d+5
2

1 y
1−d

2
2

4d−1

(
∂2

∂y2
1

+ d+ 2
y1

∂

∂y1
+ d

y2
1

)
δ(y1 − y2)

= y3
1

4d−1

(
∂2

∂y2
1

+ 3
y1

∂

∂y1
+ (−d2 + 2d+ 3)

4y2
1

)
δ(y1 − y2)

(4.17)

Then making a change of variables to y = e2θ and doing a Fourier transform gives∫ ∞
−∞

dθ π̃(sinh2(θ1 − θ))gσ(sinh2(θ − θ2)) = 1
4d+1

(
∂2

∂θ2
1
− (d− 1)2

)
δ(θ1 − θ2)

=⇒ ˆ̃π(k)ĝσ(k) = −k
2 − (d− 1)2

4d+1

(4.18)

Then, following the appendix B, the transform ˆ̃π(k) corresponding to Π̃(ξ) in eq. (4.15)
can be worked out, and it gives

ˆ̃π(k) = −
(N − 1)π

3−d
2 csc

(
πd
2

)
4d Γ

(
d−1

2

) Γ
(

3d−3−ik
4

)
Γ
(

3d−3+ik
4

)
Γ
(
d+1−ik

4

)
Γ
(
d+1+ik

4

)
ĝσ(k) =

4π
d−3

2 sin
(
πd
2

)
Γ
(
d−1

2

)
(N − 1)

 Γ
(
d+5−ik

4

)
Γ
(
d+5+ik

4

)
Γ
(

3d−3−ik
4

)
Γ
(

3d−3+ik
4

) − d

4
Γ
(
d+1−ik

4

)
Γ
(
d+1+ik

4

)
Γ
(

3d−3−ik
4

)
Γ
(

3d−3+ik
4

)
 .

(4.19)
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This yields

Gσ(ξ) =
2−d−1 sin

(
πd
2

)
Γ
(
d−1

2

)
Γ(d+ 2)

π(N − 1)Γ
(
d
2 − 2

)
Γ
(
d+ 1

2

) [ 1
ξd+2 2F1

(
d+ 2, d; 2d;−1

ξ

)

− 4(2d− 1)
(d+ 1)(d− 4)

1
ξd

2F1

(
d, d− 1; 2d− 2;−1

ξ

)]
.

(4.20)

This is the result for σ correlator. We will not try to compute the correlator of χ here. This
σ correlator immediately shows that the leading operator induced by σ on the boundary
has dimensions d, which we identify to be proportional to the displacement operator. There
are no relevant operators at the boundary, consistently with the fact that this phase has
the lowest free energy in 2 < d < 4.

Let us also report the results for extraordinary transition in d = 4− ε for comparison.
Near d = 4, the dimension d displacement operator can be seen in the boundary operator
expansion of the fluctuation χ. From our discussion below eq. (3.45), it is clear that
the two-point functions of the fields φa and χ are just the bulk-to-bulk propagators with
dimensions 3 and 4 respectively

〈φa(x1)φb(x2)〉 = δab

16π2

(1
ξ

+ 1
ξ + 1 + 2 log ξ

1 + ξ

)
〈χ(x1)χ(x2)〉 = 1

16π2

(1
ξ
− 1
ξ + 1 + 12 + 6(1 + 2ξ) log ξ

1 + ξ

)
.

(4.21)

To identify the contribution of the boundary operators, we can take one of the points to
the boundary which corresponds to taking ξ →∞

〈χ(x1)χ(x2)〉 = 1
160π2

1
ξ4 +O

( 1
ξ5

)
; 〈φa(x1)φb(x2)〉 = δab

48π2
1
ξ3 +O

( 1
ξ4

)
. (4.22)

In this setting, the order ε corrections to these two-point functions require computing loop
diagrams in AdS. We do not do that here. But in a flat space setting, these corrections
were recently reported in [76, 77].

4.2 Using bulk equations of motion

To warm-up, we will first apply the equation of motion on the bulk-boundary two-point
function, and then on the more complicated case of bulk two-point functions.

Let us start with the case of the Wilson-Fisher fixed points in d = 4 − ε, focusing on
the O(N) invariant phases corresponding to perturbing Neumann and Dirichlet boundary
conditions. Consider the bulk-boundary two point function of the operators φI and φ̂I ,
which is fixed by the conformal symmetry to take the following form in flat half-space

〈φI(x1)φ̂J(x2)〉 =
Bφφ̂δ

IJ

(2y1)∆φ−∆̂φ(x2
12 + y2

1)∆̂φ

. (4.23)
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Applying the Laplacian operator on the bulk point x1 gives

∇2〈φI(x1)φ̂J(x2)〉=
Bφφ̂δ

IJ

(2y1)∆φ−∆̂φ(x2
12+y2

1)∆̂φ+1

(
∆̂φ(3−2d+∆̂φ)+∆φ(1+2∆̂φ+∆φ)

+(∆̂φ−∆φ)(∆̂φ−∆φ−1)x
2
12
y2

1

)
. (4.24)

In the free theory, we have ∇2φI(x1) = 0 and setting the right hand side above to 0 gives
two possibilities: 1) ∆̂φ = ∆φ = d/2 − 1 corresponding to Neumann boundary condition
and, 2) ∆̂φ = ∆φ = d/2 corresponding to Dirichlet boundary condition. In the interacting
theory with λ(φIφI)2/4 interaction, ∇2φI(x1) = λφIφKφK(x1). Plugging this into the
above equation gives

λ〈φIφKφK(x1)φ̂J(x2)〉
〈φI(x1)φ̂J(x2)〉

= ∆̂φ(3− 2d+ ∆̂φ) + ∆φ(1 + 2∆̂φ + ∆φ)
x2

12 + y2
1

+ (∆̂φ −∆φ)(∆̂φ −∆φ − 1) x2
12

y2
1(x2

12 + y2
1)

(4.25)

This equation is exact at the fixed point where the coupling becomes λ∗ = 8π2

N+8ε. So we
can compute the correlators on the left hand side in the free theory in four dimension, and
the factor of λ in front will ensure that the BCFT data on the right is correct to order ε.
Recall the free theory correlators

〈φIφKφK(x1)φ̂J(x2)〉N/D = (N + 2)
A
N/D
φ2

(2y1)∆φ2
〈φI(x1)φ̂J(x2)〉, ∆φ2 = 2, A

N/D
φ2 = ± 1

4π2 .

(4.26)
Using the fact that at order ε, the bulk dimension ∆φ = d/2− 1 does not get corrected (it
is well-known that the anomalous dimension of φ at the Wilson-Fisher fixed point starts
at order ε2), the above equation gives us

∆̂N
φ = d

2 − 1 + γ̂Nφ , ∆̂D
φ = d

2 + γ̂Dφ , γ̂Nφ = γ̂Dφ = − ε2
N + 2
N + 8 . (4.27)

This agrees with the results in [39]. Notice that our approach using the equation of motion
did not require us to do any loop calculations or regularization.

We can also do a similar analysis in the non-linear sigma model in d = 2+ε. The equa-
tion of motion for N−1 unconstrained fields in that case is ∇2ϕa(x1) = −t2ϕa∂µϕb∂µϕb(x1)
+O(g4). This then gives us

− t
2〈ϕa(∂µϕb)2(x1)ϕ̂c(x2)〉
〈ϕa(x1)ϕ̂c(x2)〉 = ∆̂φ(3− 2d+ ∆̂φ) + ∆φ(1 + 2∆̂φ + ∆φ)

x2
12 + y2

1

+ (∆̂φ −∆φ)(∆̂φ −∆φ − 1) x2
12

y2
1(x2

12 + y2
1)

.

(4.28)

The relevant correlation function can again be computed in the free theory to be

〈ϕa(∂µϕb)2(x1)ϕ̂c(x2)〉 = ±〈ϕ
a(x1)ϕ̂c(x2)〉
Sd(2y1)d

(
2(N − 1)(d− 1) + 4∆φ + 4∆̂φ

y2
1 − x2

12
y2

1 + x2
12

)
.

(4.29)
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Using the bulk results to order ε, ∆φ = d
2 − 1 + ε

2(N−2) and t2∗ = 2πε
N−2 , we get

∆̂N
φ = d

2 − 1 + N

2(N − 2)ε+O(ε2) = ε
N − 1
N − 2 +O(ε2),

∆̂D
φ = d

2 + ε

2 +O(ε2) = 1 + ε+O(ε2)
(4.30)

The Neumann case agrees with what was found in [69] and is consistent with the large
N result for the ordinary transition found in section 3.1, i.e. ∆̂ = d − 2 + O(1/N). The
Dirichlet case is consistent with the large N result for extraordinary transition found in
section 3.2, i.e. ∆̂ = d− 1.

It is possible to extend this idea of applying the equation of motion to the bulk two-
point function. This method can be applied to either the AdS or flat half-space approach,
but it is slightly more convenient to work in AdS, since then the two-point function is
simply a function of the single cross-ratio ξ

〈φI(x1)φJ(x2)〉 = δIJGφ(ξ). (4.31)

Hence, the free equation of motion (∇2−m2)φI = 0 when applied to the two point function
just gives(
∇2 + d(d−2)

4

)
Gφ(ξ) =

(
ξ(ξ+1)∂2

ξ +d

(
ξ+ 1

2

)
∂ξ+ d(d−2)

4

)
Gφ(ξ) =D(2)Gφ(ξ) = 0

(4.32)
This differential equation has two solutions, which of course correspond to the Neumann
or Dirichlet boundary conditions in the free theory14

Gφ(ξ) = b1

(
1

(ξ)
d
2−1

+ 1
(ξ + 1)

d
2−1

)
+ b2

(
1

(ξ)
d
2−1
− 1

(ξ + 1)
d
2−1

)
. (4.33)

One of the constants above can be fixed by the normalization of the field φ and the other
one can be fixed by demanding that the boundary spectrum contains a single operator of
dimension d/2− 1 or d/2 for Neumann or Dirichlet boundary conditions respectively. The
canonical normalization corresponds to b1 = Γ

(
d
2

)
/
(
2d−1(d− 2)π

d
2
)
, b2 = 0 for Neumann

boundary condition and vice versa for Dirichlet boundary condition. However, in the rest
of this subsection, we will find it convenient to work in a normalization in which b1 = 1 for
Neumann and b2 = 1 for Dirichlet boundary conditions.

In the interacting theory in d = 4− ε dimensions, the equation of motion gets modified
to (∇2−m2)φI(x) = λφIφKφK(x), which tells us that the two-point function must satisfy

D(2)G
N/D
φ (ξ) = λ∗(N + 2)AN/Dφ2 G

N/D
φ (ξ) +O(λ2

∗) (4.34)

and in this normalization, λ∗ = ε/(2(N + 8)), and A
N/D
φ2 = ±1. We can also apply the

equation of motion operator on the other φ in the two-point function, which gives the
14To be precise, the differential equation for the two-point function must have a delta function on the

right, which is indeed reproduced by the solution we mention.
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following fourth order differential equation to O(λ2)[
ξ(1+ξ)

(
ξ(1+ξ)∂4

ξ +(d+2)(1+2ξ)∂3
ξ

)
+ (d(d+2)+(8+6d(d+2))ξ(1+ξ))

4 ∂2
ξ

+ d3(1+2ξ)
4 ∂ξ+ d2(d−2)2

16

]
Gφ(ξ) =D(4)Gφ(ξ) = λ2

∗(N+2)
[
(AN/Dφ2 )2(N+2)Gφ+2G3

φ

]
.

(4.35)

These differential equations can be used to extract some of the BCFT data. To see how to
do that, let us recall that the two point function can be expanded into boundary conformal
blocks as

Gφ(ξ) =
∑
l

µ2
l fbdry(∆̂l; ξ). (4.36)

It is easy to see that applying the quadratic and quartic differential operator on the blocks
returns the block itself with a coefficient

D(2)fbdry(∆̂l; ξ) = (d− 2∆̂l)(d− 2− 2∆̂l)
4 fbdry(∆̂l; ξ),

D(4)fbdry(∆̂l; ξ) = (d− 2∆̂l)2(d− 2− 2∆̂l)2

16 fbdry(∆̂l; ξ).
(4.37)

Plugging this decomposition in to eq. (4.34) gives us again the anomalous dimension of the
leading boundary operator γ̂N/Dφ , eq. (4.27), which we already found above. At next order,
plugging this decomposition in to eq. (4.35) gives us a relation for the boundary operator
expansion coefficients for blocks other than the leading block. In Neumann case, it gives

∑
l

(d− 2∆̂l)2(d− 2− 2∆̂l)2

16 (µNl )2fbdry(∆̂l; ξ) = (N + 2)ε2

2(N + 8)2
(1 + 2ξ)3

ξ3(1 + ξ)3 (4.38)

where the sum does not include the leading operator of dimension d/2 − 1 = 1 + O(ε).
This equation tells us that the first subleading operator has dimension 3 and appears with
a boundary operator expansion coefficient (µN3 )2 = N+2

(N+8)2 ε
2. In the Dirichlet case, we get

the following equation instead

∑
l

(d− 2∆̂l)2(d− 2− 2∆̂l)2

16 (µDl )2fbdry(∆̂l; ξ) = (N + 2)ε2

2(N + 8)2
1

ξ3(1 + ξ)3 . (4.39)

Again, the sum does not run over the leading operator of dimension d/2 = 2 +O(ε). This
tells us that the first subleading operator has dimension 6 in this case and appears with
a coefficient (µD6 )2 = N+2

800(N+8)2 ε
2. We can go on and recursively find all other boundary

operator expansion coefficients to order ε2. These results agree with what was found in [44].
In fact, in this case, we can do better and fix the full two-point function by solving the

differential equations explicitly. Let us start with the second order equation in eq. (4.34).
We work perturbatively in ε and write the two point function and the differential operator as

G
N/D
φ (ξ) = G

N/D
0 (ξ) + εG

N/D
1 (ξ) + ε2G

N/D
2 (ξ) +O(ε3)

D(2) = D
(2)
0 + εD

(2)
1 +O(ε2).

(4.40)
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G
N/D
0 (ξ) is just the solution of the homogeneous differential equation and is given by the

free theory two-point function found above in eq. (4.33). At next order, GN/D1 (ξ) must
satisfy the differential equation (4.34) to order ε

D
(2)
0 G

N/D
1 (ξ) = ± (N + 2)

2(N + 8)G
N/D
0 (ξ)−D(2)

1 G
N/D
0 (ξ). (4.41)

Plugging in the free solution, this can be solved to give

G
N/D
1 (ξ) = c1

ξ
+ c2

1 + ξ
+ log ξ

2ξ ±
log(1 + ξ)
2(1 + ξ) + N + 2

2(N + 8)

( log(1 + ξ)
ξ

± log ξ
1 + ξ

)
. (4.42)

We work in the normalization such that in the bulk OPE limit, ξ → 0, the leading term in
the two-point function goes like 1/ξ∆φ which fixes c1 = 0. As we just saw, to order ε, we
still just have a single boundary block of dimension d/2−1 + γ̂Nφ or d/2 + γ̂Dφ . Consistency
with this requires setting c2 = 0 for both Neumann and Dirichlet cases. This solution
agrees with what was found using a one-loop calculation in [38, 39]. For the fourth or-
der equation in eq. (4.35), we can again expand D(4) = D

(4)
0 + εD

(4)
1 + ε2D

(4)
2 and get a

differential equation for the second order correction to the two-point function

D
(4)
0 G

N/D
2 = (N+2)

4(N+8)2

[
(N+2)GN/D0 (ξ)+2(GN/D0 )3

]
−D(4)

1 G
N/D
1 −D(4)

2 G
N/D
0 . (4.43)

This can again be solved to give

G
N/D
2 (ξ) = d1

ξ
+ d2

1+ξ+d3
logξ
1+ξ+d4

log(1+ξ)
ξ

− N+2
4(N+8)2

( logξ
ξ
± log(1+ξ)

1+ξ

)
+ log2(ξ)

8ξ ± log2(1+ξ)
8(1+ξ)

+ (N+2)2

8(N+8)2

( log2(1+ξ)
ξ

± log2(ξ)
1+ξ

)
+ N+2

4(N+8)

(1
ξ
± 1

1+ξ

)
log(ξ) log(1+ξ).

(4.44)

Fixing the normalization yields d1 = 0, and consistency with the expansion in the bound-
ary channel spectrum that we just found above fixes d2 = 0 and d

N/D
4 = ±dN/D3 . The

last constant left can be fixed by the bulk OPE behaviour. We know that as ξ → 0, the
correlator must go like

Gφ(ξ) = ξ−∆φ+λφ2ξ
1
2 (∆φ2−2∆φ)+higher orders in ξ

= ξ−∆φ+λ(0)
φ2 +ε

λ(1)
φ2 +

γ(1)
φ2

2 −γ
(1)
φ

λ(0)
φ2 logξ

+

ε2

λ(2)
φ2 +

λ(0)
φ2

γ(2)
φ2

2 −γ
(2)
φ

+λ(1)
φ2

γ(1)
φ2

2 −γ
(1)
φ

 logξ+λ(0)
φ2

γ(1)
φ2

2 −γ
(1)
φ

2
log2(ξ)

2


(4.45)

where γ(2)
φ2 is the second order correction to the anomalous dimension of bulk operator φ2

and similarly for all the other notation. Comparing to the correlator we found above at
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order ε tells us λ(1)
φ2 = (N + 2)/(2(N + 8)). Then comparing the log ξ terms at order ε2 and

small ξ gives us the following relation

λ
(0)
φ2

γ(2)
φ2

2 − γ(2)
φ

+ λ
(1)
φ2

γ(1)
φ2

2 − γ(1)
φ

 = d3 + N + 2
4(N + 8) . (4.46)

Using the following bulk data (see for instance [71])

γ
(2)
φ2 = (N + 2)(13N + 44)

2(N + 8)3 , γ
(2)
φ = N + 2

4(N + 8)2 , γ
(1)
φ2 = (N + 2)

(N + 8) , γ
(1)
φ = 0, λ

(0)
φ2 = ±1

(4.47)
fixes the coefficient

dN3 = 3(N + 2)(N − 2)
2(N + 8)3 , dD3 = −3(N + 2)(3N + 14)

2(N + 8)3 . (4.48)

This determines the two-point function completely to order ε2 and agrees exactly with
what was found in [44] using analytic bootstrap methods.

To do a similar analysis in the large N theory, we first decompose the field σ into its
constant one-point function and fluctuation, σ = σ∗ + δσ. The fluctuation δσ then only
has connected correlators and the equation of motion is (∇2 −m2 − σ∗)φI(x) = δσφI(x)
which to leading order in large N gives

(D(2) − σ∗)GN/Dφ (ξ) = 0. (4.49)

This is the equation of motion of a massive particle and its solution must be the usual
bulk-to-bulk propagator, as we have already seen in the previous section. As we expect,
expanding this into boundary conformal blocks just tells us that the only allowed blocks
at leading order in large N are the ones whose dimensions satisfy the AdS/CFT relation
which we used several times above

(d− 2∆̂)(d− 2− 2∆̂)
4 = σ∗, =⇒ ∆̂ = d− 1

2 ±
√
σ∗ + 1

4 . (4.50)

If we apply the equation of motion operator on the other φ, we obtain the following quartic
differential equation to order 1/N(

D(4) − 2σ∗D(2) + (σ∗)2
)
Gφ(ξ) = Gφ(ξ)Gσ(ξ) (4.51)

where Gσ(ξ) is the correlator of δσ found in subsection 3.1 and it appears at order 1/N
in large N perturbation theory. We can then plug in the boundary channel conformal
block decomposition for the correlator (eq. (4.36)) into this differential equation. It is
easy to see that the leading boundary operator, the one that satisfies eq. (4.50), only starts
contributing at order 1/N2 on the left hand side. So at order 1/N , we only have subleading
operators contributing, which yield

∑
l

((d− 2∆̂l)(d− 2− 2∆̂l)
4 − σ∗

)2
(µl)2fbdry(∆̂l; ξ) = Gφ(ξ)Gσ(ξ) (4.52)
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where the sum runs over all operators other than the leading ones of dimensions d − 2 or
d−3 for ordinary or special transition respectively. For ordinary transition, plugging in the
correlators on the right hand side and comparing powers of 1/ξ tells us that the operators
appearing must have dimensions 2d− 2 + 2k with coefficients

(µOk )2 =
2−d−4k+2 sin

(
πd
2

)
Γ
(
d−1

2

)
Γ
(

3(d−1)
2 +k

)
Γ
(
d
2 +k

)
Γ(d+2k)

Nπd(d+2k)(2d+2k−3)Γ
(
d
2−2

)
Γ
(
d
2

)
Γ(k+1)Γ

(
d+k− 1

2

)
Γ
(

3(d−1)
2 +2k

) .
(4.53)

Near four dimensions, this agrees with the large N limit of what was found using ε expansion
in [44].

Given these OPE coefficients, we can write down the bulk scalar two point function to
order 1/N as

Gφ(ξ) = (µOd−2)2fbdry(d− 2 + γ, ξ) +
∞∑
k=0

µOk fbdry(2d− 2 + 2k, ξ) (4.54)

and in our convention (µOd−2)2 = 1 +O(1/N). By crossing symmetry, this expansion must
reproduce the bulk OPE expansion in the limit ξ → 0. Now recall from subsection 3.1 that
the boundary conformal block has the following expansion in the bulk OPE limit, ξ → 0

fbdry(∆̂, ξ) = 1
ξ
d
2−1

Γ
(
d
2 − 1

)
Γ(−d+ 2∆̂ + 2)

Γ(∆̂)Γ
(
−d

2 + ∆̂ + 1
) +O(ξ)


+

 Γ
(
1− d

2

)
Γ(−d+ 2∆̂ + 2)

Γ(−d+ ∆̂ + 2)Γ
(
−d

2 + ∆̂ + 1
) +O(ξ)

 .
(4.55)

The constant term in the second line above corresponds to the presence of φ2 in the bulk
OPE, which is supposed to be absent at the large N fixed point. This term vanishes exactly
when ∆̂ = d−2. At order 1/N , we can allow for an anomalous dimension ∆̂ = d−2+γ̂O/N ,
and its contribution to this constant term must be cancelled by the subleading operators of
dimensions 2d− 2 + 2k. Plugging in the dimensions, for consistency of bulk and boundary
expansions, we must demand

Γ(1− d
2)Γ(d− 2)

Γ(d2 − 1)
γ̂O +

∞∑
k=0

(µOk )2 Γ(1− d
2)Γ(3d− 2 + 4k)

Γ(d+ 2k)Γ
(

3d
2 − 1 + 2k

) = 0 (4.56)

which finally gives the result for the 1/N correction to the scaling dimension of the leading
boundary operator φ̂ as

γ̂O =−
Γ(d2−1)
Γ(d−2)

∞∑
k=0

(µOk )2 Γ(3d−2+4k)
Γ(d+2k)Γ

(
3d
2 −1+2k

)
=

2d−5(d−4)sin
(
πd
2

)
Γ
(

3d
2 −

1
2

)
π2Γ

(
2− d

2

)
Γ
(
d+ 1

2

)
π 3

2 2dΓ
(
d− 3

2

)
3F2

(
1,1− d

2 ,
d
2 +1;2− d

2 ,d+ 1
2 ;1
)

Γ(d)Γ(d−2)sin(πd)

+ 4(d−2)
Γ(d)

 π2

sin(πd) 3F2

(
1− d2 ,

d−1
2 ,

d+2
2 ;2− d2 ,d+ 1

2;1
)

+
4Γ
(

3
2−

d
2

)
d2(2d−3)

 (4.57)
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where we performed the sum after plugging in the explicit OPE coefficients of the subleading
operators we found above.15 The hypergeometric functions appearing in this result are well
defined for d ≥ 1. While we have not been able to find relevant hypergeomtric identities to
simplify this formula analytically, we have verified numerically that for all d ≥ 1 the result
precisely agrees with the simpler formula given in [41], which reads

γ̂O = (4− d)Γ(2d− 3)
dΓ(d− 2)Γ(d− 1) . (4.58)

In d = 3, this gives ∆̂ = 1 + 2/(3N) +O(1/N2). We can also verify that in d = 4− ε and
d = 2 + ε the large N prediction agrees with (4.27) and (4.30) for Dirichlet and Neumann
conditions respectively. Indeed using (4.58) we find

∆̂ = 2− ε+ 3ε
N

+ . . . , d = 4− ε

∆̂ = ε+ ε

N
+ . . . , d = 2 + ε .

(4.59)

For the case of the special transition, eq. (4.52) tells us that there are two towers of
operators that appear at the subleading order: the ones with dimension d − 1 + 2p and
the ones with dimension 2d − 3 + 2q. The coefficients for these can be found recursively
using eq. (4.52). Carrying out the calculation explicitly is more involved because of the
two towers involved, so we leave it for future work. But we expect a similar reasoning as
explained above for the ordinary transition to also give anomalous dimension of leading
boundary operator at order 1/N for the special transition case. The result for this case
was also reported previously in [41] using different methods. The explicit result reads

γ̂S = 2(4− d)
Γ(d− 3)

((6− d)Γ(2d− 6)
dΓ(d− 3) + 1

Γ(5− d)

)
(4.60)

Note that in d = 3, the anomalous dimension vanishes, consistently with the expectation
that this should be lower critical dimension for the special transition (presumably ∆̂ = 0
to all orders in the 1/N expansion in d = 3). In d = 4− ε, (4.60) gives

∆̂ = 1− ε+ 3ε
N

+ . . . (4.61)

in agreement with the ε-expansion result in (4.27).

4.3 Using weakly broken higher spin symmetry

We can generalize the equation of motion idea, in a manner similar to [74, 75], to find the
anomalous dimensions of the higher spin displacement operators, which are the operators
that appear in the boundary operator expansion of the higher spin currents. The bulk

15For reader interested in reproducing this result, note that to perform the summation, we had to separate
out the k = 0 piece and then add it back at the end. Also, the result that Mathematica gives has to be
analytically continued using the formula given in eq. 2.12 of [78] in order to obtain an expression that is
well defined for positive d.
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higher spin currents are conserved in the free theory, but are weakly broken in the inter-
acting theory, and hence the corresponding “higher-spin displacement” operators acquire
anomalous dimensions (except of course the spin-2 case, which corresponds to the bulk
stress-tensor and displacement operator at the boundary). As usual, it is convenient to
package the currents in the index-free notation (see for instance, [48] for a review)

Js(x, z) = Jµ1...µs(x)zµ1 . . . zµs , z2 = 0. (4.62)

We can free the indices by acting with the Todorov differential operator

Dµ
z =

(
d

2 − 1 + zν
∂

∂zν

)
∂

∂zµ
− 1

2z
µ ∂

∂zν
∂

∂zν
. (4.63)

Similar tensors can be constructed for the boundary operators and we use the notation Ĵ sl
for the spin l operator appearing in the BOE of a spin s operator. The two-point function
of a spin s operator in the bulk and a spin l operator on the boundary is fixed by the
conformal symmetry. We will focus on the correlator 〈Js(x1, z1)Ĵ sl (x2, z2)〉. The tensor
structures appearing in this correlator were found in [68] for the case of general defect, and
only two of those structures survive in the case of co-dimension one

Q0
b∂ = z1 · z2 − 2x12 · z1(x12 · z2)

x2
12

, Q2
b∂ = zy1 −

2y1x12 · z1
x2

12
. (4.64)

In terms of these structures, the bulk-boundary two point function is

〈Js(x1, z1)Ĵ sl (x2, z2)〉 = bs,l
(Q0

b∂)l(Q2
b∂)s−l

(x2
12)∆̂s

l (y1)∆s−∆̂s
l

. (4.65)

Now consider a CFT with an interaction strength g,16 and suppose we are in the regime
where g is small. The dimension of the spin s current then is

∆s = d− 2 + s+ γs(g). (4.66)

The current conservation is weakly broken and its divergence defines a spin s−1 descendant

∂µD
µ
zJs(x, z) = g Ks−1(x, z). (4.67)

Applying this to the correlator gives

∂1µD
µ
z1〈Js(x1, z1)Ĵ sl (x2, z2)〉 = g 〈Ks−1(x1, z1)Ĵ sl (x2, z2)〉. (4.68)

We can also apply this differential operator on the right hand side of eq. (4.65). As a first
step, we need

Dµ
z1((Q0

b∂)l(Q2
b∂)s−l) = l

(
d

2 +s−2
)

(Q0
b∂)l−1(Q2

b∂)s−l
(
zi2δ

µ
i −

2xµ12(x12 ·z2)
x2

12

)

+(s−l)(Q0
b∂)l(Q2

b∂)s−l−2
[(

d

2 +s−2
)

(Q2
b∂)
(
δµy−

2y1x
µ
12

x2
12

)
− (s−l−1)

2 zµ1

]
(4.69)

16Not to be confused with the determinant of the metric. We hope there is no cause for confusion, because
this subsection is entirely in flat space and the metric does not appear.
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Using this and after a bit of algebra, we get the following result for the ratio of descendant
correlator to the current correlator

g 〈Ks−1(x1,z1)Ĵ sl (x2,z2)〉
〈Js(x1,z1)Ĵ sl (x2,z2)〉

= (∆̂s
l−∆s)(s−l)(d+s+l−3)

2y1Q2
b∂

+ γs(g)
x2

12

[
(s−l)(s−l−1)x12 ·z1

(Q2
b∂)2 +(d+2s−4)

(
y1(s−l)
Q2
b∂

+ l(x12 ·z2)
Q0
b∂

)]
.

(4.70)

The left hand side of the above equation vanishes if there are no interactions in the bulk
(g = 0). The bulk anomalous dimension vanishes in that case, γs(g) = 0. The equation
above then tells us that in the case of no bulk interactions the dimension of the higher spin
displacement operator is fixed to be equal to the dimension of current, ∆̂s

l = ∆s = d−2+s.
It was shown to be true for stress-tensor in [39], but here we get it for higher spin currents
as well. This proves the observation made in [73] about the higher spin displacements being
protected in the presence of interactions localized on the boundary. In the presence of bulk
interactions, we parametrize ∆̂s

l = d− 2 + s+ γ̂sl (g) and the anomalous dimensions can be
obtained from

g 〈Ks−1(x1, z1)Ĵ sl (x2, z2)〉
〈Js(x1, z1)Ĵ sl (x2, z2)〉

= (γ̂sl (g)− γs(g))(s− l)(d+ s+ l − 3)
2y1Q2

b∂

+ γs(g)
x2

12

[
(s− l)(s− l − 1)x12 · z1

(Q2
b∂)2 + (d+ 2s− 4)

(
y1(s− l)
Q2
b∂

+ l(x12 · z2)
Q0
b∂

)]
.

(4.71)

We can compute the correlators on the left hand side in the free theory, and this will give
us the anomalous dimensions to leading order in g. We will demonstrate it explicitly in
Wilson-Fisher model in 4 − ε dimensions. We know that in this model, the anomalous
dimension of the bulk current, γs(g) starts at order g2 (see e.g. [75] and references therein),
so we can drop the second line at leading order. This gives us the anomalous dimensions
of the boundary operators

γ̂sl = 2g
(s− l)(d+ s+ l − 3)bs,l

〈Ks−1(x1, z1)Ĵ sl (x2, z2)〉(x2
12)∆̂s

l y1
(Q0

b∂)l(Q2
b∂)s−l−1 . (4.72)

Let us look at some explicit examples now. Consider the spin 2 current in the O(N) model
near 4 dimensions, which has a boundary scalar in its BOE. We will find that there is a
non-zero anomalous dimension only for the symmetric traceless sector of O(N), which is
what we expect because the trace piece is just the stress-tensor. We have the following
operators for Dirichlet17 and Neumann case

J IJ2 (x1, z1) =
√
πΓ(d− 1)zµ1

1 zµ2
1

2d−3Γ(d−3
2 )Γ(d2 − 1)

[
φI∂µ1∂µ2φ

J + I ↔ J − 2d
d− 2∂µ1φ

I∂µ2φ
J
]

KIJs−1(x1, z1) = zµ1
1

(
−6φaφa∂µ1(φIφJ) + 6φIφJ∂µ1(φaφa)

)
(Ĵ 2KL

0 (x2))D = φ̂K φ̂L, (Ĵ 2KL
0 (x2))N = d− 2

2
(
φ̂K∂i

2φ̂L +K ↔ L
)
− ∂iφ̂K∂iφ̂L.

(4.73)

17Note that we are using the notation where φ̂ is the leading boundary operator, so in the Dirichlet case,
φ̂(x) = ∂yφ(x, 0).

– 42 –



J
H
E
P
1
1
(
2
0
2
0
)
1
1
8

The form of the current is fixed by conservation and condition of being symmetric traceless.
The descendant K can then be figured out using its definition in eq. (4.67). The boundary
operator Ĵ is the boundary limit of the bulk current with both of its Lorentz indices equal
to y since we are considering a boundary scalar. Computing the correlator then is just a
matter of free-field Wick contractions and it gives

(γ̂s=2
l=0 )T,D = − Nε

N + 8 , (γ̂s=2
l=0 )T,N = − Nε

N + 8 (4.74)

where T stands for symmetric traceless. Note that this operator is a composite primary
operator on the boundary and also appears in the OPE of φ̂φ̂ on the boundary. We will
check below that the result found here agrees with what we get from a boundary four-
point computation in (4.91). In principle, this method can be used to calculate anomalous
dimensions of all the higher spin displacements, although the algebra gets tedious very soon.

4.4 Boundary four-point functions

In this subsection, we compute the four-point function of the leading boundary operator φ̂I

induced by the bulk scalar φI . This will help us compute the anomalous dimensions of the
boundary composite operators appearing in the OPE φ̂I φ̂J . This four-point function can be
decomposed into singlet, symmetric traceless and anti-symmetric representations of O(N)

〈φ̂I(x1)φ̂J(x2)φ̂K(x3)φ̂L(x4)〉= δIJδKLGS+
(
δIKδJL+δILδJK

2 − δ
IJδKL

N

)
GT

+ δIKδJL−δILδJK

2 GA.

(4.75)

Each of these structures can be decomposed in terms of the conformal blocks

G(u, v) =
Ĉ2
φφ

(x2
12x2

34)∆̂φ

F(u, v), F(u, v) =
∑
∆̂,l

a∆̂,lG∆̂,l(u, v) (4.76)

where
u = x2

12x2
34

x2
13x2

24
, v = x2

14x2
23

x2
13x2

24
. (4.77)

In the free theory, the four-point function takes the simple form

〈φ̂I(x1)φ̂J(x2)φ̂K(x3)φ̂L(x4)〉0 = Ĉ2
φφ

(
δIJδKL

(x2
12)∆̂φ(x2

34)∆̂φ

+ δIKδJL

(x2
13)∆̂φ(x2

24)∆̂φ

+ δILδJK

(x2
14)∆̂φ(x2

23)∆̂φ

)
.

(4.78)
We will be looking at its decomposition in the s-channel 12 → 34 where the first term is
the identity operator and the other two come from the composite operators schematically
given by φ̂I(∂)2∂lφ̂J with dimension 2∆̂φ + 2n+ l and spin l [79]

1
(x2

13)∆̂φ(x2
24)∆̂φ

= (−1)l

(x2
14)∆̂φ(x2

23)∆̂φ

= 1
(x2

12)∆̂φ(x2
34)∆̂φ

∑
n,l

a0
n,lGn,l(u, v) (4.79)
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where

a0
n,l = a0

2∆̂φ+2n+l,l =
(−1)l[(∆̂φ− d

2 + 3
2)n(∆̂φ)l+n]2

l!n!(l+ d−1
2 )n(2∆̂φ+n−d+2)n(2∆̂φ+2n+l−1)l(2∆̂φ+n+l+ 1−d

2 )n
(4.80)

and Gn,l(u, v) = G2∆̂φ+2n+l,l(u, v) is the four-point conformal block. In the interacting
theory, we expect these dimensions and OPE coefficients to receive corrections. To first
order in the expansion parameter, we have

δF(u, v) =
∑
n,l

(
a1
n,l + 1

2a
0
n,lγ̂1(n, l)∂n

)
Gn,l (4.81)

We will calculate these corrections in an ε expansion in d = 4 − ε in the Wilson-Fisher
model, for both Neumann and Dirichlet boundary conditions with ∆̂φ = d/2 − 1 and
d/2 respectively. We will also do an ε expansion calculation in non-linear sigma model
in d = 2 + ε, for Dirichlet boundary conditions (we leave the case of Neumann boundary
conditions to future work).

4.4.1 ε expansion in d = 4 − ε

The first order correction to this four-point function in φ4 theory can be computed using
the following contact Witten diagram in AdS

〈φ̂I(x1)φ̂J(x2)φ̂K(x3)φ̂L(x4)〉1 =

φ̂K(x3)

φ̂J(x2)

φ̂I(x1)

φ̂L(x4)

x (4.82)

This contact Witten diagram evaluates to the D function that appears frequently in
AdS/CFT literature

〈φ̂I(x1)φ̂J(x2)φ̂K(x3)φ̂L(x4)〉1

= −2 Ĉ4
φφ λ

(
δIJδKL + δIKδJL + δILδJK

) ∫
ddx
√
g

4∏
i=1

K∆̂φ
(xi, x)

= −2 Ĉ4
φφ λ

(
δIJδKL + δIKδJL + δILδJK

)
D∆̂φ∆̂φ∆̂φ∆̂φ

(xi).

(4.83)

Here we are using a normalization where bulk-boundary propagator takes the form

K∆̂φ
(xi, x) =

(
y

y2 + (xi − x)2

)∆̂φ

. (4.84)

– 44 –



J
H
E
P
1
1
(
2
0
2
0
)
1
1
8

The conformal block decomposition of this D function was worked out in [80, 81]18

D∆̂φ∆̂φ∆̂φ∆̂φ
(xi) =

1
(x2

12)∆̂φ(x2
34)∆̂φ

 ∞∑
m,n=0
m 6=n

2(−1)m+n(∆̂φ)2
m(∆̂φ)2

n Gn,0(u,v)
N∆̂n

m!n! (m2
n−m2

m)
(
2∆̂φ+m+ 1−d

2

)
m

(
2∆̂φ+n+ 1−d

2

)
n

+
∞∑
n=0

4 (∆̂φ)4
n Γ(∆̂n)2

(n!)2
(
2∆̂φ+n+ 1−d

2

)2

n
Γ
(

∆̂n
2

)4
∂nm2

n

∂n

 Γ
(

∆̂n
2

)4

4 Γ(∆̂n)2N∆̂n

Gn,0(u,v)


 (4.85)

where m2
n = ∆̂n(∆̂n − d+ 1) with ∆̂n = 2∆̂φ + 2n and

N∆ = − Γ(∆)
π
d−1

2 (2∆− d+ 1)Γ(∆ + 1−d
2 )

. (4.86)

Comparing this with eq. (4.81) tells us that only the spin 0 operators get anomalous
dimension to this order, i.e. γ1(n, l > 0) = 0. Moreover, the spin 0 anomalous dimensions
in the singlet sector are given by

N

2 a
0
S n,0γ̂

S
1 (n, 0) = −

2Ĉ2
φφ λ(N + 2)(∆̂φ)4

n

(n!)2(2∆̂φ + n+ 1−d
2 )2

n(∂nm2
n)N∆̂n

(4.87)

where a0
S n,0 = a0

n,l(1 + (−1)l)/N . For Dirichlet boundary condition, we plug in
Ĉφφ = Γ

(
d
2

)
/π

d
2 and ∆̂φ = d/2 to get

γ̂S,D1 (n, 0) = ε(N + 2)
(N + 8) (4.88)

where we used the fixed point value of the coupling λ = λ∗. This gives the dimension of
the boundary operators up to 1-loop order

∆̂S,D
n,0 = 2∆̂φ + 2n+ γ̂S,D1 (n, 0) = d+ 2n+ 2γ̂Dφ + γ̂S,D1 (n, 0) = d+ 2n+O(ε2) (4.89)

where we used the result for γ̂Dφ from eq. (4.27). The n = 0 operator is proportional to
the displacement operator, which is supposed to be protected to all orders. Similarly, for
the Neumann boundary condition, using Ĉφφ = Γ

(
d
2 − 1

)
/(2π

d
2 ) and ∆̂φ = d/2− 1 along

with the result for γ̂Nφ from eq. (4.27) gives

γ̂S,N1 (n, 0) = ε(N + 2)
(N + 8) =⇒ ∆̂S,N

n,0 = d− 2 + 2n, ∀ n > 0

γ̂S,N1 (0, 0) = 2ε(N + 2)
(N + 8) =⇒ ∆̂S,N

0,0 = 2− 6ε
N + 8 .

(4.90)

18We thank Christian Jepsen for pointing out a normalization typo in eq. 4.8 of [80] which introduces an
additional factor of N∆̂n

in our eq. (4.85) compared to eq. 4.24 of [80].
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Note that the n = 0 case has to be treated separately here because first setting ∆̂ = d/2−1
and then taking n → 0 gives the wrong result for the OPE coefficient a0

0,0. Instead one
should directly take n → 0 which gives a0

0,0 = 1 for all values of ∆̂. Recall that from the
boundary operator expansion of σ at large N , we saw leading operators of dimension 2 and
d to be present in the boundary spectrum, and in (4.90) we just see the 4 − ε description
of the same operators. We can obtain similar results in the symmetric traceless sector, for
which we get

γ̂T,D1 (n,0) = 2ε
(N+8) , γ̂T,N1 (n> 0,0) = 2ε

(N+8) , γ̂T,N1 (0,0) = 4ε
(N+8)

=⇒ ∆̂T,D
n,0 = d+2n− Nε

N+8 , ∆̂T,N
n>0,0 = d−2+2n− Nε

N+8 , ∆̂T,N
0,0 = d−2+ (2−N)ε

N+8 .

(4.91)

These composite operators also appear in the boundary operator expansion of the bulk
higher spin currents. In the previous subsection, we gave another method to calculate the
anomalous dimension of such operators and the result above agrees with the example we
considered there in eq. (4.74). These results for anomalous dimensions and ε2 corrections to
some of these results were also reported in [46] by explicitly performing the loop integrals
in AdS.

4.4.2 ε expansion in d = 2 + ε

We can compute a similar four-point function in the non-linear sigma model by evaluating
contact Witten diagrams in AdS2+ε. We will work to the leading order in ε, hence the
calculation really reduces to Witten diagrams in AdS2.19 We will restrict ourselves to the
simpler case of Dirichlet boundary conditions. The calculation is technically similar to the
ones relevant for the defect CFT on BPS Wilson line operators [86]. The case of Neumann
boundary conditions is expected to be more subtle, similarly to what was discussed in [87],
due to the presence of zero modes responsible for restoration of the O(N) symmetry, and
we will not discuss it in detail here.

The sigma-model interactions now involves derivatives, so the expression is a little
longer to write down

〈ϕ̂a(x1)ϕ̂b(x2)ϕ̂c(x3)ϕ̂d(x4)〉1 = −t2Ĉ4
φφ

∫
ddx
√
ggµν×[

δabδcd
(
K1

∆̂φ
∂µK

2
∆̂φ

+ 1↔ 2
)(

K3
∆̂φ
∂νK

4
∆̂φ

+ 3↔ 4
)

+ {b, 2} ↔ {c, 3}+ {b, 2} ↔ {d, 4}
]

(4.92)
where we introduced the notation Ki

∆̂φ
= K∆̂φ

(xi, x). To deal with the derivatives, the
following identity is useful, which can be derived just by using the explicit expression of
the bulk-to-boundary propagator

gµν∂µK
1
∆1∂νK

2
∆2 = ∆1∆2

(
K1

∆1K
2
∆2 − 2 x2

12 K
1
∆1+1K

1
∆2+2

)
. (4.93)

19For other recent calculations of Witten diagrams for CFTs in AdS2, see [82–85].

– 46 –



J
H
E
P
1
1
(
2
0
2
0
)
1
1
8

So the integral now produces a linear combination of D functions

〈ϕ̂a(x1)ϕ̂b(x2)ϕ̂c(x3)ϕ̂d(x4)〉1 =−t2Ĉ4
φφ∆̂2

φ×[
δabδcd

(
4D∆̂φ,∆̂φ,∆̂φ,∆̂φ

−2x2
24D∆̂φ,∆̂φ+1,∆̂φ,∆̂φ+1−2x2

14D∆̂φ+1,∆̂φ,∆̂φ,∆̂φ+1

−2x2
23D∆̂φ,∆̂φ+1,∆̂φ+1,∆̂φ

−2x2
13D∆̂φ+1,∆̂φ,∆̂φ+1,∆̂φ

)
+{b,2}↔ {c,3}+{b,2}↔ {d,4}

]
(4.94)

where the permutation also exchanges the subscripts of the D function. For example, under
{b, 2} ↔ {c, 3} we have x2

24D∆̂φ,∆̂φ+1,∆̂φ,∆̂φ+1 → x2
34D∆̂φ,∆̂φ,∆̂φ+1,∆̂φ+1. These D functions

are well known and all we need here is the particular case with ∆̂φ = 1. Explicit expressions
for this particular case can functions can be explicitly found in, for instance [86, 87].
Moreover, since the boundary theory is essentially one-dimensional,20 we only have one
cross-ratio which we call χ with u = χ2 and v = (1−χ)2. In one dimension, the conformal
block is just given by [88]

Gn,0 = χ2∆̂φ+2n
2F1(2∆̂φ + 2n, 2∆̂φ + 2n, 4∆̂φ + 4n, χ) (4.95)

and the derivative with respect to n gives

∂nGn,0 = 2χ2(∆̂φ+n) log(χ) 2F1(2∆̂φ + 2n, 2∆̂φ + 2n, 4∆̂φ + 4n, χ) + other terms without a log.
(4.96)

We only focus on the logχ term, because that is sufficient for us to extract the anomalous
dimensions. Using the explicit expressions for the D-functions, we can collect the log terms
and comparing it to the log terms appearing in the boundary operator expansion (4.81),
we can read off the anomalous dimensions. For the singlet sector, this gives the following
equation∑

n

(N − 1)a0
S, n,0γ̂

S,D
1 (n, 0) χ2n

2F1(2 + 2n, 2 + 2n, 4 + 4n, χ) =

− 2ε
N − 2

(
− 2(N + 1)

1− χ − N(2χ− 3)
2(1− χ)2 + N(3− χ)

2(1− χ) −
χ2

(1− χ)2

) (4.97)

where we used the coupling at the fixed point t2∗ = 2πε/(N − 2) and the d = 2 Dirichlet
value of Ĉφφ = 1/π. Using the following orthogonality property of Fβ(χ) = 2F1(β, β, 2β, χ)

1
2πi

∮
χ=0

χβ−β
′−1Fβ(χ)F1−β′(χ) = δββ′ (4.98)

it is easy to show that the anomalous dimensions are given by

γ̂S,D1 (m, 0) = − 2ε
(N − 1)a0

S, m,0

1
2πi

∮
χ=0

χ−2m−1
(
χ(χ− 2) + 2

2(χ− 1)2

)
F−2m−1(χ). (4.99)

20More precisely, the boundary theory is 1 + ε dimensional, but to the order we are working we can set
d = 2 everywhere, and hence the boundary is for our purposes one-dimensional.
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So we just need to calculate the coefficient of χ2m in a product of a Hypergeometric
function and a polynomial in order to know the anomalous dimension for any m. The
OPE coefficient a0

S, m,0 is given by

(N − 1)a0
S, m,0 =

2 (3
2)2
mΓ(1 +m)

(1
2)m(2 +m)m(3

2 +m)m
. (4.100)

Using the boundary anomalous dimension of φ̂ from eq. (4.30), this gives the following
values of dimensions of the composite operators

γ̂S,D1 (n,0) =−ε, ∆̂S,D
n,0 = 2∆̂D

φ +2n+γ̂S,D1 (n,0) = 2+ε+O(ε2) = d+2n+O(ε2). (4.101)

Again, the operator with n = 0 is proportional to the displacement operator, while the
others appear in the boundary operator expansion of the bulk higher spin currents. So far,
we dealt with the case of Dirichlet boundary conditions on the unconstrained fields, when
the dimension of the leading boundary operator is ∆̂φ = 1 + ε = d − 1. This describes
extraordinary transition in d = 2 + ε. As we mentioned above, we do not discuss the four-
point function in the case of Neumann boundary conditions, which would have ∆̂φ = O(ε)
and hence the propagators would be logarithmic. As we discussed in subsection 3.2, that
case describes the ordinary transition in d = 2 + ε dimensions. We leave a more detailed
study of that case for future work.

5 Conclusion

In this paper, we have explored the idea of placing a CFT in AdS as a way of studying the
BCFT problem. Focusing on the concrete example of the large N critical O(N) model,
we have explained how to obtain the various boundary critical behaviors of the model in
the AdS picture. We have also computed the large N free energies of the model on the
hyperbolic ball, and verified consistency of a conjectured F -theorem for the behavior of
the quantity F̃ in (1.3) under RG flows triggered by boundary relevant operators. Then,
we showed how to use the AdS setup to extract some of the BCFT data in the theory. In
particular we suggested that using the bulk equations of motion in a way similar to [52]
one can reconstruct in a convenient way the bulk two-point function and the anomalous
dimensions of boundary operators encoded in it. We have also presented some calculations
of boundary 4-point functions, where one can use the well-known techniques developed for
the calculation of Witten diagrams in AdS/CFT.

It would be interesting to apply the methods used in this paper to other examples of
interacting BCFT, in particular explore the idea of using the bulk equations of motion to
extract BCFT data as described in subsection 4.2. For instance, one may consider theories
with fermions, like the large N Gross-Neveu model and the related Gross-Neveu-Yukawa
model (some results for the Gross-Neveu BCFT at large N from the AdS approach were
recently obtained in [2]). It would be also quite interesting to study bosonic and fermionic
vector models coupled to Chern-Simons gauge theory in d = 3 [89, 90] by placing them in
AdS. One may then compute their free energy and other BCFT data, and perhaps provide
further evidence for the 3d boson/fermion duality.
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Another technically interesting direction to pursue would be to develop more methods
for the 1/N perturbation theory in the O(N) model BCFT. Analytic functionals have been
developed in [91] to do perturbative expansions around a mean field solution in BCFT. In
a mean field theory, there is an elementary field with dimension ∆ϕ and all its higher point
correlators factorize into products of two-point functions. In the presence of a boundary,
there are two possibilities for the boundary spectrum: Neumann with boundary dimensions
being ∆φ+2n or Dirichlet with boundary dimensions being ∆φ+2n+1. However, as we saw
in subsection 3.1, in the large N solution the elementary bulk field has dimensions d/2−1,
while the leading boundary operator for ordinary or special transition has dimension d− 2
or d − 3. So the large N theory is quite different from a mean field solution, and the
analytic functionals developed so far cannot be used for the 1/N perturbation theory. It
would be interesting to see if a suitable set of functionals may be developed for the large N
expansion. Improving our knowledge of the O(N) model BCFT at large N may also help in
better understanding the holographic description of the model, which should presumably
be related to Vasiliev higher-spin theory in AdSd+1 in the presence of an AdSd “boundary
brane”.21

Acknowledgments

We thank Christian Jepsen for useful discussions, and Xinan Zhou for discussions and
collaboration on related topics. This research was supported in part by the US NSF under
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A Bulk OPE coefficients at large N

In this appendix, we show how to obtain the bulk OPE coefficients for the two-point
function of φ in the case of special and ordinary transtions. As we saw in the main text,
the two-point function for any scalar operator in the flat half-space can be written as (the
AdS expression is the same with the conformal factors stripped off)

〈O(x)O(x′)〉 = A

(4yy′)∆O
ξ−∆OG(ξ) = A

(4yy′)∆O
G(z), z = 1

1 + ξ
. (A.1)

We introduced a new variable z because that is more convenient to work with for us in this
appendix. In terms of z, we have

G(z) = z∆O

(1− z)∆O

∑
k

λkfbulk (∆k; 1− z) =
∑
l

µ2
l fbdy(∆̂l; z)

fbulk(∆k; z) = z
∆k
2 2F1

(∆k − d
2 + 1, ∆k

2 ; ∆k + 1− d

2 ; z
)

fbdy(∆̂l; z) = z∆̂l 2F1

(
∆̂l, ∆̂l + 1− d

2 ; 2∆̂l + 2− d; z
)
.

(A.2)

21To avoid possible confusion, let us stress here that this AdSd “brane” is not the same as the AdSd on
which we placed the CFT in this paper.
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The bulk and boundary block expansions are obtained respectively in the limit ξ→ 0 (z→ 1)
and ξ→∞ (z→ 0) limit of the two point function. For the special transition, we have

G(ξ) = 1 + 2ξ
(1 + ξ)

d
2−1

=⇒ G(z) = zd−3(2− z)
(1− z)

d
2−1

. (A.3)

By expanding this for small ξ, it is easy to see that the operators appearing in bulk have
dimensions ∆n = 2n+2. To obtain the OPE coefficients, we can use the Euclidean inversion
formula [91] for BCFT, which gives the bulk coefficient function as

I∆ =
∫ 1

0
dy y−2(1− y)1− d2 2F1

(∆
2 ,

d−∆
2 , 1, 1− 1

y

)
G(1− y). (A.4)

To actually do this integral, we need to transform the parameters of this hypergeometric
function, so that it becomes a combination of hypergeometric functions at y instead of
1 − 1/y, and the integral can be then performed after that. The bulk coefficients can be
determined from the residues of this coefficient function. The coefficient function near
behaves near the poles as

I∆
Γ(∆

2 )Γ(∆−d+2
2 )

2Γ(∆− d
2)

∼ (λ)n
∆−∆n

, as ∆→ ∆n = 2n+ 2. (A.5)

Using this, we can find the bulk coefficients

(λ)Sn =
(d2 − 4d(n+ 2) + 8(1 + n)2 + 4)Γ(1− d

2 + n)Γ(2− d
2 + n)2

4Γ(2− d
2)2Γ(n+ 2)Γ(2− d

2 + 2n)
. (A.6)

This agrees with the result that was found in [42]. For the ordinary transition, we have

G(ξ) = 1
(1 + ξ)

d
2−1

=⇒ G(z) = zd−2

(1− z)
d
2−1

. (A.7)

The Euclidean inversion formula can again be used to get a coefficient function which gives
the bulk coefficients

(λ)On = −
(−1)nΓ

(
d
2

)
2F1

(
−n− 1,−n; 1

2(d− 4n− 2); 1
)

Γ(n+ 2)Γ
(
d
2 − n− 1

) . (A.8)

This formula, to our knowledge, has not appeared before.

B Details on σ propagator

In this appendix, we give some details on deriving the σ propagator in position space in
the large N theory. In order to do that, we first show how to invert functions of chordal
distance in AdS space, following a similar derivation on half-space in [39]. We start with
the following equation∫

ddx
√
gx G(ξx1,x)H(ξx,x2) =

∫
ddx y−d G(ξx1,x)H(ξx,x2) = δd(x1 − x2)

√
gx1

(B.1)
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and the problem is to findH given G. First we note that we can integrate over the boundary
directions using the following formulae

∫
dd−1x G(ξx,x′) = (4yy′)

d−1
2 g(ρy,y′), ρy,y′ =

(y−y′)2

4yy′ , g(ρ) = π
d−1

2

Γ(d−1
2 )

∫ ∞
0

duu
d−3

2 G(u+ρ)

(B.2)
and the above transform can be inverted as

G(ξ) = π−
d−1

2

Γ(−d−1
2 )

∫ ∞
0

dρ u
−d−1

2 g(ρ+ ξ). (B.3)

Using this, we can integrate both sides over the boundary coordinates x1∫ ∞
0

dy

y
g(ρy1,y)h(ρy,y2) = y1δ(y1 − y2)

4d−1 . (B.4)

We can make a change of variable to y = e2θ to simplify the integral to∫
dθ g(sinh2(θ1 − θ))h(sinh2(θ − θ2)) = δ(θ1 − θ2)

4d . (B.5)

This can then be solved by a Fourier transform

ĝ(k) =
∫
dθeikθg(sinh2 θ) (B.6)

which gives
ĝ(k)ĥ(k) = 1

4d . (B.7)

So we need to be able to go from ĝ(k) to G(ξ). It was shown in [39] that ĝ(k) of the form

ĝa,b(k) =
Γ
(
a− ik

4

)
Γ
(
a+ ik

4

)
Γ
(
b− ik

4

)
Γ
(
b+ ik

4

) (B.8)

corresponds to

Ga,b(ξ) =
Γ
(
2a+ d−1

2

)
42a−1π

d−1
2 Γ(b−a)Γ(b+a)

1
ξ2a+ d−1

2
2F1

(
2a+ d−1

2 ,a+b− 1
2;2a+2b−1;−1

ξ

)
.

(B.9)
For the ordinary transition in section 3.1, we have

G(ξ) =−N2 Gφ(ξ)2 =−
NΓ

(
d
2−1

)2

2(4π)d
1

(ξ(1+ξ))d−2 =−
NΓ

(
d
2−1

)2
Γ
(
−d

2 +2
)

2d+5Γ(d−2)πd/2
G 3d−7

4 , d+1
4

(B.10)
which immediately gives us

Gσ(ξ) = H(ξ) = − 2d+5Γ(d− 2)πd/2

N4dΓ
(
d
2 − 1

)2
Γ
(
−d

2 + 2
)G d+1

4 , 3d−7
4
. (B.11)
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For application to the extraordinary transition in section 3.2 we need to use

G(ξ) = Π̃(ξ) = −
(N − 1)Γ

(
d
2

)2

(4π)d
1

(ξ(1 + ξ))d−1 = −
(N − 1)π

3−d
2 csc

(
πd
2

)
4d Γ

(
d−1

2

) G 3d−3
4 , d+1

4
.

(B.12)
For the special transition, getting the σ propagator needs a little more work. We do not
do it here and refer the reader to [39] for details.

C Displacement operator and the b-anomaly coefficient

In this appendix we collect some comments on the displacement operator, which appears
in every CFT with a boundary or a defect. In the case of a d− dimensional CFT with a
boundary this operator is a scalar of conformal dimension d appearing in the spectrum of
the d−1 dimensional boundary theory. In the flat half-space space setup, the displacement
operator D can be defined by

∂µTµy(x, y) = D(x)δ(y) (C.1)

and it can be thought of as related to the broken translational symmetry perpendicular
to the boundary. This equation can be integrated in a Gaussian pill box located at the
boundary which implies D = Tyy|y→0. The coefficient of the two-point function of the
displacement operator is a piece of BCFT data, and in d = 3 it is related to the trace
anomaly coefficient b in (2.21). We will first discuss the calculation of this two-point
function in the theory of a single free scalar field, and then move to the interacting case.
The improved stress tensor in flat half-space can be written as

Tµν = ∂µφ∂νφ−
1
2δµν∂φ · ∂φ−

(d− 2)
4(d− 1)

(
∂µ∂ν − δµν∂2)φ2. (C.2)

We can use this to explicitly write the displacement operator. With Neumann boundary
condition, we have ∂yφ(x, y = 0) = 0, which gives after using equations of motion

DN = Tyy|y→0 = − d− 2
2(d− 1)φ∂

2
yφ−

1
2(d− 1)∂iφ∂

iφ . (C.3)

In the Dirichlet case, φ(x, y = 0) = 0, which gives

DD = 1
2(∂yφ)2. (C.4)

Computing the correlator then is just a matter of Wick contractions and taking derivatives,
and yields the result

〈DD(x)DD(x′)〉 = 〈DN (x)DN (x′)〉 = 2
S2
d

1
|x− x′|2d (C.5)

where Sd = 2π
d
2 /Γ

(
d
2

)
is the volume of a d − 1 dimensional sphere. This equation gives

the coefficient of the two-point function of the displacement operator for a free scalar,
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ĈDD = 2/S2
d for both Neumann and Dirichlet cases. These results agree with what was

found in [39].
In the large N interacting theory, one way to define the displacement operator is

through its appearance in the BOE of the σ operator. In hyperbolic space, this means that
if we look at the propagator of σ near the boundary, the contribution of the displacement
operator should look like

〈σ(x)σ(x′)〉y,y′→0 ∼ (BσD)2(yy′)d〈D(x)D(x′)〉. (C.6)

Using the boundary limit of the bulk correlator of σ from eq. (4.9), (4.11) and eq. (4.20)
for special, ordinary and extraordinary transition gives

(BσD)2ĈDD|Special = 4d

3N
(4− d)Γ(d− 2)2

Γ(2− d
2)Γ(d2 − 1)3

(6− d)Γ(d)
(d− 2)Γ(2d− 5)

(BσD)2ĈDD|Ordinary = 4d

N

(4− d)Γ(d− 2)2

Γ(2− d
2)Γ(d2 − 1)3

Γ(d)
Γ(2d− 4)

(BσD)2ĈDD|Extraordinary = −
2d+1 sin

(
πd
2

)
Γ
(
d−1

2

)
Γ(d+ 1)

π(N − 1)Γ
(
d
2 − 1

)
Γ
(
d− 1

2

) .
(C.7)

We can combine these equations with the constraint coming from the Ward identity re-
lating the two point function of a bulk operator O with the displacement to its one-point
function [39, 68]22

BO
DĈDD = −∆O

2dAO
Sd

(C.8)

where AO is the one-point function coefficient and ∆O is the conformal dimension of O.
Using this relation for the σ operator with dimension 2 gives us

ĈDD|Special = 24N
S2
d

Γ
(
d
2

)3
Γ
(
4− d

2

)
Γ (2d− 5)

Γ (d) Γ (d− 1)2

ĈDD|Ordinary = 2N
S2
d

Γ
(
d
2

)3
Γ
(
3− d

2

)
Γ (2d− 3)

Γ (d) Γ (d− 1)2

ĈDD|Extraordinary = −
(N − 1)π3/2(d− 2)d Γ

(
d− 1

2

)
2 S2

d Γ
(
d−1

2

)
Γ
(
d+1

2

)
sin
(
πd
2

) .
(C.9)

The Neumann and Dirichlet results agree with [39]. Note that in 3 < d < 4 we have
ĈDD|Special > ĈDD|Ordinary, but the value for the extraordinary transition (which is sup-
posed to be in the IR of both special and ordinary) is not consistent with a possible
“ĈDD-theorem” for boundary RG flows.

22Note that the conventions for the OPE coefficients in [39] and [68] are different, which makes their Ward
identities look different by factors of 2 etc., but the physical content is the same. We use the conventions
of [39] suitably adapted to hyperbolic space.
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As a check of the large N result, for extraordinary transition, we can also easily
calculate this quantity in d = 4 − ε. In that case, φN or its fluctuation χ is the operator
that contains the displacement in its BOE. From the BOE of χ in eq. (4.22), we get

(BφND)2ĈDD = 44

160π2 (C.10)

which when combined with the Ward identity (C.8) for O = φN gives

ĈDD|Extraordinary = 40(N + 8)
S2
dε

(C.11)

in agreement with the large N result.
As we discussed in subsection 2.3, in d = 3 boundary CFT, the trace anomaly contains

two terms as in eq. (2.21). The coefficient of one of the terms called as a3d is related to the
logarithmic term of the free energy with spherical boundary, and it was discussed at length
in the main text. The other anomaly coefficient b is related to the two- point function
coefficient of the displacement operator as b = π2ĈDD/8 [63]. Plugging in d = 3 in the
results from above (C.9), we get

bSpecial
3d = 9Nπ2

1024 , bOrdinary
3d = Nπ2

1024 , bExtraordinary
3d = 9Nπ2

1024 . (C.12)

There was a conjectured bound in [63] implying a3d/b ≥ −2/3. It does not seem to hold true
in the case of the extraordinary transition. The bound was based on a conjectured relation
between a3d and coefficients appearing in the stress tensor two-point function, which was
also found to not hold true in case of a φ6 theory with a φ4 boundary interaction [4].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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