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Supplemental Online Material for “Imaging anyons with scanning tunneling
microscopy”

In this supplementary material we present details on the exact diagonalization numerics, composite fermion calcu-

lations of the unoccupied spectral function, quantitative details on the distribution of spectral weight wm,a, and

countings for the Pfaffian phase in the presence of pinned anyons.

I. NUMERICAL METHODS

The calculation of LDOS requires the exact ground
state of an interacting 2DEG in the presence of a charged
impurity, as well as the complete manifold of q-quasihole
(or quasielectron) states (e.g., q = 3, 4 for Laughlin
and Moore-Read states, respectively). We obtain these
states using exact diagonalization in the spherical geom-
etry [28]. This geometry conveniently allows to resolve
the bulk LDOS as a function of z-projection of angular
momentum, while avoiding edge effects. For the Laughlin
and Moore-Read states, the finite-size effects are found to
be weak, in particular at small values of angular momen-
tum m which contain universal topological information.
The strength of the finite-size effect can be further re-
duced in the framework of perturbation theory [54] where
the problem is projected to the manifold of the model q-
quasihole states, which are obtained using the recursion
relation of the Jack polynomials [34]. In the Supplemen-
tary Materials we use this method to extend the calcula-
tion by a few system sizes beyond exact diagonalization,
but only allows access to the LDOS on the hole side.[37]

At filling factor ν = 5
2 , PH symmetry interferes with

our ability to confirm the hole counting of the Pfaffian
due to the known “aliasing” problem: when numeri-
cally computing the states |a〉 which contribute to the
LDOS, the quasihole excitations of the Pfaffian occur at
the same (Ne, Nφ) as the quasiparticle excitations of the
anti-Pfaffian. To avoid this, we have added a weak 3-
body interaction to the Coulomb interaction of Eq. (1)
which breaks the PH symmetry in favor of the Moore-
Read state (such perturbations, though possibly of op-
posite sign, are experimentally present due to LL mixing
and disorder). The predicted counting is confirmed in
Fig. 3(c).

II. LAUGHLIN STATE COUNTING
(ELECTRONS AND HOLES) FROM COMPOSITE

FERMION CONSTRUCTION

It is possible to compute the excitation spectrum of
the ν = 1

3 Laughlin state via the composite fermion (CF)
picture [27, 33]. The CF construction is useful in that it
allows one to predict the spectrum for both holes and
electrons.

A CF is comprised of an electron with two flux quanta.
The Laughlin state is formed when the CFs fall into
an ν = 1 integer quantum Hall (IQH) state. Shown
in Fig. 4(a) is a CF IQH droplet, with CF orbitals

l = 0, 1, . . . , N − 1 occupied. The Laughlin wavefunction
results after attaching two flux quanta to every particle,
i.e., multiplying by Jastrow factor

∏
a<b(za − zb)2. The

size of the Laughlin droplet is determined by the ‘top an-
gular momentum’ ltop, the furthest orbital occupied by
any single (physical) particle. In this case,

ltop = (N − 1) + 2(N − 1) = 3N − 3, (7)

where (N − 1) is the location of the CF particle with
the largest l, and 2(N − 1) results from flux insertion
given N total particles. The total angular momentum of
this ground state is L0 = LCF + LJastrow, where LCF =

0 + 1 + . . . + (N − 1) = N(N−1)
2 is the total angular

momentum in the CF picture, LJastrow = N(N−1) is the
additional angular momentum from the flux insertion.
Thus,

L0 =
3

2
N2 − 3

2
N (8)

for our Laughlin droplet.
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FIG. 4. The composite ferrmion (CF) Laughlin state with
hole excitations. (a) The CF ground state with N particles.
The CFs form an IQHE liquid occuping states n = 0 to n =
N − 1. (b-d) CF states with one missing physical electron.
The missing electron manifest itself as a missing CF along
with a displacement for all the remaining CFs. (b) The state
with m = 0; (c) the state with m = 1; and (d) the two states
with m = 2.

A. Hole excitations

Figure 4(b) shows the CF structure when one physical
electron is removed, where there are now N−1 CFs. No-
tice that each CF has been shifted by two orbitals, such
that l = 3, . . . , N + 1 are now occupied. This is crucial
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FIG. 5. The composite ferrmion (CF) Laughlin state with
electron excitations. (a) The CF ground state with N parti-
cles. The CFs are all occupying the lowest CF Landau level.
(b-c) CF states with one additional physical electron. Now
there are N + 1 CFs, and three of them are in an excited CF
Landau level. (b) The lowest excited state with m = 3; and
(c) with m = 4.

to ensure that the size of the Laughlin droplet remains
unchanged, that is, ltop = (N + 1) + 2(N − 2) = 3N − 3
is invariant. We can also compute the total angular mo-
mentum L, and we find that LCF = 3 + 4 + . . .+ (N + 1)
and LJastrow = (N − 1)(N − 2). Putting it together,

L = LCF + LJastrow =
3

2
N2 − 3

2
N, (9)

we see that this excited state has the same angular mo-
mentum as the ground state, and hence a m = 0 hole
excitation.

Additional hole states can be constructed by moving
the CFs to different orbitals, and the total angular mo-
mentum will change by that of the CFs. For example,
Fig. 4(c) shows a m = 1 (L = L0 − 1) state, while
Fig. 4(d) shows the two possible m = 2 states. In gen-
eral, each arrangement of the three empty CF orbitals
will yield an excited state for the Laughlin state (with
a missing electron). The number of states at total mo-
mentum L = L0 −m is given by the number of ways to
decompose m+3 as a sum of 3 distinct integers, or equiv-
alently, number of ways to decompose m as a sum of 3 in-
tegers. This method yields the sequence 1, 1, 2, 3, 4, 5, . . . ,
in agreement with the (1, 3)-exclusion rule.

B. Electron excitations

When an electron is inserted in the Laughlin droplet,
the CFs will need to occupy more than the lowest CF
Landau level; some CFs will be placed into the first ex-
cited CF Landau level. Placing CFs in multiple Landau
levels is part of the standard construction for hierarchy
states, e.g. two filled CF Landau levels yields the ν = 2

5
hierarchy state. The resulting wavefunction is the CF
wavefunction, multiplied by the Jastrow factor, and pro-
jected into the lowest Landau level [27].

Figure 5(a) again shows a Laughlin droplet (ground
state) with N particles. This figure is the same as
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FIG. 6. LDOS on the electron side of the Laughlin ν = 1
3

state. (a) Pseudopotential interaction with V1 = 1EC and a
delta interaction impurity of strength 0.2EC above the north
pole of the sphere. (b) Screened Coulomb interaction with
gate at a distance dg = 4`B and impurity at di = 2.5`B . In
both cases, the system contains Nφ = 24 flux quanta. The
universal counting 0, 0, 0, 1, 1, 2, · · · , predicted by CF theory,
is observed in the lowest band which, however, carries much
less spectral weight than the band above it. The band which
dominates the spectral weight is expected to merge into a
continuum in the thermodynamic limit. Units are given in
meV assuming B = 14T.

Fig. 4(a), with the unoccupied excited CF Landau level
also shown.

When an electron is added to the ground state, there
are now N + 1 CFs in the system. The orbitals in the
lowest CF Landau level l = 0, . . . , N − 3 are occupied.
It is straightforward see that ltop of this state remains
the same (that is, 3N − 3), and no further CFs can be
added to the level, lest the size of the Laughlin droplet
be increased. Hence, there must be at least three CFs in
an excited Landau level. If we are to interpret the CF
Landau levels as energies levels, the lowest excitations
would consists of exactly three CFs in the 1st excited
Landau level. Figure 5(b) and (c) are examples of such
excited states.

The CF configurations in the Fig. 5(b) have the least
total L, and is clearly the unique configuration with such
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angular momentum. For this state, LCF = (−1+0+1)+

[0+ . . .+(N−3)] = (N−3)(N−2)
2 , while the Jastrow factor

contributes LJastrow = N(N + 1), for a total

L = LCF + LJastrow =
3

2
N2 − 3

2
N + 3

= L0 + 3.
(10)

Hence for the lowest electron-excited states of the Laugh-
lin state has relative angular momentum m = 3, and all
other states with larger m. Once again, we can map
the counting of states to partition of m into three inte-
gers, and therefore the counting (starting at m = 0) is
0, 0, 0, 1, 1, 2, 3, . . . , with no low energy states for m ≤ 2.
Figure 6 shows the electron-excited spectrum for the
Laughlin state. Seen underneath the “main branch” are
states, starting at m = 3, consistent with our count-
ing. These states all have low spectral weights, which
may be attributed to the dominant coupling of the elec-
tron operator to the further-excited m = 0 state (e.g. at
≈ 49.4 meV in 6a).

III. COUNTING FOR 2/5 COMPOSITE
FERMION STATE

The hierarchy states at filling ν = p
2p+1 can be under-

stood in the composite fermion construction as p-filled
CF Landau levels. Similar to the Laughlin case, this
composite fermion picture may be used to compute the
counting for the excitation spectrum [33].

For example, the ν = 2
5 state consists of filled zeroth

and first CF Landau levels; electronic excitations appear
in the second CF Landau level, and hole excitations ap-
pear as missing CFs in the lowest two Landau levels. In
particular, a hole (charge +e) excitation in the 2

5 state
corresponds to 5 CF holes. These holes may be dis-
tributed in six different ways among the two lowest LL,
e.g. four holes in the lowest LL and one hole in the first
LL, as such the hole counting falls in six different bands.
Table II summarizes the counting for the six bands. Note
that in general, because each CF can be removed from
any of the p CF Landau levels, the total multiplicity of
states rises fast with p.

Fig. 7 shows the numerically calculated LDOS for
the ν = 2

5 state for Nφ = 26 flux quanta. We use
screened Coulomb potential in Eq. (1) (with gate dis-
tance dg = 4`B) and impurity potential in Eq. (2) with
di = 2.7`B . As seen in the plot, there is a single band
which is clearly resolved and starts from the momentum
m = 3. The counting of this band is predicted in the
last row of Table II. The numerical data confirms the
expected counting 1, 1, 2, 3, 5. In the next sector, there
should be 7 states, however we only find 6 in Fig. 7 due to
finite size effects. We have confirmed that 7 states are in-
deed obtained in that sector in a larger system (Nφ = 31).
As discussed in other examples and in the following sec-
tion, tuning of the potential and impurity distance might

# holes
Counting (starting at m = 0)

LLL 1stLL

5 0 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 2, 3 . . .

4 1 0, 0, 0, 1, 2, 4, 7, 12, 18, . . .

3 2 1, 2, 5, 9, 16, 25, . . .

2 3 2, 5, 9, 16, 25, 39 . . .

1 4 1, 2, 4, 7, 12, 18, 27, . . .

0 5 0, 0, 0, 1, 1, 2, 3, 5, 7, 10, 13, . . .

TABLE II. Counting of hole excitations for the ν = 2
5

Hierar-
chy state. There is an addition m = −1 state for nhole = (2, 3)
band, which is inaccessible via tunneling into the LLL.
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FIG. 7. LDOS on the hole side of the hierarchy ν = 2
5

state
with screened Coulomb potential (Eq. (1) with dg = 4`B) and
impurity at di = 2.7`B . The system contains Nφ = 26 flux
quanta. The figure shows the lowest band from Tab II, with
counting 1, 1, 2, 3, 5 visible beginning at m = 3. It is difficult
to discern the higher bands, as they merge together.

be necessary in order to transfer more spectral weight to
the lowest band and thus improve its visibility in exper-
iment.

IV. DISTRIBUTION OF SPECTRAL WEIGHT
WITH VARYING IMPURITY DISTANCE

The tunneling current into level a is proportional to
the spectral weight wa,m = |〈a|ĉm|Ω〉|2, which satisfies
the sum rule

∑
a wa,m = 〈n̂m〉 ≈ ν. The distribution

of spectral weight depends on the details of the inter-
actions and impurity potential, which may require op-
timization for maximum visibility: ideally the weight
would be equally distributed across all the levels. The
ideal situation is in fact nearly realized for short-range
pseudopotential Hamiltonians [28], but for Coulomb in-
teractions we find an uneven distribution of weight. As
can be seen from Fig. 3(b), the weight is greatest for the
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Trapped
quasiparticle

Root
Configuration

Counting

None 1100110011 · · · 1,2,3,5,7,9,14,. . .

Neutral fermion 1011001100 · · · 1,1,3,4,6,8,13,. . .
e
4

anyon 1010101010 · · · 1,2,3,6,8,15,20,. . .

− e
4

anyon 1101010101 · · · 1,2,2,4,5,6,11,. . .
e
2

(flux) 0110011001 · · · 0,1,2,4,6,10,14,. . .
e
2

(3 flux + electron) 1001100110 · · · 1,1,3,5,8,12,20,. . .

TABLE III. Counting (hole-side) of the Moore-Read state.

high energy level, which roughly consists of three quasi-
holes directly on top of each other, simultaneously max-
imizing both their Coulomb repulsion and the overlap
with the electron operator ψ(r). We find that the spec-
tral weight is the most unevenly distributed when the
interactions are very strong compared to the impurity
(e.g., dg, di � `B); indeed, in the absence of the impu-
rity, only the dominant high-energy level has weight and
the multiplicity is undetectable. On the other hand, if
the impurity becomes too strong compared to the inter-
actions, it will become favorable for a quasiparticle to
bind to the impurity, changing the counting. We find,
for instance, that w3,a at best ranges over two orders of
magnitude. Because of the increasingly small weight, it
may prove challenging to measure the counting beyond
the first several m sectors. However, this does not seem
to be a fundamental limitation since all the cases dis-
cussed in this paper are distinguished by the counting of
only the first two orbitals.

Here we provide additional quantitative information
on the low-energy spectral weights wa,m = |〈a|ĉm|Ω〉|2.
Fig. 8 presents an approximate calculation of the w3,a

weights as a function of the impurity distance di; we
indeed see that weight is more evenly distributed for
stronger impurities. The choice of di = 2.7`B , dg = 4`B
used in Fig. 3(b) of the main text was found by fixing dg
and tuning through di in order to find a value where the
weights were most uniformly distributed without binding
a quasiparticle [37]. At this value the ν = 1

3 weights in
the m = 2 orbital are w2,a = {0.34, 0.023}, and in the
m = 3 orbital, w3,a = {0.32, 0.06, 0.003}. The spectral
weights for higher m have larger distributions, leading
to small tunneling currents which would be difficult to
measure. Fortunately all the cases we have considered
are distinguished by the counting of even just w0 and
w1.

V. COUNTINGS OF PFAFFIAN AND
READ-REZAYI PHASES

The Pfaffian (Moore-Read) phase satisfies the (2, 4)-
rule, with the root configuration of the ground state given
by 11001100 · · · . Table III shows the counting of occu-
pied states in the presence of various pinned quasiparti-
cles.
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FIG. 8. Perturbative calculation of spectral weight wm and
energy for the three states belonging to a sector m = 3, as
a function of impurity distance d. The calculation is per-
formed by projecting the Coulomb interaction (with gate at
dg = 4`B and Nφ = 24) onto the manifold of exact quasihole
states with m = 3 (e.g., obtained as zero-energy eigenstates of
the V1 pseudopotential Hamiltonian), and diagonalizing the
corresponding 3× 3 matrix. We observe that tuning d has an
opposite effect on energy vs. spectral weight: for small d, the
degeneracy of the three states is strongly lifted, while at large
d the spectral weight is very unevenly distributed between the
three states. We identify the impurity distance d ∼ 2.5–3`B
as the optimal one for measuring LDOS. Similar conclusion
can be drawn by studying other m sectors, or performing a
full (non-perturbative) calculation.

The Read-Rezayi [55] states (k,M) for M = 1 can be
easily distinguished by counting states. These phases are
fermionic, have filling k

k+2 and obey (k, r) = (k, k + 2)
exclusion rules. For a hole-like excitation, the counting
of the Read-Rezayi states (without any trapped quasi-
particles) are

k ν Counting Cm
1 1

3 1, 1, 2, 3, 4, 5, 7, . . .

2 1
2 1, 2, 3, 5, 7, 9, 14, . . .

3 3
5 1, 2, 4, 6, 9, 13, 21, . . .

4 2
3 1, 2, 4, 7, 10, 15, 25, . . .

(11)

These sequences obey the following pattern. For m < k,
the number of states at angular momentum m, Cm =
1 +

(
m
2

)
. In other words, one can figure out what k

is by checking when Cm deviates from the sequence
1, 2, 4, 7, 11, 16, 22, . . . .

VI. BAND BENDING INDUCED BY A
CARBON NANOTUBE ON TIP

As discussed in the main text, it is crucial to min-
imize band bending due to the mismatch between the
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work function of the blunt tip and the sample. Here
we present a simple calculation of the electrical poten-
tial φ(r, z) for a carbon nanotube (CNT) on blunt tip
arising from this mismatch. We work in cylindrical co-
ordinates (r, z) centered on the tip, assuming constant
angular dependence. The metallic backgate lies on the
plane z = 0; a ε = 6.6ε0 BN substrate fills the region
0 < z < 50nm, on top of which lies the graphene sample
at zsample = 50nm, and the blunt metallic tip is modeled
as a parallel metallic plate at z = 200nm. A 5nm-radius
carbon-nanotube tip is centered on r = 0 and runs from
52nm < z < 200nm. To account for screening in the tip,
we make a very simple Thomas-Fermi approximation, as-
suming the charge density in the CNT responds to the
potential following nCNT = −Πeφ, where Π = 4(π~vF )−1

and vF = 8.4 · 105m/s is the velocity of the linear gap-
less mode in the nanotube. This may overestimate the
screening, [47] but in this context less screening would
result in even less band bending.

We numerically solve the resulting Poisson equation
including Thomas-Fermi screening in the tip, (∇ε(~x)∇+
κ(~x))φ = 0. For boundary conditions, the top plate is
kept at φt = 100mV, to model the work function mis-
match, while the backgate is fixed to potential φb =
− 50nm

150nm
ε0
ε φt ∼ −5.2mV in order to compensate, which

ensures the sample sits at potential φ(r, 50nm) = 0 far
from the origin.

The resulting potential is shown in Fig. 9. The poten-
tial of the sample, φ(r, zsample), remains nearly constant;
directly under the nanotube, φ(0, zsample) ∼ −1.5mV.
The φ = −1.5, 0, 1.5mV equipotentials are shown in
dotted-white. This scale is comparable to the FQH gaps,
which means the fluid need not reconstruct around the
tip. The 2DEG could be brought even closer to an
equipotential via small modifications to the work func-
tion of the CNT, e.g., here by raising it to 2mV. This
sort of tunability might be provided by a combination of
the CNT wrapping indices and the flux through the nan-
otube; the latter tunes the nanotube’s gap on the scale
of 2.5BrCNT meV / nm T.
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FIG. 9. Electrical potential φ(r, z)/mV in the vicinity of a
carbon nanotube on tip, presented in cylindrical coordinates.
The φ = −1.5, 0, 1.5mV equipotentials are shown in dotted-
white.


