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S U M M A R Y
Although earthquake-induced gravity perturbations are frequently observed, numerical mod-
elling of this phenomenon has remained a challenge. Due to the lack of reliable and versatile
numerical tools, induced-gravity data have not been fully exploited to constrain earthquake
source parameters. From a numerical perspective, the main challenge stems from the un-
bounded Poisson/Laplace equation that governs gravity perturbations. Additionally, the Pois-
son/Laplace equation must be coupled with the equation of conservation of linear momentum
that governs particle displacement in the solid. Most existing methods either solve the coupled
equations in a fully spherical harmonic representation, which requires models to be (nearly)
spherically symmetric, or they solve the Poisson/Laplace equation in the spherical harmonics
domain and the momentum equation in a discretized domain, a strategy that compromises
accuracy and efficiency. We present a spectral-infinite-element approach that combines the
highly accurate and efficient spectral-element method with a mapped-infinite-element method
capable of mimicking an infinite domain without adding significant memory or computational
costs. We solve the complete coupled momentum-gravitational equations in a fully discretized
domain, enabling us to accommodate complex realistic models without compromising accu-
racy or efficiency. We present several coseismic and post-earthquake examples and benchmark
the coseismic examples against the Okubo analytical solutions. Finally, we consider gravity
perturbations induced by the 1994 Northridge earthquake in a 3-D model of Southern Cali-
fornia. The examples show that our method is very accurate and efficient, and that it is stable
for post-earthquake simulations.

Key words: Geomechanics; Computational seismology; Earthquake dynamics; Gravity
anomalies and Earth structure; Time variable gravity.

1 I N T RO D U C T I O N

Earthquake-induced gravity perturbations are frequently observed, in particular for large earthquakes (e.g. Chen et al. 2007; Panet et al.
2007; Matsuo & Heki 2011; Ozawa et al. 2012; Wang et al. 2012; Montagner et al. 2016; Whipple et al. 2016). These observations provide
important constraints on the mechanics of earthquakes. However, due to a lack of reliable simulation tools for realistic 3-D earth models,
earthquake-induced gravity data have thus far not been fully harnessed. The main challenge lies in solving the unbounded Poisson/Laplace
equation—which governs the perturbed gravitational potential—in a discretized domain due the fact that an ‘unbounded domain’ and
‘discretization’ are generally incompatible. Coupling of the Poisson/Laplace equation with the equation of conservation of linear momentum
further complicates the numerical procedure, especially for quasi-static problems.

The coupled momentum-gravitational equations are routinely solved for global problems, for example, for calculating the Earth’s free
oscillations or to simulate glacial-isostatic adjustments. Most existing methods either solve the coupled equations entirely in the spherical
harmonics domain or they solve the momentum equation in a discretized domain and the Poisson/Laplace equation in the spherical harmonics
domain. The spherical harmonic normal-mode approach may be used to address problems in seismology (Takeuchi & Saito 1972; Dahlen
& Tromp 1998), post-earthquake relaxation (Pollitz 1997) and glacial-isostatic adjustment (Tromp & Mitrovica 1999a,b; Spada et al. 2004).
The closely related direct radial integration method is used to compute seismic displacements in spherically symmetric self-gravitating
earth models (Al-Attar & Woodhouse 2008). Examples of the hybrid approach include spectral-element simulations of global seismic wave
propagation (Chaljub & Valette 2004), glacial-isostatic adjustment using a finite-element method (Peltier et al. 1978; Zhong et al. 2003) or a
1-D spectral-element method (SEM; Al-Attar & Tromp 2014), and coseismic and post-earthquake deformation using a 1-D SEM (Crawford
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et al. 2017). Other studies use a direct integral approach to solve Poisson/Laplace’s equation combined with a discretized solution of the
momentum equation (e.g. Latychev et al. 2005). The direct integral approach requires volume integration for each discretized point and is
therefore computationally expensive.

Rundle (1980) solved the coupled elastic-gravitational equations in a layered half-space for point dislocations using a semi-analytical
method. Okubo (1991, 1992) provided analytical expressions for gravity perturbations due to point and finite dislocations in a homogeneous
Poisson solid. In this paper, the Obuku solutions will be used for benchmarking purposes. Sun & Okubo (1993, 1998) extended Obuku’s
analytical expressions to spherically symmetric earth models.

In order to simulate earthquake-induced gravity perturbations in realistic complex earth models, we must solve the coupled momentum-
gravitational equations in a fully discretized domain. One seemingly simple approach to solve the unbounded Poisson/Laplace equation is to
use a large model domain in an attempt to suppress boundary artefacts. However, this strategy requires large computational resources and
generally results in only limited improvement (Tsynkov 1998). A better approach is to make use of infinite-element boundary conditions.
In solid and fluid mechanics, the displacement descent approach (Bettess 1977; Medina & Taylor 1983; El-Esnawy et al. 1995) and the
coordinate ascent approach (Beer & Meek 1981; Zienkiewicz et al. 1983; Kumar 1985; Angelov 1991) are both widely used to solve
vanishing infinite boundary conditions. In the displacement descent approach, an element in the physical domain is mapped to an element in
a natural domain of interval [0, ∞]. This is achieved by multiplying the standard interpolation functions by suitable decay functions. Since
the integration interval is [0, ∞], classical Gauss–Legendre quadrature cannot be employed. Either Gauss–Legendre quadrature has to be
modified to accommodate the [0, ∞] interval, or Gauss–Laguerre quadrature can be used (Mavriplis 1989). The Jacobian of the mapping and
the numerical quadrature must be modified from the classical finite-element method. The coordinate ascent approach is also referred to as the
‘mapped infinite-element’ approach. In this technique, an element that extends to infinity in the physical domain is mapped to a standard natural
element with interval [− 1, 1]. This is achieved by defining shape functions using a reference point which serves as the pole of the decaying
functions of choice. The corresponding shape functions possess singularities at the far end of the infinite element. Unlike in the displacement
descent approach, only the Jacobian of the mapping must be modified, and quadrature identical to the classical finite-element method can be
used.

To simulate earthquake-induced gravity perturbations, we use the spectral-infinite-element method (SIEM), which combines the infinite-
element approach based on coordinate ascent with the SEM. The SEM is a higher-order finite-element method which uses nodal quadrature,
specifically, Gauss–Legendre–Lobatto (GLL) quadrature. Due to the coincidence of the interpolation and quadrature points, pre- and post-
processings are efficient and accurate. The method is widely used for dynamic problems, such as wave propagation (Faccioli et al. 1997;
Seriani & Oliveira 2008; Tromp et al. 2008; Peter et al. 2011) and fluid dynamics (Patera 1984; Canuto et al. 1988; Deville et al. 2002), and
also for quasi-static problems (Gharti et al. 2012a,b). For post-earthquake deformation problems, 1-D and 2.5-D SEMs are used, respectively,
for spherically symmetric (Crawford et al. 2017) and axisymmetric models (Pollitz 2014).

Gharti et al. developed the SIEM and used it to calculate the gravity field of the Earth (Gharti & Tromp 2017), gravity anomalies
for complex 3-D models (Gharti et al. 2018), and coseismic and post-earthquake deformation (Gharti et al. 2019). This paper details the
development and implementation of the SIEM for earthquake-induced gravity perturbations. We focus on small or regional scale problems,
which allows us to perform high-resolution simulations. We model coseismic and post-earthquake gravity perturbations for a variety of faults
to illustrate and validate our method.

2 F O R M U L AT I O N

2.1 Governing equation

We solve the coupled quasi-static momentum and Poisson/Laplace equations in a setting illustrated in Fig. 1. The governing equations in the
domain of interest, � , are conservation of linear momentum,

∇ · T + ∇ (ρ s · g) − ∇ · (ρ s) g − ρ∇φ + f = 0 in �, (1)

and Poisson’s equation,

(4 π G)−1 ∇2φ + ∇ · (ρ s) = 0 in ©, (2)

subject to the essential boundary conditions,

[s]+− = 0 on �, (3)

[φ]+− = 0 on �, (4)

s = 0 on �∞, (5)
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Earthquake-induced gravity perturbations 453

Figure 1. Schematic diagram of a fault buried in a domain of interest, � , embedded in a quasi-half-space. The embedded domain has a boundary consisting
of a free surface �0 and an artificial boundary � . The half-space has a boundary consisting of �0 and a remainder �∞ . The unit outward normal to the domain
boundary is denoted by n̂ . The domain � contains a fault surface � with unit normal ν̂ .

φ = 0 on �∞, (6)

and the natural boundary conditions,

[(4 π G)−1 n̂ · ∇φ + ρ n̂ · s]+− = 0 on �, (7)

[n̂ · T]+− = 0 on �, (8)

[(4 π G)−1 n̂ · ∇φ]+− + ρ n̂ · s = 0 on �0, (9)

n̂ · T = 0 on �0. (10)

Here G denotes the universal gravitational constant, ρ the mass density, s the displacement field, T the incremental Lagrangian Cauchy
stress and φ the perturbed gravitational potential. Similarly, [ · ]+− denotes the jump in the enclosed quantity when going from the − side
of boundary � to the + side, and where n̂ denotes the unit outward normal to the boundary, pointing from the − side to the + side. The
background gravitational potential � is governed by Poisson’s equation:

∇2� + 4 π G ρ = 0. (11)

Background gravitational acceleration is denoted by g and is defined in terms of the gravitational potential � via g = − ∇ �.
Eqs (1) and (2) are coupled via the terms − ρ ∇φ and ∇ · (ρ s). Coseismic deformation is controlled by the elastic constitutive

relation T = c : ε, where c denotes the fourth-order elastic tensor and ε the strain tensor. Post-earthquake deformation is controlled by a
generalized Maxwell rheology (Zienkiewicz & Taylor 2005)

T(t) = c∞ : ε(t) +
M∑

m=1

cm : qm(t), (12)

where ηm represents the viscosity of the mth dashpot and M the total number of parallel Maxwell elements as shown in Fig. 2. The elastic
modulus of the elastic element is denoted by c∞, and cm denotes the elastic modulus of the mth Maxwell element, so that the total modulus c
is determined by

c = c∞ +
M∑

m=1

cm . (13)
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Figure 2. Schematic diagram of the generalized Maxwell rheology.

Figure 3. The domain of interest, �, is discretized using spectral elements (white). A single layer of infinite elements is added outside the domain. Light grey:
infinite elements radiating from the lateral and bottom surfaces have both the displacement and the gravity degrees of freedom. Dark grey: infinite elements
radiating from the free surface have only the gravity degree of freedom. Left: mesh does not honour the fault. Right: mesh honours the fault.

The Maxwell rheology is a special case, for which c∞ = 0 and m = 1. The partial strain qm(t) is the solution to the first-order differential
equation

q̇m + qm/τm = ε̇, (14)

where τm = ηm/Em denotes the relaxation time and Em the Young’s modulus of the mth Maxwell element. We use a second-order unconditionally
stable recurrence integration algorithm for the general Maxwell rheology, as described in Gharti et al. (2019).

The earthquake source is implemented either based on a moment-density tensor or a split-node approach, as discussed in Gharti et al.
(2019) and illustrated in Fig. 3. In the moment-density tensor approach, an external body force is imposed by computing an equivalent
moment-density tensor from the prescribed slip of the source. Since the equivalent body force is imposed, the mesh is not necessarily required
to honour the fault surface, as shown in Fig. 3 (left). However, in the split-node approach, the mesh must honour the fault surface, as shown
in Fig. 3 (right), and slip is explicitly prescribed on the split nodes.

2.2 Weak form

We define a test vector w for the displacement field and a test function w for the perturbed gravitational potential. The weak form of the
momentum eq. (1) may be obtained by taking the dot product with the test vector w and integrating over the domain of interest � , and the
weak form of Poisson’s eq. (2) may be obtained by multiplying by the scalar test function w and integrating over all of space ©. Using Gauss’
theorem, we obtain∫

�

∇w : T dV −
∫

�

w · [∇ (ρ s · g) − ∇ · (ρ s) g] dV +
∫

�

ρ w · ∇φ dV =
∫

�

w · f dV +
∫

�

w · T · n̂ dS, (15)

and∫
�

ρ ∇w · s dV + (4 π G)−1

∫
©

∇w · ∇φ dV =
∫

�

w
[
(4 π G)−1 n̂ · ∇φ + ρ n̂ · s

]
dS. (16)
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Al-Attar & Tromp (2014) have shown that the second integral in the weak form (15) can be expressed in an explicitly symmetric form,
assuming that level surfaces of ρ and � coincide in hydrostatic equilibrium. Consequently, the final weak form of eq. (15) is∫

�

∇w : T dV − 1

2

∫
�

ρ [w · ∇ (s · g) + ∇ (w · g) · s] dV + 1

2

∫
�

ρ [w · g ∇ · s + ∇ · w s · g] dV

+
∫

�

ρ w · ∇φ dV =
∫

�

w · f dV +
∫

�

w · T · n̂ dS. (17)

2.3 Discretization

To solve the weak form of the coupled momentum-gravitational eqs (16) and (17), the domain � is meshed using spectral elements. A single
layer of infinite elements is added outside the domain to reproduce the behaviour of outer space, as shown in Fig. 3. As discussed in Gharti
et al. (2018, 2019), spectral and infinite elements share the same interpolation functions, namely Lagrange polynomials, but use different
quadrature. Thus, the displacement field s is discretized in natural coordinates ξ as

s(ξ ) =
n∑

α=1

sα Nα(ξ ), (18)

and the perturbed gravitational potential φ is discretized as

φ(ξ ) =
n∑

α=1

φα Nα(ξ ), (19)

where sα and φα denote the displacement and perturbed gravity potential, respectively, at quadrature point ξα , and Nα is an interpolation
function. The total number of quadrature points in an element is denoted by n and is given by the product of the number of quadrature points
in each dimension, nj, j = 1, 2, 3; that is, n = ∏3

j=1 n j . The interpolation functions Nα in natural coordinates are determined by a tensor
product of 1-D Lagrange polynomials, that is,

N j
α j (ξ

j ) =
n j∏

β=1

β �=α j

(ξ j − ξ
j
β )

(ξ j
α j − ξ

j
β )

, (20)

such that

Nα(ξ ) =
3∏

j=1

N j
α j (ξ

j ). (21)

Here α denotes the index of quadrature point ξα = {ξα1 , ξα2 , ξα3}.
Components of the test vector w and the test function w are taken to be an interpolation function Nα , making the approach a Galerkin

method. Upon substituting such a test vector and the displacement field given by eq. (18) in eq. (17), and a test function and the gravity field
given by eq. (19) in eq. (16), we obtain a set of elemental linear equations that may be written in the matrix-vector form[

Kss
e Ksφ

e

Kφs
e Kφφ

e

][
Se

�e

]
=

[
Fs

e

Fφ
e

]
. (22)

The submatrices Kss
e , Ksφ

e , Kφs
e and Kφφ

e are the components of the unified stiffness matrix. The diagonal submatrices Kss
e and Kφφ

e represent
contributions solely from the displacement and perturbed gravity potential, respectively. The off-diagonal submatrices represent coupling
between the displacement and the perturbed gravity potential. The subvectors Fs

e and Fφ
e represent the displacement and perturbed gravity

potential force vectors, respectively.
The elemental displacement vector, Se , has the form

Se =
[

sx
1 s y

1 sz
1 sx

2 s y
2 sz

2 sx
3 s y

3 sz
3 · · · sx

n s y
n sz

n

]T
, (23)

with 3n entries for the three components of displacement at each of the n quadrature points. Similarly, the elemental perturbed potential
vector, �e , has the form

�e =
[
φ1 φ2 φ3 · · · φn

]T
, (24)

with n entries for the perturbed gravity potential at the n quadrature points. The transpose of a vector or matrix is denoted by T . Symbolically,
we may write the elemental stiffness matrix components and the force vectors as

Kss
e =

∫
�e

Bs T
e C Bs

e dV − 1

2

∫
�e

ρ
[
Ns

e (He + Ns
eG)T + (He + Ns

eG) Ns T
e

]
dV + 1

2

∫
�e

ρ
[
(g Ns T

e )T (dT Ns T
e ) + (dT Ns T

e )T g Ns T
e

]
dV, (25)
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Ksφ
e =

∫
�e

ρ Ns
e Bφ

e dV, (26)

Kφs
e =

∫
�e

ρ Bφ T
e Ns T

e dV = Ksφ T
e , (27)

Kφφ
e = (4 π G)−1

∫
�e

Bφ T
e Bφ

e dV . (28)

Here �e denotes element e, and C denotes the 3-D elasticity tensor stored as a 6 × 6 matrix. The gradient of the background gravity,
G = ∇g, is symmetric, and He denotes the outer product between a differential operator and the interpolation function matrix dotted with the
background gravity, that is,

He =
[

∂Ne

∂x
g

∂Ne

∂y
g

∂Ne

∂z
g

]
. (29)

The strain-displacement matrix, Bs
e , is given by

Bs
e = D Ns T

e , (30)

and the gravity-potential matrix, Bφ
e , is given by

Bφ
e = d Nφ T

e , (31)

where we have defined the differential matrix operator

D =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂

∂x
0 0

0
∂

∂y
0

0 0
∂

∂z
∂

∂y

∂

∂x
0

0
∂

∂z

∂

∂y
∂

∂z
0

∂

∂x

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(32)

and the differential vector operator

d =

⎡
⎢⎢⎢⎢⎣

∂

∂x
∂

∂y
∂

∂z

⎤
⎥⎥⎥⎥⎦. (33)

The interpolation function matrix for the displacement field is defined as

Ns
e =

⎡
⎢⎣ N1 0 0 N2 0 0 N3 0 0 · · · Nn 0 0

0 N1 0 0 N2 0 0 N3 0 · · · 0 Nn 0
0 0 N1 0 0 N2 0 0 N3 · · · 0 0 Nn

⎤
⎥⎦

T

(34)

and the interpolation function vector for the gravity potential is defined as

Nφ
e =

[
N1 N2 N3 · · · Nn

]T
. (35)

The gravity potential force vector Fφ
e takes the following form:

Fφ
e = (4 π G)−1

∫
�∞

Nφ
e gn dS, (36)

where gn = n̂ · ∇φ denotes the normal component of the perturbed gravity. As shown by Gharti et al. (2019), the displacement force vector
takes different forms depending on the earthquake source implementation. For the split-node approach it takes the form

Fs
e = − 1

2

(
Kss +

e − Kss −
e

)
�Se +

∫
�0

Ns
e t dS, (37)
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and for the moment-density tensor approach it takes the form

Fs
e = N T M +

∫
�0

Ns
e t dS. (38)

Eqs (36)–(38) represent the general form of the force vector. However, the surface integral on the surface at infinity does not have to be
computed due to the Dirichlet boundary conditions. Similarly, the surface integral on the free surface does not have to be computed if there is
no externally applied traction. The elemental slip vector, �Se has non-zero values only on fault surface nodes. Similarly, the matrices Kss +

e

and Kss −
e are evaluated on the + and − sides of the fault surface, respectively. The traction vector t = T · n̂ is defined by

t =
[

t x t y t z
]T

. (39)

The outer product between the differential vector operator d and the interpolation function matrix Ns
e is given by

N =
[

∂Ne

∂x

∂Ne

∂y

∂Ne

∂z

]
. (40)

The moment-density tensor matrix is represented by a nine-component column vector as

M =
[

m11 m12 m13 m21 m22 m23 m31 m32 m33

]T
, (41)

where, mi j , i, j = 1, 2, 3 are the components of the symmetric moment-density tensor, m.
After assembling the elemental matrices and vectors, we obtain a set of global linear equations[

Kss Ksφ

Kφs Kφφ

][
S
�

]
=

[
Fs

Fφ

]
, (42)

where Kss, Ksφ , Kφs and Kφφ are submatrices of the symmetric global stiffness matrix. The subvectors Fs and Fφ are the global force vectors
associated with the displacement and perturbed gravity potential, respectively. Similarly, S is the global displacement vector and � the global
perturbed gravity potential vector. These vectors are simultaneously determined by solving the system of linear equation (42).

As described in detail in Gharti et al. (2019), in spectral elements, we use GLL quadrature to construct the stiffness matrix, whereas
in infinite elements we use Gauss–Radau quadrature. Quadrature points on a geoid anomaliesspectral-infinite element interface coincide,
thereby naturally coupling the two domains.

3 E X A M P L E S

We rely on MeshAssist (Gharti et al. 2017) and Trelis/CUBIT (CUBIT 2017) for model preparation and meshing for all examples included
in this paper. All simulations use 3 GLL points in each direction resulting in a total of 27 points per element.

3.1 Coseismic gravity perturbation

In the following examples, we compute coseismic gravity perturbations and compare with the corresponding Okubo solutions. We adapted
the open source package ‘OKUBO’ (Beauducel 2013), originally developed by François Beauducel and later modified by Taco Broerse, to
calculate the reference solutions. We note that the Okubo analytical expressions depend only on a single elastic parameter, namely, Poisson’s
ratio.

3.1.1 Vertical strike-slip fault

We consider a homogeneous model of size 100 km × 80 km × 52 km with a vertical fault of size 20 km × 10 km, as shown in Fig. 4. The
centre of the fault is located at 7 km depth. We use homogeneous material properties with a Young’s modulus of 5.68 × 1010 N m-2, a Poisson’s
ratio of 0.25 and a mass density of 2670 kg m-3.

Since the farthest extent of the infinite-element layer lies virtually at infinity, the numerical derivative in the infinite elements may not be
accurate. Therefore, to be conservative, we add a transition layer of thickness equal to the average element size on top of the free surface. The
model is meshed using hexahedral elements with an average size of 2 km, resulting in a total of 62 860 spectral elements, 520 839 quadrature
points and 1 866 879 degrees of freedom. The mesh honours the fault surface, as shown in Fig. 5 (left). This is essential for the split-node
approach but not for the moment-density tensor approach (Gharti et al. 2019). Note, however, that a mesh designed for the split-node approach
can also be used for the moment-density tensor approach. A single layer of infinite elements is added outside the model surfaces, as shown
in Fig. 5 (right). The transition layer involves only the gravity degrees of freedom, and all other elements involve both the displacement and
gravity degrees of freedom. There are 8860 infinite elements, comprising about 14 per cent of the total number of elements. Note that the
mesh in the infinite-element layer satisfies the non-converging condition at infinity, since opposite faces diverge. We take the centre of the
source as the pole position for the infinite-element mapping (Gharti et al. 2019).
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Figure 4. Model geometry for a vertical fault. The model is cut along the fault plane (dark grey).

Figure 5. Left: spectral-element mesh of a vertical fault model. The model is cut along the fault (dark grey). Right: infinite elements radiating from the outer
surfaces of the model (grey). A transition layer is added on top of the free surface (light grey).

Figure 6. Geoid anomaly computed on the free surface for the vertical strike-slip fault. Left to right: Okubo analytical solution, SIEM with moment-density
tensor approach and SIEM with split-node approach.

A vertical strike-slip source is defined by a 5-m slip along strike. The slip is equivalent to a scalar seismic moment of M0 ≈ 2.2720
× 1019 N m, or a moment magnitude of Mw ≈ 6.87. Dirichlet boundary conditions are imposed at infinity, such that the displacement and
gravity potential decay to zero at infinity. We perform simulations with both the moment-density tensor and the split-node approaches.

In Fig. 6, we plot the geoid anomaly on the free surface and compare it with the Okubo analytical solution. The geoid anomaly is defined
by the perturbed gravitational potential divided by the background gravity, φ/‖g‖, giving it a unit of metres. The numerical results are in
good agreement with the Okubo solution. The main lobes around the source are nicely reproduced by the two SIEM solutions. We observe a
geoid anomaly up to ≈± 0.2 mm. For closer inspection, we plot a gravity potential profile along the x-axis at y = − 6 km, shown in Fig. 7.

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/217/1/451/5289870 by Princeton U

niversity user on 10 Septem
ber 2020



Earthquake-induced gravity perturbations 459

Figure 7. Profiles of the geoid anomaly for the vertical strike-slip fault plotted along the x-axis at y = − 6 km on the top surface.

Figure 8. Model geometry of the inclined fault. The model is cut along the fault plane (dark grey).

Figure 9. Left: spectral-element mesh for an inclined fault model. Right: the model is cut along the fault plane (dark grey). A transition layer is added on top
of the free surface (light grey).

We observe that the numerical results are in very good agreement with the Okubo solution.

3.1.2 Inclined strike-slip fault

In this example, we consider the same model domain as in the previous example. The fault has the same size and location, but dips at a 45◦

angle, as shown in Fig. 8. We impose 5 m of slip along strike. To honour the fault surface, we cut the entire model through the fault plane.
We add a transition layer on top of the free surface. We mesh the model using hexahedral elements with an average size of 2 m, as shown in
Fig. 9. A single layer of infinite elements is added. The mesh consists of 66 392 elements, 549 561 quadrature points and 1 924 337 degrees
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Figure 10. Geoid anomaly computed on the free surface for the inclined strike-slip fault. Left to right: Okubo analytical solution, SIEM with moment-density
tensor approach and SIEM with split-node approach.

Figure 11. Profiles of the geoid anomaly for the inclined fault plotted along the x-axis at y = − 2 km on the top surface.

Figure 12. Geoid anomaly computed on the free surface for an inclined thrust fault. Left to right: Okubo analytical solution, SIEM with moment-density
tensor approach and SIEM with split-node approach.

of freedom. There are 9092 infinite elements, which is about 14 per cent of the total number of elements.
We perform simulations with both the moment-density tensor and split-node approaches. Maps of the gravity potential field computed

on the free surface are shown in Fig. 10. The numerical results are in good agreement with the analytical solution. Both approaches are
capable of reproducing the major features of the geoid anomaly pattern accurately. We observe that the geoid anomaly is larger than in the
vertical strike-slip case due to larger surface displacements. The largest geoid anomalies observed on the free surface are ≈± 0.4 mm. It
is interesting to note that the geoid anomaly almost doubles when the dip angle is changed to 45◦, even though the fault characteristics are
otherwise identical. For closer inspection, we plot profiles of the gravity potential on the free surface along the x-axis at y = − 2 km, as shown
in Fig. 11. Both the moment-density tensor and the slip-node results match the Okubo analytical solution very well.

3.1.3 Inclined thrust fault

In this example, we consider the same model domain and mesh as in the previous examples. In this case, we define a thrust fault with
5 m of slip. We perform simulations with both the moment-density tensor and split-node approaches. Resulting maps of the geoid anomaly
computed on the free surface are shown in Fig. 12. The numerical results are in good agreement with the analytical solution, and both methods
are capable of reproducing the major features of the radiation pattern. We observe drastically larger geoid anomalies than in the previous
examples. The positive geoid anomaly computed on the free surface is as large as ≈1.1 mm. The negative anomaly is negligible on the
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Figure 13. Profiles of the geoid anomaly for the inclined thrust fault plotted along the x-axis at y = 1 km on the top surface.

Figure 14. Model geometry for a vertical fault in a viscoelastic model. The model is cut along the fault plane (dark grey). The model consists of an upper
elastic layer (light grey) and a lower viscous layer (dark grey).

surface. It is again interesting to see that the geoid anomaly is drastically different even though we have only changed the slip direction. The
geoid anomaly is almost three times larger than in the case with slip along the strike direction. For closer inspection, we plot profiles for each
solution on the free surface along the x-axis at y = 1 km, as shown in the Fig. 13. Both numerical results are in good agreement with the
analytical solution.

3.2 Post-earthquake gravity perturbation

In the following examples, we perform viscoelastic simulations using a Maxwell rheology.

3.2.1 Vertical strike-slip fault

We consider a model of size 100 km × 80 km × 52 km with a vertical fault of size 20 km × 10 km, as shown in Fig. 14. The model
consists of a viscoelastic layer of thickness 30 km overlain by a 22 km thick elastic layer. The centre of the fault is located at 7 km depth.
We use homogeneous material properties with a Young’s modulus of 5.68 × 1010 N m-2, a Poisson’s ratio of 0.25 and a mass density
of 2670 kg m-3. The viscoelastic layer has a viscosity of η = 7.1 × 1019 Pa s. We add a transition layer on the top of the free surface.
The model is meshed using hexahedral elements with an average size of 2 km. The mesh, shown in Fig. 15, honours the fault surface.
The mesh consists of 62 860 spectral elements, 520 839 quadrature points and 1 866 879 degrees of freedom. A single layer of infinite
elements surrounds the model. There are 8860 infinite elements, comprising about 14 per cent of the total number of elements. Due to the
viscoelastic layer, there are three types of infinite elements: empty infinite elements, which radiate from the transition layer surfaces and
carry only the gravity potential degrees of freedom; elastic infinite elements, which radiate from the elastic layer surfaces and carry both the
displacement and gravity potential degrees of freedom; and viscoelastic infinite elements, which radiate from the viscoelastic layer surfaces
and carry both the displacement and gravity potential degrees of freedom. All infinite elements inherit their material properties from the parent
elements.

We impose 5 m of slip along strike. We perform viscoelastic simulations using the moment-density tensor and split-node approaches for
300 yr using a time step of 10 yr. We use the vanishing Dirichlet boundary condition at infinity and set zero initial conditions.
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Figure 15. Spectral-element mesh for a vertical fault model. The model is cut along the fault plane (dark grey). A transition layer is added on top of the free
surface (light grey).

Snapshots of the geoid anomaly computed on the free surface at 0, 100, 200 and 300 yr are shown in Fig. 16. The moment-density tensor
and split-node approaches give very similar results. Amplitudes of the positive and negative geoid anomalies gradually decay with time. After
300 yr, the geoid anomaly observed on the free surface decays from ≈± 0.2 to ≈± 0.17 mm.

3.2.2 Inclined strike-slip fault

In this example, we use the same model as in the previous example, but the fault dips at 45◦, as shown in Fig. 17.
We add a transition layer on top of the free surface and mesh the model using hexahedral elements with an average size of 2 km. The

mesh, shown in Fig. 18, honous the fault surface. The mesh consists of 65 972 spectral elements, 546 363 quadrature points and 1 910
265 degrees of freedom. A single layer of infinite elements surrounds the model. There are 9172 infinite elements, which represent about
14 per cent of the total elements.

We impose 5 m of slip along strike and perform viscoelastic simulations using both the moment-density tensor and split-node approaches
for 300 yr using a time step of 10 yr. We use the vanishing Dirichlet boundary condition at infinity and zero initial conditions.

Snapshots of the geoid anomaly computed on the free surface at 0, 100, 200 and 300 yr are shown in Fig. 19. The moment-density tensor
and split-node approaches give very similar results. We observe that the amplitudes of the positive and negative geoid anomalies gradually
increase with time. After 300 yr, the geoid anomaly on the free surface increases from ≈± 0.40 to ≈± 0.51 mm.

3.2.3 Inclined thrust fault

In this example, we consider the same model domain and mesh as in the previous examples.
We impose 5 m of slip on a thrust fault and perform viscoelastic simulations using both the moment-density tensor and split-

node approaches for 300 yr using a time step of 10 yr. We use the vanishing Dirichlet boundary condition at infinity and zero initial
conditions.

Snapshots of the geoid anomaly computed on the free surface at 0, 100, 200 and 300 yr are shown in Fig. 20. The moment-density tensor
and split-node approaches give very similar results. Negative geoid anomalies decay with time while the positive geoid anomaly increases
with time. After 300 yr, negative anomalies on the free surface decrease from ≈1.10 to ≈0.87 mm and positive anomalies on the free surface
increase from ≈0.00 to ≈0.13 mm.

3.3 1994 Northridge earthquake

To demonstrate the applicability of our method to real problems, we compute coseismic gravity perturbations due to the 1994 January 17
Northridge (Mw = 6.7) earthquake. The epicentre is located at (34.211◦ latitude, −118.546◦ longitude) and the hypocentral depth is 17.5 km.
The finite source corresponding to the earthquake (Wald et al. 1996) is described by 14 700 moment-density tensor sources. We use the 3-D
Southern California model by Tape et al. (2009).

The model size is 666 km × 503 km × 400 km. Bathymetry and topography vary from −4209 m to 3915 m. The mesh consists of 1 272
068 elements and honours the free surface topography, as shown in Fig. 21 (left). The element size varies from ≈12.33 km on the bottom to
≈1.37 km on the top. To facilitate the creation of the infinite elements on the free surface, we added a transition layer, as shown in Fig. 21
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Figure 16. Geoid anomaly for a vertical strike-slip fault computed on the free surface at 0, 100, 200 and 300 yr after the earthquake (top to bottom). Left
column: SIEM based on the moment-density tensor approach. Right column: SIEM based on the split-node approach.

Figure 17. Model geometry for an inclined fault. The model is cut along the fault plane (dark grey) and consists of an upper elastic layer (light grey) and a
lower viscous layer (dark grey).
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Figure 18. Left: spectral-element mesh of an inclined fault model. Right: the model is cut along the fault plane (dark grey). A transition layer is added on top
of the free surface (light grey).

Figure 19. Geoid anomaly for an inclined strike-slip fault computed on the free surface at 0, 100, 200 and 300 yr after the earthquake (top to bottom). Left
column: SIEM using the moment-density tensor approach. Right column: SIEM using the split-node approach.
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Figure 20. Geoid anomaly computed on the free surface for an inclined thrust fault at times of 0, 100, 200 and 300 yr post-earthquake (top to bottom). Left
column: SIEM with moment-density tensor approach. Right column: SIEM with split-node approach.

Figure 21. Left: spectral-element mesh of the 3-D Southern California model. Right: zoomed in view of the mesh. To accommodate topography with the
infinite elements, a transition layer is added on top of the free surface (grey).
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Figure 22. Geoid anomaly on the free surface for the 1994 Northridge earthquake in the 3-D Southern California model.

(right). The outer surface has 194 228 infinite elements, which comprise about 15 per cent of all elements. We use three GLL points in each
direction, resulting in a total of 10 566 031 nodes and 32 832 519 degrees of freedom. It takes about 12 min on 200 processors to compute
the gravity perturbations.

Fig. 22 shows a map of the geoid anomaly computed on the free surface. We observe a maximum anomaly of ≈0.11 mm and a minimum
anomaly of ≈−0.14 mm near the source. Although the two major lobes of the geoid anomaly are similar in appearance, the pattern near the
source is complicated and asymmetric due to the complex topography and the finite rupture.

4 D I S C U S S I O N

We successfully implemented an SIEM to simulate earthquake-induced gravity perturbations, using moment-density tensor and split-node
approaches for the source implementation. Implementation of both the moment-density tensor and split-node approaches allows us to simulate
complex faults in various settings. We used infinite elements to solve the unbounded Poisson/Laplace equation and to implement far-field
displacement boundary conditions. The infinite-element layer requires less than 15 per cent additional memory.

We used several examples to benchmark our results against the analytical solutions for coseismic gravity perturbations. We also computed
post-earthquake gravity perturbations for those examples. Benchmarks against the Okubu analytical solutions show that the method is very
accurate. For viscoelastic post-earthquake simulations, the method is accurate and stable for both the moment-density tensor and the split-node
methods.

Our examples show that for a given fault size and slip magnitude, the geoid anomaly and viscoelastic behaviour depend on the fault
orientation and slip direction. The inclined fault dipping at 45◦ generates a larger geoid anomaly than the vertical fault with the same slip
direction. The inclined thrust fault dipping at the same angle generates an even greater geoid anomaly. For the vertical strike-slip fault, we
observe that the geoid anomaly decays with time, whereas for the 45◦ dipping fault the geoid anomaly increases with time. For the thrust fault
with 45◦ dip, negative geoid anomalies decrease with time, but positive anomalies slightly increase with time.

To date, induced-gravity data have not been fully exploited to constrain earthquake source parameters, and the tools developed as part
of this article may be used for such investigations. Our simulation of the 1994 Northridge earthquake demonstrates that our technique may
be used for real-world applications. In this example, the calculated geoid anomaly is affected by the bathymetry and topography of the
region.

For viscoelastic simulations, it is generally known that low-order isoparametric elements suffer from the so-called shear locking
phenomenon, which can be alleviated by using reduced integration and/or higher order Lagrangian elements (Simo & Hughes 1998;
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Zienkiewicz & Taylor 2005). It would be interesting to explore how the SIEM behaves for such phenomena in future applications. Future
work will also focus on other global quasi-static and dynamic problems, such as tsunamis, glacial rebound and sea-level change.

Our package is open source and freely available via the Computational Infrastructure for Geodynamics (geodynamics.org).
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