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We study the nature of the � ¼ 5=2 quantum Hall state in wide quantum wells under the mixing of

electronic subbands and Landau levels. A general method is introduced to analyze the Moore-Read

Pfaffian state and its particle-hole conjugate, the anti-Pfaffian state, under periodic boundary conditions in

a ‘‘quartered’’ Brillouin zone scheme containing both even and odd numbers of electrons. By examining

the rotational quantum numbers on the torus, we show spontaneous breaking of the particle-hole

symmetry can be observed in finite-size systems. In the presence of electronic-subband and Landau-

level mixing, the particle-hole symmetry is broken in such a way that the anti-Pfaffian state is

unambiguously favored, and becomes more robust in the vicinity of a transition to the compressible

phase, in agreement with recent experiments.

DOI: 10.1103/PhysRevLett.109.266806 PACS numbers: 73.43.Cd, 63.20.Pw, 63.22.�m

The quantized Hall state at the � ¼ 5=2 Landau level
(LL) filling factor [1] has been the subject of significant
recent interest due to a strong suspicion, with considerable
support from the numerical calculations [2–5], that it is
described by the Moore-Read ‘‘Pfaffian’’ (Pf) state [6].
This incompressible quantum fluid, which is a prototype
state for non-Abelian exchange statistics [6,7], is found
in the vicinity of the phase boundary with compressible
phases characterized by stripe order and Fermi-liquid-like
behavior [3]. Generally, the incompressible fluids of the
fractional quantized Hall effect [8–10] possess protected
gapless edge modes, and gapped bulk excitations which
carry fractional charge and obey fractional statistics
[6,11,12]. These attributes—quantization, fractionaliza-
tion, and protection—represent the hallmark of topological
phases [13]. In the case of non-Abelian states, the degen-
eracy of the quasiparticle states may be suitable to imple-
ment a ‘‘fault-tolerant’’ quantum computation [14].

The Moore-Read state, though defined in a half-filled
LL, is not invariant under the particle-hole (p-h) trans-
formation, and therefore its p-h conjugate partner—the
‘‘anti-Pfaffian’’ (APf) state [15]—emerged as a competing
candidate to describe the ground state of � ¼ 5=2. In
experiment, either the Pf or APf state is realized, depending
on the explicit form of the p-h symmetry-breaking fields
(e.g., 3-body interaction [16] or more generally LL mixing
[17–19]). In the absence of those, the true ground state is
selected by spontaneous p-h symmetry breaking. A similar
outcome should be reproducible in finite-size calculations,
which have been known to capture remarkably well the
fundamental aspects of fractional quantized Hall effect
physics [10]. However, for technical reasons (see below),
this never occurs for an even number of electrons, which
has been the assumption of most studies to date [20,21].

Although the Pf and APf states have identical non-
Abelian braiding properties in the bulk, they represent

distinct phases of matter as reflected, e.g., in their edge
physics [22,23]—a signature of the underlying topological
order [13]. A number of recent experiments have focused
on measuring the quasiparticle charge at � ¼ 5=2 [24–26],
and on detecting the non-Abelian statistics using edge-
tunneling interferometry [27,28]. These probes, while not
definitive in all regards, are consistent with the non-
Abelian statistics, and have provided additional insights
into the nature of the ground state. In particular, the dis-
covery of the counterpropagating mode [29] is consistent
only with the APf state.
At the same time, other experiments have probed

the stability of � ¼ 5=2 by driving the transitions from
the incompressible to the compressible phases such as the
Fermi liquid-like state [30,31], and the anisotropic, stripe,
and nematic phases [3,32]. This was accomplished by
tilting the magnetic field [32], and by tuning the density
in wide quantum well (WQW) samples [33,34]. In the
latter case, it was recently noticed [34] that the quantized
� ¼ 5=2 state becomes stronger in the vicinity of a tran-
sition to the Fermi liquid-like phase.
In this Letter we introduce a new method to study the

physics of the Moore-Read state and its p-h conjugate.
We consider a compact torus geometry [35,36] with a
quartered many-body Brillouin zone (BZ) for both even
and odd numbers of electrons Ne. Regardless of the parity
of Ne, for the Moore-Read 3-body Hamiltonian we obtain
a zero-energy and zero-momentum ground state, with
bosonic (‘‘magnetoroton’’) and fermionic (‘‘neutral fer-
mion’’ [37]) collective modes at fixed Ne. This is in stark
contrast, e.g., to the spherical geometry [38], where the
zero-energy ground state only exists for even Ne, and the
fermionic mode can only be obtained for odd Ne [37].
The essential physical similarity of the even and odd Ne

cases on the torus enables us to restrict to the latter case
when Pf and APf states can be further classified by their
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invariance under discrete rotations in high symmetry
Bravais lattices. For special odd values of Ne we recover
spontaneous p-h symmetry breaking in finite systems as
Pf and APf states acquire different angular momenta com-
patible with periodic boundary conditions (PBCs). This
formalism is then applied to a realistic model of a wide
quantum well with two subbands, S1 (symmetric subband
with the n ¼ 1 LL form factor) and A0 (antisymmetric
subband with the n ¼ 0 LL form factor), where p-h sym-
metry is broken explicitly by the mixing of electronic
subbands and LLs as a result of tuning the density [34].
We identify the APf state as the one describing the ground
state in these circumstances, and show that its gap incre-
ases prior to the transition to the compressible phase, in
agreement with experiments [34].

We consider Ne electrons in a fundamental domain
L1 �L2 subject to magnetic field Bẑ. An operator that
translates a single electron and commutes with the
Hamiltonian is the magnetic translation operator which
obeys a noncommutative algebra, leading to the quantiza-
tion of the flux N� threading the system, ẑ � ðL1 �L2Þ ¼
2�‘2BN�, where ‘B ¼ ffiffiffiffiffiffiffiffiffiffiffi

@=eB
p

is the magnetic length. In a
many-body system, symmetry classification is achieved by
the help of the emergent many-body translation operators
[36], which can be factorized into a center of mass and a
relative part. The action of the former produces a character-
istic degeneracy equal to q, where Ne ¼ pN, N� ¼ qN,
and N is canonically assumed to be the greatest common
divisor of Ne and N� such that p and q are coprime. The
eigenvalue of the relative translation operator is a many-
body momentum k [36] that fully classifies the spectrum in
the BZ N � N zone, with the exception of high symmetry
points where discrete symmetries may produce additional
degeneracies, as we explain below.

For the outlined algebraic derivation it is not essential
that p, q be coprime numbers. In fact, enforcing this
condition might hide the important physical features of
a fractional quantum Hall (FQH) state. This occurs for
the Moore-Read state which possesses a pairing structure
revealed in its fundamental root pattern 110011001100. . .,
that defines the clustering properties on genus-0 surfaces
[39]. The corresponding filling factor � ¼ 1=2 should be
viewed as � ¼ 2=4 because the root pattern admits two
particles in each four consecutive orbitals. To incorporate
this clustering condition, we need to map the wave vectors
onto a quartered BZ ~N � ~N zone [40], which can be
viewed as a result of ‘‘folding’’ the original N � N zone
[see Fig. 1(a)]. For N even, the zone corner and midpoints
of the zone sides all map to a k ¼ 0 point [red points in
Fig. 1(a)]. These wave vectors also define the sectors of
the Hilbert spacewhere a threefold degenerateMoore-Read
ground state is obtained [6]. The Moore-Read parent
Hamiltonian also possesses a zero-energy ground state for
an odd number of electrons, which corresponds to a single
unpaired electron with k ¼ 0 [7]. In this case, the folding

still ‘‘compactifies’’ the original BZ, but the k ¼ 0 sector
remains invariant under the folding. Thus, in the quartered
BZ, the ground states of the Moore-Read Hamiltonian are
invariably obtained in thek ¼ 0 sector of the Hilbert space,
as they should be for an incompressible liquid, and the
threefold degenerate states are allowed to mix.
Advantages of the quartered BZ become obvious

when the full energy spectrum of the Moore-Read
3-body Hamiltonian H3b ¼ �P

i<j<kSijk½r4
ir2

j�ðri � rjÞ
�ðrj � rkÞ� is studied as a function of momentum [see

Fig. 1(b)]. Using the conventional definition of the BZ,
there is no obvious structure in the low-lying excitation
spectrum of the Moore-Read 3-body Hamiltonian.
However, if the same spectrum is replotted in a quartered
zone, it reveals a bosonic mode (the magnetoroton) and a
fermionic mode (neutral fermion) [37]. Because of the BZ
folding, in the even case (Ne ¼ 14) we obtain three copies
of the bosonic mode and a single copy of the fermionic
one. In the odd case (Ne ¼ 13), the multiplicities are
interchanged [40]. Contrary to spherical geometry where
spectra for different particle numbers have to be super-
imposed on the same plot to resolve the two modes, on the
torus both modes are obtained for a fixed system size Ne.
An additional advantage of PBCs is that one can access a
quasicontinuum of the momenta k, as opposed to a much
smaller subset of angular momenta on the sphere. This is
achieved by adiabatic variation of the shape of the unit cell
in terms of its aspect ratio jL1j=jL2j or the angle between
vectors L1 and L2, subject to a constraint that the area
jL1 �L2j remains fixed and equal to 2�‘2BN�. In Fig. 1
we set the ratio equal to unity, and vary the angle between
the square and the hexagon.
Using the quartered BZ we can also directly address the

phase transition between the Moore-Read state and the
composite Fermi liquid (CFL). Spherical geometry is in-
adequate for this purpose because the two states have
different ‘‘shifts’’ [41]. To capture the transition, we study
the energy spectrum of a Hamiltonian that interpolates
between the model 3-body Hamiltonian and the n ¼ 0 LL
Coulomb interaction, �H3b þ ð1� �ÞHC. In a quartered

FIG. 1 (color online). (a) An example of a squared many-body
BZ (open circles), and the folding to a quartered BZ (black
circles) for even Ne. Red circles denote sectors that map to the
zero momentum k ¼ 0 sector. (b) Energy spectrum of the
Moore-Read 3-body Hamiltonian in a quartered BZ for
Ne ¼ 14 and Ne ¼ 13 (inset) particles.
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BZ, the spectra for even and odd Ne are strikingly similar,
and the data in Fig. 2 correspond to Ne ¼ 11 which is also
studied in a different model below. The neutral fermion and
the magnetoroton modes become significantly distorted
and difficult to identify for � < 1; nevertheless, one can
track their evolution until the eventual collapse of the gap
for � ! 0. At this point the ground state moves from k ¼ 0
to some k� ‘�1

B , and the system undergoes a second-order
transition to the compressible phase. In contrast, for the
n ¼ 1 LL Coulomb interaction, a similar calculation
does not lead to the gap closing for any �. Adiabatic
variation of PBCs also enables one to calculate, e.g., the
Hall viscosity, which is expected to diverge at the � ¼ 0
point. The regime of small � might display an interesting
crossover between type-I and type-II superconducting
behavior [42].

In order to address the competition between the Pf and
APf states for the generic (2-body) interactions, it is essen-
tial to consider all possible symmetries of the Hamiltonian
at half filling. In particular, the two symmetries of interest
here are the p-h conjugation �ph, and discrete rotations

compatible with PBCs [43,44]. The first is represented by
an antiunitary operator formally similar to the well-known
case of the time-reversal operator [45]. In the presence of
both symmetries, extra (isolated) degeneracies may occur
which belong to conjugate or corepresentations of discrete
rotations [36,45]. In the case of even Ne, rotational sym-
metry does not lead to any additional quantum numbers for
the ground state at � ¼ 5=2. For some k ¼ 0 excited
states, �2ph ¼ �1 and these, following Kramer’s theorem,

are all doubly degenerate. On the other hand, for odd Ne

and k ¼ 0, �2ph ¼ 1 and only isolated degeneracies are

possible. The ground state in this case is either unique or
a doublet. For any geometry other than hexagonal, the
ground state is a singlet. For hexagonal geometry, the
ground state is also a singlet if the number of electrons is
given by Ne ¼ 6mþ 1, where m 2 Z. For other Ne, the
ground state is a doublet [46].

To understand these trends for generic Hamiltonians it is
helpful to consider the rotational properties of Pf and APf
model states. On the torus with n-fold point symmetry, the
angular momentum of the APf state, measured relative to
the Pf state, is given by �M ¼ 2NpairðmodnÞ, where Npair

is the number of paired electrons. For n ¼ 2 or n ¼ 4
(square or lower symmetry), �M ¼ 0 since Npair is always

even. Thus there is no symmetry reason for the Pf and APf
states (being the eigenstates of different Hamiltonians) to
be orthogonal. On the other hand, for n ¼ 6, �M � 0 if
Ne � 6mþ 1, and the two states are necessarily orthogo-
nal. It is under precisely these conditions that the doublet
ground states are observed. These seemingly unrelated
events are another confirmation that in the case of the
Coulomb interactions the system is in the Moore-Read
phase. There are always doublets present in the spectrum,
but they describe the ground state only in cases where the
Pf and APf states have �M � 0. Evidently, the rotational
quantum numbers of the doublet match those of the Pf and
APf states. There will be no spontaneous breaking of the
p-h symmetry in the absence of such degeneracies until the
thermodynamic limit is reached. Achieving this property
for finite sizes makes the comparison of the exact ground
state with the Pf or APf state much cleaner than the case of
even Ne, for example. As we show below, LL mixing splits
the doublets in such a way that each member has a finite
overlap with either the Pf or APf state, while having zero
overlap with the other.
We illustrate the ideas above on a model of the WQW in

which electrons can populate two ‘‘active’’ subbands with
LL indices n ¼ 0 and n ¼ 1 [47]. We refer to these levels
as A0 and S1, where S, A stands for the wave function in
the perpendicular z 2 ½0; w� direction, w being the width
of the well. For simplicity, we assume reflection symmetry
around z ¼ w=2, and the two subbands are given by sym-
metric or antisymmetric infinite square well wave func-

tions ’S ¼
ffiffiffiffiffiffiffiffiffi

2=w
p

sinð�z=wÞ, ’A ¼ ffiffiffiffiffiffiffiffiffi

2=w
p

sinð2�z=wÞ.
The remaining subbands are either completely filled or
completely empty, and excitations to them are forbidden.
The energy splitting between the subbands, �SAS, can be
realistically tuned by electrostatic gates [34], but in our
calculation it is assumed to be an independent parameter.
This model is expected to provide a realistic description
of a number of recent experiments on the WQWs where
FQH states were probed by tuning the effective interaction
via subband and LL mixing. In particular, we focus on
� ¼ 5=2 considering a half-filled S1 level mixing with
an A0 level. It is assumed that the electron spin is fully
polarized [2,48–51].
In Fig. 3(a) we plot the neutral gap and mean value of

the pseudospin operator Sz ¼ 1
2

P

iðcyS;icS;i � cyA;icA;iÞ in the
ground state for Ne ¼ 10 particles. We set w=‘B ¼ 2:7,
which roughly agrees with the experimental width [32,34].
When �SAS is large, excitations to the A0 level are costly,
and the ground state is fully polarized in the S1 level and it
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FIG. 2 (color online). Transition between the Moore-Read and
the composite Fermi liquid state. Energy spectrum of �H3b þ
ð1� �ÞHC is plotted as a function of momentum for � ¼ 0:2
(left) and � ¼ 0 (right), illustrating the collapse of the neutral
mode around k� ‘�1

B . Inset shows the spectrum for pure H3b.
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is of the same nature as the one that is usually observed in
wide samples. As �SAS becomes smaller, the difference of
n ¼ 0 and n ¼ 1 LL form factors makes it increasingly
favorable to promote particles into the A0 level and reduce
the correlation energy. Eventually, all particles migrate to
the A0 subband, where they form a composite Fermi liquid;
as shown in Fig. 3(a), this happens slightly before the
actual coincidence of the two subbands. The steplike
behavior of hSzi suggests the transition to be very sharp,
and we find it to be more affected by the difference in LL
(rather than the subband) form factors. Right before the
transition, excitations from S1 to A0 lead to an increase of
the neutral gap of the system [34]. We believe the increase
of the gap to be an intrinsic feature of the system, but
limitations on the system sizes attainable by exact diago-
nalization prevent us from performing a proper finite-size
scaling of the gap.

Finally, we investigate the nature of the ground state
before the transition to the compressible phase. In Fig. 3(b)
we compare the Ne ¼ 10 electron ground state (projected
to the S1 level) with the Pf and APf wave functions defined
on a hexagonal unit cell. At large �SAS, the p-h symmetry
is preserved, and the Pf and APf states have identical
overlaps with the exact state. In the transition region, p-h
symmetry is lifted, and the APf overlap is growing
while that of the Pf state is decreasing. However, the Pf
and APf states have a significant overlap with each other
for Ne ¼ 10 particles [19]. To avoid this problem, we
instead consider the Ne ¼ 11 case, when discrete symme-
try forces the Pf and APf states to be orthogonal. At the
same time, the Coulomb ground state, which is exactly
twofold degenerate for infinite �SAS, splits when �SAS is
reduced [see Fig. 3(c)]. The size of the full Hilbert space
for Ne ¼ 11 is very large to be directly diagonalized, so we
limit the number of excitations to the higher subband [19].
The convergence is found to be rapid, and the essential
properties of the ground state and the transition point can
be captured accurately by allowing for not more than three
electrons in a higher subband. The effect of a small amount

of symmetry-breaking by �SAS is sufficient to select the
APf state with 95% overlap with the ground state, while the
Pf overlap drops to zero [see Fig. 3(d)]. The APf overlap
can be increased further by varying the V1 pseudopotential
in a ‘‘SU(2)-invariant’’ manner [19] [see Fig. 3(d), inset].
These results provide unambiguous evidence that the
ground state of the WQW is described by the APf state.
In summary, we have demonstrated that PBCs for spe-

cial finite systems with an appropriately defined BZ are
essential for the study of the non-Abelian FQH states, their
collective excitation spectra, and the effects of particle-
hole symmetry breaking in WQWs under LL and subband
mixing. Although we have presented results for the case
of S1 and A0 mixing, the more common case of S1 and S2
mixing (applicable to narrower quantum well samples)
similarly selects the APf state to describe the ground state.
This conclusion is not affected by mixing in even higher
LLs (S3 and beyond). The sharpness of the transition and
the ‘‘population inversion’’ illustrated in Fig. 3 might be
relevant for the emergence of lowest LL physics under
extreme tilting of the magnetic field [32].
We thank J. Eisenstein, M. Levin, N. Read, S. H. Simon,

and in particular Y. Liu and M. Shayegan for valuable
discussions. Z. P. would like to thank A. Sterdyniak,
N. Regnault, and B.A. Bernevig for useful comments. We
acknowledge support by DOE Grant No. DE-SC0002140,
and the Keck Foundation.

[1] R. Willett, D. C. Tsui, A. C. Gossard, and J. H. English,
Phys. Rev. Lett. 59, 1776 (1987).

[2] R. H. Morf, Phys. Rev. Lett. 80, 1505 (1998).
[3] E. H. Rezayi and F. D.M. Haldane, Phys. Rev. Lett. 84,

4685 (2000).
[4] M. Storni, R. H. Morf, and S. D. Sarma, Phys. Rev. Lett.

104, 076803 (2010).
[5] H. Lu, S. D. Sarma, and K. Park, Phys. Rev. B 82, 201303

(2010).
[6] G. Moore and N. Read, Nucl. Phys. B360, 362 (1991).

FIG. 3 (color online). (a) Neutral gap and mean value of the pseudospin Sz for Ne ¼ 10 particles at half filling in a WQW
(w=‘B ¼ 2:7). Transition is driven by changing �SAS, and relative position of the electronic subbands is schematically shown in the
inset. (b) Overlap between the exact Ne ¼ 10 ground state (projected onto S1 subband) and the Pf and APf wave functions. In the
transition region (�SAS � 0:028) APf becomes favored. (c) Energy spectrum for infinite �SAS (black diamonds) with an exact doublet
at k ¼ 0, and the splitting of the doublet when �SAS is reduced (red triangles). (d) Same as in (b) but for Ne ¼ 11, when Pf and APf are
mutually orthogonal. �SAS breaks PH symmetry and unambiguously selects APf (95% overlap) over Pf (zero overlap). Inset shows the
effect of varying the V1 pseudopotential.

PRL 109, 266806 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

28 DECEMBER 2012

266806-4

http://dx.doi.org/10.1103/PhysRevLett.59.1776
http://dx.doi.org/10.1103/PhysRevLett.80.1505
http://dx.doi.org/10.1103/PhysRevLett.84.4685
http://dx.doi.org/10.1103/PhysRevLett.84.4685
http://dx.doi.org/10.1103/PhysRevLett.104.076803
http://dx.doi.org/10.1103/PhysRevLett.104.076803
http://dx.doi.org/10.1103/PhysRevB.82.201303
http://dx.doi.org/10.1103/PhysRevB.82.201303
http://dx.doi.org/10.1016/0550-3213(91)90407-O


[7] N. Read and D. Green, Phys. Rev. B 61, 10 267 (2000).
[8] D. C. Tsui, H. L. Stormer, and A. C. Gossard, Phys. Rev.

Lett. 48, 1559 (1982).
[9] R. B. Laughlin, Phys. Rev. Lett. 50, 1395 (1983).
[10] The Quantum Hall Effect, edited by R. E. Prange and

S.M. Girvin (Springer-Verlag, Berlin, 1990), 2nd ed.
[11] N. Read and E. Rezayi, Phys. Rev. B 54, 16 864 (1996).
[12] D. Arovas, J. R. Schrieffer, and F. Wilczek, Phys. Rev.

Lett. 53, 722 (1984); P. Bonderson, V. Gurarie, and
C. Nayak, Phys. Rev. B 83, 075303 (2011).

[13] X.-G. Wen, Int. J. Mod. Phys. B 06, 1711 (1992).
[14] A. Y. Kitaev, Ann. Phys. (Amsterdam) 303, 2 (2003);

C. Nayak, A. Stern, M. Freedman, and S. D. Sarma,
Rev. Mod. Phys. 80, 1083 (2008).

[15] M. Levin, B. I. Halperin, and B. Rosenow, Phys. Rev. Lett.
99, 236806 (2007); S.-S. Lee, S. Ryu, C. Nayak, and
M. P. A. Fisher, Phys. Rev. Lett. 99, 236807 (2007).

[16] H. Wang, D.N. Sheng, and F. D.M. Haldane, Phys. Rev. B
80, 241311(R) (2009).

[17] W. Bishara and C. Nayak, Phys. Rev. B 80, 121302 (2009).
[18] A. Wójs, C. Tőke, and J. K. Jain, Phys. Rev. Lett. 105,

096802 (2010).
[19] E. H. Rezayi and S. H. Simon, Phys. Rev. Lett. 106,

116801 (2011).
[20] M.R. Peterson, K. Park, and S. D. Sarma, Phys. Rev. Lett.

101, 156803 (2008).
[21] M.R. Peterson, T. Jolicoeur, and S. D. Sarma, Phys. Rev.

B 78, 155308 (2008); M. R. Peterson, T. Jolicoeur, and
S. D. Sarma, Phys. Rev. Lett. 101, 016807 (2008).
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