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I. DECODING LIGHT CONE

In this section, we present numerical data on the de-
coding light cone for a single-reference qubit that is
locally entangled with an initially volume-law entan-
gled state. We consider two boundary conditions. In
Fig. S1(a), we run the circuit at a fixed measurement
rate in the volume-law phase until saturation (to = 4L),
which takes time ~ L [1, 2]. We then measure one qubit,
entangle it with the reference, and evolve the system. We
find a nearly identical emergent light cone in the purifica-
tion dynamics of this single reference qubit as we found
in the main text for the same conditions starting from a
product state (tg = 0).

In Fig. S1(b), we consider an initial state which is a
pseudorandom stabilizer state at tg = 4L, which is ob-
tained by running the circuit without measurements. We
find a similar decoding light cone in the future evolu-
tion with measurements. We remark that if the refer-
ence starts in a pseudorandom state together with sys-
tem, then there is no similar light cone observed in the
data (not shown). Instead, the measurement events that
purify the reference qubit are distributed uniformly ran-
domly throughout the system.

The emergence of this light cone is potentially sur-
prising because strict causality can be violated in these
models, especially at the critical point where the corre-
lation length diverges [3]. As a result, any light cone
that emerges is statistical in nature. We leave a full
exploration of these issues for future work, but note
that the behavior observed here is consistent with an-
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FIG. S1: Decoding light cone starting from volume-law en-
tangled states. At time tg = 4L (we took L = 64), a qubit in
the system is measured and entangled with a reference qubit.
In (a) we took a constant value of p = 0.08 < p. =~ 0.16 for all
times. In (b) we performed a quench in p from 0 for ¢ < ¢y to
p = 0.08 for ¢t > to. Thus, the initial state is a quasirandom
stabilizer state.

other probe of information spreading that uses a single-
reference qubit, which was introduced in our recent work
[4]. In that approach, we define a light cone by the min-
imal region over which the system has maximal mutual
information with the reference qubit, which remains well-
defined to arbitrarily late times in the volume-law phase.

II. BULK AND SURFACE EXPONENTS:
MUTUAL INFORMATION

In this section, we present our analysis of the mutual
information data in Fig. 3(b)-(c) of the main text that
was used to estimate bulk and surface order parameter
exponents. From collapsing the data in Fig. 3(b) for
to = 4L, we obtain a bulk exponent 7 = 0.22(1) (close to
percolation n = 5/24). Collapsing the data for tg = 0, we
obtain a surface exponent 7; = 0.74(1) (as compared to
percolation 7 = 2/3). Using open boundary conditions
at late times to = 4L as in Fig. 3(c), we obtain inde-
pendent estimates of the surface exponent. Placing one
reference qubit at x = 0 and another at y = L —1, we ob-
tain the estimate 7, = 0.67(2) [5]. For y = L/2, scaling
theory predicts an exponent 7, = (n+1n)/2 [6, 7], from
which we estimate a third value 73 = 0.58(2). Using
these differences to estimate systematic uncertainty, we
obtain the estimate ) = 0.7(1).

We note that, following the appearance of this work,
Ref. [3] used the purification dynamics of several refer-
ence qubits to extract a surface order parameter expo-
nent with a larger difference from percolation 7 = 0.82
(see next section). We also remark that other surface
exponents in this stabilizer circuit model are known to
have much more substantial differences from percola-
tion [1-3]. Finally, we note that, following the appear-
ance of this work, recent work on a 141 dimensional
Haar random circuit with measurements found a similar
value of n = 0.19(1), but a substantially different value

77”2 = 039(1) [8]

III. SURFACE EXPONENT: PURIFICATION
DYNAMICS

In this section, we estimate the surface exponent us-
ing an alternative numerical method compared to the
method presented in the main text and the previous sec-
tion. In particular, we consider the purification dynam-
ics of a finite number of reference qubits at p, maximally
entangled with the system. Following the appearance of
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FIG. S2: Purification dynamics of one (a) and four (b) ref-
erence qubits at p = 0.1596 = p. starting from a product
initial state, periodic boundary conditions, and the reference
qubits maximally entangled with a contiguous region. From
(a/b) we obtain an estimate 7 = 0.70(2)/0.76(2) that lies in
the systematic uncertainty interval obtained from the mutual
information probes described in the main text.

this work, Li, Chen, Ludwig and Fisher pointed out that,
in 141 dimensions, there are advantages to considering
the entropy of the reference system to probe 7 (instead
of the mutual information of two reference qubits) be-
cause it maps to a less complicated boundary operator
in the underlying conformal field theory [3]. In addition,
Li et al. suggested that, in stabilizer circuits, it might
be advantageous to consider the purification dynamics of
several reference qubits instead of just one. The reduced
density matrix for a stabilizer state on one qubit can

only have 0 or 1 bits of entropy, which, for the single ref-
erence qubit probe, increases the statistical fluctuations
and may lead to stronger finite-size effects in the purifi-
cation dynamics near p.. Our focus on a single-reference
qubit in this work was primarily due to the simplicity
of the experimental and numerical implementations. We
have not been able to conclusively resolve whether one
or several reference qubits are preferable for obtaining
accurate critical properties.

Our results for one and four reference qubits maximally
entangled with a contiguous region of the system that is
otherwise in a product state are shown in Fig. S2(a)-(b).
We run the circuit at p = 0.1596 =~ p. and assume a
scaling function of the form

(S(p)) ="M~ F(t/L). (S1)

Similar to Li et al., we find that the estimated value of 7
with this method drifts to larger values as the size of the
reference system increases (we find 7 = 0.70(2)/0.76(2)
for one/four reference qubits). Our estimated value of
n) differs slightly from theirs (7 = 0.82) because we use
a slightly smaller estimate for p. of 0.1596 compared to
their estimate of 0.1600. However, all the values reported
for ) lie within the systematic uncertainty we estimated
from the mutual information probes n; = 0.7(1). As
a result, we leave it to future work to obtain a more
accurate estimate of 7 for this model.
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