arxiv:1412.0260v1 [cs.IT] 30 Nov 2014

Outage Performance of Uplink Two-tier Networks
Under Backhaul Constraints

Shirin Jalali, Zolfa Zeinalpour-Yazdi and H. Vincent Poor

Abstract—Multi-tier cellular communication networks consti- is assumed to have a limited backhaul capacity. Up to its
tute a promising approach to expand.the coverage of ceIIquar capacity, each FAP employs a speciglen access policy
networks and enable them to offer higher data rates. In this  gy,qied in [2] and[[B] for downlinks. Based on this policy,
paper, an uplink two-tier communication network is studied, . . . . .
in which macro users, femto users and femto access points are,eaCh_ MU is ser\{lced by its closest FAP 'f,') the ratio between
geometrically located inside the coverage area of a macro ba itS distance to its closet FAP and its distance to the MBS
station according to Poisson point processes. Each femtdces exceeds some threshold, and ii) the number of users already

assumed to have a fixed backhaul constraint that puts a limit being serviced by that FAP is less than its capacity.
on the maximum number of femto and macro users it can

service. Under this backhaul constraint, the network adops a
special open access policy, in which each macro user is eithe A. Related work

assigned to its closest femto access point or to the macro leas . .
station, depending on the ratio between its distances fromhbse PPPs were originally suggested inl [4]-{6] as a more

two. Under this model, upper and lower bounds on the outage tractable and realistic model for the locations of cells and

probabilities experienced by users serviced by femto accepoints  users in a wireless network. The outage performance of two-

are .deriveg t?:e ffltjarr‘:ttci)ogsczfs;heo?:]?tsgr?/?nbettk\:\éen?nstrn?iI;nr?cro 2? tier networks under PPP distribution of users or accesstpoin

station an . i ind i ; ; ;

and lower bounds on the outage probabilitgi]es of the users):v?iged 'S StUdle(.j mlﬂ]_m] and |_rE|EO]Eﬂ6] for downlink and upk

by the macro base station are obtained. The bounds in both cas communications, respegtlvely. In n_one of these papershare t

are confirmed via simulation results. FAPs’ backhaul constraints taken into account. In fact,uo o

knowledge, while there have been studies of the effects of

femtocell backhaul constraints on other aspects of netsyork

there has been no prior analytical work on their effects on

the users’ outage performance in a two-tier network. (Riefer

[17]-[20] as a sample of some recent results.) In this paper,
Fourth generation (4G) mobile communication standaréstend the analysis of uplink tow-tier networks presented i

such as LTE-advanced promise very high data rates. Enabl[i§] to the case in which each FAP has a backhaul constraint

multi-tier networks is one of the methods that enables sutiat limits the number of users it can service. We derive

standards to address the ever-increasing demand for higaealytical upper and lower bounds on the outage probasiliti

data rates in cellular communication networks. In a multexperienced by the users serviced by the FAPs.

tier network, unlike the traditional design, multiple |lageof

cells, each serviced by a different type of base station, @e Notation

employed simultaneously. In two-tier femtocell networka,

example, in addition to the traditional base stations,dtee size of a setd is denoted by.4|. The Laplace transform of

femto access points (FAPs) installed by users in their hon\%ﬁ\dom variableX is denoted by (s) £ Ee—*X]. Given
or offices. These additional base stations are connected to X )

; r.€ R, ()T £ max(z,0). Throughout the papef(s,z)
the ceIIl_JIar network through the users’ broadband Imem&énotes the cumulative distribution function of a gamma
connectlons_. These FAPs expand the_ coverage of the MARdom variable with shape parameteand scale parameter
network to indoors and also reduce its load. However, tqe

o . ) ) . Given a Poisson random variabl€ with parameter,
limited capacities of users broadband connections |mposei)(’;1X < k)=e Z;? A Pk +1,\)
backhaul constraint that limits the number of simultaneous™ — =0 k! T
users each femto cell can cover. N~

In this paper we study the outage performance of a two—tigr' Paper organization
uplink femtocell network. Macro users (MUs), femto users The paper is organized as follows. Sectibh Il reviews
(FUs) and FAPs are assumed to be spatially distributed dae system model including the employed modulation, users
cording to Poisson point processes (PPPs) [1]. Each fethto@®d FAPs spatial distributions, and the access policy. The

distributions of number of users falling into different gee

S. Jf_i'a"NiJSO‘Q’ggot?:mgﬁszgfg‘ﬁ% (r’ifnc'fa't%‘;]”ie‘?;'l) Engineerirfgrinceton - groups are studied in Sectibnllll. Sect[od IV studies theagat
unlZ\/.erzselztiyn,alpour-Yazdi is with Jthe Dgpartmenf of Iélectricaldanomputer probability experienced by the MUs serviced by FAPs. Simi-
Engineering, Yazd University, Yazd, Iran (e-mail: zeimalp@yazd.ac.ir), larly, Section Y analyzes the outage probability experehioy

H. V. Poor is with the Department of Electrical Engineeririgrinceton the MUs serviced by the MBS. Sectibn]VI presents numerical

iversity, NJ 08540 (e-mail: inceton.edu). . .
university. (e-mail: poor@princeton.edu) results and, finally, Sectidn VIl concludes the paper.

Index Terms—Heterogeneous networks, Backhaul constraint,
Uplink communication, Outage, Open access policy

|. INTRODUCTION

Sets are denoted by calligraphic letters suchland5. The
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[l. SYSTEM MODEL unused capacity, it can be allocated to MUs. ML, is
A. MCFH technique potentially assigned to FARy, if d(um,ar) < kd(um,bm).
If there are more than one FAPs satisfying this conditiop,

Both macro and femto users are assumed to employ MEGnsiders only the closest one. From all potential MUs of an

ticarrier frequency-hopping (MCFH) modulation mtroddceFAP as with N}zf FUS, a; randomly chooses up to, _N;f

in [21]. In MCFH the available bandwidth is divided intoof them to serve. It is reasonable to assume that 7, OF
ns non-overlapping subbands and each subband is diviqﬁd | = o

: . X : other words, the capacity of each FAP is at least as large
into n;, equispaced frequencies, respectively. Hence, there Aeihe expected number of FUs in that cell

qverall nsny available orthogonad;ubchannelsl?uring each In this model, due to the backhaul constraint, an MU can
time Sl(.)t’ each user selects su_bchannels by independently t arbitrarily close to an FAR;, and yet be serviced by
and unlformly_ at random choosmg one subc_ha_nnel from & MBS. To avoid the arbitrar'ily large interference caused
subband. While MCFH modulation is very similar to orthog y such cases, we assume that, for any M), the ratio
onal frequency devision modulation (OFDM), unlike OFDM, 4 con its dis’tances from any FAd} and the,MBS e

it does not require centralized frequency assignment. Herég N

. . . . i (U, ar)/d(wm, by ), cannot be smaller than some threshold
while, with some minor adjustments, the results derlvedaun. o, wherer, < k. As argued in[[15], this means that for an

this modulation are also applicable to networks emponwrgAP ay located at distancé from b,,, there exists a circle of
OFDM, MCFH modulation is much better suited for analytica“adius ke d that includes: Where'no MUs are allowed. In
1—r2 ’ :

performance studies. general, we can assume thatdepends or, and as a special
case tune it such that the excluded circle of all FAPs have
B. Spatial distribution the same radius. While our analysis can be generalizedo thi

Consider MBSb,,, located at the center of a circle ofcase in a straightforward manner, to simplify the statenoént
radius R denoted byS,,. Ay, U,, andU; denote the set the results, we assume thiag is fixed for all FAPs.
of FAPs, MUs and FUs, respectively. Conditioned on the
locations of the FAPsA;, FUs and MUs are distributedD- Channel Model
according to independent PPPs. FAPs and MUs are drawnfo model the channel between userand access point
according to PPPs of densitieg and y,,,, respectively. Let a, a € {by,as}, both small scale fading and path loss
U, Ny = [Upn|, and i, = E[N,,] = 7R?u,, denote the are considered. So it is assumed that the fading coefficients
set of MUs inS,,, the number of MUs and the expectedorresponding to the channel in subbar(1 : n,| from user
number of MUs, respectively. Similarly, let;, N,, = [A;|, utoa, H,, ., follows the Rayleigh distribution with parameter
and nig., = E[N,,] = mR?)\; denote the set of FAPs in o?. Furthermore, we assume that the coefficients correspond-
S, the number of FAPs and the expected number of FARBY to different subbands and also different channels dre al
respectively. The FUs corresponding to each FAP< A; independent. The path loss is modeledras, ., = Lody, ,,
are distributed according to a PPP with dengityin a disk WhereL, is the path loss at unit distance, and> 2 denotes
of width § and inner radius of-; centered ata;. By this the attenuation factof [3].
construction, the expected number of FUs served by a femtdn this paper, we assume that every user employs power
cell is equal tong, = m((ry + 0)* — )y control to compensate for the effect of path loss. By power
Given FAPa; € Ay, Us(ay) andU,,(ay) denote the set control, MUs serviced by the MBS intend to achieve a received
of FUs and MUs, respectively, that are serviceddyy Also power level ofp,,,, and FUs and MUs serviced by FAPs adjust
NJ‘jf 2 Uy (ar)| and NyF 2 Uy (ay)|. Finally, U, (b,,) their transmitted powers to achieve a received powes ;of
denotes the set of MUs serviced by the MBS. Clearly,
U = Uae A;U{b,,}Um(a). The number of MUs covered by [1l. USERS DENSITY DISTRIBUTION

the MBSb,, is denoted byN), i.e., Nbm élum(bm”- Note In this section, we study the distributions of the random
that, by definition,V,,, = Nt + >ayen, Nni'. variablesN;’, N/, Nbr and N,,,. As argued in[[15], given
FAP a; at distancer from b,,, the set of points satisfying

. o ratdiUSrc = (—5)r. (Refer to Fig[lL.) The distance between
We consider the open access scenario with access param[?1 er 1—r2/0" . -
€ center of this circle and,, is equal to;—"—. For s €

k € [0,1], studied in [[2] for downlink communications PR : : . 1—p2" " *
and in [15] for uplink transmission, when the FAPs havgo’l)’ T IS an increasing function of, which implies that

. ; Increasingx translates into increasing the coverage area of an
no backhaul constraints. Lek(u,,,a) denote the Euclidean o 9 g

distance between the (femto or macro) access poartdu,, .
Then, in this access model an MU is served by its nearest FAP ,/ /“c )
as if Z(::"rjgi)) is less thans and the backhaul constraint is P S !
not violated; otherwise it is served by the MBS. b, R @F /
To model the backhaul constraints, we assume that each \ 2

FAP has access to a fixed broadband capacity, which tragslate -
into covering at most.. users. The priority is always given tOgjg. 1.

; - > et MUs served by:; located at distance from by,.
FUs. Once all FUs are serviced, if there is some remaining



FAP. As a special case, when= 0, the FAP only covers E[e~*Nu"] > E[e~#Nm] = gftmu(c " =1,

FUs, and hence has a closed access policy. Let Np, = |Af|. Each FAPa; € Ay, at most,
For MUs serviced by FAPs, the potential coverage area e@fvers min(N;”, (n. — N,7)*) MUs, where N;/ ~

FAP a; located at distance from b,, is a circle of radius Poiss(niic/ ")) andNy’ ~ Poiss(ng, ), wherend,  is defined

(15=)d. LetUy, (ay) denote the MUs that fall in the coveragean (). Let N £ min(N;”, (n. — Ny7)*). Conditioned on
area of FAPay. Due to the backhaul constraint, not all theAf, {N%}4,ca, are independent and identically distributed

MUs falling in Uy, (ay) can be serviced byi;. Therefore, (i.i.d.) random variables. Theyl» > N, — S urea, N
they can be partitioned into two groups;, (a;) and2(as), Therefore, =
representing the MUs that are serviced &y and the MUs Nt
that fall in the coverage area af;, but are serviced by,,, @ o (5) = Ele™ ]
respectively. LetN,/s = (U, (ar)| and Nyilns = (U2 (ay)). < Ele~*Nm| Ble® Zerear N“f]
Stochastically, B N H oy
) . =Bl E[E[ J] ™ |4/]

Nmf,s :mln(le(nc_N2)+)a ap€Af
and @ Efe~* N E[(E[fe"])Ver]

Npilns = N1 — Npils = (N1 — (ne — No) 1)t — (€7 D) gitap (Ble™ ] -1). 3)
where é\fl and N, are independent and distributed agpere (a) follows because conditioned oNp, = i,
Poiss(7y,,) with {N%},4;ca, arei ii.d. random variables. On the other hand,

—d 2 K N2 Ko \2yp2 SNO SNO

nmu—ﬂﬂm((l_KQ) (l—mg) ) (1) Ele"™] = E[E[emeN;fznc]]
and Poiss(7ig, ), respectively. = P(ne, ngy) + B[N NS < ne)(1 — P(ne, figy))
Lemma 1. The Laplace transform oN,/ s, the number of (g P(ne, figw) + E[eszvff INS? < ne)(1 = P(ne, i)
MUs that fall in the coverage area of FAR; located at ®) ey
distanced from the MBSh,,, but serviced by,,, satisfies = P(ne, ng) + E[e* 1 (1 = P(ne, ng)),

O o (slds) <1—P(ngng)+ e “DP(n,, ng). Where(a) holds becauseves < N/ ands > 0, and (b)
N me - follows from the independence df;/ and N,”. Also,
Proof: By definition, the number of MUs it/5(ay) can

a a s _d(ag,bm)
be written asli™(a;)| = Ny — U5, (as)| = (N — (ne —  Ele*™'] = BE[e™ |d(ay, by)]] = Blele D",
No)t)*, where N; and N, are independent and distributed P , .
asPoiss(nd ) andPoiss(n, ), respectively. Therefore, whereny,,, is defined in[[1). But,
ns 2 R 27‘ 2 QCRz — 1
Dty ap) (51dy) =B [e7 M @DN, < | P(Ns < ) meettentn)] = | ggeTdr= = @)

+E [e‘s‘“gf(“f)HNg > nc} P(Ny >n.)  Therefore,

—E [e—slt @) E[e*N"] < P(ne, nen) + (1 — P(ne, N
E [e |N2 < nc} P(NQ < nc) [ ] > ( fi ) ( ( f ))( (es — 1)7ﬁbm
+E [e=*M] P(Nz > n,), @) (%)

where the last line follows from the independenceMafand ~ COmbining (8) and[(5) yields the desired upper boundm
Ny. SinceE[e~ U (@)l Ny < n.] < 1, from ),

Dpyyne(ay)(slds) < P(Na < ne) + B [e7*M] P(Ny > n,)

e(es_l)’yﬁmu _ 1

IV. MU SERVED BY AN FAP

4 s In this section, we analyze the outage performance of an
=1 = P(ne,nira) + "= "UP(ne, mr). MU serviced by an FAP, in the described uplink network with
m Dbackhaul constraints. We assume that the performance of the
users is primarily limited by the interference caused by the
Lemma 2. Lety = (155)% ~ (7%22)% andB = P(nc, i)+ other users of both tiers, and therefore ignore the effect of
(1-— p(nmﬁm))(M), The Laplace transform of additive Gaussian noise (AWGN) in our analysis.

(e°=1)ynp,y, . :
Nbm, &, (s), satisfies the following lower and upper Consider FAPa; € A; at distanced from MBS by,

bounds: i.e., d(as,by) = d. Given the power control assumption, the
B i () > el "D upload SIR experienced by usey, € U, (ay) in subband
m - 1€{1,2,...,ns} is equal to
and Hi 2
B 1,0 (5) < o€ D m (B Dtap. Pl Hi |
" SIRmf = - ) (6)
Proof: To derive the lower bound, note tha{}» < In,g

bm
N,,, and therefore, fors > 0, e *Nw" > ¢=5Nm_ Hence, where



2 0 | 2

prlHL, prlHG, o and
I,y = Z =+ Z _— Sub Ab
ug€Us(ay) g Tm, €U (@ 7) \ i, 9 po = P( Um ko) ( G )
d(u,ap)\epslHL, [ Also, lety £ 2L, n,, 4 & 7(R? — (1£5)2d?)ju,, and
* Z Z (d(u,af)) g
afeAf\ay u€EUm (ay)UUs(ay) Z ( n p_ ) Po
1 14 05
2 =1 Th TZN + n + npn
d(ﬁmab ) pm| um,af| ’77 h
+ Y (d(ﬁ . )) ’ : (7)  Theorem 1. The outage probablllty of an MU serviced by an
U €U (bin) et FAP located at distance from MBS, P"%/ (6, d), is upper

In (@), from left to right, the interference terms corresgdgn bounded by

the interference caused by the FUs of FAR the other MUs 1_( 1 )" lenm a(a1(0,d)— 1)‘I’|um(a ) (log(1+
of FAP ay, users of the other FAPs and the MUs serviced by ‘1 + H !

the MBS, respectively. Given FAR; € A;\ay, and (femto
Or macro) uset: € Uy, (af)uuf(af) covered byay, typically
d(u,iy) < d(u,ay), or 2 “f§ < 1. Therefore, unless the
density of FAPs is very ﬂngﬁ the effect of the interference  Proof: For MUs serviced by FAPs, as discussed(in [15],
caused by the users of other FAPs is negligible. Under tilie potential coverage area of FAR located at distance

)

MpRY

where @ (4|, the Laplace transform oft/;"(ay)], is de-
rived in AppendixTll.

approximation, we have from b, is a circle of radiug(t=)d. Due to the backhaul
PR I 5 constraint, all the MUs falling in this circlé/,,(as), are not

Iy = Z PslHya,l 4 Z(‘SA )apm| sag] serviced byas. Users inif,,(ay) can be partitioned into two

wely(ag) O Uom(a)Nitm I i €l () g groups,UZ, (ay) andU:®(as), representing the MUs that are

(8) serviced bya; and the MUs that fall in the coverage area of
ayr, but are serviced by,,, respectively.

Given the backhaul constraint af users, there are at most
n. — 1 users (macro and femto) serviced by that interfere
with an FU covered byi,. Thatis, |t (ay) U US, (ap)\um| <
n. — 1. Also, we always havéd,,(b,,) < U,\U:, (ar).
Therefore, from[{l7),

where
(U, b))
d(ﬁm, af) ’ (9)

Define the evenf = {d(ay,b,,) = d, Nyy/ > 1}. Then MU
Um € Um(ay) is said to experience outage in subbanif
SIRn,s is less than some pre-determined threstoldhere- _—
fore, the corresponding outage probability’;/ of MU u,, " Pf 2 (Pmda,, )"

; : . u Iy, ¢ < —|H, S A\ H
serviced by FARy; is defined a®™/ (0, ds) = P(SIR, ;< ™/ = > P + > \H, o,

out
6|€), whereSIR,,, ¢ is defined in[(B). SincéH?  |? has an

[I>

0a

m

| 2

=1 m €U \US, (a )

myaf Ne— «
exponential distribution and is independent of other rahv _ Zl ]ﬁ|H |2 n Z Pm(04,,) | |2
random variables, it follows that ¢ X s
7(?217_)[7” ; = Uy EUm \Unm (ay)
out (9 df) =1- E[ 4 |5] (10) i Z pm((SA )a| i |2
In the following two sect|ons, we derive analytical uppedan o €l (as) g G sa
lower bounds onP™;/. et
Before_statlng th_e bpunds, given FAR at distancel; from (%) Z H|Hg|2 + Z (%M)ap_m Hi
b, consider partitioning the coverage ar8a of the MBS =1 o €U o () s
b, as described in AppendX]A, int®(¢ + 1) regions. To P i )
perform this partitioning paramete(so, ..., x;) are selected + Z o g|Ham,af|
such thatky = k < k1 < kg < ... < k; = 1. For useru Um €U (ag)
with &, defined in [),62> and !> are defined as follows: O sub )
oub — k1 and 6 = ’fz+11’ if ’%+11 <8, < KL fori = < Z ;|H€|2 + Z g \H ol
0,...,t—1; 5“ = Ki+1 and 51b = ki, If Ky < 0y < Kiga, =1 G €U \Unm (a )
for i — =0,. —1; and " = k and P = 0, if 5, < k. + Z p;” Y o 12 (11)
Note that by construct|on unlik,, o' and 51 are discrete mettne(ay) 09 '
random variables. For all anda;,0 < 6, < 5“b. . .
where{|H,|? : ¢ =1,...,n.—1} are i.i.d. exponential random

variables independent of other random variable§ih (1190Al

™ 7f
A. Upper Bound on the Outage Probabilif§; (a) holds because by assuMPtiQ#(ii., by )/d(iim,ds) <

Fori=1,....t, and i, € Upn\Un(ay), let Kyt for all i, € Uy, and alla; € Ay, and (b) follows
1 R 1 because, < 61P.
pi =P(O5" = H_—l) =Py, = ;), Since the MUs iri4,,, are generated according to a PPP and

R . the users i, \Un(ay) andU}y (ar) have non-overlapping
p—i =P(0L> = k) =P(0) = K1), supports, they are independent. Therefore, combifinggaa)



(1), it follows that by

_(fns Ntap(X—1) _ o= Nfap
P =1 Ele 7 jg] | gl €O — e
1 ne—1 (1 - e_nf*‘p)X
a- () e
1+E X é‘uﬁ(af)‘(log (1—|— - KQ))(I-’-O(HQ)), (16)
C o Gyt R Ul = U (ap) _ R
x E (E[e o im T mea D where ®| s (4, is computed in Sectidn]ll.
1 [t (ar)l
el L)) @
1+ kg Proof: Considering the described partitioning of users in

U (b)) \UR (a ), and ignoring the interference caused by the
other FUs and MUs that are serviceddy, I,,,  can be lower
(13) bounded as

Pm « 7
Ly 2 Z 7(5%) \H, o,

Uy EUL (by)

SinceSS‘i and|H}, ., | are independent,

ub 1 2
E |:e nhm,2 (5um) | Um af‘ :| — Q1(9,d)

Finally, |, | — U (as)] is a Poisson random variable of mean
fim.q- Therefore, combinind_(12) an@{13) yields the desired

result. [ | + Z p—m(%m)amém,afﬁ
im0 g
B. Lower Bound on the Outage Probabilitﬂ;f n Z ( el 2 (17)
Consider partitioning the MUs i1, (b,,,) \Uys (a ) into two meUn(a;) s
groups: "

i) Uz(b,,): the subset of MUs that fall into the coverage
area of at least one FAP id;\ay, but are serviced by

the MBS due to the backhaul constraints, i.e., For users inldy, (by), consider FAPa; € Ag\ay, and

userd,, € U (ays). (Refer to Fig[R.) Letd, = d(ay,bm,).
Uiﬁf(b )_ UafeAf\an S(ay), If FAP a; does not fall into the coverage area @fr, as

shown in Fig[2,d(tm, bm) > —=dy, — —£>d, =
i)y 2" (b,,): the subset of MUs that are serviced by thg; gLd( ) R 1 e

m>ayp) < d(¢p,ayp)+ ==d,, wherec; denotes the center
MBS because they do not fall into the coverage area gf ihe coverage area af;. Hence,
any FAP, i.e.,

ou in ns d(ama bm) L,{d(dfa bm)
Uy, t(bm) £ um(bm)\(um (bm) U, (af))' d(,&m af) = d(éj aj:)r—l- - K 2d(df bm)
Fori=1,...,t, andd,, € U (b,,), let

On the other hand since both; and u,, are located in

(18)

1 : 1 le of radius—5d,, d(ay, ) < 225d,. Therefore
L—P = — ) =P = — a circ o) daf,Um) = 12,300
v =P = —) =P, = ). ey
p/—i = P(ng = ’{i) = P(ngn = ’%ifl)v H_Lﬁd(dﬁ b ) _ d(dfa bm) + O(Ii)
andpj = P(0¥> = ko) = P(6)> = 0). Now define d(ey,ap) + t=dlay,bm) - (L+rK)d(ay, ay)
t , For users inU(ay), L < mbm) < L et g, £
A p; p_; darb K d(tm,af) Ko
q2(0,d) = pp + Z (1 ot . ), (14) d((‘;f am)) Then, noting thad!> < &, from (17), condmoned
=1 AR nnn on the event that none of the other FAPs falls into the cowerag
n o2 (= g0, d) (522 s Y2 2 nnh(ern)a’ and area ofay, it follows that
V3 = wum((l £)? — (7222)?). Consider FAPu; at distance I s> Z p_m| i 2
d from MBS b, and FAPa; € Ag\ay. Let (D1, Ds) = Uiy Y
(d(ag,bpm),d(as,ar)), and define " Do .
2 v2v3 DT + Z g(l + H)O‘ (6df) Z | um af|2
v 2 E T B )] (15) areAs\ag A i EURS (A )
oL D, )
Note that, can easily be computed through Monte Carlo + Z %| ;m,af|2 + O(k"). (19)
simulations. o EULEE (b, )
Theorem 2. Let
a (11— ek _ _ . . .
= (W)(l — P(ne, ga)) + 14PN, Niga)- All the interference terms in[{19) have non-overlapping

supports, and hence, conditioned on the locations of FRAs, a
Then,P™:/ (6, d), the outage probability of an MU serviced byindependent. Therefore, combinidg¥10) afd] (19), it fosow

out

an FAP located at distancé from the MBS, is lower boundedthat



Fig. 2. Userii, € UL (af).
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Let S,y denote the area of the region that is not covered by I

any of the FAPs. Then, conditioned 68, Ay ), (U5 (b,,)]| is
distributed asPoiss(Sout i ). Therefore, as

o yemi

2
E |:e nnpo2 N tm Um,afl

i € U™ (bm) | = 2(0,d),

it follows that
—b > (61 )| H 2

- 2 Um,,a
nny o mos
E [e TR G €USTE (b)) 4

&, A]
)\u;“%bm)\

)| H}

|2
Um,ap

— e(QZ(evd)_l)Soutﬂm .

]

&, 4]
(21)

On the other hand,
|H, 2

2] o
- 2 > (day) fm
et AR  cXivay 1 amel@sap

E[e

&, A]

a

1 Nuine
- A ey

areAs\ay

Combining [20),[(211) and(22), and noting that,, > 7R? —
T(1252)% Yo ea,a, € (ag, bm), we have

(22)

_ 0 i 2
m,f — 7R (1—q2) TR, e;ﬁ?wa‘ >“m’af|
P >1—e wm(1=a2) R | o mEURS(ay £

out

d

af
XE{ 11 ew(l—qa(lj@>2d2<af7bm>um( 1 )Nm’"c
1+ 72(da,)

1 e (a )]
)
1+ nnpre

x B[ (mfen @ bm) (1 - 721(5af)a ) N

areAr\ay

L1

ay
ke

)

(23)

Let (D1,D2) = (d(as,bm),d(ayr,ar)). Employing the
upper bound derived in Lemnia 1, we have

af
E |:e'YlD? ( 1 )an,nc:|
1+ 72(da,)>

1 N ne
B[l () D]
1+ ’72(6[”)0‘
2, 7273Df
<(1=P(ne, figa)) E[e P3| 4+P (e, figa) Ele” 1~ PF #2257 )]
=X (24)

Finally, combining [2B) and(24) yields the desired resuit.

V. MU SERVED BY THEMBS

In this section, we analyze the outage performance of an
MU serviced by the MBS. The upload SIR experienced by
useru,, € Uy, (b,,) in subband € {1,2,...,n,} is equal to

pnl‘Hi I2

um bm

SIRpm,m = #7

’ Im,m

(25)

where
|2

m,m —

d(u,a ap, |H’Z-L,llf
Z Z ( f)) f

d(u, by,
ap€Af u€Uy (ay)U Uy (ay) (u, ) I

+ > Pon Hi .
Qpn, EUpn, (b ) \ Ui g

According to the assumed access policy, for useris,, (ay),

we haved(u,as) < rd(u,b,,), and therefore(%)a <

k* < 1. Also, for useru € Us(ay), it is reasonable to assume
that d(u,ar) < d(u,b,,). Hence, the first interference term
in (28) is negligible compared to the second one. Under this

approximation,

| H 2
L= Y flanl g
N g
Ty, EUp (b ) \ U,
Theorem 3. Let @i, = 7, (%)% and e =

efo—1_

e 7o Y. The outage probability experienced by
an MU serviced by the MBS,/ (6) = P(SIR,,..m < 0),
satisfies

— Ty, T Ttap (

1+ 0
2P o (In(1+ —)),
— ¢ O (01 -2))

0 0
n—h)(fl)N;m (In(1 4+ n—h)) —€).

P () > 1 —

out

P™M(0) <1— (1+

out

Proof: Combining [25) and[(26), sincgi,, , |* satis-
fies an exponential distribution, we have

Ons
Pm,m(e) =1 E[e_(m)lmym]

out
1

1+

Nh

—1-E [( )an”—l‘N,’j;n > 1}. 27)

Leta £ 1+1i. Then,
Th
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SIMULATION PARAMETERS

1 b _ b _ ipti
( . )N I‘Nf;;" > 1} = B[ LNt > 1] [Sym.] Description [ Default Values |
1+ = Ar density of FAPs 5x 10~ %m=2
" o wy density of femto users 5x 10~ 3m~?
_ i—1 b | ATbm Lom density of macrocell users 40 x 1075 m~?2
- Z a P(Nm - Z|Nm =z 1) [ ring width of FUs placement 5m
=1 Ty ring internal radius of FUs placement 10m
> L p(me =) o path loss exponent 4
= Z a'’” T SIR threshold level 2
=1 P(Np" > 1) s number of subbands 32
1 Nbm b np number of subchannels in each subbarjds 1024
_a (E[a™"] = P(Nym =0)) 0 power ratio between FAPs and MBS 40
11— P(Nglm _ O) K handover parameter 0.08
a7 (@, (~Ina) — P(N = 0))
- an — :
1 —P(Np" =0) 0.55

—— Analytical (upper bound)
- Analytical (lower bound)
© Simulation

We first derive an upper bound (Nt = 0). As defined in
Sectio1V-B, let/>"*(b,,) denote the set of users i, (b,,)
that fall into the coverage area of no FAP. Also,lét (b,,,) =
Uy (b )\US (by,). Then,

PN =0)=P (U (0 )| = Upy (b )| =0) <P (U (01) | = 0).
Conditioned on Ay, [US(b,,)| is distributed as
Poiss(Souttm ). Therefore,

P(U ()| = 0) = Bfe Somstn),

o
3]
T

With Backhaul

0.45%-.

o
~
T

0.3 0 L B e @i @
Without Bapkhaul ‘

2 3 4 5 6 7 8 9 10 11
But Soue > TR? — 7T( K )2 ZafeAf d? (af, bm). Hence, Backhaul parameter (n )

1—k2

Outage probability of MUs served by a FAP

out — Ny, +7T(L2)2#mz A dz(afwa) ; il ;
P(UI (by,)|=0) < E[e ™ " 1-s ap€Ay |  Fig. 3. Outage probability of an MU served by an FAP (at dista0f800 m
- . N2 2 from the MBS) as a function backhaul parameter
= oo B (e s b

L _h e — 1)‘Af|}
- b [( Mo Therefore, the same Lemma 1 from [15] also provides a
o1y reasonable approximation for the values{pf}.
Fig.[d shows the effect of the backhaul capacityon the
outage probability experienced by the MUs serviced by a FAP
m located atd; = 800m from b,,. Increasing the backhaul
o capacityn, results in statistically more MUs being serviced
Remark 1. Combining the upper and lower bounds o,y Faps  which in turn reduces the cross-tier interference
@ e () derived in Lemmal2 with the lower and upper boundsyperienced by users served by the FAPs. At the same time,
of Theoreni B yields lower and upper boundsRif§" (6, ds), this will increase the co-tier interference. However, from
respectively, which are in terms of the system parameters. ihe figure, the cross-tier interference is the dominant term
compared to the co-tier one. Also, it can be observed that
as n. increases, the backhaul-constraint bounds converge to
those of without restriction, computed ih_[15]. It should be
In this section, we present some simulation results amkentioned that for all values of., the bounds are consistent
compare the results with the obtained upper and lower boundith the simulation results, which confirm the accuracy @ th
Throughout this section, the simulation results are geedraderived analytical bounds.
by 10° — 10° realizations. We also compare our results with Fig. [4 shows the outage probability experienced by the
the bounds derived ir [15] for the case in which there is fdUs serviced by an FAP located df = 800m from b,
backhaul constraint. The considered setup is a two-tievarét as a function of the backhaul parameter, for different
in a circle of radiusk = 1 Km with the MBS located at the values ofy s, the FUs’ density. Obviously, gs; increases, the
center. In the ensuing plots, unless otherwise stated gfeeil  interference caused by FUs also increases. This will iserea
values in Tabléll are used. the outage probability of the MUs serviced by the FAPs. For
To evaluate the upper and lower bounds stated in Theorelarge values of.., the effect of backhaul constraint fades away,
@ and[2, we need to compute the values{pf}i=' , and and since the dominant cross-tier interference does nariep
{pi}i=t ,, respectively. The values @p, } are given in Lemma on yy, the curves converge together.
1 of [15]. As discussed in AppendIx]A, for small values of Fig.[d shows the average outage probability experienced by
k, the MUs inUS"(b,,) have a near-uniform distribution. MUs as a function of.., for two different values ofi,,, the

— e*ﬁbm F7gap (

= €.

VI. NUMERICAL RESULTS
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’ 3 4 5 6 7 8 9 10 11
Backhaul parameter (nc) (b)
@
ig. 6. Outage probability o s as a function of the handqvarameter
Fig. 6. Out bability of MU functi f the hand t
0.25 : : r for the cases of with and without backhaul constraints a) Mekwed by
- u =40* 107® FAPs b) MUs served by the MBS.
2 o
é ool N Qi Qe peind 9
Q.
[
g —— Analytical (upper bound) both cases the outage probability is a monotonic function of
a3 | e Analytical (lower bound ; ; . i
g 0.5/ b 2200109 o st #. As explained in[[15], the difference between the uplink and
& downlink arises from the fact that in the downlink scenaai®,
>
< N the MUs get farther away from the MBS, their received powers
O o+ s 5 s s 10 1 decrease and hence SIRs decrease as well. On the other hand,
Backhaul parameter (n.) in the uplink comunication, as they get farther away from the
() MBS, due to the power control, their transmit powers inceeas

as well to compensate for the path loss. Naturally, incregsi
Fig. 5. Outage probability of MUs as a function of the backhzarameter the handover parameter increases the number of MUs covered
n. for different MUs densities a) MUs served by FAPs b) MUs sdrby by FAPs and hence lowers the co-tier interference. Note that
the MBS. while the gap between the upper and lower bounds widens as
k increases, the lower bound follows the simulation results f
all values ofx.
MUs’ density. Increasing: increases both cross- and co-tiers Fig. [@ shows the outage probability of MUs served by
interferences, and hence results in higher outage protiesfl Faps as a function of the FAP’s normalized distance from
Fig.[@ shows the average outage performance of MUs @& MBS, and compares the results with the case of no
a function of handover parameterand compares the resultshackhaul restriction. Here, = 3. As expected, the outage
to the case of no backhaul constraints. For the case in Whmbability in the presence of backhaul is higher that the
backhaul constraint is present, it is assumed that 3. AS deal case where the FAPs have infinite backhaul capacity.
it can be observed, in contrast to the downlink scenalioif2], The reason is that because of the backhaul constraints fewer
1 _ . _ MUs are served by the FAPs and this leads to higher cross-
For plotting the average outage probability experiencedvitys served

by the FAPs, we take the expected values of the upper and Ibaends tier inte_r.fer.ence' However, in both cases, at first, the gmita
obtained in Theorenis 1 aiid 2 by considering the randomnegg.in probability increases as the MU gets farther from the MBS.



FAPs and MUs serviced by the MBS. All bounds have been
confirmed by our simulation results.

While in our analysis we have assumed that there is only a
single MBS, the results can also be applied to real networks
with multiple MBSs. To do this extension, we only need to
assume that each MU is assigned to its closest MBS and the
macro cells employ one of the well-known frequency reuse
methods that orthogonalize neighboring cells.

[
3]

With Backhaul

o
IS

— Analytical (upper bound)
~ Analytical (lower bound)

O Simulation 1 APPENDIXA

03 04 05 06 07 08 09 PARTITIONING S,,
Normalized Distance from MBS

Outage probability of MUs served by FAP
o
w

In this section, we briefly review the partitioning of the
Fig. 7. Outage probability of an MU served by an FAP as a fomcdf coverage area presented in][15]. Consider the MBSand
wifhgzingztii‘;u‘f'scf;‘;fa?;éhe FAP from the MBS for the casasith and  EAp . |ocated at distance from each other. (Refer to Figl 9.)
’ S, denotes the circle of radius aroundb,,,. The set of points
u such thatd(u, ar)/d(u,by) = k" or d(u,ar)/d(u,by,) =
1/k', wherex’ € (0,1) are two circles of radiusl%. In
Fig.[d, the colored pairs of circles correspond to threeecift
S n values ofx’.
Considerkg, ...,k such thatkgy = k < K1 < ko <
. < k¢ = 1, and the2t pairs of circles corresponding to
. N\ Ko, - .., Kt—1. These circles do not intersect and in addition to
the line corresponding te; = 1, which corresponds to the set
of pointsu satisfyingd(u,ay) = d(u,b,,), partition S,,, into
2(t+ 1) regions.

— Analytical (upper bound)
-+ Analytical (lower bound)
O Simulation
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APPENDIXB
Fig. 8. Outage probability of a MU served by a FAP as a functirihe DISTRIBUTION OF USERS INA2%(b,,)
normalized distance of the FAP from the MBS for different Méiansities. .
As a reminde/2"*(b,,) denotes the set of users that are

covered by the MBS),,, because they do not fall into the
coverage area of any of the FAPs. In this appendix, we prove

Due to the constant received power assumption at the MBS’tﬁgt for = small the distance of the users ™ (b,,) to the

the MU gets farther from the MBS, it will transmit at a highe : L ) .
. L S has an almost uniform distribution. In this section, we
power, which leads to the degradation in the performance 0

assume thak < 0.5.

FUs and also MUs served by the nearby FAPs. However, .
as the femtocells get close to the fringes of the cell, theGIVen FA;P.afde A-fi.|8t$(a-f) denotedt_he cover?ge area of
outage probabilities start to improve as well. The reason 9 AS. exp alme f ea(;_|er, 2; FAEJ;] at |stance4 rlom b"a’
that femtocells that are far away from the MBS have Iarge_af) 'S c:irce o ra |us(1_ﬁ2)_, Whose cehter Is located at
coverage areas and therefore, in those regions most MUs distances= from b,,, on the line connecting,, to a;.
serviced by nearby FAPs. C_on5|der user that is located unlform_ly at random ),,.
Fig.[ shows the outage probability of MUs served by papefine€ as the event that does not fall in the coverage area
as function of the distance between the FAP and the MBS, for
different values of MUs’ density;{,,). Obviously, for a fixed
backhaul parameter, which is set to 3 in these curves, more
MUs being served by the MBS results in higher cross-tier
interference and hence higher outage probabilities for MUs
served by the FAPs.

VII. CONCLUSIONS

In this paper, we have studied two-tier cellular networks,
in which each FAP has a finite backhaul capacity limiting the
number of users it can serve. The MUs, FUs and FAPs have
all been assumed to have stochastic deployments according
to PPPs. We have considered fixed backhaul constraints for : & ' B
FAPs, which limit the number of users each FAP can service.

Under these assumptions, we have dgﬁved analytical u_p|der 9. 9. Partitioning the coverage area
lower bounds on the outage probabilities of MUs serviced by




of any of the FAPs, i.e.,
£L {u ¢ C(af), Vaf S .Af}
Let
D, 2 d(u,by,).
In this section, we derive the conditional pdf &f, condi-
tioned oné&, fp,(-|€). By the Bayes formula,
fp.(d)P(E|Dy = d)
P(€) '

Sinceu is drawn uniformly at randomfp, (d) = 2%. On the

fp,(d|€) = (B.1)

other hand, since the FAPs are drawn according to a PPP of

density Ay, we have

P(E|Dy =d) =Y P(£, Niap = n|Dy = d)
n= O

= Z prap
=§}%mﬁ%—@w¢aww%=mw

—tap (1=P(ugC(ay)| Du=d))

(u ¢ Clay)|Dy = d))"

=€

— o Trap P(uEC(ay)| Du=d)

(B.2)

To computeP(u € C(ay)|D, = d) consider user at
distanced from b,, and FAP located at distanaefrom b,,.
(Refer to Fig[ID.) In order for to be covered by s, d should
satisfy
TR

1— k2’

r k4 r
1-k%2 1-—-k2 _1—/12+

or
(1-r)d<r<(1+k)d.

Givenr € ((1 — k)d, (1 + x)d), the angle between the lines

(b, ay) and (b, u) should be within(—6, 8), where
d2+(1fﬁz)2—(%)2 d*(1 — k%) + 12
cos(f) = 12_d£ = 5 .

(B.3)

10

Fig. 10. Useru located at distancd from b,, falling in the coverage area
of a; at distancer from by,.

But,
2

P K2 — p? K n K <9
K
21+p)  4A1+p2 " 20—r) 41-r2Z =77
(B.5)

where the last line follows from our assumption that 0.5.
And,

(B.6)

/ 2(1 + p)V/ K2 — p2dp = K>,

Therefore, sinc&(u € C(af)|D, = d) = -5 [ 2(1 +
p) sin(6)dp, combining [B.4), (B.b) and(Bl6), it follows that

d2 2 d21€2
(1-2k) jE (ueClay)|Dy =d) < 2

Combining [B:2) and{Bl7) yields
e*ﬁfapdz’iz/Rz < P(5|Du _ ’f‘) < e*ﬁfapd2liz(172ﬁ)/R27

(B.7)

Let r = d(1 + p), wherep € (—, ). Employing this change Finally, from (B.1), [B:8) and[{BI9),

of variable, it follows from [B.B) that

2 2
cos(f) = _ p’
2(1+p)
and
2 2 2 2
. 29 _ R™—p _ R™ —p
S 6) = 305, % " 3as )
2 9
=i =P (1= gt = )
2(1+p) 41+ p)?

Therefore, since fo < z < 1,1 -z < V1—-2 <1, we
have

VK2 = p?2(1— P

K2 — p?
2(1+p) )

4(1+p)?

<sin(f) < /K2 — p2.

(B.4)

(B.8)
andP(& fOR 22 P(E|Dy, = d)dr satisfies
1— e—ﬁ Tfap 1— e—(1—2f€)/‘£2’ﬁf~dp
<P < B.9
R2Tap (€) < (1 = 2K)K2Tifap (8.9)
(1 — 2k)K>Hig, e~ Mtapd’w?/R? o
fp.(dE) = _ 67(132/@)&27’”@ (ﬁ)’ (B.10)
IQQ’I_Ifa efﬁfapdz(1*2/@):{2/1%2 2d
fo.(dg) < () (BAY)

Note that fork < 1, the lower bound and the bound bound
in (B.10) and [(BIl), respectively, converge2d/ R2, which
corresponds to the uniform distribution over a circle ofivad
R.
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