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Flat-band superconductivity has theoretically demonstrated the importance of band topology to
correlated phases. In two dimensions, the superfluid weight, which determines the critical temper-
ature through the Berezinksii-Kosterlitz-Thouless criteria, is bounded by the Fubini-Study metric
at zero temperature. We show this bound is nonzero within flat bands whose Wannier centers are
obstructed from the atoms — even when they have identically zero Berry curvature. Next, we derive
general lower bounds for the superfluid weight in terms of momentum space irreps in all 2D space
groups, extending the reach of topological quantum chemistry to superconducting states. We find
that the bounds can be naturally expressed using the formalism of real space invariants (RSIs) that
highlight the separation between electronic and atomic degrees of freedom. Finally, using exact
Monte Carlo simulations on a model with perfectly flat bands and strictly local obstructed Wannier
functions, we find that an attractive Hubbard interaction results in superconductivity as predicted
by the RSI bound beyond mean-field. Hence, obstructed bands are distinguished from trivial bands

in the presence of interactions by the nonzero lower bound imposed on their superfluid weight.

Introduction. In a topological insulator, the ground
state Wannier functions face an obstruction to exponen-
tial localization™®. This real-space picture connects bulk
topological invariants computed from the bands in mo-
mentum space to the local chemistry of electronic states.
Topological states can be either stable or fragile, and
are classified by their symmetry properties in momentum
space®, Fragile states can be trivialized by mixing with
non-topological bands®T2 while stable states cannot.
Moreover, stable topological phases are distinguished
by their gapless edge statest324 while fragile phases
have anomalous boundary signatures exposed by twisted
boundary conditiond!®6 magnetic lux'?, or defectsls.
Although our understanding of non-interacting topolog-
ical bands is nearly exhaustive %22 this is not the case
for interactions within topological bands.

Superconductivity in topological bands2324 is of inter-
est since its discovery within the fragile flat bands2534
of twisted bilayer graphené®®™I. Discovered in Ref. 42
superconducting order in flat bands, specifically the su-
perfluid weight, originates from quantum geometry char-
acterized by the Fubini-Study metric and has gathered
much excitement® 49, The quantum metric, though dis-
tinct from the band topology, is bounded by the Chern
or (Euler) winding number . These early results
suggest that topological quantum chemistry could pro-
vide general lower bounds, making contact with mate-
rials databases"254, Our work affirms this suggestion,
yielding nonzero bounds in phases without winding num-
bers. Our bounds are given by another quantized num-
ber, the real space invariant (RSIY1%, which uses sym-
metries to characterize topological, obstructed Wannier
centers (OWCs), and trivial bands.

From a materials perspective, although topological
bands are abundant within real crystals, a significant por-

tion are topologically trivial at the Fermi level. Topolog-
ically trivial bands with space group symmetries have a
finer classification which divides them into trivial atomic
bands, where electrons are exponentially localized at
the atomic sites, and bands with OWCs which, while
exponentially localized, are necessarily centered off the
atoms® 57, Remarkably, we show that, like topologi-
cal bands, OWCs have a nonzero, lower-bounded Fubini-
Study metric even without Berry curvaturé®®®?, When
flat OWC bands are partially filled under attractive in-
teractions, they possess a superconducting instability.
The zero-temperature superfluid weight [Dg];; of an
isolated flat band within BCS theory®? is (App. @

2
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where A is the superconducting gap, v is the filling frac-
tion of the flat bands, k is a momentum in the Brillouin
zone (BZ) with area (27)2/Q. (€. is the unit cell area),
and g;; is the Fubini-Study quantum metric. A nonzero
superfluid weight implies a finite critical superconduct-
ing temperaturé®®l and a supercurrent J = —4D A,
where A is the vector potential in the London gauge. In a
Hamiltonian with N1, orbitals and Ny, occupied bands,
we define the (abelian) quantum geometric tensor92

Tr Gij = Tr PO;PO;P = g;; + % firs (2)

where P (k) is the N1, X Noyp gauge-invariant projection
matrix onto the occupied bands, 9; is a momentum-space
derivative, and the trace is over the matrix indices. The
abelian Berry curvature f;; = —f;; is well studied while
the positive semi-definite quantum metric g;; = g;; is an
object of more recent interest®2 82, With spatial rotation



FIG. 1. Wannier basis at 1c = 7a1 + = az The Wannier state
|Aic) (red) centered at 1c is supported only on the neighboring
atomic sites (grey) with A, E, and 2E orbitals. Only one site
overlaps with neighboring Wannier states (blue).

symmetry, [Ds);; is determined by the trace of g;;

1 d*k
G72/(27r) Tr VP-VP >0, (3)
which is coordinate invariant, dimensionless, and impor-
tantly is quadratic in P(k) (App. . We give an efficient
numerical discretization formula in App.

Flat Band Model. We begin by constructing an OWC
model in the space group p3 generated by spinless Cj
symmetry and translations along the lattice vectors a; =
(1,0),ay = Cza;. At the origin (the la position), we
place electrons in the A,'E,2F irreps. These orbitals
induce band representations®%2 with irreps defined by

A tp3=T1+ K1+ Kj, C3=+1
"Bl tp3=To+ Ky + K}, Cy=e 5 (4)
2E1atp3=Ts+ Kz + K}, Cs=eF
where I' = (0,0)T, K = 2%(b; + by), K’ = —2%(b; +
by) are the high symmetry points, and a; - b; = §;;.

The full group theory data can be found on the Bilbao
Crystallographic server®®®%, To construct a flat band
OWC from these orbitals, we will use a Wannier basis
centered at the 1c position off the atomic sites at 1a as
in Fig. [l We form the Wannier states

[ V)

IR, Are) = 2Tr > _ C4(0, 4) +0,'E) +10,%E)), (5)

1
3 §=0

where Tg is the translation operator by R, Cj is the ro-
tation operator about the lc position, and |O p) are the

p orbitals in unit cell 0. Taking Cs — e Cy in Eq.
yields 'F and 2E states at lc. It is easy to check that
the states |R, Aj.) are orthonormal: (R, Aj.|R/, Aj.) is
nonzero only if R and R/ are nearest neighbors, and in
this case the only overlap is on a single site which vanishes
due to C3 eigenvalues of the orbitals. Fourier transform-
ing Eq. (5) to obtain the eigenstate |k, A1) yields the

eigenvector U, (k) = (k, alk, A1.), a = A, E2E:
1 1
Uk) = e 1]+ ! 5 | efi(ataz) ! e’ | eikaz,
3 1 3 27i 4ri
e 3 e 3

(6)

and the local momentum-space Hamiltonian
h(k) = —[t{UK)U" (k) = —[t|P(k) (7)

which has three exactly flat bands: the A;. band at en-
ergy —|t| and the degenerate ' E1. and ? Ej. bands at zero
energy. At filling 1/3, h(k) has the band representation

F1+K3+K§ :Alc Tp3, (8)

confirming our construction in real space. We also calcu-
late the Berry connection in crystalline coordinates,

Ai(k)=UT (-1/3,-2/3),, (9)

which is the expectation value of the lattice position oper-
ator in the occupied bands. Noting that the lattice posi-
tion operator is only defined mod 1, Eq. @ confirms that
the states are located at the lc position. Because 4;(k)
is independent of k (up to a gauge choice), the Wilson
loop bands are perfectly flat®? and the Berry curvature
is identically zero. Topologically, the model is therefore
trivial. However, we calculate the quantum metric in
cartesian coordinates (a is the lattice constant):

(K)i0,U (k) =

g5 () = 3Tr 9P, P = a®0,/6,  (10)
so the mean-field superfluid weight in Eq. is nonzero
despite the model being topologically trivial and having
compact Wannier functions (zero correlation length)>”

It is natural to ask what indices describe these compact
OWC phases. By definition, they are induced by off-
site atomic orbitals, so topological quantum chemistry
can identify them because their symmetry data does not
match any of the orbitals present in the lattice. This
is different than the stable and fragile indices which are
independent of the basis orbitals.

Wilson loops can also identify OWCs. A useful ref-
erence is the SSH chain?’ where an eigenvalue of 7 of
the Wilson loop operator identifies the off-site states?*2,
Lastly, OWCs can be most naturally defined using the
RSI formalism developed in Ref. [15. RSIs are local
quantum numbers which are well-defined in fragile and
OWC phases where they supply lower bounds on the
number of states at the high symmetry Wyckoff posi-
tions. By definition, RSIs are invariant under symmetry-
preserving adiabatic deformations. Since the Wannier
states in OWCs cannot be moved to atomic sites with-
out closing a gap, they are characterized by a nonzero
RSI off an atomic site. In space group p3, the RSIs at a
Cs-symmetric Wyckoff positions are

51 =m(*E) —=m(A), & =m(E)—-m(A) (11
and m(p) is the number of p irreps. The RSIs can be
conveniently calculated from the momentum space sym-
metry datat®. In our model, the only nonzero RSIs are
off the atomic sites at the lc position, (dic1,0162) =
(=1, —1). We will now show that, in generality, these off-
site RSIs are responsible for a bounded superfluid weight.



FIG. 2. C3 Bounds. (a) We label the Cs-invariant points T,
K, and K’ in the BZ. (b) By taking linear combinations of
P(k), we find lower bounds for the harmonics at |R| = 1,
shown in red and blue. Higher harmonics are not shown.

Lower Bounds in Real Space. We derive general lower
bounds for the superfluid weight in terms of RSIs and or-
bital positions to show that nonzero superfluid weight is a
generic feature of partially filled OWC bands, as has been
shown for Chern insulators and Euler insulators®3*Y,
Our bounds also apply to all 2D topological bands, in-
cluding fragile bands (App. . Here, for simplicity,
we prove a lower bound for our model with C5 and all
orbitals at the la position. Our starting point is a real
space expression for P(k), the projector onto the occu-
pied Ai. band. If all orbitals are at the 1a position, then
h(k) and P(k) are periodic under k — k + 27b;. Thus
there is a Fourier representation

_ —iR-k _ [dk'dk® g
P9 = 3 MR) p(R) = [ e 0,
(12)
defined in terms of the harmonics p(R), which are
Nob X Nop, matrices, the lattice vectors R, and the di-
mensionless crystal momenta k%. Note that P(k) is the
momentum space Green’s function®, so p(R) is the real
space correlation function. The harmonics obey a nor-
malization condition

SIPRIE = [ 5T PO = Now =1 (13
R

(27)?

where ||A||?> = Tr ATA is the squared Frobenius norm
(App. [E2). Rewriting Eq. in real space, we find

G = l/d%Tr VP-VP = -5 Y REp(R)
~ 2] @n2 T 20, 4 P '

(14)
We will use symmetry eigenvalues to show that |[p(ay)||
and symmetry-related terms are bounded below. This
immediately gives a bound for G because G >
ﬁ\a1|2|\p(a1)||2 since all terms in Eq. are positive
semi-definite. Indeed, all are positive definite except for
the zero mode p(0), the constant mode of P(k).
The momentum space irreps consist of the C3 eigen-
values in the occupied bands at T', K, K’ (see Fig. )
The irrep multiplicities m(p) obey (App.

2mi

m(T'y) + e 5 m(l2) + e 5 m(l3) = Tr D[C3]P(T),
(15)

and similarly for K and K’ Here D[C;3] =
diag(1, e~ %, e%”) is the representation matrix of C'3 on
the orbitals. Thus the irrep multiplicities give informa-
tion about P(k). Writing out and summing Eq. at
each high-symmetry momentum gives

27 4

P(I) 4+ e P(K) +e

3
n=1

(16)
where the dots represent higher harmonics p(R) for |R| >
|a;| (see Fig. Pp). Crucially, the roots of unity cancel
p(0), so only harmonics at R # 0 appear in Eq. (16]). We
now bound Eq. on both sides. To manipulate the

momentum space side, we use an elementary inequality”+

|A||* > |Tr SA|?/Rk(A) VS unitary, (17)

proven in Ref. [95. Choosing 4 = P(T') + 5 P(K) +

_2mi

e~ "3 P(K'), we see 1/Rk(A) > 1/3 because A is a3 x 3
matrix, and with S = D[C3], we find with Eq. :

[Tr SAP = 2 (m(Ks) + m(K) —m(Ts) —m(T3)) +

%(m(Fz)—m(FP,Hm(Kl)— m(Kz)—m(K7)+m(K3))?
= 9(67e1 = G1e,10102 + 01 0),s
(18)
where we first used Eq. to write the trace in terms
of momentum space irreps, and then used the tables in
Ref. 15l to rewrite them in terms of the RSIs in Eq. .
Taking the Frobenius norm of Eq. and applying
the triangle inequality to the real space side gives

1] < 3(Ilp(an) [|+lp(Csan) || +[[p(C3an)||+...), (19)

where the dots are higher harmonics and we used
lp(R)|| = |lp(—=R)|| which follows from Eq. (12). We
check explicitly that Eq. is not a tight inequality
(by a factor of 3) and prevents our bound from being
saturated by this model. All other inequalities are tight.

We next use C3 symmetry which ensures |[p(R)|| =
|lp(CsR)||(App. [A). Because we have a lower bound for
||A]|?, Eq. proves that ||p(R)|| # 0 for some R # 0.
We now employ an optimization argument:

1 1
R2 R 2> : R2 2
st SIRFIDIOI = i g SRl (o

where the minimization is taken over all g € R obeying

> lrl* =1, [Yr| =[¢-rl, ||A]] = 9ta, |+ ..., (21)

R

and the dots denote terms depending on ¥|r|>|a,|- As
such, the space of admissible |¢r| described by Eq.
includes the choice where || = |[p(R)||. By keeping
only the constraints in Eq. , and not the restriction
that ¢r be the Fourier transform of a projection matrix,
we can perform the minimization in Eq. directly.



A lemma we prove in Ref. 05 shows that the mini-
mum occurs when ||A|| = 9|¢g,|, i.e., when Eq. (19)
is saturated with the lowest harmonics possible. This
is expected because higher harmonics have larger |R|?
weights. Adding up the contributions from the inner six
harmonics |[p(R)||? in Fig. [2| we find (App.

1 a?
s 2 REIPRIE > 5o (81 — d1cadien +03es)
C R C

(22)

Plugging in 01,1 = 1.2 = —1 from Eq. , we obtain
G > a?/90. = 2/9\/3, a factor of 3 below the exact
calculation in Eq. (10). The RSIs in Eq. show that
states off the atomic positions (la in this case), which
define OWCs, enforce a nonzero superfluid weight. We
obtain bounds for all 2D space groups in Ref. [95l

Hubbard Model. We have shown that single-particle
OWCs and fragile states have a nonzero superfluid weight
at T = 0. However, [D;];; in Eq. is obtained from
mean-field BCS theory, which may seem unsuitable to
treat flat band systems lacking a well-defined Fermi sur-
face. We resort to exact numerical simulations to check
its validity at finite temperature.

Using the Hamiltonian h(k) defined in Eq. |7} we form
a spinful Hamiltonian with hq(k) = h(k) and hy(k) =
Tht(k)T 1 = h*(—k) which preserves time-reversal 7.
Here 71, | label the spins. Including an attractive Hubbard
term with strength |U|, the full Hamiltonian is

H =ty whywre — U] charha o CRat
R,o Ra

(23)
where w;m creates the Wannier state in Eq. 1) wki =

Twh +T 1, chao 18 the creation operator in unit cell R,
orbital a, and spin ¢ = {1,l}. The attractive Hub-
bard model does not suffer from the fermionic sign prob-
lem, and lends itself to auxiliary-field quantum Monte
Carlo methods?%?7, We perform finite-temperature sim-
ulations in the grand canonical ensemble and tune the
chemical potential 1(T) to half fill the A;, band. We con-
sider a range of Hubbard interactions |U| smaller than the
single-particle gap |t| above the A;. band: |U| = 3,4, 5,
with |t| = 6. These parameters set us away from the iso-
lated flat band regime |U| < |t|. We focus on a system
with 6 x 6 unit cells and periodic boundary conditions.

We can directly extract the finite-temperature su-
perfluid weight D(7T) from the Monte Carlo results
(App. . The transition temperature T, is determined
by the Nelson-Kosterlitz criterion®: T, = 7D /2, where
D7 is the superfluid weight at the critical temperature
approached from below. In Fig. we plot Dy (T) for
different |U| as a function of T/|U|, finding the curves
collapse on top of each other. This confirms 7T,
|UMY, Our results prove that a coherent superconductor
emerges upon inclusion of an attractive Hubbard interac-
tion in the OWC flat bands, as in topological bands26:100,
Ref. [26] discusses the contrasting case of trivial atomic
bands.
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FIG. 3. Monte Carlo. The superfluid weight Ds as a func-
tion of temperature T' is computed from Monte Carlo sim-
ulations on H in Eq. 98'99. We consider |U| = 3,4,5
with |[t| = 6 in a system with 6 X 6 unit cells. The crossing
of D, with the dashed line 27'/7 indicates the Berezinskii-
Kosterlitz-Thouless superconducting transition. The yellow
star/ blue cross indicate the mean-field D (T = 0) obtained
from a multi-band/ isolated flat band calculation (Eq. (I0)).
The gray hexagon shows the RSI bound on Ds(T = 0).

We can compare the results of our Monte Carlo simula-
tions to the zero temperature predictions of BCS theory.
In particular, we recall in Ref. 05/ that the BCS wavefunc-
tion is an exact zero-temperature ground state of the at-
tractive Hubbard model projected into the flat bands®!,
as follows from the equal weight of the flat band’s Wan-
nier function over all orbitals in the unit cell*2. The
blue cross in Fig. [3] shows the result of the analytical
mean-field calculation after projection into the flat band.
Alternatively, we solve the multi-band mean-field the-
ory numerically in Ref. [95l The result is shown with
the yellow star in Fig. The agreement between our
finite-temperature Monte Carlo simulations and the zero
temperature mean-field calculations justify the use of the
BCS result in Eq. , showing that our lower bounds
successfully describe the many-body physics.

Discussion. We have shown that the RSIs characteriz-
ing the quantum geometry have a profound influence on
the interacting groundstate when the flat bands are par-
tially filled. Our lower bound for the superfluid weight
is nontrivial in OWCs where the Wannier charge cen-
ters are obstructed from the atoms. Our bounds are not
saturated by the Hamiltonian in Eq. , but we hope
that future work can improve these bounds to be tight.
Our RSI bounds also apply to OWCs with corner states,
as well as stable and fragile topological phasest!1H102
Conceptually, the gauge-invariant expression Eq. in
terms of the correlation function shows that long-ranged
Wannier functions are not essential to the lower bound.
Any Wannier function which is supported over multi-
ple unit cells**¥57 as can be enforced by symmetry in
a OWC state, produces a quantized RSI lower bound.
Our derivation is general for arbitrary bands and arbi-
trary symmetries. Although we studied the problem in
2D, our method is generalizable to 3D where flat band
OWCs have been exhaustively identified®Y.
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Appendix A: Symmetries and Topological Quantum Chemistry

In this Appendix, we set up the gauge-invariant formalism for obtaining the single-particle symmetry data, defined
by the irreps of the occupied bands in momentum space. App. discusses the electron orbitals in real space which
are used to define the space group symmetries and Hamiltonian. In App. we work in momentum space to describe
the occupied bands and their symmetry properties. App.[A 3] discusses the symmetry data, paying special attention
to formulas invariant under the eigenvector gauge freedom.

1. Symmetries in Real Space

We review the symmetries of a tight-binding model Hamiltonian from a real space perspective. The canonical
electron operators CL are indexed by their unit cell R = Ryja; + Rsas, R; € Z and their orbital index a = 1,. .., Nop.
The area of the unit cell is Q. = a; x ay. We denote the position of the orbitals with the unit cell as R+ r,. We can
think of the orbitals cR7 ., as being the atomic orbitals, so r, are the positions of the atoms of the crystal. The orbitals

cka define the tight-binding Hilbert space and carry information about the positions of the underlying orbitals.
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We consider 2D systems with a space group G generated by lattice translations 7T;, n-fold rotations C,, mirrors M,
and possibly time-reversal symmetry 7 which is an anti-unitary operator. In real space, the symmetry operators are
defined by their representation on the orbitals c; .- For a symmetry g € G, we write

Pt t
9CR,09 —chmﬂa%rMDﬂa[g] (A1)
3

where D[g] is the No1, X Noyp, representation matrix of g on the orbitals. If g is a symmetry of the lattice, then Dg,[g]
is nonzero only when gr, — rg is a lattice vector, i.e. gr, —rg mod a; = 0. The high-symmetry Wyckoff positions
can be found for all space groups (and thus their 2D subgroups) on the Bilbao Crystallographic Server.

The non-interacting Hamiltonian of the crystal can be written in terms of the hopping matrix t,5(R) via

H= Y tas(R=R)ch crp (A2)
R,R’, a8

which manifestly respects translation symmetry. The symmetries g € G commute with H, and hence

gHg' = Z Daralgltas(R — R)Dﬁﬁ/[]C;(Rﬂa)fra,,a'cg(R’HB)—”a'vﬁ’
R.R’,0f

(A3)
= Z Da’a[g]taﬁ((g_l(s +Tra) —Ta) — (g_l(sl +rg) — rﬁ))Dgﬁ’ [g]CTS,a'CS’ﬁ’
S,8",a8
and thus we require
tarp (R —R/) = ZD “IR+ra)—ra— (g (R +15)—15)D . [g] .
ﬁ a’ a a a’ a g B B BB 9 (A4)

In order to simplify the expressions, we sum over repeated indices from here on.

2. Symmetries in Momentum Space

To diagonalize the Hamiltonian, we define momentum space electron operators which are eigenstates of the trans-
lation operators. On periodic boundary conditions with L, Lo total sites, we define

1 .
T —ik-(R4ry) .1
Ck,a - m ER: e CR,a (A5)

which is a Fourier transform over the lattice, and k = k1b; + kobs, k; € %ZLV Note that in this convention, the
momentum operators obey

Chyoanpya =€ 0Tl =l Vaal2nbi],  Vaa[27bi] = dgae T PiTe (A6)

where we defined the embedding matrix V[27b;]. The embedding matrix will play a very important role in this work
because it encodes the position of the orbitals in the unit cell and hence is important for defining obstructed atomic
insulators (OWCs).

We also need to compute the action of g € G on the momentum operators:

1 .
T T —ik-(R+ra) T
9k o9 = W;e cg(RJrra)_rﬁﬁDBa[g]
! ~ileg ™! (Retrg) o (A7)
= — e ") er 3Dgaldl
N% R“B

= chipDsald] -


https://www.cryst.ehu.es/

11

We now write the Hamiltonian in momentum space. Using the translation invariance of t,3(R — R’), we find

1 —ik- (R k' (R’
:NZ Y e BRI RAE )L (R~ R e 00,
kK R,R,0f

= Z (Z e~k (d+ra—rps)y B(d)> kO (A8)

k,af

=Y el shas(K)as
k

where the a, 8 sums are implicit in the last line. We call h(k) the single-particle or first-quantized Hamiltonian, which
is the Fourier transform of the hopping matrix t,g(d).
Note that h(k) obeys the embedding relations

ha5<k + 27Tbi) _ Ze—i(k+2ﬂbi)~(d+ra—rﬂ)taﬁ (d)
d

_ —2mibi(ra—rp) Z e_ik'(d"'ra_"ﬁ)tag (d)
d
— p2mibirap, 5(k) 2mibi-rg

= [V[27b;]h(k)VT[27b;]]

(A9)

ap

which can be written simply in matrix notation as h(k +27b;) = V[27b;]h(k)V [27b,]. We write V[G] with brackets
to emphasize that the embedding matrix is defined with G a reciprocal lattice vector.
We now compute the action of the symmetries on the single-particle Hamiltonian. We find

gHgT = Z Cj]k@/ Da/a[g]haﬂ (k)DL,B/ [g]cgk,ﬁ’
k

T . a1
= ch’a,Da/a[g]hag(g_ K)D s [glex, s
K

and thus we derive D[g]h(g~'k)DT[g] = h(k). At high symmetry momenta K where gK = K mod 27b;, we find
that there are symmetries which act locally on K. To give explicit expressions, we define G = gK — K and find

DlgIh(K)D'[g] = h(gK) = h(K + G) = V[GIh(K)V[G]' (A11)

so the unitary matrix V[G]'D[g] commutes with h(K). Thus h(K) has a nontrivial symmetry group which is con-
ventionally called the little group Gx. We need to prove that V[G] D[g] is a good representation of g, i.e. that it
obeys the group multiplication. To do so, we need the following identity

D[g]V[G]D[g]" = V[¢G] for G a reciprocal lattice vector. (A12)
This is proven by direct calculation (indices unsummed):

[D[Q}V[G}]aﬁ = Dag[g]efic'rﬁ

: A13
[V[gG]Dlgllas = €95 Dyglg] - (A13)

Recall that D,glg] is only nonzero when grg — r, = R where R is a lattice vector. Using G - R = 0 mod 27

because G is a reciprocal lattice vector, we find e~GT¢ = ¢=iG-9 'Ta — ¢=9GTa anq hence the first and second lines
of Eq. (A13)) are equal. This proves Eq. (A12). Now we can show that the matrices V[G]'D[g] do indeed form a

representation of the little group at K. For G = gK — K and G’ = ¢’K — K, we check
(VIGI'Dlg)) (VIG']'DI¢]) = VIG]'V[9G'] D[g|D[y']

[
(G + ¢G']"Dlgy]
[
[

(A14)

9K — K + g(¢’K — K)'|'D[gq']

1%
v
Vgg'K — K]'Dlgg]

which satisfies the group multiplication so, V[G]T D[g] is a good representation of the little group. Thus we have shown
that the high-symmetry points on the BZ have nontrivial symmetries with N1, X Ny, representation matrices.
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3. Symmetry data

Having discussed the symmetry group of the momentum space Hamiltonian, we now focus on the representations
at the high symmetry points of a general set of gapped bands. To do so, we first need to discuss the band structure.
Because h(k) is a Hermitian matrix, it has a spectral decomposition

Z Uan (k) En(K)U 1 (K) (A15)

where U, (k) is a column eigenvector of h(k) with eigenvalue E, (k). The spectrum F, (k) is referred to as the band

structure. By defining the energy eigenstates through a unitary transition y , = CL oUa,n(k), the Hamiltonian can
be put into diagonal form

H= ZEn(k)’V]t,n’)’k,n (Alﬁ)

We say that the Hamiltonian has a gap at filling Noc if En,_.+1(k) — En,..(k) > 0 for all k. States in the occupied
bands (which are uniquely defined due to the gap) are all filled in the many-body ground state of the Hamiltonian.
We now show that the occupied bands furnish representations of the little group as well [84] [85].

For ease of notation, we define U(k) = [Uy(k),...,Un,.. (k)] as the Ny X Nocc matrix of occupied eigenvectors.
Because of the orthonormality of the eigenvectors, U (k) satisfies the important properties

UNK)U(K) = INpoxNoee,  UR)UT (k) = P(k) (A17)

where P(k) is a Hermitian projector onto the occupied bands. It satisfies P(k)? = P(k) and P(k)U(k) = U(k) as is
direct to check from Eq. (| -

Let us study the action of the symmetries at K on the occupied bands. Because V[gK — K] D[g] commutes with
h(K) for all g € Gk, V[gK — K| D[g]U, (k) is an eigenstate of h(K) with energy E, (k). If we take n to be in the
occupied bands, then V[gK — K] D|[g]U,, (k) can be expanded using the basis of occupied states at K, so

VIG]'D[g]U (K) = U(K)Dk]g] (A18)

where Dk |[g] is an Noce X Noee matrix. At generic k points, Dk|g] is called the sewing matrix. We use the notation
D at the high-symmetry points to emphasize that it is a representation (proved momentarily).
An expression for Dk|g] is obtained by left-multiplying U (k):

Dxlg] = U (K)VIG]'D[g]U(K) . (A19)
We now check that Dk|g] is unitary:
Dx[g)"Dk 9] = UT(K)(VIG]" D[g]) U (K)UT(K)V[G]' D[g]U(K)
— U(K)(VIG]' Dlg)) 'VIG] DIyl (K) (20)
= UM K)U(K)
= INpeex Noce -

The crucial step U(K)UT(K)V[G]'D[g]U(K) = P(K)V[G]'D[g)U(K) = V[G]'D[g]U(K) in the second equality
follows because V[G]TD[g]U(K) is in the occupied subspace — note that V[G]T D[g] commutes with h(K). Thus the
projector P(K) acts on V[G]TD[g]U(K) as the identity. The requirement of a gap is essential here for the occupied
subspace to be well-defined. In fact with this requirement, Dk[g] forms a representation of the little group Gk. This
follows from a very similar calculation

Dxg]Dkly'] = U'(K)V[G]' D[g]U (K)U'(K)V[G']' D[¢'|U (K)
= U'K)VIG]'D[g]V[G']'Dlg|U (K) (A21)
=U'K)V[G"'D[gylUK), G"=ggK-K
= Dk|[g4']

where we used Eq. (Al4)) in the third line. As is suggested by Eq. (A19), Dklg] is simply the representation of
the orbitals projected into the flat bands. As long as there is a gap, this projection still results in a well-defined
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representation. Note that Dk[g] is a Nyec-dimensional representation and hence is decomposable into irreps. The
multiplicity of the y irrep is

IGKI > X*[g]Tr Dkg] (A22)

9eGKk

where |Gk]| is the number of elements of Gk. A list of irreps and their characters x[g] in all the 2D little groups may
be found at the Bilbao crystallographic server. The symmetry data vector B is simply a list of the irrep multiplicities
at all high symmetry points in the BZ [5 [6]. B is an invariant of the occupied subspace: the irrep multiplicities
cannot be changed unless a gap is closed. As such, some (but not all) topological invariants can be computed from
the symmetry data alone to diagnose stable and fragile topological phases [20].

We conclude this section with a discussion of the gauge freedom of the occupied eigenvectors. Recall that an
individual eigenvector is only well-defined up to an overall phase factor. Thus there is the gauge freedom U, (k) —
Upn(k)e*®) at all k. If there are degeneracies, then the eigenvectors are only defined up to a unitary transformation
that mixes the degenerate bands. In the flat band limit where all occupied bands are degenerate everywhere, the
occupied eigenvectors are only defined up to the gauge transformation U (k) — U(k)W(k) where W(k) is an arbitrary
Noce X Noee unitary matrix. (This general case includes the non-degenerate case. If there are no degeneracies then
W(k) is a diagonal matrix of phases.)

It is important to understand the effect of the gauge freedom on the expressions derived in this section. Notably, the
little group representation Dk [g] is not gauge-invariant, as can be seen from Eq. (AT9). Under U(k) — U(k)W(k),
we find Dk [g] — W(k) Dk [g]W(k). This is expected because the explicit matrices of a representation are not unique.
However their character, or equivalently the irrep multiplicities are unique because Eq. is defined in terms of
Tr Dk [g] which is gauge-invariant.

Another gauge-invariant object is the projector matrix which plays a central role in App. [Bl We see that

P(k) = UK U (k) = UKWEWk) U (k) = P(k) (A23)

is invariant under the gauge freedom. All quantities written in terms of P(k) can be evaluated numerically without
needing to choose a smooth gauge for the eigenvectors. As such, it is useful to have an expression for the irrep
multiplicities directly in terms of the projector. This is easily derived from Eq. (A22)) with the cyclicity of the trace:

IGKIQGZG T VIGI DlglU (KU (K \GKIQGZG AT VG DPK) . (a2

Using the character orthogonality theorems, we can invert the expression to find that the trace of Tr V[G]' D[g]P(K)
is determined by the characters of the representation:

Zm(x)x[g] = g}’;‘ Tr V[G]'D[g|P(K), G=gK-K (A25)

where N, is the number of irreps (equivalently, the number of conjugacy classes). Eq. M IA25)) will be directly applicable
to the lower bounds in App. l We prove two simple properties of the projectors P(k) which will be useful there
as well. First we study the behavior of P(k) under the spatial symmetries. Because h(k) = DT[g]h(gk)D][g], the

eigenvectors at symmetry related points gk and k are related by U(g~'k) = DL[g]U(k)B(k) where B(k) is a unitary
sewing matrix [I01]. At the high-symmetry points, the sewing matrix is the representation matrix in Eq. (A19). The
projector transforms simply as

P(g~'k) = U(g~'k)U' (¢~ 'k) = D'[g)U (k)B(k)B' (k)U' (k) D[g] = D'[g]P(k)Dl[g] (A26)
so P(g7'k) and P(k) are unitarily related. In the same manner, we check the periodicity of P(k) on the BZ:
P(k + 21b;) = V[27b;] P(k)VT[27b] (A27)

which shows that P(k) is only periodic up to a unitary transform when the orbitals of the model are at different
positions.

Appendix B: Gauge-Invariant Quantum Geometry

In this Appendix, we discuss the quantum geometry of the occupied eigenstates. In App. we set our index
conventions and introduce the quantum geometric tensor as a natural gauge-invariant object in which the non-abelian
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Berry curvature and non-abelian Fubini-Study metric are contained. App. gives simple expressions for the abelian
Berry curvature and abelian Fubini-Study metric in terms of the projector matrices, making them manifestly gauge
invariant. App. [B3| derives point-split formula for the abelian Fubini-Study metric which is suitable for numerical
implementation, in analogy of the projector formula for Wilson loops.

1. Quantum Geometric Tensor

We now take the lattice period L; — oo so that we work on infinite boundary conditions and the momentum
k; € (—m,m] is a continuous variable in the Brillouin zone (BZ). The BZ is a smooth manifold, and in 2D is a torus.
As in App. we define U(k) as the Ny X Noee matrix whose columns are the eigenvectors of the occupied bands.
Because of the gauge freedom, U (k) is only defined up to U(k) — U(k)W(k) where W(k) is an arbitrary Noee X Noce
unitary matrix in the most generic degenerate flat band case. The projector P(k) = U(k)UT (k) is gauge invariant.
Going forward, we suppress the k dependence in our notation. We let 0,, denote the momentum derivative % where
i is a spatial index on the BZ. The BZ has a spatial metric 77, inherited from real space. In general coordinate
systems, |k|? = n,,k"k” and we sum over repeated indices. On the BZ, the natural coordinate system is crystalline
coordinates. Denoting the real space lattice vectors by a’ = aiﬁ“, the BZ is parameterized by k = k'b; = kibfa%#
where the reciprocal lattice vectors satisfy a’ - b; = §;. In indices, we have the identities aj, b} = &} and a},bf = Jy,.
The metric 7;; in crystalline coordinates is derived from |k|? = (6wa”b;f)kik:j, so n;; = b; - b;. We define the inverse
metric n% by n%n;; = 6i. For concreteness, the two most often used coordinate systems are

10
b1 = (170)7b2 = C4b17 771] = (O 1)
L (B1)
by = (1,0), by = C3by, 1 = (_1 12)
2
for Cy, C4 -symmetric lattices and C5, Cg-symmetric lattices respectively. Here we set the reciprocal lattice constants
to one.

The projector P(k) is a simple gauge-invariant object on the BZ. It has a natural geometric interpretation since
it describes the Ny..-dimensional occupied subspace within the Ny, dimensional Hilbert space. We will now derive
another gauge-invariant object, the abelian quantum geometric tensor, with two derivatives. In 2D, a two derivative
tensor is fundamental because it is dimensionless when integrated on the BZ. Indeed, we will see that the Berry
curvature and quantum metric appear in this construction.

Our starting point is to use P(k) to define a covariant derivative (1 — U (k)UT(k))9;U (k). (Here covariant refers to
the eigenvector gauge freedom, not to the simple transformation of the spatial index i.) Under a gauge transformation

of the N, eigenvectors U — UW, we find
(1-UUNOU — (1 —UUN(UW) = (1 —UUNQ,UW + Ud;W) (B2)
= (1-UUhHo,u)w

where in the last line we used the projector property (1 — UUT)U = U(1 — UTU) = 0. Note that the naive partial
derivative 0;U does not transform covariantly. Now we can define two-derivative a gauge-covariant Ny X Noce matrix
called the quantum geometric tensor:

Gij(k) = Q.U (1 —UUNO,U (B3)

which can be written in terms of the covariant derivatives (k dependence suppressed) as G;; = ((1 —UU"9; U)T(l -
UUNO;U because (1 — UUT)?2 = (1 — UUT). Hence G;; — W'G;;W under gauge transformations, and we find that
the abelian quantum geometric tensor defined by

Tr Gij (k) = Tr W (k)Gi; (k)W (k) = Tr Gi; (k) (B4)

is gauge invariant. In the next section, we give an expression for Tr G;;(k) in terms of gauge-invariant projectors.

2. Berry Curvature and Quantum Metric in terms of Projectors

It is desirable to have expressions for the abelian quantum geometric tensor (the trace of Eq. (B3))) in terms of
projector matrix which is the natural gauge-invariant object. We need the simple identity (3;UT)U = —UT9,U which



15

follows from 0;(UTU) = ;1 = 0. With this, a direct calculation establishes that

P =0,UU" +UsU"

(B5)
(0 P)U = ;U + U(Q;UNU = ;U — UUTO,U = (1 — UUN U
which is the covariant derivative in Eq. (B2). From Eq. (B3)) it follows that G;; = U TaiPajP U and thus
Tr G;j = Tr U9, PO;PU = Tr UU'9,P9; P = Tr P9, P9; P (B6)

from the cyclicity of the trace. This expression for Tr G;; is manifestly gauge invariant. Note that Tr gjj =
Tr 0;PO; PP = Tr Gj; so the symmetric part of Tr §;; is real and the anti-symmetric part is imaginary. We now
separate Tr G;; into symmetric and anti-symmetric parts:

i 1 .
Tr Gij = 95 = 5fus 95 = 5 Tx PROP,O;PY, - fiy = iTx P[0, P,0;P] (B7)

where g;; is the quantum metric and f;; is the Berry curvature. The choice of the explicit 1/2 in g;; is conventional.
Because f;; is anti-symmetric, it can be integrated as a differential form without a metric [I]:

1 , .
3 fis kAR = | fio dk'dk?* = 2nC (BS)

BZ BZ

where C' € Z is the Chern number. We now turn out attention to the quantum metric. There is slightly simpler
expression using the identities { P, 9; P} = 9; P (derived from P? = P) and Tr A{B,C} = Tr B{A, C}, from which we
find

1 1

Strikingly, this expression shows that the quantum metric g;; is simply the induced metric (or pullback) from the
Euclidean space of Nop x Nowp matrices. To see this, recall that the induced metric is usually written g;;(z) =
0; X*0; X" §,,, where X is an embedding map from a manifold parameterized by = to a different manifold parameterized
by = with metric §. The metric § defines a natural “induced metric” g;;(x) through the embedding. Here we identify
P,s(k) as the embedding, and §ag,op = 0ap0ss as the metric corresponding to the Frobenius norm.

We now obtain a scalar (coordinate-independent quantity) by contracting the quantum metric with the inverse
coordinate metric on the BZ: % g;; = gi. Integrating over the BZ in analogy to the Berry curvature in Eq. , we
define the dimensionless number

d*k » dk'dk® 1 .
— Y e ] ;PO P . B1
G /(2#)2 Vdetn g; /(271_)290 57 Tr 9;P0; P (B10)

The first expression in Eq. is a coordinate-invariant expression, noting that [ d?ky/detn = (27)%|by x by| =
(27)2 /S0, is the invariant area of the BZ, and the second writes the integral in terms of the dimensionless lattice
momenta k? € (—m, ). Briefly, we remark that the quantum geometric tensor is positive semi-definite giving lower
bound on ¢! in terms of |f12| [23]. However, these bounds are not of interest in this work because fragile and OWC
phases can have vanishing Berry curvature. In fact, the quantum metric itself is positive semi-definite. This is easily
seen by checking

. 1 . 1,
v'giv) = §Tr v'9;PO; Pv) = §\|v18iP||2 >0 Vo, (B11)

where v; is a real 2D vector and ||A||? = Tr At A is the Frobenius norm. In any state where P(k) is not constant in k,
0; P will make a nonzero contribution to g;;. We will show that the symmetry data of a fragile or OAL phase requires
the projector to change between different high symmetry points in the BZ, which we exploit to give lower bounds in
App. [E] To give an example, we consider the 1D dimerized chain with two atoms per unit cell at locations 1, d2 with
the real space Hamiltonian

— T T
H= ZtCR’ch)l + tlcR+1,lcR72 + h.c. . (BIQ)
R
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We keep the orbital locations 1,92 general so it is clear that the choice of unit cell does not matter. Fourier
transforming, the momentum space Hamiltonian is

0 Y e—ik(1461—55) 0 "
h(k) = <te‘ik(52_51) + h.c. = e~ ih(61=62) (¢ 4 iyl (B13)

which has a nontrivial embedding matrix V(G) = diag(e~"¢%, e~?%%2). The energies are +|t 4 e’*#'| with eigenvectors

e~ ko ; t+t'et®
Usr(k) = < eik&z) ( zg(k)) /V2, efk) — 1727 (B14)

|t + t'etk|

It is now direct to compute the occupied band projector P(k) = U_(k)U (k) and the superfluid weight:

G- [sE5m arwarm = [ E510PwIP = [ @0 +6 - 5)° (B15)

Note that in 1D, the superfluid weight (or Drude weight) has dimensions of length, but we set the lattice constant to
one for ease. To see how the obstructed phase has nonzero G (while the trivial phase has G = 0), it is sufficient to go
to the inversion symmetric case where §; = —6,do = +40. We can compute the Berry connection

A(k) = iU o0 = %(9/(1@) =) = %0’(1«) (B16)

which is the projected position operator into the occupied band at momentum k. (Note that (k) has a branch cut
that corresponds to the ambiguity of the position operator mod 1). We can interpret A(k) as the Wannier center of
the electron at a given momentum. Rewriting Eq. (B15]), we find

G= /%(A(k;) —5)° (B17)

which shows plainly that G is minimized when A(k) (the Wannier center) is as close to § (the orbital location) as
possible. If A(k) # ¢, then the model is in an obstructed phase and G is nonzero. As a simple check, we set ¢’ = 0
where we find 6'(k) = A(k) = 0 from Eq. . Then G = §% which is only nonzero when § = 0, ezactly when the
Wannier center and the orbital are in the same location. Otherwise, the phase is obstructed and G # 0.

For completeness, we also include an exact expression for all ¢,¢' > 0,]d] < 1/2:

oo /dlea PRI = /dk 2 4t cosk — 2(42 + 2 + 2tt' cos k)5 \ >
4§ 27 2(t2 + 2 + 2tt’ cos k)

(B18)

) , 2t/2

The discontinuities occur at the gap closing ¢ = t'.

3. Projector Formula for Numerical purposes

In this section, we derive a convenient numerical formula for G defined in Eq. (B10). It has roughly the same
computational complexity as a Wilson loop, which requires the projectors P(k) on a fine mesh over the BZ [89].

We have derived the expression

d’k . dk'dk? 1
= - iy i B1
G /(2%)2 detn g; /( TN 25 Tr 0, PO, P (B19)

where in the last line we used crystalline coordinates as a chart on the BZ, but we evaluated g/, in cartesian coordinates
where n#*¥ = §*¥ is diagonal, so there are only two terms in the pr sum. Recall that the derivatives are numerically
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stable because P(k) is gauge invariant. Thus we can derive a simple point-split expression:

%Tr (O, P)* = %Tr (P(k + ez) — P(k))*
= T;Tr (P(k + €2)? + P(k)? — {P(k + i), P(k)})
= %Tr (P(k + &) + P(k) — {P(k + ez), P(k)}) (B20)
1

= = (2Noce — 2Tt P(k + e2)P(k))

2e
L (Noee = Tr P+ €)P()

where we used P(k)? = P(k) and Tr P(k) = Nyec. If we choose an L x L grid for k on the BZ, then we find

1 1 R .
G= ONE zk: 3 (Noce — Tr P(k + €2)P(k) 4+ Noee — Tr P(k + €3) P(k))

B21
 2Noee (B21)

e,

_ ﬁ 3T P(k) (P(k + ) + Pk + )
¢ k

which we find numerically converges very rapidly. In particular, if one choose ¢ = 1/L, then G can be computed from
only L? evaluations of P(k) on the BZ mesh.

Appendix C: Superfluid Weight from auxiliary-field Monte Carlo simulations

To compute D¢(T'), we introduce an external electromagnetic field via its electromagnetic potential A and Peierls
substitution: trar/g = tRer/g €xXP[iA - (R + 14 — R —1rp)] = tRar/s(A). Here, R = Rja; + Ryay with Ry, R € Z
is the position of the unit cell, r,, is the position of the orbital « inside the unit cell [I7]. We can then expand H(A)
up to second order in A (here ij are cartesian indices):

1
H(A)=H+j’A; + iTiinAj, (C1)

where j¥ is the paramagnetic current operator and T;;A; is the diamagnetic current operator. These operators are
defined as j¥ = >"g j7(R) with

. OtRar/8(A
pRy= Y e ()
aR/Bo v
and
Ptrarp(A) +
Tij = Z aAZaAJ cRaa'CR’,Bo" (CS)
RaR/ B0

The superfluid weight characterizes the zero-frequency, long-wavelength response to the external field, J; =
—4[Dy);;A;. Tt is given by (see Refs. 98] and [99)

1
40,
where k(1) is the momentum component parallel (perpendicular) to A, and (-) represents the expectation value

over the many-body ground state at temperature 7. Here, A;;(k,w) is the paramagnetic current susceptibility in
momentum and frequency space:

[Ds]ij = [<Tz > — AZJ(kH =0, ki — 0, 1w, = 0)] s (04)

B ,
Aij(k,iw,) = /0 dre™m ([5F(k,7), 55 (~k,0)]), (C5)

with w,, = 27mT, m € Z, and § = 1/kgT the inverse temperature. Note that with the factor 1/4 in Eq. (C4), the
BKT transition occurs at T, = wD; /2, where D is the superfluid weight at the critical temperature approached
from below [61]. In the simulations, we consider D, = [D,],, = 1trD, and a gauge potential A = Ay.
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Appendix D: Superfluid Weight from Mean-Field Theory

We now want to obtain the superfluid weight in the mean-field regime. As a first step, we carefully derive the
Bogoliubov-de Gennes (BdG) Hamiltonian obtained from mean-field decoupling of an attractive interaction in the
pair channel.

We neglect FFLO order and consider exclusively pairing between electrons with opposite spin and momentum k
and —k. We further consider an interaction diagonal in orbital space:

i T
H = Z — ) agckaackﬂa |U| z:ckmc_k%c_kuck(IT (D1)
kafBo ka

and perform the mean-field decoupling:
Aa(l) = ~|U]{e-ascicar): (D2)

The BAG Hamiltonian is then:

Hpac = Y _[h1(K) = t0aplasChartiss — Y 1P1(—K) = #0aplasC_ys iy + D 71 (K) = paslapdas
kaps kap kap

+ Z ( cka’rc ko) T A0k )kawckom)

ha (k) — Ak
— zk: \IJL ( TgT)(k) K —[hi(_i{)])T " M) v, + zk:Tr(Ek — ) -
h (k) — A(K)
- Zk: v ( TAT(k) ' —hy(k) + u) Yy + Xk:Tr(Ek )
=Y WMy + Y Tr(Ey — p)
k k

In the last line we used ht(k) = hj(—k), due to time-reversal symmetry, and introduced the Nambu spinor ¥y =
(cle,csz, ---vCT_kquT—kgy ...)T which has 2N, components. Ej is a diagonal matrix, whose eigenvalues are the
single-particle energies E,(k): Ex = Uf(k)ht(k)U(k), with U(k) the matrix that diagonalizes the free fermion-
Hamiltonian. In our model, we have Fy = E(T) E(U

Here, we assumed A(k) = diag(Aq(k),..., AN, (k )) The zero-temperature gap at the mean-field level can be
obtained self-consistently:

1 Ul
A, = oA Zk:Aa(k) = - Zk:e en(K)] (nk| Oa, Hpac (k) |nk), (D4)

where N, is the number of unit cell. We restrict to a spatially uniform ansatz for A, n is the Bogoliubov band
label, and Hpgg (k) [nk) = €, (k) |nk). 0e, (k)] is the zero-temperature Fermi-Dirac distribution where only negative
Bogoliubov eigenenergies are occupied. Together with the gap equation, the chemical potential u is set to satisfy the
number equation:

Noce = Y _ blen(K)]. (D5)
nk

1. Uniform pairing and BCS ground state

As a first step we justify why the BdG Hamiltonian might be a good starting point for the zero temperature
superfluid weight in our flat-band model.

Consider an isolated flat band with Wannier functions W,,(R — R’), where a indicates the orbital, o the spin,
and R, R’ are the position of the unit-cells R = Rja; + Reas and R’ = Rja; + Rhas, with Ry, Ry, R}, R, € Z.
Due to time-reversal symmetry, we have [Wo+(R — R')]* = W, (R —R’) and in the following we will drop the spin
index and refer to W, (R — R’) = Wyt (R — R’). Note that these Wannier functions are eigenstates of the flat-band
single-particle Hamiltonian [51].
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Given the Wannier functions, we can check whether they have the same weight on all orbitals:
Moo = »_IWa(R)|* =D Taal(0), (D6)
R R

where we introduced the real-space projector onto the flat band:
Tap(R—R/) = W,(R-R")W;R - R"). (D7)
R//

If nga = ng for all a over which the Wannier function has nonzero weight, we say that the band satisfies the uniform
pairing condition [51].
The uniform pairing condition is of prominent importance once we consider an attractive local interaction:

Hiy = —|U| ZCEMC;MCRMCRM. (D8)
Ra

Let us define the field operator projected into the flat band:

CRac = Z Waa (R - Rl)dR’a; (Dg)
R/

where we introduced the annihilation operator of the Wannier orbital of the flat band:

o= Wi, (R = R)crpo. (D10)
R',B

With the help of the projection operator, we can define the projected field operators in terms of the original ones as:

CRat = Zﬂ'ag(R — R/)CR’ﬁT- (Dll)
R'B

Note that crao, ckw and dre, d;o satisfy the standard fermionic anti-commutation relations. The projected
operators, on the other hand, obey [51]:

{Rats Shipr} = Tap(R~R),  {eras g} = mas(R — RV), (D12)

with the other anti-commutators trivial, and we define R, = ERMERM as the projected number operator.
We now consider the interacting Hamiltonian projected onto the flat band:

Hin, = —|U| ZﬁRaTﬁRa¢, (D13)
Ra

and we show that, when the uniform pairing condition is satisfied, the BCS wave function is an exact ground state at
zero temperature for the Hamiltonian projected into the flat bands [51].
The BCS wave function in real space is given by:

W) = ub’ exp (%bg) 0 =]] (u + ud{“d;i) 0), (D14)
R

where u = /1 — v and v = /v with v is the filling of the flat band [23] and

Z dR’T R/ (D15)

The operator bg commutes with the projected spin operator S3, = (ARat — fiRay)/2 [51]. Hence, the BCS
wavefunction is a zero energy eigenstate of the positive semidefinite Hamiltonian:

_1/nt |Z nRaT nRaJ,) . <D16)
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We further have that [51]

_ U B B -
Hiy = vl 5 | > 7aa(0) (ARt + MRay) = U] D ARatTRAL- (D17)
Ra Ra

The first term is generically an orbital dependent potential, whereas the second term is exactly Eq. . If the
uniform pairing condition is satisfied, the first term becomes a simple energy shift proportional to the number of
particles in the flat bands, i.e., a chemical potential. Therefore, if the uniform pairing condition is satisfied, the BCS
wave function is an exact zero-temperature ground state of the attractive Hubbard attractive model projected into
the flat band with energy:

€
75 = (2B0 — nglU)) v, (D18)

where Ej is the flat band energy.

2. Superfluid weight from the multi-band mean-field

After justifying the use of the mean-field theory at zero temperature, here we numerically compute the superfluid
weight of the multi-band BAG Hamiltonian from the response function of the current operators to an external gauge
potential A, as described in App.|C|[49]. The gauge potential couples exclusively to the kinetic part of the Hamiltonian:

ha(k — A) — A (k
HBdG=¥WL( u AT(kg s —hT(k+(A))+M) ‘I’k+¥Tf(Eka—N)

(D19)
=) W H(A) T, + ) Tr(Eie-a — p).
k k

We compute D, (T = 0) from the Kubo formula of Eq. (C4). Here, the diamagnetic part is

[T)i; = Z Olen (k)] (nk| Ok, O, Hpac (k, A = 0) |nk) (D20)
kn
and the paramagnetic current susceptibility is
Ole, (k)] — Olen (k

[A]ij = Z [ ( )] [ ( )] (nk| 8kiHBdG(k, A = 0)’yz |mk> <mk| ’yzaijBdg(k, A = 0) |nk> 5 (D21)

en(k) — €m (k)

where the pre-factor is zero when €,(k) = €,(k), Hpac(k, A = 0) indicates the Hamiltonian of Eq. (D19 with
Ak)=0,~* = ((1) 01> ® 1 accounts for the opposite charge of holes and particles, and 4, j are spatial indices.

As before, in our simulations we only compute D, = [Ds],,. Namely, the C3 symmetry of our model imposes
[C5'DyC3)ij = [Ds]ij which sets [Dy]ye = [Ds]yy and [Ds].y = 0 because [Dy];; is symmetric. We can then consider
a gauge potential A = Ay and identify %[DSE:DS.

We self-consistently solve the BAG Hamiltonian of Eq. (D19)) and numerically compute the superfluid weight for
|U| = 4 and |t| = 6 from Egs. (D20) and (D21)). Note that we are not in the limit |U| < |t|, where a projection on the
flat band would be rigorously justified. The yellow star in Fig. 3 of the Main Text shows the result of this numerical
multi-band mean-field calculation.

3. Superfluid weight upon projection on isolated flat band

To make analytical progress, we consider the problem projected into the flat band [23] [50]. As a first step, we
diagonalize the BAG Hamiltonian in the presence of a gauge potential A:

ex(A) = Wil (A)Hic(A)Wic(A), (D22)
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where e, (A) is a diagonal matrix whose eigenvalues €, (A) are the Bogoliubov bands. We then compute the free
energy in the presence of an external gauge potential Q2(A):

QA) = > en(A)+ D Tr(Bx-a —p)
k

k,enk (A) <0

= %Z Z enk(A) + Z enk(A) + Z enk(A) — Z enk(A

Enk(A)<O 67,,1((A)>0 Enk(A)<O Enk(A)>O

+ ZTr (Bx—aA — 1)
k
= 5 ()~ 3 e (M) + T (Fiea - ) (D23)
nk nk k
— IS T 00(A) = 2 S e A) ST (B — )
2 2
k k

nk

(Z T (B =) = T (B — m) - §Zk|enk<A>| T (Bea
=3 Z\enk(Aﬂ +) Tr(Ex-a —p)-
nk k

For exactly flat bands, the term ), Tr (Ex—a — ) does not depend on momentum and hence it does not contribute
to the superfluid weight.

Now consider a change of basis that diagonalizes the kinetic part of the BAG Hamiltonian. The off-diagonal block
is then given by

l\)\»—t

Di(A) =UT(k — A)AK)U(k +A) = AUT(k — A)U(k + A), (D24)

where the unitary matrix U (k) diagonalizes the kinetic term at momentum k and we assumed A, (k) = A.
If the ratio |U|/0 is sufficiently small, with ¢ the energetic gap between the flat band of interest and the other

bands, we can solve the Hamiltonian by projecting onto the flat bands at energy ¢g. Take U (k) to be the projection
of U(k) onto the flat band, we have [50]

- (308 %)

with
Dp(A) = AUT(k — A)U(k + A). (D26)

The eigenvalues of the projected BAG Hamiltonian can be obtained by taking its square [50]:

22 ar _ ((Eo— )%+ Dy (A)DL(A) 0
Hk(A)‘( 0o <Eo—u>2+@L<A>bk<A>>' (b27)

Denote by A\,x(A) and ¢,k (A) the eigenvalues of the matrices ﬁk(A)ﬁl(A) and ﬁl(A)ﬁk(A), respectively. These
matrices are Hermitian and semi-positive definite. Therefore, the eigenvalues of the projected BdG Hamiltonian
satisfy €2, (A) = (Eo — 1)? + Ak(A) when 1 <n < Np and €2, (A) = (Eo — p)> + ¢nk(A) when Np +1 < n < 2Np,
where N is the number of flat bands in the system.

We readily obtain the free energy as:

:_*ank )+ Eo—p

(D28)
Z—*Z< E()— +Ank +\/E0— ) —|—<pnk(A))+E0—u
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Note that the free energy Q is extensive because there are L? terms in the sum when discretized on an La; x Lay
crystal. To derive the superfluid weight, we take the second derivative [50]:

D) = 4L2\a1 . 82Q(A?
1 ag‘ 8141814] A0
04,04 Ak (A Oa, Ank(A)04, A (A
R 3 (%(E?jP T 3 ol -
04.04,0m(A)  0a,pmc(A)a,0ui(A) )
VB = 17 + ea(0)  2[(Bo — 1) + 0 (0172 ]|,

Note that with the factor 1/4 in the ﬁrst line of Eq. (D29)), we defined the superfluid weight such that the Kosterlitz-
Thouless transition occurs at q(; =) — 2 With our choice of A(k), we have An(0) = @ni(0) = A2. Therefore

1 d2k 04,04, )\nk(A) 04,04,0nk(A) 04, Ak (A)04; Ak (A) 04,00k (A)0 4, P (A)
[Dsli; = )2 Z + -

Ep 253, 2E3, o
(D30)
with Egp = /(Eo — p)2 + A% and the integral is over the physical BZ with volume (27)%|b; x by|, noting that
|b; x by| ™! = |a; x ap| is the unit cell area. We further have
oa (Pw(A)) |5y = & (~aTT )T () + T () hT(K)) (D31)
9a (DLA)) |4, = A (DT (k)T (k) — UT (k)T (k) (D32)
A k A=0 k .

Then, the first order derivatives of the products ﬁl(A)ﬁk(A) and @k(A)ﬁL(A) are zero when evaluated at A = 0.

By the Hellmann-Feynman theorem we have 8Ai/\nk(A)‘A:0 = 04, @nk(A)|A:0 =0 and [50]
D= a5 [ o™ 00 (BUAIBLA)) ||+ 000, (BLa)Bu(A)) |, _ ]
1 d*k : . .
s |, oo T (ounmion < simnn)]| N

1 d*k - <t
A? d*k

B V(Eo — )2 + A2 Jpz (2m)?

The integrand is the Fubini-Study metric g;;(k). Abbreviating Ok, as 0;, this is because

aco

1 - . . - . - .
Tr [2 (61% Uliakj Uy + 8kj Uliaki Uk) + (Uﬁ@ki UkU]iékj Uk):l .

1
gij = iTI‘ alP(?JP

- %Tr 0,000, (TT)

1 - - - Y
5T (aanjUT + U U, U U +0,U U 0;UUT + UaiUTUajUT) (D34)
1 - e o~
— T (000,07 + 0:010,0 + Tto,0 UT0,0 + 0,000,070 )
1 o . . .
= JTr (0:010,0 + 0,07 010 + 2010,0 UT0,0)

using ;UT U = —U'9,U. It is worth noting from Eq. 1) that only the diagonal terms of the quantum metric
appear in the superfluid weight due to the trace over the occupied bands.
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The C3 symmetry of our model imposes [C5’ 'DsC3)ij = [Ds)ij. We can then consider, as above, a gauge potential
A = Ay and identify 3[D;]i=D,. We have

A2 &k
D= s T |

We can further simplify the equation for the superfluid weight by expresing the chemical potential in terms of the
flat band filling v. The filling at momentum k is given by |vy|?, with

1 Eo—
w=-(1- 0K , (D36)
2 (Eo — p)? + A2

where we explicitly took advantage of the fact that the energy is momentum-independent in a flat band and hence vy
is also momentum independent. Therefore, v = v and

2
D, = A1~ 1) / %gﬂk) (D37)

(D35)

which is coordinate invariant and gauge invariant under transformations of the eigenvectors.
We can also solve the gap equation that relates A to |U|. This goal can be achieved analytically in the isolated flat
band limit considered here [23]. The gap equation at zero temperature is

U L
Ap=A=— |N| 2}; Vi [ OOy s (D38)
where N, is the number of unit cell. In the simple case of an isolated flat band ux = u = /1 —v and vx = v = /v

[23]. Moreover, since our model satisfies the uniform pairing condition, we have [UU]aa = ng, where ng is the
inverse of the number of orbitals over which the flat band has nonzero weight. Finally, we obtain a simple expression
for the superfluid weight projected into the flat band of an attractive Hubbard model:

D, = Ulng /1= [ 30100 (D39)

The superfluid weight obtained for the model studied is shown by the blue cross in Fig. 3 of the main text.

Appendix E: Lower Bounds on the Superfluid Weight from Topological Quantum Chemistry

In this Appendix, we prove general lower bounds on the trace of the quantum metric which depend on the orbitals
of the lattice and the symmetry data. Our strategy is outlined in App. In App. we construct lower bounds
in the abelian groups with either rotations or a single mirror when all orbitals are the the center of the unit cell.
Then in App. we use RSI reduction to tabulate bounds in all 2D space groups. App. contains two simple
proofs, one of an elementary Frobenius norm inequality and the other of the “concentration lemma” used to perform
an optimization.

1. Outline

The general procedure for obtaining RSI bounds on the superfluid weight follows the same logic as in the Main Text.
The essential pieces are (1) a Fourier transform of P(k) to real space harmonics p(R), (2) taking appropriate linear
combinations of P(k) to isolate symmetry-related harmonics p(R), (3) using a Frobenius norm inequality to bound
the projectors by irrep multiplicities, and (4) minimizing p(R) subject to the irrep constraints. If all orbitals are in
the same location, then these steps follow essentially identically to the Main Text. This is because the embedding
matrix V[G] is proportional to the identity if all orbitals are in the same location, which simplifies many formulas.
In App. we derive explicit bounds assuming that all orbitals are at the same position which we can take to be
the la position (origin) without loss of generality. We emphasize that arbitrary irreps may appear at this position.
The method to obtain these bounds is significantly different than early work which relied on the Chern number and
Euler number [23] [50]. Our bounds are nonzero in obstructed atomic insulators which have zero Berry curvature and
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flat Wilson loop spectra (zero Chern number and Euler number). Our bound is instead formulated in real space and
gives lower bounds on the superfluid weight in all symmetry-protected phases: obstructed atomic, fragile topological,
and stable topological. Expressions for the RSIs in all space groups can be found in Ref. [15l Thus our bounds can be
calculated from only the symmetry data and the location of the underlying orbitals.

Complications arise when orbitals are in general locations because the embedding matrix is nontrivial. In this case,
P(k) is only periodic over the BZ up to an embedding matrix V[G], and the momentum space symmetry operators
Vi[gK — K]D[g] depend on the high-symmetry point K. Nevertheless, we obtain bounds in this general case in
App. [E] The final form of the bounds is the same: nonzero RSIs off the atomic sites contribute to the superfluid
weight. However, evaluating the bounds requires computing some geometric quantities that depend on the positions
of the orbitals.

2. Lower bounds from Rotational Symmetry and Mirror Symmetry

We first obtain a real space expression for

dktdk? 1
G = / SR 2Tr8 Po,P (E1)
where P(k) is the projector onto the occupied bands (see App. . Practically, the advantage of the real space
decomposition, i.e. Fourier transforming P(k), is that each term in the expansion (Eq. 14 of the Main Text) has
positive definite coefficients except for a single “zero mode.” From Eq. (A27), we know that P(k) = P(k + G) is
periodic over the BZ when there are only la orbitals because the embedding matrix satisfyies V[G] = 1. Thus P(k)
has a Fourier decomposition

1,91.2
SN e mm), ) = [ e (E2)
R

defined in terms of the harmonics p(R), which are N1, X No,p, matrices, and the lattice vectors R. Note that we use a
continuous BZ, e.g. infinite boundary conditions, in Eq. because we need momentum space derivatives to define
the quantum metric. However in practice, the integrals can be approximated by sums assuming periodic boundary
conditions. Here and for the rest of this section, we work in crystalline coordinates. For some intuition, recall that
P(k) is the equal-time momentum space Green’s function:

1 dz
Pk)=— ¢ ———

) =55 f hk) — 1 (E3)
where the contour surrounds the energies of the occupied bands. Thus the Fourier transform p(R) is just the one-
body Green’s function matrix. We refer to p(R) as the harmonics of P(k). Because D[g]P(k)D[g] = P(gk) and
Pt(k) = P(k), we find that the harmonics obey

Dlglp(R)D'[g] =p(9R),  p'(R) =p(-R) (E4)

by plugging into Eq. (E2)). Taking norms, we find ||p(R)|| = ||[p(—=R)|| = ||]p(¢R)||. Importantly, the harmonics obey
a normalization condition

dk*dk? dk' dk'"? iR-(k—k’
ZHP ||2 /szeR(k )Ty PT(k/)P(k)
R

1 2
:/dkz a e P2

(2m)? (E5)
dk'dk?

:/7Nocc
(2m)?

= Nocc

using Tr P(k)? = Tr P(k) = Noce. We now transform G to real space:
¢= / ) Z R-Re™®RITy )i (R)p(R) =) Tr p'(R)p(R)
2m20, 2 20
’ (E6)

R)|I*.

1
:%:296
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FIG. 4. C2,C4 Bounds. (a) We label the Cs-invariant points in the BZ. (b) By taking linear combinations of P(K), we find
lower bounds for the harmonics at |R| = |ai|, shown in red, blue, and green. Higher harmonics are not shown.

We note that G is dimensionless because 2. = |a; x ag| and |R|? have units of area. Eq. shows that G is entirely
determined by the Bravais lattice and the harmonics (or Green’s function). We now show that the symmetry data
places constraints on |[p(R)||. Our approach is to show that ||p(R)||> > p for some known p and finite |R/, in which
case G > %|R\2p.

We first consider the rectangular Bravais lattice first with Co symmetry. In momentum space, the high-symmetry
points are T' = (0,0), X = 7by,Y = wbs, M = 7b; 4+ wby which are all symmetric under Cs, and ', M are symmetric
under Cj (see Fig. [4h). At these momenta, P(k) is constrained by the symmetry data which we consider known.

By taking linear combinations of projectors at these momenta, we find four linearly independent relations

PT)+P(X)+PY)+P(M)= Y 4p(L)=4p(0)+...
L=2Za,+2Za;

P()— P(X)+ P(Y)—P(M) = > 4p(L) = 4p(ay) + 4p(—ay) + ...
L=(2Z+1)a; +2Za>

P(I)+P(X)—P(Y)—-P(M) = > 4p(L) = 4p(az) + 4p(—ay) + . ..

L=2Za;+(2Z+1)ay

P(I') = P(X)—-P(Y)+P(M) = Z 4p(L) = 4(p(a1 + az) + p(ar — az) + p(—ai + az) + p(—ar —az)) + ...
L=(2Z+1)a; +(2Z+1)as

(ET)
where we see that the cancelations of the phases have isolated certain sublattices L of the Bravais lattice, illustrated
by keeping the first few terms in the series with the dots corresponding to higher harmonics. The smallest |R| terms
in each sublattices L are shown in Fig. . Note that the last three lines of Eq. have canceled the p(0) harmonic,
so all terms in the sum have nonzero |R|2. Applying the triangle inequality ||A + B|| < ||A|| + ||B|| to Eq. (E7), we
obtain

|P(T) = P(X) + P(Y) = P(M)]| < > 4llpm)l|
L=(2Z+1)a; +2Za;

1P(I) + P(X) = P(Y) = P(M)]| < > 4flpm)| (E8)
L=2Za;+(2Z+1)az

|P(T) = P(X) = P(Y) + P(M)]| < > Aflpm)|

L=(2Z+1)a,+(2Z+1)as

which gives lower bounds on the (sum of) nonzero harmonics on the right-hand side. Focusing on the left-hand side,
we invoke the inequality [|A||?> > |Tr SA|?/Rk(A) for all unitary S (proven in App.[E4). Here Rk is the matrix
rank. Choosing S = D[C3] where D[C5] is the (unitary) representation of the Cy operator on the orbitals will allow
us to bound e.g. ||P(T') — P(X) + P(Y) — P(M)|| by the symmetry data using the character formulas in Eq. (A25).
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Comparing with the RSI expressions in Ref. [15, we compute

T DGS](P(T) — P(X) + P(Y) — P(M)) = m(Ty) — m(T3) — m(Xy) + m(Xa) + m(¥s) — m(¥a) — m(My) + m(My)
=2m(Ty) — 2m(X1) — 2m(Y2) + 2m(Ms)
= —401p,

Te DIGS](P(T) + P(X) — P(Y) — P(M)) = m(Ty) — m(T3) + m(X)
=m(T1) —m(T2) + m(X1) —m
=2m(T1) + 2m(X1) + 2m(Ys)
= 4810 + 3m(My) + 3m(Ms)
= —4d1,

Te DICS](P(T) — P(X) — P(Y) + P(M)) = m(T'y) — m(Ts) — m(Xy) + m(Xs) = m(Y1) + m(¥s) + m(My) — m(My)
=2m(T1) — 2m(X1) + 2m(Y2) — 2m(As)
= —4d14q

—m(Xsz) —m(Y7) + m(Ya) — m(Mq) + m(My)
—m(X2) —m(Y1) + m(Y2) — m(Mr) + m(M2)
m(Ml) + m(MQ) - 3A]\focc

3Z\ZOCC

(
(

(E9)
where m(p) is the multiplicity of the p irrep in little group Gk, and we have made use of the compatibility relations
Tr P(K) = ZpeGK m(p)dim p = Noce. The RSIs 15, 01¢, 014 € Z are protected by the Cy point group at the 1b =
a;/2, lc = ap/2, and 1d = a1 /2 + a3 /2 Wyckoff positions respectively [15]. We also need the basic rank inequalities
Rk(Pi+--++P,) <Rk P, +---+ Rk P, = nNy and also Rk(P; + -+ + P,,) < dim(P; + - -- + P,) = Ny for rank
Noee projectors P,. Hence we have the bounds

1
. 4613 < > 4|[pL)[| = 8|[p(ar)[| + ...
v/min{Nos, 4Nocc } L=(2Z+1)a, +2Zas
1
. |461c| < > 4|[p(L)[| = 8|[p(az)[| + ... E10
v/min{ Nop, 4Noce } L—2Za, +(2Z+1)as (E10)
1
Ll Y Al =Slptas + 2]l + Sl )]+
v/min{Norb, 4Noce } L=(2Z+1)a; +(2Z+1)as

where we used |[p(R)|| = |[p(—=R)|| to separate out the lowest harmonics. The constraints in Eq. provide lower
bounds on G because they show that the sum of the norms of nonzero harmonics is lower bounded, and hence at
least one of the harmonics cannot be zero. Intuitively, we expect a lower bound for G to be obtained if the harmonics
|[p(R)|| with the smallest |R|? saturate Eq. , and all the rest were zero. A simple result called the concentration
lemma shows that this is the case. It is proved in App.[E4] using an optimization argument. Hence a lower bound for
G comes from taking saturating Eq. on the lowest harmonics (already indicated)

1
O1p| = a
ey el = el
1
01c] = ||p(a El1
e el = @)l (E11)
1

614 = |[p(a1 + a2)|| + [[p(a1 — a2)]] -

2v/min{ Nob, 4Nocc }

The first two lines are simple to plug into G for a lower bound. The third line requires one more step because
llp(a; + a2)|| and ||p(a; — a2)|| need not be equal with only Cy symmetry. To deal with this, we use the basic fact
that ming,—. 2(az? + by?) = aa—fbcz which can be proven with calculus. With this fact, we use Eq. 1} to obtain
the bound

1
“= 2]a; X ag) (2a1]* - [[p(ar)|* + 2[az|® - |[p(az)||* + 2]ay + az|? - [|p(ar + az)||* + 2]a; — as|? - [[p(ar — az)[|?)
1

- la; + ag|?|a; — ag?
~ 4min{No,, 4Noce }

lai + az|? + a1 — ag|?

(|a126%b T a0, + 6@) Jlax x ]

(E12)
where the explicit factors of 2 in the first line of Eq. (E12)) indicate the contributions from symmetry-related harmonics,
e.g. ||p(a1)]| and ||p(—ay)||. We see that any nonzero RSI off the la position contributes to a positive lower bound
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for G. We emphasize that the RSIs can be computed for any symmetry data using the expressions in Ref. [15] and
thus Eq. gives a bound for OAL, fragile, and stable phases.

We next consider improvements to the bound when C, symmetry is present. In this case, the a;/2 and ay/2
positions are related by C4 and are conventionally called the 2c position, and the a; /2 + as/2 position, which has a
C4 symmetry, is called the 1b position. There are two ways to get bounds. First, the Cs bounds in Eq. @ also
hold in this case. However, we can also use the Cj eigenvalues at the I" and M points. To cancel the p(0) harmonic,
we use

P(I') = P(M) = > 2p(L) = 2p(a1) + 2p(—a1) + 2p(as) + 2p(—az) + ... . (E13)
L=Z(a;1—a2)+(2Z+1)as

Consulting the RSI tables in Ref. [15] the Cy trace formulas give
Tr D[C4] (P(F) — P(M)) = m(Fl) — m(l—‘g) + ’Lm(Fg) — zm(l“4) — m(Ml) + m(Mg) - Zm(Mg) + zm(M4)
= (m(I‘l) — m(I‘g) — m(Ml) + m(Mg)) — ’L(m(Ml) + m(Mg) + 2(M3) — m(Fl) — m(FQ) — 2m(F4))

= —201p,2 + 2i(d1p,1 — 01p,3)
(E14)
where we note there are 3 RSIs 61, ; € Z at the 1b position and 1 RSI d5. at the 2¢ position. Applying the triangle
inequality and using Rk(P(T') — P(M)) < min{ Ny, 2Noe.} yields

1
. | = 201p,2 + 2i(d1p,1 — d1p,3)| < > 2|lp(L)|[ = 8|lp(ar)|[ + ... E15
v/min{Norb, 2Noce } L=Z(a; —ay)+(2Z+1)a; (E15)

using ||p(C4R)|| = ||p(R)||]. We also need to write down the Cs bounds in Eq. (E11)) in terms of the RSIs in the
Cy case. This follows from irrep reduction: the RSIs in the higher symmetry groups reduce to RSIs of the lower
symmetry group [I5]. We have

2 2 4 2 4 4 4

551;) = 5%2 = 5&0)7 6§d) = 6§b?1 + 6§b?3 - 551)?2 (E16)

where the superscript distinguishes the Cy and Cy RSIs. Reducing the Cy bounds in Eq. (E11)), we find

1
. |402c| < > A lp(L)]| = 8|lp(ar)|| + ..

1 \/mln{Norm 4Nocc} L:(2Z+1)a1 +2Zas (El?)

. |4(01p,1 + G163 — d1p,2)| < >, 4lp(L)[| = 16[|p(ay +az)[| + ...

v/min{Norb, 4Noce } L=(2Z+1)a; +(2Z+1)ay

using ||p(C4R)|| = ||p(R)|| to simplify the expressions. With the concentration lemma given in App. a lower

bound for G comes from saturating the inequalities Eqgs. (E15) and (E17) to find

1
Gz (4]a1|* - ||p(ar)||* + 4lay + az| - ||p(ar + a2)|?) /|a1 x as

> max 079 + (0161 — 016,3)? 52, (S1p1 + O1p3 — O1p.2)?2 (E18)
> S i Nowy, 2Nowe} " 210 Nogy, ANoec] Amin{Nowp, 4Noce}

where the max appears because there are two constraints on ||p(a;)||, and we used a; - a; = 0. Again we see that
nonzero RSIs off the 1la position give a nontrivial lower bound.

We now move to the cases of C5 and Cg. In momentum space, the high-symmetry points are I' = (0,0), K =
%”(bl + by), K/ = —%”(bl + bg) which are C3 symmetric. K and K’ are related by Cg, and because C§ = Cs,
X,Y, and M are high-symmetry points and are related by Cg (they are all M points). At these momenta, P(k) is
constrained by the symmetry data which we consider known. By taking linear combinations of projectors at these
momenta, we find three linearly independent relations (generalizing Eq. 16 of the Main Text)

P() + P(K) + P(K') = > 3p(L) = 3p(0) + ...
L=(2a;+az)Z+(a1+2a2)Z
PT)+e 5 P(K)+e5 P(K') = Z 3p(L) = 3p(a1) + 3p(az) + 3p(—a; —az) + ... (E19)
L:(2a1+a2)Z+(a1+2a2)Z+a1
PT)+e 5 P(K)+e 5 P(K') = > 3p(L) = 3p(—ay) + 3p(—az) + 3p(a; + az) + . ..

L:(2a1 +a2)Z+(a1 +2a2)Z7a1
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FIG. 5. C3 Bounds. (a) We label the Cs-invariant points in the BZ. (b) By taking linear combinations of P(K), we find lower
bounds for the harmonics at |R| = |ai|, shown in red and blue. Higher harmonics are not shown.

where we see that the cancelations of the phases have isolated certain sublattices L of the Bravais lattice, illustrated
by keeping the first few terms in the series with the dots corresponding to higher harmonics. The smallest |R| terms
in each sublattices L are shown in Fig. . Note that the last two lines of Eq. have canceled the p(0) harmonic,
so all terms in the sum have nonzero |R|?. Applying the triangle inequality ||A + B]| < ||A|| + || B]| to Eq. , we
obtain

|P(D) + e~ P(K) + 5 P(K')|| < 3 3|[p(L)||
L=(2a;+az)Z+(a1+2az2)Z+a; (E20)
|P(D) + 5 P(K) + e 5 P(K')|| < 3 3|[p(L)||

L:(2a1 +a2)Z+(a1 +232)Z731

which gives lower bounds on the (sum of) nonzero harmonics. Focusing on the left-hand side, we invoke the inequality
[|[A]|? > |Tr SA|?/Rk(A) for all unitary S (proven in App. . Choosing S = D[Cs), using the character formulas in
Eq. m, and comparing with the RSI expressions in Ref. [15, we compute

Tr D[Cs)(P(T) + e~ 5" P(K) 4 ¢*5 P(K")) = m(I'1) + €5 m(I'y) + e~ 5 m(Ts)
zm‘m(KS)

+6_% (K1)+m(K2)+€3
m(K7) +m(K}) + e~ 5 m(K4)

= \f(e T m(Ty) + eiiTm(Fg) —im(K1) + e T m(Ky) +im(K}) + et m(K)))
= 3(e

27r1 27r7,

5 01p1 T €78 O1p2)
Tr D[C5](P(T) + 5 P(K) + e~ F P(K")) = m(T1) + ¢ F m(Ta) + e~ F m(Ts)
+e T m(Ky) + e F m(K) + m(Ks)
+ e T m(KY) + e 5 m(Ky) + m(K3)
=V3(V3m(T1) 4 e m(Ty) + e e m(Ts3)
e m(IG) + e T m(K]) + e 6 m(KS))

+ e’Tm(Kl) +e
= 3(62? _Lgi(ﬁc,z)
(E21)

where m(p) is the multiplicity of the p irrep in little group Gk, and we have made use of the compatibility relations
Tr P(K) = ZpEGK m(p) dim p = Noce. The RSIs 61p.1, 18,2, d1¢,1,01¢,2 € Z are protected by the Cs point group at

the 1b = fal + a2 and 1lc = %al + %ag Wyckoff positions [I5]. Using the rank inequalities, we have the bounds

1 2mi _ 27
AN AL S 02| < > 3[lp(L)[| = 9llp(a)ll + - ..
\/mln{ orb) occ} L=(2a;+a,)Z+(a; +2a3)Z+a; (EQQ)
1 2mi _ 27
S G raTE > 3p (L)l = Slp(—au)l| + -
\/mln{ orb; OCC} L:(2a1+a2)Z+(a1+2a2)Z7a1
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where we used ||p(R)|| = ||p(—=R)|| due to p(~R) = p'(R) to separate out the lowest harmonics. An interesting
feature of the C3 case is that |[p(—ay)|| = ||[p(a;1)|| because p(—R) = pf(R), even though the vectors a; and —a; are
not related by symmetry. Applying the concentration lemma and saturating the inequalities, we find (generalizing
Eq. 22 of the Main Text)

1
> -
G2 g (6lan (o)) 2

2
3\/> mln{Norba 3Z\/vocc}

2 2 2 2
max {511),1 — 016,1015,2 + 0142, 01¢,1 — O1¢,101¢,2 + 51c,2}

(E23)
where we used |a;|?/|a; x as| = 2/v/3. As usual, these bounds show that any RSI off the la position will contribute
to a lower bound.

We now consider Cs symmetry. In fact, Cs does not introduce any new bounds beyond the C3 = C2 and Cy = C§
bounds because only the I' point has Cg irreps. To obtain our bounds, we needed to take linear combinations of
projectors at different high-symmetry points. Therefore with Cg, we just reduce the RSIb to the C5 and Cj cases. Cg

sets (552 ;= 5§2)z =6 and 5(6)1 = 6%)1 = 5(2)1 = 51d 1- The constraints in Egs. and become

le,i
1 2mi _ 2mi
T T e o)l < > 3P| = o)+ ..
orb, oce L=(2a;+a2)Z+(a;+2a2)Z+a;
1 < Y dllpm)l = Slip(a)l] + o
. 3c| > P = plag e
v/min{Nory, 4Noce} L=(2Z+1)a; +2Za,
Using the concentration lemma, we find that
2 031 — 02510202 + 03 5 831

Glag|? - 2y > 2 ’ i : < E25
2@MJW'W“”ﬁm%smMWMMWMMMMMJ (129)

This completes the bounds for the rotational symmetries. We now need to discuss mirror symmetries. If the only
symmetry of the model is a mirror then we can use a new approach because mirror is quasi-1D symmetry. Note that
the only groups with a mirror and no rotation are pm and cm. We only consider pm because cm has only a single
high-symmetry Wyckoff position, and thus has no OWC phases.

Mirror symmetry is quasi-1D because it only acts nontrivially on one spatial component. Its Wyckoff positions
and high-symmetry lines in the BZ are one-dimensional and lie parallel to the mirror axis. For this reason, the M
irreps provide much more data about the projectors than the rotation symmetries, which only provide information
at high-symmetry points. Without loss of generality, we choose the mirror plane such that M& = —% and P(Mk) =
D[M]P(k)D'[M]. A bound follows immediately:

G =5 [ T (0P + 0, PF) > 5 [ TR 0P

1 [dk, [T )
== [ Y [ ak,||0n P
5 [ 52 ol
2
S dkxak P (E26)
or ) 27 ’
1 dk 2
= o ﬂmwk> mumm

1

> y 7 9
2 Srmin(Noe N} | 2m | 1 DM ky) = PO, Ky))]

where the inequality in the third line is Cauchy-Schwartz, and the inequality in the last line is || A||?> > |Tr SA|?/Rk(A)
with A = P(m, ky) — P(0, k,) and S = D[M]. In a gapped band structure, the mirror eigenvalues cannot change along
the high symmetry lines F = (0,k,) and X = (m,k,). Thus |Tr D[M](P(r, k,) — P(0,k,))| = |m(X1) — m(X2) —
(m(Ty) —m(T2))| = 2|lm(T2) — (X2)| is independent of k,. Here I'1, X; are the +1 mirror irreps and I'y, X are the
odd mirror irreps. We also used m(X;/I'1) = Noee — m(X2/I'2). Plugging in, we find

A -m(Z)P 28
~ 7min{2Noce, Norb} 7 min{2Ngce, Nogb }

(E27)

where we used the definition of 415, the RSI at the 1b = #/2 position, from Ref. 15l Our argument here is similar to

the winding number bound from Ref. 51, which finds that in 1D, G > ]‘\/,V—Z where W is a winding number protected
by chiral symmetry. 4
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3. Tables

The bounds we have obtained for orbitals at the la position depend only on the RSIs (which are equivalent to the
symmetry data) and the filling numbers of the model Ny or Nop,. As such, our bounds apply to OWCs and fragile
topological phases, greatly expanding upon the Chern number and Euler number bounds. However, we point out that
our bounds are not saturated and we expect that they can be improved by overall numerical factors as discussed in
the Main Text. We suspect that a more careful use of the constraints on p(R) is required, and would be worthy of
future work.

We now give tables for the lower bounds in all 2D wallpaper groups with and without time reversal symmetry (TRS,
denoted 1’), with and without spin-orbit coupling (SOC). (In the non-symmorphic groups with a glide symmetry,
there are no multiplicity 1 Wyckoff positions, so we exclude these cases.) The tables below are obtained by reducing
the RSIs protected by C), in the presence of mirrors and TRS. For instance in p3 which has C3 symmetry, there are two
RSIs 61p,1, 15,2 at the 1b position. Written in terms of Wannier function irreps A, LE,2FE at the 1D site, the RSIs are
S101 = m(*E)—m(A), 6152 = m(*E)—m(A). If mirror symmetry is added at the 1b site, the irreps become A and ' E*F
which is two dimensional. The two RSIs with C5 are reduced to a single RSI 611 = d1p,2 — 53?) =m(*E?E)—m(A).
Ref. [15] proves that the RSIs in 2D all groups can be obtained by reduction from the C,, subgroup. Note that without
mirrors or time-reversal, the rotation groups with and without SOC are identical (up to an overall factor). However,
the reductions are different for groups with and without SOC. Formulas to compute the RSIs from the symmetry
data can be found in Ref. [15l

Briefly, we give an example of how our bounds may be applied to fragile and stable topological insulators, in addition
to OWCs. We pick p2 as an illustrative example where our bound in Eq. is

1
G> 6% + 0%, + 63
= 4min{Nogp, 4Nocc } (O + 0% + 91) (E28)
taking a square unit cell |a;| = |ag| and a; - ay = 0 for convenience.

First, we study a two-band Chern insulator with symmetry data I'y + X7 + Y7 + M. This symmetry data must
have an odd Chern number because it has an odd number of ps irreps in the BZ. Using the tables in Ref. [15, we
calculate 14 = 01p = 91, = —1/2 and d14 = 1/2. Thus our bound is

1 1\? 3
> — = — = . E29
G > 4_23<2) 55 = 09375 (E29)

We can compare this to the Chern number bound obtained in Ref. 23] which is

ng:.wg... (E30)
2

for the lowest odd Chern number C' = 1, which is larger by less than a factor of 2. We now consider a four-band fragile
insulator with band structure 2I'y + 2X7 + 2Y7 4+ 2M>, which could be obtained by stacking a C' = 1 Chern insulator
with its time-reversed copy. In this case the total Chern number is zero. However, the RSIs are 61, = d1p = d1. = —1
and d14 = 1, so our bound is nonzero:

3 3
1116 1875 (E31)
which is larger than the C' = 1 Chern insulator bound but smaller than the C' = 2 bound, which would be obtained
if the C' = £1 bands do not mix. In this case, the Wilson loop contains two oppositely winding eigenvalues, which is
the same as the Wilson loops of Euler insulators where CoT protects the bands from gapping [25]. In this case, we
can apply the Euler number bound of Ref. 50, which is equivalent to the C' = 2 bound G > 1/7.

Lastly, we remark that G is the same for the conduction and valence bands of a given model because 0,,(1—P)0o"(1—
P) = 9, Po"P. Because fragile valence bands can have an OWC complement [57] as their conduction bands, we learn
that an OWC can have just as strong a lower bound as a fragile topological insulator.

G >

TABLE I: Lower bounds for G without SOC (spinless)

pl
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4. Two Lemmas

In this section, we prove two simple lemmas used in obtaining the lower bounds. First we prove a matrix norm
inequality

1
141 2 ——|Tr 54, (E32)

where ||A||? = Tr ATA is the Frobenius norm and Eq. (E32)) holds for any square matrix A and any unitary matrix
S. Our result is a simple extension of Ref. [94] which proves Eq. (E32)) for S = 1. To be self-contained, we prove our
result from scratch. First, let o; > 0,4 = 1,...,7 denote the singular values of A and r = Rk A, i.e. A= ULV where
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) - % (Z 01) (E33)

< VUl < 3o, (E34)

=1 i=1

U,V are unitary and ¥ = diag(o1,...,0,,0,...,0). Then we have

e (£4) () (5

=1 =1

using Cauchy-Schwartz for the inequality. We now use

XT:O'Z‘[VUT}“'

i=1

Tr Al =T 2VUT = | Y 5y[vUT;,| =

ij=1

because VU is a unitary matrix, so [[VU1];| < 1. With these results, we obtain

2
1 T
14]]* > — (Zm) > A|Tr AP (E35)
=1

To introduce the free unitary matrix S, we use Rk SA = Rk A because S is invertible, so

1A][* = [ISA|l* > Tr SAJ* = Tr SAJ? (E36)

1
~— Rk SA RkA

which proves Eq. (E32). In the Main Text, our application of this inequality is tight.

We now prove the “concentration lemma” which allows us to perform an extremization subject to some constraints.
Specifically, we want to solve the following problem:

1
R2 — i ZIR 2 2
min =i > SRk (E37)
R
for R in the Bravais lattice and where the minimization is taken over the space of {|¢r| > 0} satisfying the following
constraints
Z WJR‘ Noce,
(2): |7/)R| = [tgrl| (E38)
3): |Bal < Y [¥ml
ReL,
where L, = gL, is a subset of the Bravais lattice symmetric under g, | B,| are known, and a = 1,..., N,. (We assume

that the |B,| in (3) are small enough that (1) is not contradictory.) Constraint (1) is normalization, so we can think of
YR as a wavefunction, and R?,  as the minimum expectation value of a quadratic potential. Constraint (2) requires
that |¢gr| is symmetric under g. Constraint (3) is a linear constraint which forces some |¢1,| to be nonzero if |B,| # 0.
Without (3), we could take [1)9|?> = Nocc and |rzo| = 0, in which case R%, = 0 would be trivial. Thus (3) is
required for a nontrivial lower bound. In our problem, (3) represents the constraints of symmetry eigenvalues on the
projector. Intuitively, we expect the minimum to occur when ¥ saturates constraint (3) by taking |¢r| nonzero only
on the small R € L,. Indeed, this is the case.

Consider two normalized wavefunctions |¢r| and |Yg| = Yr + t10r,R, — t20R R, Where t2 € (0,|YR,|). Because
both wavefunctions are normalized, ¢t; and t; must satisfy

S Rl =) IRl =1 + 2t |y, |+ 5 — 2talr,| + Y ¢RI,
R R R (E39)

— = —[Yr, [+ VYR, >+ [UR, |2 — (t2 = [VR, )2
and we observe that for ¢t > 0, t; > 0. Assume that |¢)r| is nonzero at Ry. Then increasing to strictly lowers the

amplitude of |g| at Rq and strictly increases it at Rq. We will use this property to find the minimum of Eq. (E37).
Let us take |Rs| > |R;|. We now prove that

1 1
S SRR > Y SRERE, > 0. (E40)
R

R
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This is a direct calculation

1 1
S SIRPIRI? = 30 S RPIR]? + [Ra2(3 + 26 bim, | + [Ral*(3 — 2alim, ) (Fa1)
R R

Note that (t; + ¢r,)* — ¥k, = V&, — (t2 — Yr,)? by Eq. (E39), and hence

S SRR = 3 SRPIa] + [Ra2[h +vm, ) — vR,] - [RoP [0, — (2 — ¥m,)’]

R R
S SRR — 3 S RP kP = [Ral [0, — (2 — v, )I” — [RaP[(t1 + m,)? — 0] (B42)
R R

= (IR2* — [R1[*) [, — (t2 — ¥r,)*] 2 0

where equality only holds at to = 0 because (|Rz|?> — |R1]?) > 0. We observe that shifting the weight of [1)r| from
higher to lower harmonics strictly decreases > g %|R|?|¢r|>. Thus the minimum R2,;, is obtained when [¢g| is
nonzero only on the symmetry-related R € L, with smallest |R|? such that (3) is saturated, i.e. |[¢R]| is as small as
possible subject to |B,|, and the normalization constraint (1) can be satisfied by tuning |¢r—o|-

We can apply the concentration lemma to lower bound G because

1 1
G = R 2 R 2 > T R 2 2
ZQCZ| Pllp(R)|I* = min 2QCZ| gl (E43)
R R
where the minimization can be performed over any space of {|¢r| > 0} such that |¢r| = ||p(R)]|| is admissible. We can

impose the constraints in Eq. (E38) on |[¢r| such that |¢Yr| = ||p(R)|| is still admissible. Then using the concentration
lemma, we can solve the |¢)r| minimization yielding a lower bound on the superfluid weight from Eq. (E43). The
results are shown in App. [E2]

Appendix F: Lower Bounds for General Orbital positions

We now discuss how to generalize the lower bounds to general orbital locations. Our result will be a lower bound
depend on the RSIs of the occupied bands, with prefactors dependent on the locations of the orbitals in the unit cell.

The important feature of having orbitals off the la position is that the embedding matrix V[G] is nontrivial. The
first effect of a nontrivial embedding matrix appears when Fourier transforming G to real space as we now show.
Recall that from Eq. , we know that P(k) is not strictly periodic for general orbitals. Instead:

P(k + 2rb;) = V[27b;] P(k)VT[27b;], (F1)
recalling that the embedding matrix is Vos[G] = exp (—iG - ry) dop (unsummed) where r,, are the orbital locations.
(Although P(k) is not periodic, G is well-defined because Tr 9; PO*P is periodic on the BZ.) Because P(k) is not
periodic on the BZ, it does not have a Fourier representation. To circumvent this difficulty, we consider a transformed

operator P(k) = VLT (k)P (k)Vg(k) which is periodic. The auxiliary matrices Vi, r(k) are so far undetermined, but we
require them to be unitary and to obey Vi r(k+ G) = V|G|V r(k). As such,

P(k+ G) =V (k+ G)P(k+ G)Va(k + G) = V] (k) P(k)Vr(k) = P(k) (F2)

so P(k) is periodic on the BZ. Hence P(k) has a Fourier representation:

1 2
VIMPIRVR() = S pR)e ™ j(R) = / d(’;j)’“ SRRV (1) P () Vi (k) (F3)
R

where R € Za, + Zay are the lattice vectors and k' € (0, 27) are the dimensionless crystal momenta. We refer to p(R)
as the harmonics of P(k). There are many choice of Vi, r(k). The simplest choice is taking Vi (k) = Vr(k) = V (k)
where

Vap(k) = exp (—ik - ry) 003 (unsummed) (F4)

which is just the interpolation of V[G] to all k. Physically, V (k) is the representation of the unitary “position”
operator e~ "X on the orbitals. However, we will now show it is necessary to make a different choice of Vr,r which



35

depends on the orbital representations D[C,]. Explicitly, we saw in App. that lower bounds on the Fourier
harmonics were obtained by bounding ||P(K;) £... P(K,)|| with the quantity |Tr D[C,](P(K;1) £... P(K,))| which
could be evaluated in terms of the symmetry data because Tr D[C,]|P(K;) depended only on the irreps x at K.
However, when there is a nontrivial embedding matrix, the trace formula (Eq. ) generalizes to

Tr V[C,K — K]|'D[C, Zm (F5)
where the embedding matrix V[C,K — K] D[C,,] appears which depends on K. We now show that there is a choice

of Vi, r(k) which allows us to obtain the requisite V[C,,K — K] in the projector bound. To determine the superfluid
weight lower bound protected by a fixed symmetry g = C),, we set

Py(k) = V) (k) P(k)V (k), Vz(k) = D'[g]V(3k)Dlg] (F6)
from which it 1s clear that V(k) and V;(k) are umtary It remains to show that they obey the periodicity condition
Eq. (F2). V(k) = V(k + G) follows from Eq. (F4), and V;(k) follows from a brief calculation:

Vi(k+G) = D*[ [V (3k + 3G)DIg]
= D'[g]V[3G]V (3k) D[g]
= D'[g]V[§G]D[g]D'[3]V (3k) D[] (F7)
= V[G]D'[g]V (k) D3]
= VIG]V;(k)

where we used Eq. (A12) in the second to last line. We now show that that Eq. (F6) allows us to obtain the symmetry
data bounds. We compute

Tr D[g|P;(K) = Tr D[g) (D'[g]V (K) D[g] P(K)V (K))
—Tr V< >VT<gK> §1P(K)
— Tr Vi(GK — K)D[] P(K) (Fs)

_Zm(

It is important to note that P; depends on the choice of §. We would not be able to obtain the simple result of
Eq. if we tried to evaluate Tr D[iL]Pg(K) for h # . As such, we are only able to calculate a lower bound from a
single symmetry g, even when the space group contains multiple symmetry operators, e.g. Cy and Cs. In cases like
these, we obtain a bound for each symmetry individually. This result may be improved by future work.

We now need to evaluate the real space expression for G. To do so, we need to take k-derivatives of Py(k) =
V;(k)P(k)V(k), and it will be useful to use the explicit formula:

[Va(k)]ap = exp <—ik (ro + Aa)) dap (unsummed) (F9)

where Aa mod a; = 0 is a lattice vector determined by the orbital locations as will will now show. It is convenient to
define Anp = rodap (unsummed) as the matrix of orbital positions within the Oth unit cell, so V (k) = e?*A. We now
calculate D[gJAD'[g]. Tt is convenient to use a Wigner-Seitz unit cell which respects § and where |(r, — 1) - by < 1
because r, and rg are in the same unit cell by definition. Now note that if r, is an orbital of the model, then gr,
is also an orbital of the model. If r,, is not at a high-symmetry Wyckoff position, then r,, = gr, # r, is a distinct
orbital within the same unit cell (recall that the center of the § = C), symmetry is at the center of the Wigner-Seitz
unit cell). If r, is a high-symmetry Wyckoff position, then gr, may not be in the same unit cell. For instance, the
1d position aj/2 + az/2 of the unit cell at the origin is taken to —(a;/2 + az/2) by Cs, but —(a;1/2 + a3/2) is an
orbital in the unit cell —a; — az. In general, for a Wyckoft position of multiplicity m under g, there are m distinct
orbital positions rq,, ..., Iq,, in the unit cell with ro, , = gra, —Aq, wherer,,, , = ro, by convention. This defines
Aal, cee Aam for every Wyckoff position, which we enumerate in Table m
Explicitly, we can write the representation of g on the orbitals from Eq. as

Daﬂ[g] = /\adrmgrB,Aa (FIO)



36

_ g=Ci|la 1b 2c
= ‘1a 1b g=0 ‘ la 1b 1lc 1d
ra 0 ai1/2 ra 0 a1/2 az/2 a1/2+ az/2 Lo 0 a1/2+22/2 {a1/2,2/2}
~ ~ A, |0 —a; 0
A 0 —a Aa1 O —a] —ag —aj] — ag ~
AO[2 —ai
g=0Cs ‘ la 2b 3c
g:cg‘la 1b 1c ~I‘a 0 {a1/3+a2/3,2a1/37a2/3} {a1/2,a2/2,7a1/2+a2/2}
Tao 0 ai1/3+2a2/3 2a1/3+ a2/3 j}al 0 0 0
Aal 0 —aj] — ag —al éoﬁ —al O
A —ajl

a3

TABLE III. Lattice vectors. We compute A, for each case of §. We take as = ga; for g # C2. For a Wyckoff position of
multiplicity m with positions To,,, = JTa, such that To,,,; = ra;, We compute A, =gra, — Ta, ;- The value of A, does
depend on the convention of the Wyckoff position, but is always a lattice vector.

where |A,| = 1 is a phase that encodes the rotation/mirror irreps of the orbital. We can choose the order of the
« indices to block diagonalize A and D[g] so that each block (of dimension m) contains orbitals within the same
multiplicity-m Wyckoff position. Without loss of generality, we focus on a single block A’. Plugging in, we find

[D[g]A/DT[ Z Daa’ ra/5 IBIDﬁﬂ/ Z Daa ra/Dﬁa’[ ]
/ﬂl
= Z o/ Ao )‘Eéra,éra/ -A, (SFB,QPQ/ —-Ag
o’ (F11)
= )\‘3‘)\561‘@+Aa7!‘5+1~\ﬁ Z ralérﬁvgra/—AB

o’

= XaA30, LA, rg—i—AB (rﬁ’ +A/3 Z(SPB gro—Ag

The sum over ' is equal to 1 because there is always a single position r in the Wyckoff position satisfying rg —&-Aﬂ =
gros (see Table . Similarly within a single Wyckoff position, d, , 5 rotAy = da,p as can be checked exhaustively
from Table [[IIl Thus we obtain

[D[Q]A/DT[g]] aB )\a)\;;(saﬁg_l(rﬂ + Aﬂ) = 6aﬂ§_1(ra + Aoc) (F12)

which holds for all blocks A’ and for the full matrix A. A simple case is when all orbitals r,, correspond to multiplicity-
1 Wyckoff positions (which may be different from each other). Such positions are only mapped to themselves under
g because A, = gr,, —r,, so D[g] is diagonal (block diagonal with 1 x 1 blocks), and D[g]AD[g] = A. This matches

Eq. 1) using Aa = gr, — r,. Exponentiating, we find from Eq. that
V;(k) = D'[g] exp (—igk - A) D[g] = exp (—igk - D[g~']AD[g~"])
= exp (—igk “g(A+ A)) (F13)

where [A]os = Aydas (unsummed).
Returning to Eq. (F'3)), we find that in components

Pap(k) = Y [Vi(K)laaPas (R)VI(K)]gse™™ ZP p(R)e (Rfrathara)ik
Roof! i (F14)
VP.s(k) = i(R+re+Aq - rﬁ)ﬁaﬁ(R)eﬂ(R“ﬁAaﬂﬂ)'k .
R

Because all the k-dependence is in the exponent, we find that

d2k: 1 1 N
G = / ;I VP VP = > CTON IRas*|Pas(R)? (F15)
R, €
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where we use the shorthand Ro3 = R +r, + Aa —rp and «, 8 are unsummed. We emphasize that p,s(R) and Aa
depend on the choice of g.

The last result we need is a normalization identity for the harmonics. Using Eq. (F3|), we prove

SR = [ 55 éf); SR TOT (V) PV ) V) POV (10
R R

_ / Ak (fo(k)P(k)V(k))TVgT(k)P(k)V(k)

(2n)? 3 (F16)

2
= / %Tr P(k)P(k)

:-A%m

because Tr P(k)? = Tr P(k) = Noc. Thus, the normalization property of ||[p(R)]|| is the same for ||[p(R)|| (see
App. [E2). This is guaranteed because the Frobenius norm is unitarily invariant.

We now want to be able to write G in terms of ||p(R)|| to apply the bounds on ||p(R)|| obtained from the symmetry
data. We use Eq. (F15]) to establish

1 1
G = —— RusPas(R)|? > —||p(R)||? min |Raz|?
gﬁmj P 1Pas (R 2 3 a0 1P(R)I” min R (F17)

where |[p(R)||* = 35 [Pas(R)|? is the Frobenius norm. From here, the procedure for determining lower bounds on
G is very similar to App. but the bounds will depend on min,g |Rag|?, which must be computed for the orbital
positions of each model under consideration. This is possible by enumeration because \Rag|2 depends only on the
orbital positions. For convenience, we define

M*(R) = min [Rag| . (F18)

We now determine the bounds for § = Cs, Cy, C3. Because Pj(k) is only compatible with a specific §, one computes
bounds in a given space group by obtaining a list of bounds computed from each possible g. Thus we need only treat
the abelian groups p2, p3, p4. We do not need to consider p6 because only a single high-symmetry momentum has Cg
irreps, and our bounds require linear combinations of projectors at different high symmetry points to show that 0P
is nonzero. Hence bounds follows from p2 and p3 separately. We also do not need to consider pm because there are
only two Wyckoff positions with M. Hence in an OWC phase we can assume only one of the Wyckoff positions has
orbitals, but that case is equivalent to only occupying la and so has already been covered in App.

1. g=0C,
We follow the arguments of App. closely. By taking linear combinations of projectors,

Py(T) + Pa(X) + Py(Y) + Py(M) = > 4p(L), Lo = 2Za; + 2Zay

LeL,
Py(T) = Py(X) + Py(Y) = Py(M) = ) 4p(L), Ly = (2Z + 1)y + 2Zay
bet F19
Py(T) + Py(X) = Py(Y) = Py(M) = Y 4p(L), L. =2Zai+ (2Z + 1)a; o
LEL,

Py(T) = Py(X) = Py(Y) + Py(M) = > 4p(L),  La= (2Z+ 1)as + (2Z + Day
Lely



38

we will find constraints on ||p(R)|| on certain sublattices. Taking Frobenius norms, applying the triangle inequality,
and using Eq. (F8) to evaluate traces, we find

1
el < 5(L
¢min{Norb,4Nocc}| 1l < ) IB(L)

LeL,

1
. 615 < |Ip(L)
\/mln{Norb7 4NOCC} L;b
(F20)

1
O1¢] < p(L
\/min{Norb74Nocc}| ' | Z ||p( )

LeL.

1
. |01a] < ||p(L)
\/mln{Norb7 4Nocc} Lgd
which is essentially the same result derived in App.[E2] Note that all the sublattices L., are disjoint. Here we also
evaluated the symmetry data bound on the L, lattice, which yields the 1a RSI. With these constraints, we want to
use the concentration lemma to bound

G> Z R)[[>M*(R, mz —[vr|"M*(R) (F21)

where |¢r| also obeys Eq. (F20) with |[p(R)|| — |¢r| and the normalization constraint Y g |¥r|?> = Nocc. Define

2
M, w

. 2
= fuin M*(L) > 0 (F22)
which depends only on the orbitals of the model, and so can be explicitly calculated. The concentration lemma says
that the minimum over 1 is obtained by taking |¢)r| nonzero only on R € L, such that ming,c;, M?(L) = M?(R).
This is because Y g 3|vr|[*M?(R) is strictly decreasing when |¢r| is decreased and |¢r/| is increased (preserving
the normalization) for M2(R) > M?(R/). We would like to take |)r| nonzero only on the positions with minimum
M?(L,,) in each sublattice such that the value of |{)r| saturates the bounds in Eq. ( - However, in this case
> g [¥r|? may be less than N,... Nevertheless, [¢)r| would still give a (non-optimal) lower bound because G is strictly
decreasing under decreasing |ir|. For sunph(nty7 we report these non-optimal lower bounds, but we emphasme that
a more detailed analysis beyond the scope of this work can improve them. Saturating the boundb in Eq. ( on the
minimum weights determined in Eq. (| -, we find a lower bound given by

1
> — O M3,
mln{Norb’ 4NOCC} w:la%lc 1d ¢ (F23)

which reduces to Eq. (E12)when all orbitals are at the la position since M2, = 0 because R = 0 € L,, so only the
1b,1c, and 1d RSIs appear.

With C4, we can take the linear combinations

PC)+P(M)= > 2p(L),  Lo=Z(ai+ay) + Z(a; —as)

Lel,

1 1 (F24)

PI)—P(M)= 3 (L), Ly=(Z+ )@ +a2) + (Z+5)(a — ) .
LeLly
Taking Frobenius norms, applying the triangle inequality, and using Eq. to evaluate traces, we find
|51a,2j|‘7,(51a,1 — 014,3)] < Z Ip(L
\/mln{Norlm 2Nocc} Lel,
(F25)

‘51)7 +'L'(5b’ *5b, )|
12+ il = Sl g
v/min{Nob, 2Noce LeL
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With these constraints, we use the concentration lemma to bound
G = Z ||p (R)[[*M IHZ IwR\ *M*(R) (F26)

where |¢r| also obeys Eq. (F25) with |[p(R)|| — |[¢r| and the normalization constraint Y g |#r|?> = Nocc. Define

2 _ 3 2 >
M, = pin ML) 2 0 (F27)

which depend only on the orbitals of the model, and so can be explicitly calculated. Applying the concentration
lemma and allowing the normalization lowered as discussed App. [F1] we find
1
- min{Norb, 2Nocc}

1
. 2790(5121;,2 + (5w,1 - 5w,3)2)M3; . (F28)

Again we emphasize this is a non-optimal bound and can be improved.

3. §=04
With C3, we can take the linear combinations
P(T) + P(K) + =Y 3pL), Lo = (2a1 +a2)Z + (a1 + 2a)7Z
LEL,
- i 1 2
P(F)—|—6723 P(K)—|—623 P(K’): Z :))p(]-_l)7 Lb:(2a1 +a2)(Z—7)+(a1+2a2)(Z+7) (F29)
3 3
Lely
sy 7rz 2 ].
PT)+e 5 P(K)+e 5 =) 3p(L Le = (2a1 +a2)(Z — 3) + (a1 + 222) (Z + 3)
LeL,.

Taking Frobenius norms, applying the triangle inequality, and using Eq. (F8)) to evaluate traces, we find

|e%51a71 —+ 6_%51a,2|
| <Y b
v/min{Noyb, 3Noce } LeL,

|€%51b,1 + 67%51b,2|
<> lp(L)

| < F30
\/mln{Norba 3N0CC} LelLy ( )
|e2§i 5101 + 67%51c,2| < Z ||p(L)
\/min{Norlw 3N0CC} LeLl.
With these constraints, we use the concentration lemma to bound
G> 2M?(R) > min R
Z RIFIR) 2 min Y o ®R) (F31)

where |¢r| also obeys Eq. (F30) with |[p(R)|| = |¢r| and the normalization constraint Y g |#r|?> = Nocc. Define

2 _ 2 >
M, = min ML) >0 (F32)

which depend only on the orbitals of the model, and so can be explicitly calculated. Applying the concentration
lemma as in App. we find

1 1
> — (82, — 52 52 52 VM2 .
- miH{Norb,?)Nocc} Z 2Q ( w1 w,17w,2 + w’Q) v (F33)

w=1la,lb,1c ¢

The results of this Appendix show that nonzero lower bounds can be obtained in the case of generic orbital positions,
but are suboptimal and can be improved with future work. The study of optimal bounds in the generic case is enriched
by the existence of non-compact obstructed atomic insulators [57] and may be a fruitful area of study.



	Superfluid Weight Bounds from Symmetry and Quantum Geometry in Flat Bands
	Abstract
	 Acknowledgments
	 Contents
	A Symmetries and Topological Quantum Chemistry
	1 Symmetries in Real Space
	2 Symmetries in Momentum Space
	3 Symmetry data

	B Gauge-Invariant Quantum Geometry
	1 Quantum Geometric Tensor
	2 Berry Curvature and Quantum Metric in terms of Projectors
	3 Projector Formula for Numerical purposes

	C Superfluid Weight from auxiliary-field Monte Carlo simulations
	D Superfluid Weight from Mean-Field Theory
	1 Uniform pairing and BCS ground state
	2 Superfluid weight from the multi-band mean-field
	3 Superfluid weight upon projection on isolated flat band

	E Lower Bounds on the Superfluid Weight from Topological Quantum Chemistry
	1 Outline
	2 Lower bounds from Rotational Symmetry and Mirror Symmetry
	3 Tables
	4 Two Lemmas

	F Lower Bounds for General Orbital positions
	1  = C2
	2  = C4
	3  = C3



