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JUHL’S FORMULAE FOR GJMS OPERATORS AND
@-CURVATURES

CHARLES FEFFERMAN AND C. ROBIN GRAHAM

1. INTRODUCTION

GJMS operators and @-curvatures are important objects in conformal geometry
which have been studied intensely during the past decade. In [J2], [J3], building on
previous work beginning with [J1], Juhl has derived remarkable formulae for GIJMS
operators and ()-curvatures which reveal unexpected algebraic structure. In this
paper we give direct proofs of Juhl’s formulae starting from the original construction
of |[GIMS].

Juhl’s formulae are expressed in terms of quantities arising in the expansion of a
Poincaré metric, or equivalently an ambient metric, associated to a given pseudo-
Riemannian metric. Let g be a pseudo-Riemannian metric of signature (p, q), p+q =
n > 3, on an n-dimensional manifold M. A Poincaré metric in normal form relative
to ¢ is a metric gy on M x (0, ¢€) of the form

gy =12 (dr2 + hT) ,

where h, is a smooth 1-parameter family of metrics on M satisfying hg = g, for which
Ric(gy)+ngs = 0in the following asymptotic sense. If n is odd, then Ric(g;)+ng, =
O(r*>), while if n is even, then Ric(gy) + ng, = O(r"~2?) and the tangential trace of
r>~" (Ric(g4) + ngy ) vanishes at r = 0. Set

det h,
V) =\ Gethg
and W(r) = /V(r). Let § denote the divergence operator on vector fields with

respect to g, given by dp = V;¢'. Define a 1-parameter family M (r) of second order
differential operators on M by

(1.1) M(r) = 6(h;td) = U(r),

where

07 — (n—1)r™10, + 6(h ') W(r)

w(r)
acts as a zeroth order term. (We write U(r) in the form given in v1 of [J3]. v2 of
[J3] expresses it in a different form; see Lemma 8.1 of v2.) Use M(r) as a generating

U(r) =

Partially supported by NSF grants DMS 0901040 and DMS 0906035.


http://arxiv.org/abs/1203.0360v1

JUHL’S FORMULAE 2

function for second order differential operators Msyy on M defined for N > 1 (and
N <n/2if nis even) by

(1.2) =Y M2N ) (g) o .

The My are natural scalar dlfferentlal operators. Natural scalar invariants Wsy are
defined by

(13) W(T) =1+ Z WQN’/’2N
N>1

for N > 1 (and N < n/2if n is even).

Juhl’s formulae involve constants n;, m; which are parametrized by ordered lists
I = (I1,...,1I,) of positive integers. [ is referred to as a composition of the sum
|I| = I + Iy +- - -+ I,.. Sometimes compositions are written in the form (7, a) singling
out the last entry. In this case the convention is that [ is allowed to be empty but
a > 0. The constants appearing in Juhl’s formulae are:

Sl el (Swreen

(1.4)

- 1 - 1
my = (=1)" I 1] - 1)!
],1:[1 LI —1)! ]1:[1 I+ I

Empty products are always interpreted as 1. Observe when r = 1 that ny) = mu) =
1.

Let P,y denote the GJMS operators, with sign convention determined by Poy =
AN + . with A = 6(g7'd). These are defined for all N > 1 for n odd and for
1 < N < n/2 for n even. Iterated compositions of the P,y and the My are denoted
by Py = Pyy0-+-0 Py, andM2I:M2ho"'oM2b-

Juhl proves four formulae: an explicit formula and a recursive formula each for
GJMS operators and for Q-curvatures. All four formulae are universal in the dimen-
sion.

Theorem 1.1. Explicit formula for GJMS operators. For N > 1 (and N < n/2
if n is even),

(1.5) Py =Y niMsy.

|I|=N
Theorem 1.2. Recursive formula for GJMS operators. For N > 1 (and N <
n/2 if n is even),

(1.6) Py =— ) mPy + May.

|I|=N
I#(N)



JUHL’S FORMULAE 3

Clearly the explicit formula expresses P,y in terms of the second order building
blocks Moy, M < N. The recursive formula expresses each P,y as a sum of com-
positions of lower order GJMS operators, modulo the second order term Msyy. For
N = 1 both formulae state that My = P,, the Yamabe operator. For N = 2 the
formulae express the Paneitz operator as Py = M3 + M, = P} + M,. The principal
part of Moy for N > 1 involves curvature, and Moy = 0 for N > 1 if ¢ is flat.
Further discussion and specializations of the formulae may be found in [J3].

The Q-curvatures are defined in terms of the zeroth order terms of the GJMS
operators:

(17) Pax(1) = (=1 (5 = V) Qun.

Q2w is defined for all N > 1 if n is odd and for 1 < N < n/2 if n is even. For n
even, both sides vanish in the critical case N = n/2 and @, is defined by an analytic
continuation.

Theorem 1.3. Explicit formula for Q-curvatures. For N > 1 (and N < n/2 if
n is even),

(18) (—1)NQ2N = Z n(l,a)a!(a — 1)!22GM2](WQG).

|(1,a)|=N

Theorem 1.4. Recursive formula for Q-curvatures. For N > 1 (and N < n/2
if n is even),

(1.9) (“DNQan == Y muaw(—1)"Par(Qaa) + NN — 1)12°NWoy.
(I,a)|=N
a<N

The explicit formula expresses Qo in terms of the operators My, and the coeffi-
cients Ws,. The recursive formula expresses Qo in terms of GJMS operators applied
to 2, with a < N, modulo the multiple of W5y. Observe that the factor n/2 — N
in the definition which vanished in the critical case no longer appears. So the -
curvature formulae do not follow immediately from the GJMS operator formulae just
by taking constant terms.

If g is Einstein or locally conformally flat, then there is an invariantly defined
Poincaré metric to infinite order also if n is even. It can be written explicitly; see
[EG]. In these cases, Poy and Qon are invariantly defined for all N > 1 also for n
even. For such g, Juhl’s formulae and our proofs are valid for all N.

The GJMS operators are known to be self-adjoint. This is exhibited by the formulae
(LH) and (L6), since M(r) is evidently self-adjoint with respect to g for each r
so that the Myy are all self-adjoint, and since n; = n;-1 and m; = m;-1 where
I7' = (I,,...,1;). However, the self-adjointness is not obvious from the original
GJMS construction. If one desires to understand Juhl’s formulae in terms of the
original construction, it is reasonable to start by asking the modest question of how
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to see the self-adjointness from that derivation. It turns out that understanding this
is the key to unlocking the mysteries of Juhl’s formulae.

The operators Py were derived in [GJMS] via the Laplacian of the ambient metric
associated to ¢g. In normal form, this is the metric

(1.10) g = 2pdt® + 2tdtdp + t°g,

on Ry X M X (—¢,¢), where t € Ry, p € (—¢,€), and g, = h, with p = —r?/2. The
asymptotic vanishing of Ric(g,) 4+ ng, at r = 0 translates into asymptotic vanishing
of Ric(g) at p = 0. See [FQ] for details. If f € C°(M) and f € C°(M x (—¢,¢))
satisfies f(a:, 0) = f, then the GJMS definition is

(1.11) Ponf = AN )| o i

where A denotes the Laplacian in the metric g. The right-hand side is shown to be
independent of the choice of f extending f. N

It is straightforward to calculate the Laplacian A of a metric of the form (LI0).
Evidently there is a term involving the Laplacian A,y in the metric g, for fixed p
acting in the M factor (see (2.I]) below). This term is not self-adjoint with respect to
g = go, S0 Poy obtained by iterating A and restricting to p = 0 does not appear to be
self-adjoint either. This is the reason that self-adjointness of the P,y is not apparent
from this construction. However, if we set

det g
1.12 — P
( ) v(p) det go

(so that v(p) = V(r) with p = —r?/2), then multiplying the volume form for g by
v(p) gives the volume form for g,. It follows that for each p the operator v(p)A,,
is self-adjoint with respect to g. Pre- and post-composing a self-adjoint operator
with multiplication by a smooth real function gives another self-adjoint operator.
Therefore the operator v'/2 o Ay, o v~1/2 is also self-adjoint with respect to g. This
motivates consideration of

ﬁv = pl/? oﬁov_l/2
as we are guaranteed that the operator acting along M when Av is written out will
be self-adjoint with respect to g. Moreover, AY = v/2 0 AN 0 v=1/2 since the middle
factors of v*1/2 cancel. The pre- and post-multiplications by v*'/? affect neither the
extension property nor the restriction back to p = 0 since v = 1 at p = 0. Hence
(LTI can be rewritten as

(1.13) Ponf =AYV f)] pmg i
Now a direct calculation which we carry out in §2] shows that

(1.14) A (87 f) =772 | =2p + (29 +n — 2)8, + M(p)| [,

Y
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where M(p) = M(r), p = —r?/2. This is the key identity. It explains the previously
mysterious appearance of both W = v/V and the generating function M(r) in Juhl’s
theory. Since [—2p0% + (274 n —2)9,] p* = crqymp™ " for constants cin, upon
choosing f to be independent of p we see that iterating (I.14]) and restricting to
p=0,1 =1 gives a formula for Py as a linear combination of compositions of the
Taylor coefficients of M(p), i.e. of the M. Showing that the coefficients in the linear
combination are the ny reduces to a (rather nontrivial) combinatorial identity which
we derive in §3l This proves Theorem [[.LII Theorem reduces to an equivalent
combinatorial identity upon calculating P,y1 using (LI3), (LI4) and taking the
extension fto be v'/? rather than 1. This reduction is included in §2 and the proof
of the relevant combinatorial identity in §3|

Theorem can be derived from Theorem [[I] by inverting (L.5]), viewed as a for-
mal transformation law from the Myy to the Pyy. A proof in the opposite direction
due to Krattenthaler was presented in §2 of [J3] and immediately implies the direc-
tion we need here. Likewise, Theorem [[.4] follows from Theorem [[.3] upon inverting
(LH), viewed as a formal transformation from the Way to the Qay. In §l we review
Krattenthaler’s proof of the inversion for the operators following the presentation in
[J3] and then present the similar but more complicated proof for the Q-curvatures.

It is also possible to prove both the explicit and recursive formulae for Q)-curvatures
by taking the constant term in the corresponding formula for the GJMS operators
and then rewriting by deriving and substituting expressions for the Moy (1). This
approach is closely related to arguments in [J3], where the scalar invariants Moy (1)
play a prominent role.

We still find these formulae to be quite astonishing. Juhl deserves great credit for
their discovery as subtle consequences of the recursive structure of his residue families.
Even though we now see that this theory of residue families and their factorization
identities is not required for their proofs, this theory, linking ideas from conformal
geometry, representation theory and spectral theory, appears deep and fascinating
and deserves further exploration.

2. EXPLICIT FORMULAE

In this section we give the details of the argument outlined in the introduction
which reduces Theorem [[LT] to a combinatorial identity and then show how similar
reasoning reduces Theorem to an equivalent combinatorial identity.

The first task is to establish (LI4]) by direct calculation. The inverse of the metric

(LIQ) is
0 0 t!
~IJ —2 1]
g =10 t7g/ 0
=t 0 —2pt7
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and +/|det g| = t""1\/| det g,|. Using this in

A= \/Waf (N”\/ng a,)

gives
(2.1) AltVp) = 772 [—2p¢" + (27 +n —2 = 2p0" Jv) @' + (Ay, + 7' /v)¢]
(cf. (3.5) of [GIJMS]). Here v is given by (LI2)), " denotes 0,, and ¢ is independent
of t. Set w = v'/? and ¢ = w™ . Then v'/v = 2w’ /w and

gp/ — w_ld/ o w—Qw/d}

SO// — w—1¢// o 2’11]_2'11)/1/1/ 4 (2w—3w/2 w Qw//)d}'
Substituting and simplifying gives
w] = 2pp"+(2y + 1 — 2 = 200" /v)¢" + (v [v)g]

=—2p0" + (2v+n—2)¢ + w ' [2pw” — (n — 2)u']¥.

For the remaining term in (2.]) we have

(2.2)

Lemma 2.1.
(2.3) wo Ay, ow ' =6d(g,"'d) —w (g, dw).
(Recall that § denotes the divergence operator with respect to g = go.) The second

term on the right-hand side acts as a zeroth order operator.

Proof. For fixed p it is clear that wo Ay ow™" and é(g,'d) are second order differential
operators whose principal parts agree. We observed in the introduction that the first
is self-adjoint with respect to g, and clearly this is the case for the second. So their
difference is zeroth order. Evaluating on w identifies the zeroth order term. O

Multiplying (2.1)) by w and substituting (2.2)) and (2.3]) yields
24)  whEw ) =072 |=200" + 2y +n - 20’ + (8(g;'d) — TU(p) ) ¥

where o2 T
_ 2082 + (n— 2)8, + 6(g7\d
wlp) _
The chain rule with p = —r?/2 shows that U(p) = U(r) so that §(g,'d) — U(p) =

M(p). Hence ([24) becomes (II4). This completes the derivation of (II).
Set

Ry = —2p02 + 2k, + M(p)
and note that (L2]) becomes
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Iterating (LI4]) gives

Aiv(tN_"pJ?) =t NEPR NRs N 'RN—3RN—1J?7
so we deduce that Rl_NR3_N~-~RN_3RN_1ﬂp:0 depends only on ﬂpzo. Tak-
ing f to be independent of p, it follows upon expanding the right-hand side that

Ri-NRs-n - Rn—3Rn-1|p=0 is a linear combination of the compositions My;. In
the next section we will prove the combinatorial identity

(2.5) Ri-NRs-n - Rn-_3RN-1]p=0 = Z nyMor
\[|=N

which identifies the constants in the linear combination. Theorem [I.1] then follows

via (LI3).
We next show that Theorem [[.3] the explicit formula for Q)-curvatures, reduces to
a similar combinatorial identity which we will see in the next section is equivalent to

(ZH). By definition we have (—1)"(n/2 — N)Qaon = Poyl. Use (LI3) to calculate
Pon1, taking f = v'/? to be the extension of f = 1. Thus

(=1)V(n/2 = N)Qan = AV (W' PAEY ")) p=04=1-
Equation ([2.1)) gives
AN=2) = NN 2 Jo = 2NN — n/2)w fw.
The factors of (N — n/2) cancel, and it follows that

(2.6) (_1)NQ2N = _281];\]_1(tN_n/2_2w/)‘p:0,t:1-
Iterating (LI4]) gives
(2-7) (—1)NQ2N = —2R1 nRz-n-- 'RN—3(w,)|p:O-
Now w =1+ -, Wa.(—2p)*, so
(2.8) w' =" a(—2)"Waap" .

a>1

As will be shown in the next section, the following is equivalent to (2.5]).

Proposition 2.2. Let 1 < a < N and let f be a function on M (i.e. independent of
p). Then

(29)  RinRsn-Ry-s(fp" omo= Y nuala—1)E(=2)"" Ma(f).
|[I[|I=N—a
Substituting (2.8)) into (2.7)) and applying (2.9) termwise gives
(—D)YQan = Y nwal(a — 1)122° Moy (Way),

(I,a)=N

which is the explicit formula for Qay.
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For n even, the above argument applies also for the critical case N = n/2 since
Q. is defined by removing the factor of n/2 — N. The critical case may also be
deduced without this argument of analytic continuation in the dimension by using
the realization

(_1)n/2Qn = _8n/2(10g t>|p:0,t:1
derived in [FH|. Namely, write

A2 (log t)] pmo =1 = A2 (wA(log 1)) | p=o =1.

Direct calculation gives wA(logt) = 2672w’ So we recover (Z8) and the argument
proceeds as above.

3. COMBINATORIAL IDENTITIES

In this section we derive the combinatorial identities (2.5) and (2.9) to which The-
orems [L.I] and were reduced above. Begin with (2.0). First change variables:
set

. 14 . M2N A A - = N
(31) S__§7 ,’L’N—m, X(S)—M(p)—Z$N+1S .
N=0
As far as this identity is concerned, x1, xs, ... can simply be regarded as noncommut-

ing variables, all of which commute with s. In the new variables, the R; become the

differential operators
Ly = - k d X
RESgg TRt (),
where X (s) acts as a zeroth order multiplication operator. We only have to verify
the constant term in d, of (2.5)), which becomes

Theorem 3.1. Let N > 1. Then

(3.2) Li_NLs_n---Ly_sLy_11l]|s=0 = Z nr rnxr, - Ty,
\I|=N
where
~ (N —1)12
ny

o (S L) (Seen b))

Set Ej = £N+l—2j so that £1—N£3—N' . '£N—3£N—1 = ENEN—l N 'Zgzl. Since
1 = nr-1, (B:2) can be rewritten as

3. ) ENEN_l B ~22211|s:0 = Z ’/_L[ X1 Xr,_q Ty

|[|=N

3l

—~
w

Fix positive integers Iy, ..., I, where r > 1. We will prove ([3.3) by verifying the
coefficient of x; x; -z in LyLy_1 -+ Lo2L11|s—g for each choice of I1,..., I,.
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For1 <[ <, set
ml:[1—|—]2+"'+[l

so that 1 < my < mg < -+ < my_; < m,. (The m; from the previous sections
will not appear in this section.) Consider the calculation of LnLn_1---LoL11 by
successive multiplication from the left. For 1 < j < N, £;£; 1---£;1 is a formal
power series in s whose coefficients are polynomials in the x’s. The only monomials in
the 2’s appearing in £;£;_1 - -+ £,1 which can ultimately contribute to the coefficient
of xjx; -+ -z in LNLn_1---LoLq1 are of the form xrxr,_, - o, for some [, 1 <
[ <r. The term sd?/ds* — (N + 1 — 2k)d/ds in one of the factors £, just reduces the
power of s by 1 and multiplies by a constant. The term X(s) is linear in the x’s. So
in order for a monomial xy,x,_, - -z, to appear in the expansion of Zjﬁ_]—_l L1,
it must be that the zeroth order term X (s) has contributed in exactly [ of these L.
Thus the differentiation in s terms have contributed in exactly j — [ of the L. It
follows that the power of s multiplying zy,x;,_, -z, is s™ 700 = s™=J  Hence
we have

min(j,r)
(3.4) Lili Lyl = Z Gl Tnxr_y v -xhsml_j + ...
=1

for some constants c;;, where . .. indicates terms involving monomials in the z’s which
cannot contribute in the end. The ¢;; are defined for 1 < j < N, 1 < < min(yj,r),
and we have ¢;; =1l and ¢;; =0if m; <j < N.

From (3.4)) it follows first that the coefficient of x; ---zy, in LyLy_1 -+ L2L11]—o
is zero unless |I| = N. In fact, taking j = N, the term zj, - -z, on the right-hand
side is multiplied by s™~. This vanishes at s = 0 unless m, = N, i.e. |I| = N.
Theorem [3.1] therefore reduces to the statement that ¢y, = ny if |[I| = N. We assume
henceforth that |I| = N, i.e. m, = N.

Extend the definition of the ¢;; to 0 < 7 < N, 0 <1 < r by defining ¢yp = 1 and
cjy=0if0<j<l<rorifl=0and 1 <j <N. We claim that these constants
satisfy the recursion relation:

(3.5) g = —(my — J)(N —my — j)eju + cjua

for0<j<N—-1,1<[<r. For1<j<N-1land1l <! <min(j+1,r) this follows

by applying £;,, to (34). For j = 0, [ = 1 both sides are 1, and for all the other

values both sides vanish. Now extend the definition of the ¢;; to j > N, 0 <[ < r by

setting ¢; o = 0 for j > N and by requiring that (3.5]) hold for j > N, 1 <[ <r. The

resulting ¢;; are defined for j > 0, 0 <[ < r, and (B.) holds for j > 0,1 <1 <.
Define generating functions

Fily) = Z

Jj=0

Ci1 .
(jj,’)’zyj, 0<I<r
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The definitions of the ¢;y and ¢p; show that
(3.6) Fh=1 and F0)=0, 1<I<r.

The recursion (B.H) turns into a differential equation relating F; and F;_;. For fixed
positive integral N as above, define ordinary differential operators
2

d d
D,, = y(1 —+ 1= (N -1)yl— N —m).
y( +y)dy2+[ ( )y]dy+m( m)
Lemma 3.2. Let

(3.7) u=>3 (%Zyj, f= ; (j;j)zyj

Jj=0

be formal power series. Then D,,u = f if and only if
(3.8) ujr1 = —(m—j)(N —m—jlu; + fj, J=0.

The proof is to substitute the expansions into the equation and to compare coefficients
of like powers of y. Comparing ([B.5) and (3.8)) then gives immediately

(3.9) Dy Fi=F_, 1<Il<r

Now D,, has a regular singularity at y = 0 with indicial root 0 of multiplicity 2.
By general Frobenius theory or just by staring at (B.8]), there exists a unique formal
power series solution of D,,u = 0 with u(0) = 1. Also, for any formal power series
f there exists a unique formal power series solution u to D,,u = f with u(0) = 0.
In particular, (3.6) and (B.9]) together characterize the functions F;. Combining the
solutions of the homogeneous and inhomogeneous problems shows that for any f there
is a unique solution u to D,,u = f with u(0) any prescribed value.

Since the y™ coefficient of F,(y) is cy../(N!)?, the above considerations show that
the statement cy, = n; to which Theorem [3.I] reduced is a consequence of the
following.

Proposition 3.3. Letr > 1 and 1 < my < mg < --- < m, = N. Define formal
power series Fi(y) for 0 <1 <r by (3:6) and (B9). Then F,. is a polynomial of degree
= N and its y~ coefficient is

r—1 -1
[N2Hml(N—ml)] .
=1
Remarks. 1t follows easily from the discussion below (or from the definition of the ¢; ;)
that F; is a polynomial of degree < m,;. For [ < r it often happens that deg F; < my.
It is easily seen from the definition of the ¢;; (or from (B.5])) that the lowest power of
y occuring in F; with nonzero coefficient is ¢!, and its coefficient is 1.

We prove Proposition by expressing the Fj(y) in terms of special solutions of
the differential equations. Let P,, denote the formal power series defined by

Dl =0,  Pn(0)=1.
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Then P,, = Py_, since D,, = Dn_,,. Clearly Py(y) = 1. We claim that if m is an
integer satisfying 0 < m < N, then P,, is a polynomial of degree = min(m, N —m).
This is clear from (B.8) with f = 0 since the multiplicative factor first vanishes when
j = min(m, N —m). Up to a simple linear change of independent variable and overall
multiplicative factor, the P,, are particular instances of Jacobi polynomials.

Next observe that the same reasoning applies if f is a polynomial of degree <
min(m, N —m): the unique solution u with u(0) any prescribed value is a polynomial
of degree < min(m, N —m). The multiplicative factor (m—j)(N —m—j) also vanishes
for j = max(m, N — m). Again the same reasoning shows that if f is a polynomial
of degree < max(m, N —m), then u is a polynomial of degree < max(m, N —m). In
particular, if m # N/2 the conditions

uniquely determine a polynomial @,, of degree < max(m, N—m). Again Q,, = QN _m.
In the special case m = 0, we have

Lemma 3.4. The y" coefficient of Qo is N 2.

Proof. We have Py = 1. So (8.8) with j = 0 and ug = 0 gives u; = 1. Setting m = 0
and iterating (B.8)) for higher j gives

uj=G—-(N—-j+1)(N—-j+2)---(N—1).
Hence uy = (N — 1)!2. The result now follows from (3.7)). O

Proof of Proposition [3.3. Begin by observing that the definition of the F; and the
conclusion both remain unchanged if any m; is replaced by N — m;. We use this
observation to redefine some of the m;. Namely, if 1 <[ <r — 1 and m; satisfies the
two conditions that m; > N/2 and for no k is it the case that my = N — my, then
we replace m; by N — m;. The new sequence of m; need no longer be increasing but
that will be irrelevant; it suffices to prove the statement of the theorem with the F;
defined using these m;. It is still the case that all m; are distinct, and we now have
the property that if for some [ one has m; > N/2, then necessarily there is k < [ for
which N —m; = my,.

For convenience, let us set mg = 0 and enlarge the set of m’s to include mgy. Then
mgo = 0 and m, = N are both in our enlarged set of m’s, and now the property stated
above that if m; > N/2, then there is k < [ for which N — m; = my, holds also for
l=r.

Define polynomials p;, 0 <[ < r, as follows:

pl:Pml if mISN/Q
pl:le if ml>N/2.

Clearly degp; < my.
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Claim: There are constants a;; for 0 <[ <r, 0 < j </, satisfying

(3.10) F = Zaj,lpj, 0<Ii<r

l -1
(3.11) ao,l:[Hmj(N—mj)] ., 0<Ii<r-1

=1

(3.12) Qppr = []j ml(N — ml)] .
=1

In (BII) and (BI2) an empty product is interpreted as 1.

Proposition 3.3 follows immediately from the Claim. In fact, all p; for 0 < j <r—1
have degree < N and p, = )y has degree = N by Lemma 34l Thus (B.10) for [ = r
together with (3.12)) show that F, has degree = N. Only p, = @)y contributes to its
y" coefficient, which by Lemma B4l is N~2a,..

The Claim is proved by induction on [. It is clear for [ = 0 since Fy = py = 1.
Suppose that the Claim is established for [ — 1 and assume first that [ < r. The
argument is slightly different for the last induction step passing from [ = r — 1 to
l=r.

Now Fj is defined by

-1
Dy, Fy = F1 = Zaj,l—lpjv Fi(0) = 0.
=0

For each j, 0 < j < [ —1, we will solve D,,,u; = pj, u;(0) = 0, with u; a linear
combination of the pg, 0 < k <. Then F; = Zi;lo a;i—1u; is of the desired form.
The construction of the u;’s is based on the observation

(3.13) Dy = Dy, + [my(N —my) —my(N —my)].
Consider different cases for j. If m; < N/2 and m;(N —m;) # nmy(N — my), then
pj = P, solves D, ;p; = 0. Hence ([B.13)) gives

Dy ([mu(N —mu) —my(N —m;)]~'p;) = pj.
Correct the value at y = 0 by subtracting a multiple of the solution of the homoge-
neous equation: set

uj = [mu(N —my) —m;(N —my)] ™ (pj — Pa,)-

Clearly u; solves the equation and the initial condition. Now P, is of the form pj, for
some k with 1 < k <[: if m; < N/2 then P, = p;, while if m; > N/2, then P,,, = py,
where k < [ is the index such that N — m; = my. Thus we have constructed u; of
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the desired form in this case. Note that if 7 = 0, then m; = 0 and our solution is
ug = [my(N —my)] " (po — P,,). The coefficient of pg is [m;(N —my)] ™!, and po has
coefficient zero when any of the u; with j > 0 is expressed as a linear combination of
the p’s.

Next consider the construction of u; in case m; < N/2 but m;(N —m;) = my(N —
my). This case might not occur at all, and if it does it can occur for only one j. Since
j <l we have m; # my, so it must be that m; > N/2 and m; = N — m,. Therefore
pj = Py, and p; = Qu,,. Since Dy, Qu, = P, = Pp, and Qy,,(0) = 0, we just take
uj = Qm, = p1. po does not occur in the expression of this u; as a linear combination
of the p’s.

The remaining possibility is m; > N/2. Now we need to solve Dy, u; = pj = Q.
Once again we apply (B.13) to conclude that

Dlemj = ijQmj + [ml(N - ml) - mj(N - mj)]Qmj
= Py, + [mu(N —my) —mji(N —m;)|Qp,; .

Since j < [it is impossible that m; = N—m,. Therefore m;(N—m;)—m;(N—m;) # 0.
Arguing exactly as in the first case above we conclude that we can solve Dy, v; = P,
vj(0) = 0, with v; a linear combination of the p; for 1 < k <. Then we take

uj = [my(N —my) —m(N = my)] " (Qum; — v;)
=[mu(N —my) —m;(N —m;)] " (p; — v;).

Once again, py has coefficient zero when u; is expressed as a linear combination of
the p’s.

This concludes the induction step for | < r: F; = Zé;lo a;i—1u; is of the desired
form. Since py only entered in the construction of ugy, and its coefficient in ug was
[my(N — my)] ™!, we have

ao; = [my(N — ml)]_lao,l—l-

Thus (BII) follows by induction as well.

Finally consider the last inductive step, passing from r — 1 to . Now m; = N so
N —m; = my = 0. We again divide {j : 0 < j < r — 1} into the same three cases
as above and solve for the u; using the same methods. The difference now is that
j = 0 occurs in the second case instead of the first, since my(N —mgy) = m,(N —m,.).
So up = Qo = pr. In no other u; does p, occur with nonzero coefficient. From
o Z;;(l) a;,—1uj we therefore deduce a,, = ag,—_1, which gives ([3.12)). O

This completes the proof of Theorem Bl and thus of (2Z.5). It remains to prove
Proposition 222 It is evident upon expanding the R;’s that the left-hand side of (2.9))
is a linear combination of My(f). Again make the change of variables (BI]). Then
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(29) becomes
£1—N£3—N . '£N_3(8a_1)‘s:0 = Z n(La)(a — 1)'2(]1 — 1)'2 . ([r — 1)'2 T

But this is equivalent to (3.2), which stated
Li-NLs_n- Ln-sLn_1l]s—0 = Z njyry= Z N(1,a) T1Ta;

|JI=N |(1,a)|=N

as one sees upon evaluating Ly_11 = X (s) = > o, w.s* L.

4. RECURSIVE FORMULAE

In this section we present the proofs of Theorems and [L4l First consider The-
orem [[.2l Since n(yy = 1, (L5 can be written as Poy = Moy + Z|I|:N,I;£(N) nyMaj.
The second term on the right-hand side only involves My, with M < N. Thus this is
a polynomial lower-triangular system, and it follows that there are constants a; deter-
mined inductively by inverting this relation so that Moy = Poy + Z| =N, 1£(N) @ 1Por.
Observe that (I.6) is another relation of this same form. §2 of [J3] presents a proof
due to Krattenthaler that (IH) and (L.€) are inverse relations in the other direction.
Specifically, Krattenthaler showed that if My are defined by

(4.1) Moy = Y myPy,
I=N

then

(4.2) Py = Z nyMay.
I=N

Our desired identity (L.6]) follows from the uniqueness of the inverse. Concretely, from
([@2) one deduces Myy = Poy + Z| [=N.I£(N) arPyr by precisely the same inductive
inversion as for the Myy. Hence Moy = Myy, and (L8] follows.

We review Krattenthaler’s proof of (4.2]) as presented in §2 of |J3] as a warm-up
for the proof of Theorem [[L4l Substitution of (£I]) into (£2) shows that (£2) is
equivalent to

(4.3) Py = E E npmg, s my, Pog - Py,
[I|=N |J|=I1,...|Jr|=1,

The coefficient of P,y on the right-hand side is 1, so one is reduced to showing
that for K = (Ki,...,K,) with s > 1, the coefficient of Pk in (£3) vanishes.
Given K, the choice of J’s corresponds to a choice of subset A = {ay,...,a,_1} of
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[s—1] ={1,...,s—1} (including the empty set) of cardinality r — 1, which we order
by 1<a; <as<...<a,_1 <s—1. The parameterization is

le(Klu-"uKal)v J2:(Ka1+17"'7Ka2)7 AN

4.4
( ) Jr1 = (Karfz-i-la S Karfl)’ Jr = (Karfl"l‘l’ SRR KS)
The J’s determine I by I = (|J1],...,|J;|). The coefficient of Py, - - - Pyg, is then
(45) Z nymyg, ...myj,.,
]

AcC[s—1

so ({.2) reduces to showing that this vanishes for all (K7, ..., K;) with s > 1.
Sums such as (43]) can be evaluated using the following ingenious lemma of Krat-
tenthaler.

Lemma 4.1. Let s > 1 and let Ky,..., K, € N. Set |K| = Y7° | K;. For A =
{ai,...,a,_1} C [s — 1], define Jy,...,J. and I as above. Then
[LToea(Ka+ Ko +Yx(a =5 —1))
T (e T6) (i Te)
X(|K| = K) + V(K + X)
- K=K, ‘

>, (V)L L (I 4 X)) -
(46) AC[s—1]

Here x(S) =1 if S is true and x(S) = 0 otherwise. X and Y are formal variables;
the identity holds as polynomials in X and Y .

This is Lemma 2.1 in [J3]. The proof is by induction on s, decomposing the set of
subsets A C [s] according to their last element. The proof is not at all obvious, but
the real ingenuity was to introduce the variables X and Y and to find the identity
(4.6 amenable to a proof by induction. For the purposes of this paper it suffices to
know (48] in the case X =Y. An examination shows that the proof by induction
actually applies to this case directly; it is not necessary for our purposes to introduce
both independent variables X and Y. We rewrite the identity for the case X =Y
in the form we will need it in the proof of Theorem [[4l Setting X =Y = —b and
replacing K, by K+ b in (L6]) gives

(4.7) S (1T [Toea(Fa + Kas) __E]
AC[s—1] T (e 1) (i L+ 1) K| — K1 +b

This holds also for s = 1, since in that case both sides are —K;. As usual, empty
products are interpreted as 1. The form (47) seems natural: the induction hypothesis
arises natually in its proof by induction and the function x(a = s—1) does not appear.
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We use Lemma [.T] to finish the proof of (£.2). Substitution of the definitions (L.4))
of ny and the m, into (A.3]) shows that

1
Z”ImJl“' n=(= )|K|_1'2HK1 _11HK+KJ+1 >

AC[s—1]

where ¥ is the expression occurring on the left-hand side of (4.6) with X =Y = 0.
Lemma A1l (or (A7) with b = 0) shows that this vanishes. Thus (£2) follows, and
hence also Theorem [[.2]
We turn now to the proof of Theorem [[.4l Recall that the scalar invariants Wy
are defined by (L3)). It will be convenient to introduce
Won = 22VNI(N — 1) Way, N >1

so that (L8] takes the form
(4.8) (=) Qan = Z n(rpMar(Wap)

|(1,b)[=N

and (L9) becomes
Wonv = > mra(—1)"Par(Qa).
|(L,d)[=N
Substitution of (8] for each (—1)9Qqq shows that (L) is equivalent to

W2N: Z Z m(L,d)n(l,b)P2LM21(W2b)-

[(L,d)|=N |(I,b)|=d

The term on the right-hand side with L = I = () is Wy, so it suffices to prove

Z Z myr,ayn(r,p) ParMor = 0

[(L,d)|=N |(1,b)|=d

for each fixed b such that 1 < b < N. Substitution of (LG]) for each My, rewrites
this as

(4.9) Z Z Z MLanapmy My, Par Py, -+ Py, = 0.

(L) =N [(I0)|=d |]r|=T1,o) Jr|=1

Fix Ki,...,Ks; with s > 1 and each K; > 1 and consider the coefficient of
Pyg, - Pyg, in (£9). We must have L = (Ky,...,K,) for some p, 0 < p < s.
Each |J;| > 1, although r = 0 is allowed corresponding to p = s. For p < s, the
choice of J’s corresponds to a choice of subset A = {ay,...,a,—1} of [s —p — 1] =
{1,...,8s — p— 1} (including the empty set) of cardinality r — 1, which we order by
1<ay<ay<...<a,_1 <s—p—1. Here

Jl — (Kp-i-la .. '7Kp+a1)? J2 — (Kp+a1+1> .. .,Kp_;’_az), ey

4.10
( ) JT—l = (Kp+a7-72+17 ceey Kp+a7n71>7 ']7‘ = (Kp+a7~71+17 R Ks)
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For p = s — 1, the only possibility for A is the empty set, in which case J; = (Kj).

The J’s determine [ by I = (|.Ji],...,|J;|) as above. The coefficient of Py, - - Pog,
is then

s—1
(4.11) M(Kp) + Zm(L7|K\—|L|+b) Z Ny - - -y,

p=0 AC[s—p—1]

So Theorem [[4lreduces to showing that this vanishes for all b > 1 and all (K, ..., Kj)
with s > 1.

We use Lemma BTl in the form (4.7) to evaluate the inner sum. Set K} = K, ; for
1 < j <5 —p. Substitution of (L4]) for n( ;) and the m; shows that

E n(I,b)mjl...mJT
AC[s—p—1]

(4.12)

K' b—l 2 7 Tl
IR =) L 1) K+ K/,

J

where
[Toea (Ko + Kiyr)

R R ; :
AC[s—p—1] Hi:l (Zk:l Lf)(Zk:i-H I, + b)

Replacement of s by s —p and K; by K7 in (A1) shows that

Yy =

bl K'|
4.13 Y=
( ) ‘K ‘ p+1 +b
Substitute (AI13)) into (AIZ) and multiply by m(r, k|- |r+5- One obtains
(4.14)
MY(L,| K |=|L|+b) Z Ny, - - .My,
AC[s—p—1]

s—1

K|+ b)!(|K|+b—1)! - 1 1
—(_1 s+1(| ‘R
(=1) (b—1)2 EKj!(Kj—1)!ng+Kj+l v

where
Kp + Kpi

b S RN, Kt K D)

I<p<s—1

and
1

i Ki+0)(i K+ b)

Empty sums are interpreted as 0.

Ry =
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Set b = K1 and substitute (4I4]) into (AII]). After cancellation of factors in
common with mx p), one finds that the vanishing of (4.11) is equivalent to
s—1

3 K, + Ky 1 1

S KN KN n K KK+ Ke) (S KT k)

This is proved by induction on s. For s = 1 the sum on the left-hand side is empty
and the right-hand side vanishes. Suppose the identity holds for s. Write

S

3 K, + Ky K+ K,
PR K (LK) (SR (D K (I K

K, + K
Z(Z”QK)(Z§+2 K5 Ko)

p=2 i=p+1 1=p+2

and use the induction hypothesis on the second term on the right-hand side to obtain
that the above equals

K, + K, N 1 B 1
OO KO KO K)  Keo(Kon + Kopa) - (52 K) (2 K,)
B 1 1 K1+ K,
T KK+ Kon) | (DK (D K \ DK,
1 1

Koo (Ksr1 + Koto) (Zs+2 )0 K
This completes the proof of the vanishing of (£I1]) and thus also of Theorem [[4l

REFERENCES

[FG] C. Fefferman and C. R. Graham, The Ambient Metric, Annals of Mathematics Studies
178, Princeton University Press, 2012, larXiv:0710.0919.

[FH] C. Fefferman and K. Hirachi, Ambient metric construction of Q-curvature in conformal
and CR geometries, Math. Res. Lett. 10 (2003), 819-831, [arXiv:math/0303184.

[GIMS] C. R. Graham, R. Jenne, L.J. Mason and G. A. J. Sparling, Conformally invariant powers
of the Laplacian, I: Existence, J. London Math. Soc. 46 (1992), 557-565.

[J1] A. Juhl, Families of Conformally Covariant Differential Operators, Q-Curvature and
Holography, Progress in Mathematics 275, Birkhauser, 2009.

[J2] A. Juhl, On the recursive structure of Branson’s Q-curvature,larXiv:1004.1784.

[J3] A. Juhl, Explicit formulas for GJMS-operators and Q-curvatures, larXiv:1108.0273

DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY, PRINCETON, NJ 08544
E-mail address: cf@math.princeton.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WASHINGTON, Box 354350, SEATTLE, WA
98195-4350

E-mail address: robin@math.washington.edu


http://arxiv.org/abs/0710.0919
http://arxiv.org/abs/math/0303184
http://arxiv.org/abs/1004.1784
http://arxiv.org/abs/1108.0273

	1. Introduction
	2. Explicit Formulae
	3. Combinatorial Identities
	4. Recursive Formulae
	References

