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S U M M A R Y
Building on global adjoint tomography model GLAD-M15, we present transversely isotropic
global model GLAD-M25, which is the result of 10 quasi-Newton tomographic iterations with
an earthquake database consisting of 1480 events in the magnitude range 5.5 ≤ Mw ≤ 7.2,
an almost sixfold increase over the first-generation model. We calculated fully 3-D synthetic
seismograms with a shortest period of 17 s based on a GPU-accelerated spectral-element
wave propagation solver which accommodates effects due to 3-D anelastic crust and mantle
structure, topography and bathymetry, the ocean load, ellipticity, rotation and self-gravitation.
We used an adjoint-state method to calculate Fréchet derivatives in 3-D anelastic Earth models
facilitated by a parsimonious storage algorithm. The simulations were performed on the Cray
XK7 ‘Titan’ and the IBM Power 9 ‘Summit’ at the Oak Ridge Leadership Computing Facility.
We quantitatively evaluated GLAD-M25 by assessing misfit reductions and traveltime anomaly
histograms in 12 measurement categories. We performed similar assessments for a held-out
data set consisting of 360 earthquakes, with results comparable to the actual inversion. We
highlight the new model for a variety of plumes and subduction zones.

Key words: Waveform inversion; Computational seismology; Seismic anisotropy; Seismic
tomography; Wave propagation.

1 I N T RO D U C T I O N

Construction of the first seismic tomographic models of the Earth
dates back to the late 1970s (Aki et al. 1977; Dziewoński et al.
1977; Sengupta & Toksöz 1977) and early 1980s (e.g. Nataf et al.
1984; Woodhouse & Dziewoński 1984). Around the same time,
Bamberger et al. (1977), Lailly (1983) and Tarantola (1984) for-
mulated and adapted the theory of adjoint-state methods (Chavent
1974) for exploration seismology with the goal of capturing the full
physics of seismic wave propagation. Mainly due to computational
challenges, it took until the late 2000s to see the first applications of
adjoint-state methods in regional- and continental-scale earthquake
seismology (e.g. Fichtner et al. 2009; Tape et al. 2009; Zhu et al.

∗ This paper is dedicated to Dimitri Komatitsch, computational geophysicist
extraordinaire, who passed away unexpectedly shortly before its submission.

2012). The first global ‘adjoint tomography’ model of the Earth’s
mantle, GLAD-M15, was published in 2016 (Bozdağ et al. 2016),
more than 30 yr after the development of the original ‘full waveform
inversion’ (FWI) theory.

Current global shear wave speed models are in general agreement
regardless of data type and inversion strategy in terms of long-
wavelength heterogeneity (Ritzwoller & Lavely 1995; Trampert &
Woodhouse 2001; Becker & Boschi 2002). However, discrepancies
between models become notable at shorter wavelengths. Using
accurate 3-D simulations of seismic wave propagation and the
computation of data sensitivities in 3-D background models are
key requirements for improving resolution in tomographic images
on all scales (Tromp 2020). Such detailed images are essential
for understanding mantle dynamics and related surface tectonic
processes—for example the origin of hotspots and the driving
mechanisms of plate motions and earthquakes. Higher resolution
wave speed models are also important for accurately locating
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earthquakes, and are required from an engineering point of view
to assess seismic hazard in earthquake prone regions and to detect
and locate nuclear explosions.

With these goals in mind, in this study we use a
GPU-accelerated version of the 3-D spectral-element solver
SPECFEM3D GLOBE (Komatitsch & Tromp 2002a,b) on the su-
percomputers ‘Titan’ and ‘Summit’ at the Oak Ridge Leadership
Computing Facility (OLCF) for global adjoint tomography. These
simulations accommodate the full 3-D complexity of global Earth
models, including 3-D anelastic crust and mantle structure, self-
gravitation, rotation, ellipticity, topography and bathymetry, and the
effect of the oceans based on the ‘ocean-load approximation’ (Ko-
matitsch & Tromp 2002b; Zhou et al. 2016). No compromises are
made with regards to resolving the Earth’s crust, which is explic-
itly captured by the spectral-element mesh (Tromp et al. 2010),
thereby eschewing the need for ubiquitous ‘crustal corrections’.
The ultimate goal is to use every single piece of information in
seismograms, a task made partly feasible based on the automated
window selection tool FLEXWIN (Maggi et al. 2009).

Global adjoint tomography has a well defined, but complex work-
flow with multiple stages. It is essential to optimize, automate and
harden the entire process using workflow management tools, espe-
cially with large data sets. In this study, for each iteration, 1480
forward and adjoint simulations need to be performed (one pair
for each earthquake in the database), generating a few Petabytes
of wavefield files for the parsimonious-storage kernel calculation
algorithm of Komatitsch et al. (2016).

This article is organized as follows. Section 2 illustrates the
earthquakes and seismographic stations used in the inversion, as
well as the assimilated seismic data. Sections 3 and 4 describe
the misfit function minimized during the inversion process and
the related model parametrization. Section 5 describes the evo-
lution of the misfit, and in Section 6 we evaluate the model
based on point-spread function (PSF) analyses and a held-out
data set of 360 earthquakes. Finally, in Section 7, we compare
the results of our inversion with global shear wave speed mod-
els TX2015 (Lu & Grand 2016) and SEMUCB-WM1 (French &
Romanowicz 2015), as well as compressional wave speed models
GAP-P4 (Fukao & Obayashi 2013) and UU-P07 (Van der Meer et al.
2018). We conclude with a discussion of future opportunities and
directions.

2 S E I S M I C DATA

Fig. 1(a) shows a map of the 1480 earthquakes selected from
the global centroid-moment tensor (CMT) catalogue (e.g. Ekström
et al. 2012) within the moment magnitude range of 5.5 ≤ Mw

≤ 7.2 used in this study. To ensure a good coverage, specifically
in the lower mantle, we incorporated data from about 500 deep
events, and, to avoid complications associated with source dimen-
sion and directivity, the largest moment magnitude is set to 7.2.
Prior to the structural inversion, we performed source inversions by
computing Green’s functions for the nine CMT source parameters
(six moment tensor components, latitude, longitude and depth) us-
ing model GLAD-M15 and the CMT inversion algorithm of Liu
et al. (2004), as described in the Supplementary Online Material
(SOM).

The seismographic stations used in this study are plotted in
Fig. 1(b) and were selected to optimize global coverage and high
data quality. We included available data from many data centres,
including IRIS, ORFEUS, INGV, IPGP, ETH and GEONET. Global

Seismic Network (II, IU, IC, US, CU and GT), GEOFON (GE),
GEOSCOPE (G), regional and temporary networks, such as US Ar-
ray (TA), Africa Array (AF), the Canadian National Seismograph
Network (CN), Geoscience Australia (AU), the Antarctic Seismo-
graphic Argentinean Italian Network (AI), the New Zealand Na-
tional Seismograph Network (NZ) and the F-net broad-band seismo-
graph network by NIED, MedNet (MN), the Brazilian Lithospheric
Seismic Project (BL), the Chilean National Seismic Network (C)
and the Japan Meteorological Agency Seismic Network (JP) consti-
tute a significant part of our database and greatly improve coverage
in certain regions.

To illustrate which seismic phases end up being assimilated,
Figs 2–4 show time–distance plots for vertical, radial and transverse
component 17–40 s body waves, respectively, in which the Pyflex
window count is used to identify parts of seismograms being as-
similated. The figures highlight all the well-known body traveltime
branches. Collectively, the numerous compressional wave arrivals
identified in Figs 2 and 3 are helpful to constrain the compressional
wave speed structure in the model. The Pyflex window selection
algorithm is currently configured not to pick body waves after the
arrival of the surface waves, which is why the PcP and ScS branches
are missing at shorter epicentral distances. This is something we will
reconsider in future applications by adjusting the FLEXWIN selec-
tion parameters, and perhaps also by introducing aspects of machine
learning (Chen et al. 2017).

3 M I S F I T F U N C T I O N

The misfit function to be minimized must be carefully constructed,
because it strongly affects the convergence of the inverse prob-
lem. Depending on the time window length and wave period range,
we use a multitaper technique (e.g. Laske & Masters 1996) to
make frequency-dependent phase measurements to capture wave
dispersion and adopt a cross-correlation measurement (e.g. Luo &
Schuster 1991) for non-dispersive waves. Measurements are made
in several passbands of three-component seismograms rotated into
vertical, radial and transverse components, resulting in a number of
measurement categories. In this study, we consider four passbands,
namely, a 17–40 s passband targeting body waves, two 40–100 s
passbands separately targeting body and surface waves, and a 90–
250 s passband targeting longer period surface waves. Each pass-
band involves measurements on all three components, which results
in a total of 12 measurement categories. Although the inversion is
designed to minimize the overall misfit, we track the misfit reduc-
tion in each of the categories to ensure that the model is improving
the fit to the data roughly equally. One of the biggest challenges in
the construction of the misfit function is the highly uneven distri-
bution of earthquakes and seismographic stations, which must be
counterbalanced by geographically weighting the data (e.g. Li &
Romanowicz 1996). This issue is discussed in detail by Ruan et al.
(2019); in this section we present a brief synopsis.

With these considerations in mind, the overall misfit, �, is defined
as follows:

� =
S∑
s

ωs

C∑
c

ωc

Rsc∑
r

ωscr

Wscr∑
w

ωscrw χscrw. (1)

Here S denotes the number of sources, C the number of categories,
Rsc the number of receivers recording source s in category c, and Wscr

the number of measurement windows for source s, category c and
receiver r. The misfit for a specific source s, category c, receiver r,
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Global adjoint tomography—model GLAD-M25 3

Figure 1. (a) Distribution of 1480 earthquakes used in this study. The colour of each beach ball reflects its depth range, where blue designates events shallower
than 50 km, green events between 50 and 300 km and red events deeper than 300 km. (b) Distribution of the 11 800 seismographic stations used in this study.
Colours denote the number of events for which a given station contributes waveforms to the structural inversion. Stations with a number of event responses
<400 are plotted in smaller size; these are usually temporary arrays deployed over a short period of time, frequently ocean bottom seismometers. The maximum
number of event responses comes from ANMO, in Albuquerque, New Mexico, which contributed to 1442 out of 1480 earthquakes in the data set.

and window w is

χscrw = 1

�ω

∫ ω2

ω1

(�τscrw

σscrw

)2
dω, (2)

where �τ scrw denotes a multitaper frequency-dependent phase mea-
surement over the frequency interval �ω = ω2 − ω1 , with associ-
ated uncertainties σ scrw . For body waves, the window misfit is often
simply the cross-correlation traveltime anomaly, �Tscrw , weighted
by its standard deviation, that is χ scrw = (�Tscrw/σ scrw)2 . The win-
dow weights are all equal, ωscrw = 1 , and the category weight, ωc ,
is the reciprocal of the number of measurements in that category,
1/C. Our source and receiver weighting strategy, encapsulated by

the weights ωs and ωscr , is developed to compensate for uneven
spatial sampling. We define source and receiver weights as

ω−1
s = N

S∑
s′=1

exp

[
−

(
�ss′

�

)2
]

, (3)

and

ω−1
scr = Nsc

Rsc∑
r ′=1

exp

[
−

(
�rr ′

�sc

)2
]

, (4)
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Figure 2. Time–distance plot for vertical component 17–40 s body waves showing a measurement window density map. A total of 43 63 719 time windows
were discretized into 1◦ epicentral distance and 1 s time bins. The maximum window count is 9931 in the 85◦–86◦ distance and 22 min 55 s–22 min 56 s time
bin. Major traveltime branches are labelled. Note that the plot contains data from events with a wide variety of depths, so the branches computed for a surface
focal depth are for identification purposes only.

respectively. Here N and Nsc are normalization factors, and �ss′

and �rr ′ denote angular distances between source and receiver
pairs {s, s

′} and {r, r
′} . The reference angular distances � and �sc

need to be chosen based on the condition numbers of the diagonal
weighting matrices defined by eqs (3) and (4).

4 M O D E L PA R A M E T R I Z AT I O N

We use the same transversely isotropic model parametrization as
starting model GLAD-M15. Such a model is described by the five
Love parameters A, C, L, N and F (Love 1927), or, alternatively,
using the mass density ρ, in terms of the wave speeds αv = √

C/ρ,
αh = √

A/ρ, βv = √
L/ρ, βh = √

N/ρ and the dimensionless pa-
rameter η = F/(A − 2L) (Dziewoński & Anderson 1981; Dahlen
& Tromp 1998). Assuming the radial anisotropy is due to shear
anisotropy, these five parameters may be reduced to the four pa-
rameters c, βv, βh and η by introducing the bulk sound speed,
c = √

κ/ρ . Transverse isotropy is confined to the upper mantle;
the lower mantle is assumed to be isotropic.

Since density is difficult to constrain with seismic data, den-
sity perturbations are scaled to isotropic (Voigt averaged) shear
wave speed perturbations based on the relationship δ ln ρ =
0.33 δ ln β (Montagner & Anderson 1989).

Based on this parametrization, the variation in the misfit func-
tion (1) may be expressed as (Zhu et al. 2015; Bozdağ et al. 2016)

δ�=
∫

V
(δ ln c Kc+δ ln βv Kβv

+δ ln βh Kβh +δ ln η Kη)dV, (5)

where Kc, Kβv
, Kβh and Kη denote the four Fréchet derivatives,

which are calculated based on an adjoint-state method (e.g., Tromp
et al. 2005; Plessix 2006).

Topography on internal discontinuities, including the Moho, the
410, and 660, is inherited from the starting model and not updated
as part of the inversion.

5 M I S F I T E V O LU T I O N

The inversion went through 10 iterations in a number of stages,
as documented in this section. The evolution of the overall misfit
function (1) as well as its behaviour in the various measurement
categories is summarized in Fig. 5.

We take full advantage of the scalability of the Adaptable Seis-
mic Data Format (ASDF, Krischer et al. 2016), and we developed
python-based data analysis tools based on ASDF, using content-
rich file formats, such as JSON and YAML, to store and extract
information.
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Global adjoint tomography—model GLAD-M25 5

Figure 3. Same as Fig. 2, except for radial component 17–40 s body waves. A total of 28 68 252 time windows were discretized into 1◦ epicentral distance and
1 s time bins. The maximum window count is 7542 in the 86◦–87◦ distance and 22 min 58 s–22 min 59 s time bin.

5.1 Stage I: iterations 15–17

Starting model GLAD-M15 was constructed using a database of
253 earthquakes. For iterations 15–17 of the inversion, we used an
expanded database of 520 events. Our focus during this stage was
to validate and test our software and workflow management before
scaling up to a larger database of 1040 events. For these iterations
we used three period bands, namely, 17–40, 40–100, and 90–250 s,
and we used a nonlinear conjugate gradient method to update the
model.

5.2 Stage II: iterations 18–21

The value of the misfit function changes abruptly at iteration 18
in Fig. 5, because of the addition of 520 events to the inversion
database and a change in the weighting strategy for 40–100 s surface
waves. For iterations 18–21, we split the 40–100 s period band into
two, separating the body and surface waves (Figs 5 e–g). Since
body and surface waves sample different parts of the mantle, this
split facilitated more control over the spatial distribution of the
model update. Because the 17th iteration model explains 40–100 s
surface wave data relatively well, we reduced their weight on all
three components for iterations 18–21, as indicated by the lower red
curves in Figs 5 (e)–(g).

The misfit reduction for 17–40 s body waves (Figs 5b–d) tapers
off by iteration 21, prompting us to add more earthquakes and

change the weighting strategy again by reintroducing 40–100 s
surface waves.

5.3 Stage III: iterations 22–25

At iteration 22, we added another 440 earthquakes to the database,
bringing the total to 1480 events, and we changed the 40–100 s
surface wave weights back to their setting in Stage I. During this
stage, we switched from a nonlinear conjugate gradient optimization
algorithm to an L-BFGS quasi-Newton method.

5.4 Misfit assessment

In the previous sections, we discussed the evolution of the mis-
fit through three key stages of the inversion. ‘The misfit function’
is actually a different function during every iteration, because the
number of measurements continually increases as the model im-
proves, and the number of earthquakes increases at iterations 18
and 22.

In this section, we calculate specific changes in misfit using all
1480 earthquakes and an identical set of weights and windows
for three models, namely, GLAD-M25, GLAD-M15 and S362ANI
(Kustowski et al. 2008) combined with CRUST2.0 (Bassin et al.
2000, S362ANI+CRUST2.0). Table 1 summarizes the changes in fit
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Figure 4. Same as Fig. 2, except for transverse component 17–40 s body waves. A total of 21 51 856 time windows were discretized into 1◦ epicentral distance
and 1 s time bins. The maximum window count is 7208 in the 89◦–90◦ distance and 23 min 18 s–23 min 19 s time bin. Only SH travetime branches are labelled.

in the 12 measurement categories between the new model, GLAD-
M25, and its starting model, GLAD-M15, and between GLAD-M25
and model S362ANI+CRUST2.0, which was the starting model for
the GLAD-M15 inversion.

We observe misfit reductions in all categories, with dispersive
40–100 s surface waves exhibiting the largest improvements. The
improvements in fit per component are comparable in all period
bands, indicating that the various categories are reasonably well
balanced in the assessment of misfit.

5.5 Histogram comparisons

Another way to evaluate model quality is by assessing the distribu-
tion of measurements in the various categories. Again we use all
1480 events and a set of identical windows on all three components
to assess GLAD-M25, GLAD-M15 and S362ANI+CRUST2.0.
The total number of selected windows, determined using model
GLAD-M25, exceeds 18 million. Fig. 6 shows histograms of the
resulting phase measurements in all 12 measurement categories.
We observe that the distributions generally become better cen-
tred on zero, and that all standard deviations are steadily reduced.
The inversion is aimed at reducing the overall misfit, so there
are small trade-offs between different measurement categories. Re-
maining anomalies are presumably due to a combination of source
uncertainty and an incomplete model parametrization, including

more general anisotropy, topography on internal discontinuities and
attenuation.

6 M O D E L E VA LUAT I O N

6.1 Point-spread function analyses

Checker-board tests or tests involving a chosen known structure,
for example a plume or slab, are frequently used to assess the qual-
ity of a tomographic inversion, despite the fact that such tests have
limited relevance (e.g. Lévèque et al. 1993). Such tests are compu-
tationally expensive in FWI and adjoint tomography, because they
require roughly the same computational resources as the actual in-
version. In lieu of such tests, we previously performed two PSF anal-
yses (Fichtner & Trampert 2011) for model GLAD-M15 (Bozdağ
et al. 2016). Here, we repeat one of those tests (underneath Yel-
lowstone) to show the improved resolution in GLAD-M25 relative
to GLAD-M15, and we perform three additional PSF tests: in the
lower mantle underneath Afar, in the lower mantle beneath Easter
Island and below the transition zone in Sumatra. Additional PSF
tests for two anomalies below the US and for an alternating pattern
of 100 km diameter anomalies at 1200 km depth may be found in the
SOM.

A PSF test is based on the relationship

H · �m ≈ g(m + �m) − g(m). (6)
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Global adjoint tomography—model GLAD-M25 7

(a)

(b) (c) (d)

(e) (f ) (g)

(h) (i) (j)

Figure 5. Evolution of the misfit function from GLAD-M15 to GLAD-M25. Each colour denotes different stages of the inversion, as discussed in Sections 5.1–
5.3. (a) Evolution of the total misfit. (b)–(j) Misfit in each period band (rows) on three components (columns). (e)–(g) Since iteration 18, we split the 40–100 s
period band into two measurement categories: body waves (diamonds) and surface waves (squares).

Table 1. Variance reductions in the 12 measurement categories between
the new model, GLAD-M25, and its starting model, GLAD-M15, and,
in parentheses, between GLAD-M25 and model S362ANI combined
with CRUST2.0, which was the starting model for the GLAD-M15
inversion.

Vertical (per
cent)

Radial (per
cent)

Transverse (per
cent)

17–40 s body waves 19.1 (37.3) 23.7 (46.3) 28.2 (54.8)
40–100 s body waves 18.3 (37.5) 24.0 (51.4) 24.5 (54.5)
40–100 s surface waves 33.6 (69.6) 33.3 (71.5) 33.5 (77.2)
90–250 s all waves 15.7 (44.9) 14.4 (49.1) 29.6 (48.7)

This expression states that the action of the Hessian H on a model
perturbation �m maybe calculated by taking the difference be-
tween the misfit gradient at model m + �m and the misfit gradi-
ent at model m . Thus, such a test has a computational cost that
is equivalent to one iteration, because it only requires the calcu-
lation of the gradient g(m + �m) . At a minimum of the mis-
fit function, perturbations in displacement �s are proportional to

model parameter perturbations �m , that is �s ∼ �m . Conse-
quently, if we perturb model parameter k at location x , �mk(x) ,
we expect that the only non-zero element of the Hessian matrix
is Hkk(x), and that H · �m ∼ �mk(x) . Thus, a PSF test illus-
trates the degree of blurring or smearing of the induced model
perturbation �mk(x) and identifies trade-offs with other model
parameters.

Fig. 7 summarizes the results of the four PSF tests we performed
for model GLAD-M25. The first test repeats an analysis performed
by Bozdağ et al. (2016) for GLAD-M15 in the upper mantle un-
derneath Yellowstone. That test was based on 253 earthquakes, and
Fig. 7(a) shows our result for the same location based on the current
data set of 1480 events. We observe that the 100 km diameter βV

anomaly—which is smaller than what was used in GLAD-M15—at
300 km depth is well recovered, with little trade-off between βV

and βH and c (see the SOM). Figs 7(b)–(d) show the results of PSF
tests for larger Gaussian anomalies in isotropic shear wave speed β

(with 200–400 km diameters) in the lower mantle beneath Afar, in
the lowermost mantle beneath Easter Island, and in the mid-mantle
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8 W. Lei et al.

5

(a) (b) (c)

(d) (e) (f )

(g) (h) (i)

(j) (k) (l)

Figure 6. Histograms of phase measurements in all twelve measurement categories for S362ANI combined with CRUST2.0 (M00, black), GLAD-M15 (M15,
green) and GLAD-M25 (M25, red). Each column represents one component and each row corresponds to a period band. The numbers above the top right
of each panel denote the number of measurements in the corresponding category. The total number of measurements is 18.2 million. The mean and standard
deviations of the phase measurements for the three models are displayed in the top right corner of each panel.

below Sumatra. In each case the Gaussian anomaly is well recov-
ered, with minimal trade-off with other model parameters (also see
the SOM).

6.2 Held-out data set

Following the approach of Tape et al. (2009), Chen et al. (2015)
and Bozdağ et al. (2016), we selected 360 earthquakes that were
not used in the actual inversion. This held-out data set consists of
magnitude 6.3–7.0 earthquakes in the global CMT catalogue that
were not used in the inversion. We chose larger events to generate
as many measurements as possible. We calibrated the centroid time
and scalar moment using a grid search based on 3-D synthetics
calculated in GLAD-M25. Fig. 8 summarizes the properties of the
held-out database.

First, we repeated the misfit assessment discussed in Section 5.4
for the held-out database. Table 2 summarizes the reductions in
misfit for the held-out database for model GLAD-M25 compared
to GLAD-M15 as well as S362ANI+CRUST2.0. It is encouraging
to see that the reductions are comparable to the values tabulated in
Table 1 for the actual inversion. Overall, the reductions are slightly

smaller, partly due to the fact that we did not conduct full CMT
inversions for the held-out database.

Second, we repeated the histogram comparisons discussed in
Section 5.5 for the held-out database. We used a set of identical
windows on all three components to assess phase anomalies in
models GLAD-M25, GLAD-M15 and S362ANI combined with
CRUST2.0. Fig. 9 shows histograms of the resulting phase mea-
surements in all 12 measurement categories. The total number of
measurements exceeds 7.8 million. As in the actual inversion, we
observe systematic decreases in all standard deviations in all 12
categories, and we note a sharpening of the distributions centred
around zero.

7 M O D E L G L A D - M 2 5

In this section, we compare model GLAD-M25 with GLAD-M15,
global shear wave speed models TX2015 (Lu & Grand 2016) and
SEMUCB-WM1 (French & Romanowicz 2015), and compressional
wave speed models GAP-P4 (Fukao & Obayashi 2013) and UU-
P07 (Van der Meer et al. 2018). The focus is on isotropic shear
and compressional wave speed variations. We refrain from detailed
tectonic/geodynamic interpretations, which will be the subject of
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Global adjoint tomography—model GLAD-M25 9

Figure 7. PSF tests. Each of the four panels labelled (a)–(d) shows a map view (top left) and cross-section (top right) through a Gaussian perturbation, �m ,
in βV (isotropic shear wave speed β in the lower mantle) and a map view (bottom left) and cross-section (bottom right) through the recovered perturbation,
H · �m , in βV. (a) 100 km diameter negative Gaussian anomaly at a depth of 300 km beneath Yellowstone. (b) 400 km diameter negative Gaussian anomaly at
a depth of 2000 km beneath Afar. (c) 300 km diameter negative Gaussian anomaly at a depth of 2500 km beneath Easter Island. (d) 200 km diameter positive
Gaussian anomaly at a depth of 900 km beneath Sumatra.

more targeted future investigations. Our goal in the paper is to
discuss the construction of model GLAD-M25, and to place it into
a broader tomographic context.

Vertical cross-sections are plotted relative to the spherical av-
erage of GLAD-M25, as discussed in Appendix A. For plot-
ting purposes and use in other applications, an expansion of the
model in spherical harmonics and radial B-splines is discussed in
Appendix B

7.1 Comparisons with GLAD-M15

Relative to our first generation model GLAD-M15, we observe
a significant increase in model perturbation amplitudes and res-
olution, both in the upper and lower mantle. To illustrate this

point, Figs 10 and 11 show normalized power per angular de-
gree (eq. B16) and normalized power per angular degree as a
function of radius (eq. B17), respectively, for models S362ANI,
GLAD-M15 and GLAD-M25. Model S362ANI has no power be-
yond degree 18, and we see an increase in power for GLAD-
M25 relative to GLAD-M15 beyond degree 10 throughout the
mantle.

As illustrated in Fig. 12, we see an enhancement of the Afar
plume relative to GLAD-M15. The 3-D morphology of the African
superplume shows a mantle plume rising from the core–mantle
boundary (CMB) with a broad base tilting northward with a thin-
ning neck, before it reaches the 660 km phase boundary and flat-
tens. It then develops into two subplumes—Afar and East Lake
Victoria—supplying the East Africa rift. The development of the
superplume and its 3-D morphology might be associated with the
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10 W. Lei et al.

Figure 8. Held-out database containing 360 earthquakes. These events were not used in the structural inversion and are colour coded by depth range as in
Fig. 1(a).

Table 2. Changes in fit for 360 earthquakes not used in the inversion in the
twelve measurement categories between the new model, GLAD-M25, and
its starting model, GLAD-M15, and, in parentheses, between GLAD-M25
and model S362ANI+CRUST2.0, which was the starting model for the
GLAD-M15 inversion.

Vertical (per
cent)

Radial (per
cent)

Transverse (per
cent)

17–40 s 11.8 (29.2) 14.1 (33.7) 21.5 (43.4)
40–100 s body waves 14.5 (26.2) 12.9 (32.2) 16.9 (39.0)
40–100 s surface waves 29.3 (49.1) 28.1 (49.4) 23.7 (51.2)
90–250 s 10.9 (30.9) 14.3 (34.8) 24.0 (34.9)

thermal and chemical states in the lower mantle and volatiles in
the mantle transition zone, a possibility we will explore in a future
study.

Fig. 13 showcases the north Atlantic, where we see clear expres-
sions of the Jan Mayen and Iceland plumes as well as the Azores,
Canary Islands and Bermuda, and Fig. 14 shows the emergence
of hotspots in the Indian Ocean in model GLAD-M25, including
Marion, Crozet, Kerguelen and Réunion. Visual inspection of the
models reveals a significant increase in perturbation anomalies in
GLAD-M25 compared to GLAD-M15, which explains the misfit
reductions in the histograms (Figs 6 and 9). More detailed com-
parisons between GLAD-M15 and GLAD-M25 are provided in the
SOM.

7.2 Plumes

In this section, we highlight various plume systems on Earth.
Fig. 15 shows cross-sections of several plumes, comparing models
GLAD-M25 (VS), TX2015 (VS; Lu & Grand 2016) and SEMUCB-
WM1 (VS; French & Romanowicz 2015). The three models tend to
agree near the CMB, and there is overall good agreement between
GLAD-M25 and TX2015. The models can differ substantially in
the mid- and upper mantle, with different implications for mantle
convection.

Afar: in Fig. 15(a), we see that the Afar plume in model GLAD-M25
originates from the CMB, narrows its diameter in the mid-mantle,

and broadens again above the 660 km discontinuity. It exhibits very
similar behaviour in TX2015 but differs significantly in SEMUCB-
WM1.

Bermuda and Canary: in Fig. 15(b), from left to right, we see in
model GLAD-M25 (i) the Farallon slab; (ii) the Bermuda hotspot
above the 660 km discontinuity; (iii) the Canary hotspot originating
from the CMB and rising all the way up the Earth’s surface and (iv)
the Afar hotspot from another angle.

Cape Verde and Hoggar: Fig. 15(c) features (i) South America
subduction; (ii) the Cape Verde hotspot extending from the CMB
all the way to the surface and (iii) the Hoggar hotspot from 660 km
to the surface.

Iceland and Eifel: Fig. 15(d) shows a plume which rises from the
CMB right below Iceland, reaches 660 km, amplifies, and ascends to
the surface. The intensification above 660 km may be an indication
of partial melting.

Easter and Galapagos: Fig. 15(e) contains (i) the Easter hotspot; (ii)
the Galapagos hotspot and (iii) the Central America slab. In models
GLAD-M25 and TX2015, the Easter and Galapagos hotspots appear
to originate from the same underlying plume in the deep mantle,
which is the eastern arm of the Pacific superplume.

Marion and Kerguelen: finally, in Fig. 15(f), we see the Marion and
Kerguelen hotspots, which might be connected to Afar in the lower
mantle. Recovering these plumes is challenging due to poor data
coverage in the Southern Hemisphere.

7.3 Subduction zones

In this section, we highlight various subduction systems on Earth.
In Fig. 16, we compare GLAD-M25 (VP) with two compressional
wave speed models, namely, GAP-P4 (Fukao & Obayashi 2013)
and UU-P07 (Van der Meer et al. 2018). Fig. 16(a) features the
Aegean subduction zone. All models show a slab penetrating into
the lower mantle beyond a depth of 1000 km. Fig. 16(b) shows
the South American slab, which, in this cross-section, ponds in the
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Figure 9. Same as Fig. 6, except for the held-out database.

Figure 10. Normalized power per degree � based on eq. (B16), for mod-
els S362ANI (red), GLAD-M15 (green) and GLAD-M25 (blue). Model
S362ANI has no power in degrees greater than 18. Included are depths
greater than 120 km. (Courtesy of Caio Ciardelli.)

shallow lower mantle in all three models, before sinking all the
way to the CMB. Figs 16(c) and (d) show cuts across the ancient
Farallon slab, which penetrates deeply into the lower mantle, as doc-
umented by, for instance, Grand (1994), Van der Hilst et al. (1997)
and Grand et al. (1997). At depths greater than 1000 km, we see a
very strong expression of the slab in model GLAD-M25, which is
much weaker in the two P models. The difference may be attributed
to increased data coverage thanks to USArray, as well as the use
of finite-frequency Fréchet derivatives. Fig. 16(e) shows subduc-
tion beneath the Himalayas. All three models show two distinct fast
anomalies below 660 km, one above 1000 km and the other, further
to the southwest, below 1000 km. Finally, Fig. 16(f) shows subduc-
tion beneath the Java portion of the Sunda Arc. At this location, the
slab penetrates into the lower mantle, at which point it spreads out
laterally, in agreement with models GAP-P4 and UU-P07. Fukao
et al. (1992) explained this flattening using a model of Ringwood
& Irifune (1988), suggesting that the subducted slab thickened and
buckled to form a dense megalith above the 660 km discontinuity
before sinking into the lower mantle.
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12 W. Lei et al.

Figure 11. Normalized power per degree � as a function of radius, based on eq. (B17), for models S362ANI (left), GLAD-M15 (middle) and GLAD-M25
(right). Shown are depths greater than 120 km. (Courtesy of Caio Ciardelli.)

Figure 12. Vertical cross-section of vertically polarized shear wave speed (VSV) perturbations (±3 per cent) in GLAD-M15 (top left) and GLAD-M25 (top
right) underneath Afar. Also shown are VP/VS ratios (bottom left) and transverse isotropy (bottom right; VSH/VSV ratio) in GLAD-M25 at the same location.
In GLAD-M25, the plume becomes larger and more visible, especially in the upper mantle. It also shows how the plume changes its shape when crossing the
660 km discontinuity and ‘feeds’ the Afar hotspot at the surface.

Overall, the three models are in reasonably good agreement. At
shallow depths, model GLAD-M25 shows more distinct continental
crust and cratons, thanks to the inclusion of surface waves. But
in the upper and mid-mantle, the models share similar attributes.
The P-wave model of GLAD-M25 might be smoother than the
other models due to a relatively longer minimum body-wave period
(17 s). Since there are fewer P- than S-wave measurements, due

to the smaller amplitudes of P waves, convergence of the P-wave
model is likely to be slower than the S-wave model.

8 D I S C U S S I O N

As illustrated in Figs 2–4, the goal of our inversion is to assimilate as
much seismic waveform information as possible. To facilitate fast
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Global adjoint tomography—model GLAD-M25 13

Figure 13. Map views of vertically polarized shear wave speed perturbations in GLAD-M15 (top left) and GLAD-M25 (top right) underneath Iceland at a
depth of 250 km. Also shown are vertical cross-sections (bottom row) at the same location. As a primary hotspot, Iceland also becomes more prominent in
GLAD-M25, especially in the upper mantle.

Figure 14. Map views at 250 km depth of vertically polarized shear wave speed perturbations in GLAD-M15 (left) and GLAD-M25 (right) in the Indian
Ocean. New features have emerged in GLAD-M25, such as the Réunion, Marion, Kerguelen, Maldives, Seychelles, Cocos and Crozet hotspots.

and effective assimilation of such data, we use the ASDF (Krischer
et al. 2016) in the pre-processing stage of the adjoint tomogra-
phy workflow, and to accommodate I/O during the post-processing
stage we use the ADIOS library (Liu et al. 2014). For data as-
similation, tools such as FLEXWIN, which automatically select
data windows suitable for measurements, are indispensable, and
we see opportunities for the use of machine-learning algorithms
in this context (e.g. Chen et al. 2017). Without these libraries
and tools, the construction of model GLAD-M25 would have been
impossible.

Due to our cross-correlation measurements, smaller amplitude
signals, such as higher mode surface waves (which are crucial for

imaging the mantle transition zone) and scattered waves (which illu-
minate plume features) may well be under-represented in the current
inversion. Thus, there is still room for extracting more information
from every time-series by defining appropriate measurements to ef-
fectively incorporate smaller amplitude signals (e.g. Bozdağ et al.
2011; Yuan et al. 2016).

Some form of automated parallel workflow management is crit-
ical for the global adjoint tomography process, because classical
inversion workflows suffer from I/O inefficiencies, lack of fault
tolerance and an inability to work in distributed resource envi-
ronments (Lefebvre et al. 2018). For these reasons, we are in the
process of adopting the Ensemble Tool Kit (EnTK) as our workflow
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14 W. Lei et al.

Figure 15. Vertical cross-sections for various plumes for models GLAD-M25 (VS; left-hand column), TX2015 (VS; Lu & Grand 2016, centre column) and
SEMUCB-WM1 (VS; French & Romanowicz 2015, right-hand column). The map in the top left corner of each row shows the cross-section with colour coded
red, green and white dots for geographical reference; hotspots are denoted by red triangles. The dashed black semicircles in the cross-sections denote depths of
410, 660 and 1000 km. (a) Afar; (b) Bermuda (left) and Canary (middle); (c) Cape Verde (middle) and Hoggar (right); (d) Iceland (middle) and Eifel (right);
(e) Easter (left) and Galapagos (right); (f) Marion (middle) and Kerguelen (right).

management engine (Balasubramanian et al. 2017). This workflow
engine can automatically detect job failures, both from the high-
performance computing (HPC) system and via user-defined func-
tions. This facilitates tracking of tasks and semi-automatic job re-
submission if necessary. These are the attributes required for bring-
ing global FWI to its full potential, enabling the assimilation of data
from thousands of earthquakes on the largest HPC systems.

It should be clear from this discussion that modern seis-
mic tomography requires close collaborations with computa-
tional scientists, HPC specialists, and visualization experts,
as reflected in the list of authors for this article, in addi-
tion to access to advanced computational platforms, such as
those offered through the DOE INCITE and NSF XSEDE
programs.
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Global adjoint tomography—model GLAD-M25 15

Figure 16. Vertical cross-sections of compressional wave speed perturbations in various subduction zones for models GLAD-M25 (VP; left-hand column),
GAP-P4 (Fukao & Obayashi 2013, middle column) and UU-P07 (Van der Meer et al. 2018, right-hand column). The map in the top left corner of each row
shows the cross-section with colour coded red, green and white dots for geographical reference. The dashed black semicircles in the cross-sections denote
depths of 410, 660 and 1000 km. (a) Aegean; (b) South America; (c) Hatteras; (d) Wichita. (e) Nepal and (f) Sunda.

Although Figs 2–4 illustrate that much information in seismo-
grams is being assimilated, we still have a long way to go be-
fore explaining every broad-band wiggle in hundreds-of-minutes-
long seismograms. Currently, we are only fitting the phase in se-
lected time windows, and amplitude information remains com-
pletely unused. We accommodate the full physics of seismic wave
propagation, but we are not exploiting the most general earth
model parametrization. GLAD-M25 is an elastic model with radial

anisotropy confined to the upper mantle, similar to its predecessor
GLAD-M15. It is well known that the upper mantle is azimuthally
anisotropic (e.g. Montagner & Anderson 1989; Montagner & Tan-
imoto 1991), and we also know that amplitude information helps
constrain second derivatives in phase speed (e.g. Woodhouse &
Wong 1986; Tromp & Dahlen 1992a,b), in addition to lateral vari-
ations in attenuation (e.g. Romanowicz 1998; Reid et al. 2001;
Dalton et al. 2008). Thus, the natural next step in global FWI is to
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use phase and amplitude information simultaneously to jointly con-
strain the elastic and anelastic structure of the Earth. To accomplish
this next step, source parameters need to be constrained more pre-
cisely, especially as we push the resolution to shorter periods (e.g.
Valentine & Woodhouse 2010).

After 10 additional iterations, GLAD-M25 shows a clear en-
hancement of plume and slab features compared to GLAD-M15
(see also the SOM). It is promising to observe similarities between
the P- and S-wave speed models of GLAD-M25 and models from
various other groups, while the remaining discrepancies need fur-
ther investigation. This highlights the importance of resolution and
uncertainty quantification, which is one of the major challenges in
seismic tomography. Uncertainty quantification is an active area of
research in FWI (e.g. Fichtner & van Leeuwen 2015; Fang et al.
2018; Eikrem et al. 2019; Liu et al. 2019; Liu & Peter 2019; Thurin
et al. 2019), however, to date it has been challenging in practice,
especially for large-scale inversions (Rawlinson et al. 2014).

Our comparisons of different models largely focus on similarities
of major patterns, such as plumes and slabs. Their shapes and depth
vary in detail, especially in the lithosphere, highlighting the impor-
tance of dealing with the crust properly in tomographic inversions.
Amplitudes of seismic models are required for thermochemical
and geodynamical interpretations of the structure and dynamics of
the mantle. We observe a significant increase in the amplitude of
GLAD-M25 compared to GLAD-M15 and other models. Such an
increase in amplitude is also evident in the models of French &
Romanowicz (2014, 2015). This illustrates the fact that the cur-
rent generation of global models is no longer in the realm of linear
perturbation theory.

The global distribution of earthquakes and stations is highly un-
even (Fig. 1). This problem may be alleviated to some extent by
using suitably chosen misfit functions with appropriate geograph-
ical weighting of sources and receivers (e.g. Li & Romanowicz
1996; Ruan et al. 2019). The ultimate solution may be a dense net-
work of Ocean Bottom Seismometers, but meanwhile an armada
of floating seismometers may offer a cheaper and more practical
alternative (e.g. Nolet et al. 2019).

9 C O N C LU S I O N

Building on our experiences during the construction of our first-
generation global adjoint tomography model GLAD-M15 (Bozdağ
et al. 2016), for this study we expanded our earthquake database
from 253 to 1480 events, which were collectively recorded by more
than 11 000 seismographic stations. We used three-component seis-
mograms in four period bands, namely 17–40 s body waves, 40–
100 s body waves, 40–100 s surface waves and 90–250 s surface
waves, resulting in 12 measurement categories. This culminated in
the assimilation of more than 18 million time windows.

GLAD-M25—like its predecessor GLAD-M15—invokes no
crustal corrections, and constrains crust and mantle shear and com-
pressional wave speeds simultaneously. Such ubiquitous crustal cor-
rections may affect inferences about upper-mantle anisotropy (e.g.
Bozdağ & Trampert 2008; Ferreira et al. 2010; Panning et al. 2010),
and are likely the main reason for significant differences between
radially anisotropic upper-mantle models (e.g. Chang et al. 2014).
Treating the crust and mantle equally and simultaneously is one of
the main strengths of GLAD-M25, accepting the additional com-
putational costs, but thereby avoiding any approximations or cor-
rections. Another strength is the fact that the effects of attenuation
are fully accommodated, both in forward and in adjoint simulations.

These points highlight the importance of taking the full physics of
seismic wave propagation properly into account in seismic imaging.

Another attribute of GLAD-M25 is that it constrains shear and
compressional wave speeds simultaneously in the same period
range, thereby enabling us to interpret the two wave speeds to-
gether. As illustrated in Figs 2 and 3, numerous compressional wave
arrivals are assimilated, including P, PP, PPP, PKP, PS and PPS. In
future work we will capitalize on this by using the VP/VS ratio to
help constrain thermochemical and geodynamical processes in the
mantle.

GLAD-M25 was quantitatively evaluated in several ways. First,
it produces 14.4–33.6 per cent (relative to GLAD-M15) and 37.3–
77.2 per cent (relative to S362ANI combine with CRUST2.0) vari-
ance reductions in 12 measurements categories. Second, it produces
reasonably well centred Gaussian traveltime anomaly histograms in
all measurement categories. Third, PSF tests show minimal trade-
offs between model parameters and reasonably good resolution in
the frequency band of interest. Finally, for a held-out data set of
360 events we see similar misfit reductions and traveltime anomaly
histograms as in the actual inversion.

When we compare GLAD-M25 with other global models, we
find overall good agreement at longer wavelengths. In particular,
GLAD-M25 and TX2015 feature similar plume structures. How-
ever, even in regions with dense seismographic coverage, such as
North America, recent models can differ substantially, especially
at greater depths. Nevertheless, our global inversion is bridging the
gap between global and regional studies, approaching regional-scale
resolution is areas with sufficient data coverage. We can observe this
increase in resolution in GLAD-M25 in the normalized power per
spherical harmonic degree as a function of radius (Fig. 11).

Obvious future directions of research include growing the earth-
quake database further to the roughly 6000 earthquakes in the
right magnitude range already available via the Global CMT
database, and reducing the shortest simulation period further from
17 to 9 s.

Other future directions of research involve inversions for az-
imuthal anisotropy and attenuation. The feasibility of such inver-
sions on a regional scale has already been demonstrated in stud-
ies focused on Europe by Zhu & Tromp (2013) and Zhu et al.
(2013).
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Ekström, G., Nettles, M. & Dziewoński, A., 2012. The global CMT project
2004–2010: centroid-moment tensors for 13,017 earthquakes, Phys. Earth
planet. Inter., 200, 1–9.

Fang, Z., Silva, C., Kuske, R. & Herrmann, F., 2018. Uncertainty quantifi-
cation for inverse problems with weak partial-differential-equation con-
straints, Geophysics, 83(6), R629–R647.

Ferreira, A.M.G., Woodhouse, J.H., Visser, K. & Trampert, J., 2010. On
the robustness of global radially anisotropic surface wave tomography,
J. geophys. Res., 115(B4), 1–16.

Fichtner, A. & Trampert, J., 2011. Resolution analysis in full waveform
inversion, Geophys. J. Int., 187(3), 1604–1624.

Fichtner, A. & van Leeuwen, T., 2015. Resolution analysis by random prob-
ing, J. geophys. Res., 120, 5549–5573.

Fichtner, A., Kennett, B. L.N., Igel, H. & Bunge, H.-P., 2009. Full seis-
mic waveform tomography for upper-mantle structure in the Australasian
region using adjoint methods, Geophys. J. Int., 179, 1703–1725.

French, S. & Romanowicz, B., 2014. Whole-mantle radially anisotropic
shear velocity structure from spectral-element waveform tomography,
Geophys. J. Int., 199(3), 1303–1327.

French, S.W. & Romanowicz, B., 2015. Broad plumes rooted at the base
of the Earth’s mantle beneath major hotspots, Nature, 525(7567), 95–99.
https://doi.org/10.1038/nature14876.

Fukao, Y. & Obayashi, M., 2013. Subducted slabs stagnant above, pene-
trating through, and trapped below the 660 km discontinuity, J. geophys.
Res., 118(11), 5920–5938.

Fukao, Y., Obayashi, M., Inoue, H. & Nenbai, M., 1992. Subducting slabs
stagnant in the mantle transition zone, J. geophys. Res., 97, 4809–4822.

Grand, S.P., 1994. Mantle shear structure beneath the Americas and sur-
rounding oceans, J. geophys. Res., 99, 11591–11621.

Grand, S.P., Van der Hilst, R.D. & Widiyantoro, S., 1997. High resolution
global tomography: a snapshot of convection in the earth, Geol. Soc. Am.
Today, 7(4).

Komatitsch, D. & Tromp, J., 1999. Introduction to the spectral-element
method for 3-D seismic wave propagation, Geophys. J. Int., 139(3), 806–
822.

Komatitsch, D. & Tromp, J., 2002a. Spectral-element simulations of global
seismic wave propagation-I. Validation, Geophys. J. Int., 149(2), 390–412.

Komatitsch, D. & Tromp, J., 2002b. Spectral-element simulations of global
seismic wave propagation-II. 3-D models, oceans, rotation, and self-
gravitation, Geophys. J. Int., 150(1), 303–318.
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Supplementary data are available at GJI online
GLAD-M25-supplementary material.pdf

Please note: Oxford University Press is not responsible for the con-
tent or functionality of any supporting materials supplied by the
authors. Any queries (other than missing material) should be di-
rected to the corresponding author for the paper.

A P P E N D I X A : S P H E R I C A L LY
S Y M M E T R I C AV E R A G E M O D E L

In this appendix, we determine the spherically symmetric (ra-
dial) average of model GLAD-M25. To accomplish this, we first
need to transform the 3-D spectral-element mesh—which in-
cludes ellipticity, topography/bathymetry and undulations on inter-
nal boundaries—into a spherical volume. After these adjustments,
we obtain a spectral-element mesh for a perfect cubed sphere (Ko-
matitsch & Tromp 2002a).

In the spherical mesh, the model may be expressed in the form

m(x) =
∑
elem

∑
α,β,γ

mαβγ hα(ξ ) hβ (η) hγ (ζ ) , (A1)

where hα denotes a Lagrange polynomial, and where we have used
the invertible mapping

x = x(ξ, η, ζ ) (A2)

between spatial points x = {x, y, z} and Gauss–Lobatto–Legendre
(GLL) points in the reference element {ξ , η, ζ} (Komatitsch &
Tromp 1999).

The spherically symmetric part of the model is defined as

m(r ) = 1

4π

∫
�

m(x) d�, (A3)

where r denotes the radius and � the unit sphere. Using 2-D GLL
quadrature (Komatitsch & Tromp 1999) in the unit sphere, the radial
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Figure A1. 1-D radial shear and compressional wave speed profiles for GLAD-M25, STW105 and PREM. The reference frequency for physical dispersion
is 1 Hz.

Figure A2. 1-D radial-anisotropic shear and compressional wave speed profiles for GLAD-M25 and STW105 [Fig. A2]. The reference frequency for physical
dispersion is 1 Hz.

D
ow

nloaded from
 https://academ

ic.oup.com
/gji/article/223/1/1/5841525 by Princeton U

niversity user on 12 D
ecem

ber 2020



20 W. Lei et al.

average may be determined numerically via GLL quadrature:

m(r ) = 1

4π r 2

∑
α,β

ωαωβ mαβ (r ) J αβ (r ). (A4)

Here, α and β denote GLL points in the sphere with radius r , ωα

denotes a GLL quadrature weight and Jαβ (r) is the 2-D Jacobian of
the mapping to the sphere.

Fig. A1 shows the resulting radial averages of the isotropic
shear and compressional wave speeds for model GLAD-M25 com-
pared to 1-D starting model STW105 (Kustowski et al. 2008)
and PREM (Dziewoński & Anderson 1981). The radial aver-
age of GLAD-M25 remains very close to the radial starting
model STW105. The main difference between these two mod-
els and PREM is the absence of the 220 km discontinuity and a
lower VP/VS ratio in the top 200 km.

A P P E N D I X B : S P H E R I C A L H A R M O N I C
M O D E L E X PA N S I O N

In this appendix, we express model GLAD-M25 in a spherical
harmonic basis to facilitate easy plotting, analysis and comparisons
with other models. The resulting spherical harmonic model should
only be used for these purposes, not for numerical simulations,
which should always be based on the fully 3-D spectral-element
mesh.

To accomplish the transformation, we first need to transform
the 3-D mesh—which includes ellipticity, topography/bathymetry
and undulations on internal boundaries—into a spherical volume.
After these adjustments, we obtain a spectral-element mesh for
a perfect sphere, that is, the sort of mesh used for spherically
symmetric earth models, such as PREM (Dziewoński & Anderson
1981).

In the spherical mesh, the model may be expressed in the form

m(x) =
∑
elem

∑
α,β,γ

mαβγ hα(ξ ) hβ (η) hγ (ζ ) , (B1)

where hα denotes a Lagrange polynomial, and where we have used
the invertible mapping

x = x(ξ, η, ζ ) (B2)

between spatial points x = {x, y, z} and GLL points in the reference
element {ξ , η, ζ} (Komatitsch & Tromp 1999).

Our goal is to expand our spectral-element model in a spherical
harmonic basis, that is

m(x) =
N∑

n=0

L∑
�=0

�∑
m=−�

nC�m Rn(r ) Y�m(θ, φ), (B3)

where r denotes the radius, θ colatitude and φ longitude. We choose
a radial basis of the form Rn(r) , n = 0, . . . , N , for example layers or
B-splines. These radial basis functions need to be chosen sufficiently
dense to mimic the density of the radial spectral-element mesh. The
radial basis may or may not be orthogonal, that is∫ a

b
Rn′ (r ) Rn(r ) r 2dr = An′n, (B4)

where b denotes the radius of the CMB and a the free surface.
The matrix elements An′n define a positive definite matrix which
is invertible. As lateral basis functions we use fully normalized
spherical harmonics Y�m(θ , φ) , � = 0, . . . , L and m = − �, . . . , � ,

i.e., (Dahlen & Tromp 1998)∫ 2π

0

∫ π

0
Y ∗

�′m′ (θ, φ) Y�m(θ, φ) sin θ dθ dφ = δ�′� δm′m, (B5)

where an asterisk denotes complex conjugation. The maximum de-
gree L needs to be chosen to resolve the spectral-element mesh
laterally.

To obtain the expansion coefficients nC�m , we multiply eq. (B3)
by Rn′ (r ) Y ∗

�′m′ (θ, φ) and integrate over the volume of the mantle
and crust, V , using eqs (B4) and (B5):∫

V
m(x) Rn′ (r ) Y ∗

�′m′ (θ, φ) d3x =
N∑

n=0

nC�′m′ An′n, (B6)

We evaluate the integral on the left using GLL quadrature (Ko-
matitsch & Tromp 1999):

∑
elem

∑
α,β,γ

ωα ωβ ωγ mαβγ J αβγ Rαβγ

n′ Y ∗ αβγ

�′m′ =
N∑

n=0

nC�′m′ An′n . (B7)

Here, ωα denotes a GLL quadrature weight, Jαβγ the Jacobian of
the mapping (B2) evaluated on the GLL points and Rαβγ

n′ and Y ∗ αβγ

�′m′
the values of the radial and spherical harmonic basis functions at a
GLL point.

Finally, the desired model coefficients may be obtained—one
combination of n , � and m at a time—via

nC�m =
∑

n′
A−1

nn′
∑
elem

∑
α,β,γ

ωα ωβ ωγ mαβγ J αβγ Rαβγ

n′ Y ∗ αβγ

�m , (B8)

where A−1 denotes the inverse of the N × N matrix A. Expressions
of the form (B8) are commonplace in spectral-element simulations,
and thus easily calculated.

The normalized power per degree � may be calculated via

σ 2
� = 1

2� + 1

N∑
n′=0

N∑
n=0

�∑
m=−�

An′n n′C∗
�m nC�m . (B9)

Alternatively, one may wish to calculate the power per degree as a
function of radius, which is determined via

�2
� (r ) = 1

2� + 1

N∑
n′=0

N∑
n=0

�∑
m=−�

Rn′ (r ) Rn(r ) n′C∗
�m nC�m . (B10)

Instead of the complex spherical harmonic model expan-
sion (B3), we may wish to use a real spherical harmonic
expansion of the form (Dahlen & Tromp 1998,Section B.8,
eq. B.99)

m(x) =
N∑

n=0

L∑
�=0

[
na�0 Rn(r ) X�0(θ ) +

√
2

�∑
m=1

Rn(r )

× (na�m cos mφ + nb�m sin mφ) X�m(θ )] , (B11)

where (Dahlen & Tromp 1998, eq. B.30)

Y�m(θ, φ) = X�m(θ ) exp(imφ), (B12)

and where

na�0 =
∑

n′
A−1

nn′
∑
elem

∑
α,β,γ

ωα ωβ ωγ mαβγ J αβγ Rαβγ

n′ Xαβγ

�m , (B13)

and for 1 ≤ m ≤ �

na�m =
√

2
∑

n′
A−1

nn′
∑
elem

∑
α,β,γ

ωα ωβ ωγ mαβγ J αβγ Rαβγ

n′ Xαβγ

�m

× (cos mφ)αβγ , (B14)
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nb�m =
√

2
∑

n′
A−1

nn′
∑
elem

∑
α,β,γ

ωα ωβ ωγ mαβγ J αβγ Rαβγ

n′ Xαβγ

�m

× (sin mφ)αβγ . (B15)

The normalized power per degree � may then be calculated via

σ 2
� = 1

2� + 1

N∑
n′=0

N∑
n=0

An′n

×
[

n′a�0 na�0 +
�∑

m=1

(n′a�m na�m + n′ b�m nb�m)

]
, (B16)

and the normalized power per degree as a function of radius is
determined via

�2
� (r ) = 1

2� + 1

N∑
n′=0

N∑
n=0

Rn′ (r ) Rn(r )

×
[

n′a�0 na�0 +
�∑

m=1

(n′a�m na�m + n′ b�m nb�m)

]
. (B17)

In Fig. 10, we plot the normalized power per degree � for models
S362ANI, GLAD-M15 and GLAD-M25, and Fig. 11 shows the
normalized power per degree as a function of radius for the same
set of models. D
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